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The simulation of a system of particles, located in the plane, with van der Waals interaction described by the
Lennard-Jones potential is carried out. The possibility of the existence of a solitary chain of particles, as well as
the formation of linear systems of two and three chains, has been established. The spectrum of vibrations of the
systems was determined for various configurations and the characteristic frequencies of the vibrations were
found. The dispersion law of collective modes is calculated theoretically by the method of equations of motion
for small displacements of atoms from their equilibrium position when analyzing the compatibility condition for
the arising system of equations. The obtained values of the characteristic frequencies are in rather good agree-
ment with the results obtained in the Fourier analysis of the time dependence of the displacements of particles

from their equilibrium positions along and across the system.
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1. Introduction

Last years the methods of numerical simulation of beha-
vior and investigation of various properties of low-dimensio-
nal systems, especially charged ones, have become increas-
ingly important. The computer simulation of the systems
consisting of a small number of atoms gives the possibility
to study in detail their properties under various conditions
including those that are difficult or impossible to imple-
ment in a real physical experiment. The additional interest
in the numerical modeling is also due to serious difficulties
in using traditional experimental methods arising from the
low density of the studied systems and the extremely low
level of the corresponding measuring signals, the impossi-
bility of using contact methods for measuring conductivity,
etc. For example, in the case of widely studied quasi-two-
dimensional and quasi-one-dimensional systems of charges
(surface electrons, SEs) over liquid helium [1] by using a
numerical experiment it was possible to establish interesting
features of the phase transitions of SEs into the crystalline
state, the effect of restricted geometry and external confining
potential on the configuration of linear SE systems [2-5].
It was shown that the characteristic frequencies of plasma
oscillations in such systems are in good agreement with the
values that follow from the laws of dispersion of collective
modes calculated theoretically in the quasi-crystalline
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approximation by the method of equations of motion for
small displacements of particles from their equilibrium
position [6-8]. It was demonstrated that the dispersion law
of collective plasma oscillations strongly depends on the
type of configuration of the system [3, 9, 10]. This makes
experimental studies of the collective properties of SE a
promising tool for identifying the types of SE systems that
arise when the parameters of the system change.

The collective properties of low-dimensional SE systems
are determined by the long-range Coulomb interaction,
which intensity decreases with the distance between a pair
of particles according to the law ~ |r—r'|_l, so one should
take into account the pair interactions of the entire ensemble
of particles. At the same time, the similar studies of systems
of particles with short-range interactions are of great interest.
Such systems, first of all, should include quasi-one-dimen-
sional structures formed by atoms of inert gases on the
surface of bundles of carbon nanotubes [11-14]. The phonon
spectra and densities of phonon states in such structures
formed by inert gas atoms are studied as well as the contri-
bution of such states to the vibrational heat capacity of
linear chains of inert gases, including taking into account
the inhomogeneity of the bundle structure (see [15] and
literature references therein). The interaction of a pair of
particles at a distance |r—r’| in the studied systems is due
to the van der Waals interaction, which can be described
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with good accuracy by the Lennard-Jones potential (poten-
tial “6-12")
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where ¢ and o are empirical interaction parameters de-
pending on the nature of interacting particles. Potential
energy (1) decreases very quickly with increasing distance
between particles. That is why one can, describing the pro-
perties of the system, almost always to account only pair
interactions with the nearest neighbors, neglecting the abso-
lutely negligible contribution from particles located at larger
distances.

The systems with van der Waals interaction (1) are fun-
damentally different from Coulomb systems. Since the
Coulomb interaction between electrons is exclusively re-
pulsive the formation of a stable two-dimensional structure
on the surface of liquid helium requires an external electric
field which most essentially affects the structure and pro-
perties of electronic systems. The properties of systems with
van der Waals interaction can be determined exclusively by
inter-atomic interaction itself except that in two-dimensional
systems (or quasi-one-dimensional) systems on a plane the
presence of a substrate is implied, which, under certain
conditions, ensures the existence of these systems. These
circumstances provide the relevancy of simulating the particle
systems with van der Waals interactions. The aim of the pre-
sent work is to establish the configurations that arise in sys-
tems of particles interacting according to the law (1), as well
as to calculate the dispersion law of collective modes. We
restrict ourselves to a plane system of particles, which greatly
simplifies the calculations. In the future, it is planned to gen-
eralize the modeling and calculations to three-dimensional
model systems corresponding to the arrangement of quasi-
one-dimensional structures on the surface of nanobundles.

2. Simulation procedure

A characteristic parameter of van der Waals systems is
the distance corresponding to the minimum of the pair in-
teraction potential. When modeling it is advisable at least
the initial distribution of atoms be selected in such a way
that the average distance between atoms to be comparable
to this characteristic distance. To implement such an ar-
rangement of particles, one should introduce appropriate
boundary conditions (periodic, reflections from boundaries,
etc.). In this paper for the spatial localization of a system of
atoms it is assumed that there is a substrate of monolayer of
atoms, the interaction of which with each other is that of

van der Waals and is characterized by the parameters ¢, u
o, of potential “6-12". The number of substrate atoms is

proportional to its area. The interaction of the studied system
of adatoms with substrate atoms can be described by a po-

tential (1) with parameters €,, = /ee; and o, = %(c+ o)
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It is assumed that adatoms are at the same equilibrium dis-
tance from the substrate d = 2Y%c,; corresponding to the
minimum of the interaction potential of the adatom with the
substrate atoms. This allows us to restrict ourselves to the
interaction energy U ~1/|r—r’|® corresponding to attrac-
tion when considering the interaction of the selected adatom
with the substrate atoms.

The substrate acts to the adatom by a force equal to the
sum of the forces acting from the side of individual atoms of
the substrate to this adatom. We are interested in the projec-
tion of this force onto the plane in which the adatoms are
located. The magnitude of the force can be estimated in the
continuum approximation neglecting the discreteness of
the substrate structure which means that, at calculating the
force, the summation can be replaced by integration. In this
case, for a rectangular substrate with dimensions L and M
we obtain the following expression for the components of
the force acting on the adatom from the side of the sub-
strate in the plane of the studied system:
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Calculating the integrals in (2) and (3) and introducing the
function
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one obtains the following components of the force:
f,(x,y)=g(M/2,y,-L/2,x,d)-g(-M /2,y,-L/2,x,d)
-gM/12,y,L12,x,d)+g(-M /2,y,L/2,x,d);
()

fy(xly): g(lele_M /21 y1d)_g(_L/2:X,_M /2lyvd)
—g(L/2,x,M [2,y,d)+g(-L/2,x,M /2,y,d).
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Fig. 1. The potential energy characterizing the localization of
helium atoms above the substrate as a function of the distance
from the center of the substrate along the axes x (a) and y (b) for
two values €, =0.1 K (1) and 1 K (2).

Choosing the dimensions of the plane region and the
parameters of the interaction potential of the substrate with
the atoms under study, one can influence the boundary
conditions determined by the field of van der Waals forces,
which can be easily changed by changing the parameters of
the potential. If e,; =0 the substrate does not affect the
studied system.

In this paper, the helium atoms were taken as the system
under study. The pair potential of interaction “6-12" between
them is characterized by the following parameters: &=
=10.22 K, 6=2.576-10"% cm. The value of parameter o,
characterizing the interaction of the substrate atoms is
chosen o, =2-1078 cm, in this case, the distance of the
two-dimensional system of helium atoms from the sub-
strate is d = 2/6(c+ ) /2=2.57-10 cm.

At the first step of the calculation, the number of helium
atoms and the dimensions of the spatial region were taken
comparable with the expected dimensions of the modeled
configuration. The initial velocities and coordinates of the
atoms were chosen randomly within a given spatial region.
The condition was imposed on the velocities that the total
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kinetic energy corresponds to the selected temperature of
the system. In the calculations this temperature was in the
range 1072 —10™* K. Then the system of linearized equa-
tions of motion of atoms in the field of forces acting from
all other atoms was solved step by step, taking into account
the influence of the substrate. At the initial stage of calcu-
lations the energy of interaction of helium atoms with the
substrate was chosen to be high (e, ~100 K), but after the
formation of a stable ordered system, it decreased to low
values (eg, =1 K or g5, = 0.1 K) at which the determination
of the possible vibration frequencies was mainly carried out.
In some cases, the vibrations in systems were also studied
for ¢ = 0. It should be noted that the quantities €, =1 K and
€5, =0.1 K are much less than the corresponding value of
the pair interaction potential He—-He (¢ =10.22 K) so that
the properties of the system under study were almost com-
pletely determined by the interaction of helium atoms with
each other, and the effect of the substrate could be treated
as negligible.

The helium atoms were held in a certain region of
two-dimensional space due to their attraction to the sub-
strate. The energy that characterizes this attraction

[uxzjdx-fx(x,yzm and uyzjdy-fy(x:o,y)] is

shown in Fig. 1 for substrate dimensions L =1.5-10% cm
and M =6-10 cm, i.e., L>> M, depending on the dis-
tance of the atom on the substrate from the center of the
substrate in two directions for the values e, =0,1 and
1 K (1 and 2, respectively). It is shown in Fig. 1 that there

is an energy barrier that prevents the atom from leaving
the considered region of space.

3. The dispersion of collective modes

The dispersion law of collective oscillations in systems
with van der Waals interaction is determined by the short-
range nature of the particle interaction, which we describe
by the Lennard-Jones potential (1). The results are highly
dependent on the system configuration.

3.1. The solitary chain

We start our consideration with a solitary linear chain
of particles, the stability of which can be expected at zero
temperature. Under the simulation, the temperature was
taken low but still nonzero in order to provide a sufficient
amplitude of oscillations necessary to determine the natural
frequencies. Additionally if in the theoretical calculation of
the dispersion law of oscillations the chain was assumed to
be so long that the edge effects can be neglected, in the
simulation process it is assumed that from the very begin-
ning the chain has a finite length. The motion of atoms at
the ends of the chain and in its center is different which
affects the stability of the configuration. As a consequence
if after the formation of the chain during the simulation we
remove the external field from the side of the substrate the
chain turns out to be unstable primarily at the ends and
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overtime forms a zigzag structure. Therefore the properties
of a linear chain were determined in the presence of a sub-
strate that ensures the stability of the system.

The presence of a substrate gives us grounds to disregard
the condition of the fulfillment, for the chain itself, of the
elastic moduli tensor symmetry condition, with respect to
the permutation of pairs of indices, which is the condition
for the correct transition of the equations of lattice dynamics
to equations of the theory of elasticity (see, for example,
[16]) and assume that this condition is satisfied the entire
system as a whole, including the substrate.

We determined the structures and vibration frequencies
of the chains consisting of different numbers of atoms
N =10, 20, and 50 and this fact provided the possibility of
determining the vibration frequencies corresponding to
different wave vectors. The finite length of the chain, even
in the absence of a substrate, ensures the convergence of the
rms amplitudes of atomic vibrations, that is, the dynamic
stability of the system. In this case, the phonon spectrum of
the chain, of course, will begin at a frequency other than
zero. However, if we do not interested in studying the stability
margin of the system and do not consider “compressed”
chains with negative dispersion of transversely polarized
modes [15], the chain can be considered infinite in calcula-
tions and its spectrum can be considered starting from zero.

The chains were placed on a substrate characterized by
the parameter e,, =1 K. This value, as noted above, is much
less than the corresponding value of the “6-12" potential
for the interaction between helium atoms. As a result, the
average distance between particles along the chain with
high accuracy turned out to be a = 2Y®s, corresponding to
the minimum of potential (1) for a pair of helium atoms.

An example of a stable linear chain consisting of 20 atoms
is shown in Fig. 2(a). The possibility of the stable existence
of the chain provides the possibility of the theoretical de-
termining the dispersion law of collective modes, assuming
the chain to be unbounded in the direction x.

In equilibrium positions [see Fig. 2(a)], the particles of a
free solitary chain are located at points with coordinates Xg;
with distance a between neighbors. To find the dispersion
law for the collective oscillations we introduce small dis-
placements from the equilibrium positions: &; along the chain
of particles (axis x) and across the chain, n; and A; along the
axes y and z, respectively. Expanding the potential energy
of interaction to quadratic terms, we obtain the following
Lagrange function describing small oscillations of the system:
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Fig. 2. The schematic representation of a solitary chain of parti-
cles with van der Waals interaction (a) and the functions deter-
mining the dispersion laws of the longitudinal (b) and transverse
(c) branches of the collective oscillations of a solitary chain.

where 3 = o /a and m is particle mass. In L, we disregard, in
view of g, < ¢, the contribution of the substrate potential.
Writing the equations of motion for the Fourier-

transformed displacements &; :Z&,q exp (igxy; —iot) by
q

coordinates X,; and time t (and similarly for n; and ;) and

taking into account the periodicity of the system along the
x axis, we obtain three branches of the dispersion law of
collective modes. One of these branches corresponds to
longitudinal vibrations along the chain is
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The other two branches, corresponding to particle oscilla-
tions across the chain (along the axes y and z) possesses
the dispersion law

2B® \(1-cosun
o] = Oy Fli(#e)(qa) Fi (u) = Z{ P ](—gj

= n® n
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Note that due to the absence of the requirement, for the
chain itself, to satisfy the symmetry condition of the elastic
moduli tensor with respect to the permutation of pairs of
indices, the dispersion law of the transverse mode (8) in
the long-wavelength limit is linear (sound-like), and not
quadratic (flexural) [17].

From the structure of function F{) (u) it follows that in
the long-wavelength limit |u |« 1 this function is always
positive if p<27Y® that is, the average distance between
the equilibrium positions of particles in the chain satisfies
the condition a>2Y®c, and if this inequality is not satis-
fied Fh(nie) (u) may become negative. This according to (8)
leads to the negativeness of the square of the frequency of
transverse vibrations of particles meaning the instability of
the given configuration of the system, i.e., the solitary
chain. Note that if p =27V a=2Y%c, that is neighboring
particles along the axis in equilibrium states are at the dis-
tance a from one another, corresponding to the minimum
energy of pair interaction of neighbors according to the
law (1). In this case w2y, = 24e/(ma?). Recall that exactly
at this distance, according to the simulation results, the
particles are located along the chain.

Functions F|-(”) (u) and F|-(L) (u) at p=2"Y6 are written

ﬂ\%(m) (U) Z(

ne ine
in the form
1-cosun
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n>1 n

Their graphs are shown in Figs. 2(b) and 2(c) for the ar-
gument interval from zero to the boundary of the first
Brillouin zone u = x.

The series in (9) converge so quickly that the results of
their summation almost coincide with their values obtained
undertaken into account only the first nonvanishing term in
them, that is n =1 in F{l) -~ which corresponds to the ap-
proximation of the first nearest neighbors when we restrict
ourselves to the interaction of a particle with neighbors
located at a distance a from the given one. At the same
time, this approximation turns out to be insufficient for
F)  since, as follows from (9), the term of the series for

line(m)
R m With n=1 equals to zero and the first non-

vanishing term corresponds to n =2 which corresponds to
the interaction of the particle with the particles following
the nearest neighbors (second nearest neighbors) located at a
distance 2a from the given one. In the limit u <1, we have
the foIIowing asymptotic expressions for the functions

Fll(rué(m) and I:lme(m)'
F..ﬂ‘ll(m)— Z[13¢(12) - 7¢(6)]u? = 2.94u2,

Fioom) = —[g(e) ~£(12)]u? =8.55-10°u?,  (10)
where {(x) is the Riemann zeta function. This means linear
acoustic dispersion of modes (10) in the limit | ga |« 1, when
Oy =Cnyds ¢ =L71ogya, ¢, =9.25-10 2wy a, that
is the ratio of the velocities of the longitudinal and trans-
verse modes is ¢ /c, =18.5. Attention is drawn to the
smallness of the velocity of the transverse mode in com-
parison with the longitudinal one. In the approximation of
the first nearest neighbors, the frequency of the transverse
mode vanishes and becomes finite only when the inter-
particle interaction at distances exceeding the average dis-
tance from the particle in the chain to the nearest neighbor
is taken into account.

An interesting feature of the function Flme(m) describing
the dispersion of transverse modes is the nonmonotonic
character. The function has a maximum at the point
Umax =1.54, where u,,, is the root of the equation

Z[l—isjw -0.

=y N n
The value U, slightly different from u{%, =n/2=1.57
obtained in the approximation of the second nearest neigh-
bors when in the series in (9) we leave only the first non-
vanishing term with n=2. The presence of a maximum
means that the group velocity of the transverse modes turns
out to be positive at |q] <Up /@, is zero at the point
|a| = Upmax / @, and becomes negative at larger values of the
wavenumber. In general, it can be noted that the function
Fllne(m) almost symmetric with respect to u =7t/ 2.

The positivity of the squared frequency of the longitu-
dinal and transverse modes at p = 27Y® in the entire range
of wavenumbers corresponding to the first Brillouin zone
0<|g|<m/a means the stability of a solitary chain with
respect to small vibrations both along and across it. Note
that a chain of particles with a long-range Coulomb inter-
action, in contrast to the chain with a short-range
van der Waals interaction considered here, is unstable with
respect to small transverse vibrations (negative square of
the transverse mode frequency) and is stabilized only in the
presence of an external confining potential [10].

The characteristic values of the frequencies of the natural
oscillations of the chain were also estimated from the vibra-
tion spectrum established by means of a Fourier analysis of
the time dependence of small displacements of particles
from the equilibrium position along x and y axes. Examples
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of such spectra are shown in Fig. 3 for the chains of different
lengths consisting of N = 10, 20, and 50 atoms. The wave
vectors /L == /[(N —1)a] corresponding to chains of dif-
ferent lengths (different N) are shown by vertical lines in
Figs. 2(b) and 2(c). The triangles in Fig. 3 show the vibration
frequencies calculated theoretically. As one can see, the
agreement between the result of the theoretical calculation
of the dispersion law and the simulation results seems rather
good. Note that the ratio of the velocities of the modes
shown by triangles corresponds to the previously indicated
relation ¢, /¢, =18.5 (10).
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Fig. 3. The spectrum of vibrations of a solitary chain of atoms
interacting according to the law (1) for chains with different
numbers of particles N = 10 (a), 20 (b), and 50 (c). The triangles
mark the vibration frequencies calculated using Eqg. (9).

3.2. Two chains with van der Waals interaction

In this subsection, we will consider collective oscillations
in a system of particles interacting according to the law (1)
and consisting of two parallel chains separated by a dis-
tance D which are assumed to be located in the plane {xy}
[Fig. 4(a)]. As noted in the previous subsection such zigzag
systems naturally arise from a solitary chain during simula-
tion if there is no external potential of the substrate. In ad-
dition, a zigzag configuration is formed under specially
specified external conditions from the initial random dis-
tribution of particles if the transverse size of the system is
limited from the very beginning. To analyze the parameters
of the system in Fig. 4(a) let us consider the potential energy
of interaction of particles located in different chains (with-
out taking into account their small displacements from the
equilibrium position):

(712 G6

Uy =4 - , (11
e o ey

where the notation is introduced X; =x{ —x{? (or
X —x§), (% are equilibrium positions of the particles
in a chain k=1, 2. Furthermore in each of the chains, the
distance between neighboring particles is a. For simplicity
in (11) we can restrict ourselves to the approximation of the
nearest neighbors and consider the interaction of ith atom
of the one of the chains with the nearest atoms j and j+1
of the another chain. If we denote X = Xj; one obtains:
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Fig. 4. Two-chain configuration of particles interacting according
to the law (1): schematic diagram to explain the scheme for de-
termining the parameters X = X;; and D (in the text) (a) and the
result of numerical simulation (b).
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U = 4e

+

6 (12)

[(a-x)*+D?| [(a-x)"+ DZT

To calculate X and D we solve the equations
Ul 1aX =0 and UG /6D =0. Their non-
trivial solutions give X =a/2 and D = J3a/2, if we take
a=2Y8g, that is to consider the particles located along the
chain at a distance corresponding to the minimum of the
pair interaction energy of neighboring atoms.

The system simulation results in Fig. 4(b) are in complete
agreement with this result. As the simulation results show
when a zigzag configuration is formed the particles are
arranged in such a way that one chain is displaced relative
to the other by a distance a/2 (the equilibrium distance
between particles in each of the chains is still a). In this
case, the unit cell is an equilateral triangle with D = J3al2.
As for the solitary chain, the simulation gives a = 2¥%c.

2p° [13(v2i = Vij )2 —az} [7(v2i = Vi )2 —az}

Note once more that the zigzag configuration of two
atomic lines [Fig. 4(b)] is very stable in the absence of an
external field. At some simulation steps the double-chain
system can be displaced as a whole in the plane, but the
relative arrangement of the atoms in the zigzag stays the
same. The formation of such a configuration at low tem-
perature from an initial random distribution of atoms often
leads to a structure with defects. In this case, annealing
was carried out, that is a smooth increase in temperature
followed by its decrease, which led to the formation of a
defect-free structure.

The Lagrange function of the system, up to quadratic
terms in small displacements from the equilibrium position,
can be written as

L, =L +38Uy, (13)
where the function L&”) is the result of summing the func-
tions L from (6) written for each of the chains
k=1 2, .., n (in the case considered here n=2), and the
term 8Uy, corresponds to the interaction of particles lo-
cated in chains 1 and 2:

|:(V2i ~Vij )2 _az}
2B° [13(12 —(Vzi — Vi )2} [70{2 —(Vzi Vi )2}

8

|:(V2i ~Vij )2 —0‘2}

: (&zi —&j )2

12¢6°
+ :s? Z ; g 5 5 (T]Zi_nlj)z
h l:(vzi_vlj) —‘12} |:<V2i_vlj) _az_
12¢c° 1 2B°
+ agso- Z - ) 4 BZ 7 ()\‘Zi_)\‘lj)z
b (VZi_Vlj) _az} [(VZi_vlj) _az}

7p°®

2

6
+ 968: “Z(VZi ~ Vi )

a I,]

[(VZi “vij) _“2}

where the notation are introduced vki:xlﬁf)/a and

o =D/a. The last term in Eq. (14) describes the coupling
of particle displacements from the equilibrium position
along the chains and across to them. With an increase in
the distance between particles along the axis x, increase
|v2i —vlj| under conditions (v, —vi;)? > a?, this term
decreases proportionally (v —v;;)™ (i the first term in
this term) and (v —vlj)*9 in the second term, that is one
degree stronger than the corresponding terms in the first
three terms of Eq. (14). Because of this during the summa-
tion in (14), the contribution of the last term will be less
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5

5 (§2i =& )(lei ~MNyj ) (14)

[(VZi Vi )2 ‘0‘2}

than the contribution from the remaining terms if the sum-
mation process is extended to a large number of terms, as it
happens with long-wave oscillations. Similarly when con-
sidering oscillations of chains with long-range Coulomb
interaction of particles in [10], a similar term corresponding
to the coupling of oscillations along and across electron
chains turned out to be negligible when considering long-
wave oscillations, affecting however the dispersion of col-
lective modes at |qa| >1. For systems of particles with a
short-range van der Waals interaction considered in this
work, the first and in some cases second nearest neighbors
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make the overwhelming contribution to the summation of the
series in (14). Under these conditions, the last term in (14),
generally speaking, seems to be necessary to take into ac-
count along with the first three in the entire wavenumber
interval within the first Brillouin zone.

To obtain the dispersion laws for collective oscillations,
we write down the equations of motion for small oscilla-
tions based on the Lagrange function (13) and carry out the
Fourier transform in these equations in the same way as it
was done for the solitary chain in the previous subsection.

As a result, we obtain the coupled equations for the dis-
placements &, and n,, in the plane {xy} and separately
equations for displacements A; in the z direction, that is
normally to the plane of arrangement of particle chains.
The dispersion law for frequencies is calculated by solving
the compatibility equations for systems of equations with
respect to the corresponding displacements.

If we define k = ®? / 2y, then the dispersion equation
for collective modes in the plane {xy} for p=2"Y¢ and
o =+/3/2 can be written in the form

2 2 F2
[(K_Fu) _FL22:||:(K_FT1) _FT22:|_2FL2T |:(K_FL1)(K_FT1)_FL2FT2__;T}:O' (15)
Here
26n2-26n+5 7n?2-7n+1
E =D (w)+ _ =FW (u)+1.44,
Ll( ) Ilne(m)( ) g 2(n2—n+1)8 (nz_n+l)5 Ime(m)( )
2 _ 2
Fo=3 26n2 26n+85 7n2 7n+i cosKn—EJu},
| 2(n"—n+1) (n“-n+1) 2
19-2n?+2n  5-n?+n
Fo(u)=FS )+ - =R (u)+4.49,
T1( ) I|ne(m)( ) §|:2(n2_n+1)3 (nz_n+l)5:| I|ne(m)( )

19-2n2 +2n
FTZ(U)=Z|:

n>1

_5-n’+n cosKn—lju}
2> -n+1)% (n?2-n+1)° 2) |

n=1

1 7 4 . 1
Fr®) =«/§ZKH—EJLn2 —n+D® (n? _n+1)5}sm[(n—5ju}.

As in the case of the solitary chain, here u = [qal. The pres-
ence of function F ;(u) in (15) is a consequence of the
presence of the last term in (14).

Equation (15) is a fourth-degree equation with respect
to k. We solved it by numerical methods. The results are
shown in Fig. 5.

As can be seen from the figure two branches of the
spectrum of collective vibrations are Goldstone, starting

15

10p

O /0y

sp

Fig. 5. The reduced squares of the frequencies of collective oscil-
lations of two linear chains with van der Waals interaction for the
motion of particles in the plane of the chains.

from zero value at u =|qa| =0, and two are optical, which
at u=0 have finite values. There is a point of maximum
convergence of optical modes (anti-crossing) near the middle
of the Brillouin zone at u close to /2.

To test the influence F ;(u) on the mode dispersion
law in the long-wavelength limit u=|qa| <1 we depicted
in Fig. 6 the dispersion laws obtained by solving Eq. (15)
(solid lines) together with the results of solving this equation

10

Fig. 6. Exact (solid lines) and approximate (16) — dashed lines
are functions that determine the dispersion laws of collective
modes in the long-wavelength limit.
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in the limit F 1 (u) =0 (dashed lines). It is easy to see from
(15) that if F ; (u) =0 four solutions of Eq. (15) degenerate
into two, which have the form

Ko =Fu R, x4 =Frth,. (16)

Dashed lines in Fig. 6 are described by Eq. (16). As can
be seen from Fig. 6, the influence of the F ; on the disper-
sion of coupled vibrations turns out to be rather weak in
the long-wavelength limit. When u >1 exact solutions of
Eq. (15) differ markedly from those of Eq. (16). We do not
present a comparison of exact solutions of Egs. (15) and
(16) in this interval |ga| due to the low cognition of the
corresponding drawing with a large number of intersecting
solid and dotted lines.

It can be seen from Eg. (15) that Eq. (16) gives the
roots of the exact Eq. (15) for u =0 when F 1 (0) =0. This
makes it possible to evaluate analytically the starting values
Kk in optical modes in Fig.5 as F,(0)+F ,(0)=
=2F;(0)=2.88 and F;;(0)+ F;,(0) =2F;;(0)=8.78 in
complete agreement with the results of the numerical solu-
tion of the dispersion Eq. (15). Another possibility of ana-
Iytical analysis of solutions (15) is available for u = = that
is at the upper boundary of the first Brillouin zone. In this
limit the functions F,(n) = F;,(m) =0 and Eq. (15) dege-
nerates into a square, two roots of which are

2
Fiu+Fn \/( Fi— FTl) 2
+ +F~ . 17
> 4 LT (17)

K1) (m) =

Substituting into (17) the values of F,;, F;, and F
taken at u =, we obtain () =14.16 and k) =3.77 in
excellent agreement with the results of the numerical solu-
tion (15) presented in Fig. 5.

When considering collective oscillations in the direction
of the axis z, that is, perpendicular to the plane in which two
chains of particles are located, one introduces the functions

1 1
Fry= Fli(nle)(m) (“)+Z 5 7 7
1 (n —n+1) (nz—n+1)

= Fom () +0.0124,

o3

As a result the equations of motion for small displace-
ments A,; (n=12) lead to the following dispersion equa-
tion for collective oscillations along the z axis:

1 1
Fra(u) = -
Tt E (nz—n+1)4 (nz—n+1)

(k=Frg)* =F& =0 (18)

with two obvious independent roots ks ¢ (u) = Fr3(u) + Fr4(u)
and with graphs shown in Fig. 7.
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0.02

10 yaw

(O}

Fig. 7. Same as in Fig. 5, but for the oscillations of particles in
the direction perpendicular to the plane of the two chains.

It should be emphasized that the k5 and kg are small in
comparison with the corresponding functions in Fig. 5 de-
scribing coupled vibrations in the {x, y} plane. This is due
to the fact that the functions F;5 and F, determining s
and kg in the nearest-neighbor approximation vanish if
only the term with n =1 is left in Eq. (18). Thus, the disper-
sion of vibrations in the direction z manifests itself only
when the interaction of particles with the second nearest
and next neighbors is taken into account [small terms of
the series with n> 2 in (18)].

One of the branches of the spectrum in Fig. 7, namely
Ks, IS optical, starting from k5(0) = 2F;5(0) with asymp-
totic kg = 0.0248-6.420-103u? at u <1, and second one
Kg IS Goldstone, having asymptotic in the long-wavelength
limit xg =0.0235u2 with linear dispersion of the corre-
sponding mode. Curves kg(u) and kg(u) intersect at
U, =1.02, where u, is the root of equation F;,(u)=0.
The value u,, is very close to u{®) = /3 which is a root if
at summing in F;, we restrict ourselves to the first non-
vanishing term with n=2. We also note the non-
monotonic character of the curves in Fig. 7 that show the
minimum on the curve kg(u) at the point u,, =2.37,
ur(T?,)n = 2.38, summing in (18) is restricted by n=2, and
maximum «4(u) at the point U, =1.88 (Ul =1.91).
Both solutions of dispersion Eq. (18) coincide at the point
u=n and are equal x5(m)=1xg(n)="F5(n) because
Fr4(m)=0.

The intersection of the functions 15 (u) and kg (u) is due
to the fact that the solutions of Eq. (18) are independent, in
contrast to coupled modes for oscillations in the plane {xy}
in Fig. 5, where the repulsion of the optical modes of the
spectrum is observed at the point of their closest approach
— the anti-crossing of the modes.

In conclusion of the subsection, we note that from the
form of the Lagrange function (13) it is easy to see that in
the limit D — o« the function L, = L&Z). This means that
the collective modes of the zigzag system turn into modes
of two solitary chains. In the opposite limit D — 0, we
obtain again the mode dispersion of a solitary chain but
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Fig. 8. Spectra of vibrations of a two-chain system of atoms interacting according to law (1) in the case of a different number of parti-
cles in the system. Spectra (a) are obtained for displacements of atoms along the x axis, whereas (b) along the y axis.

with an average distance between particles a/2. In this
case, solutions of the dispersion equation for oscillations
along x, y, and z transform into dispersion laws of two lon-
gitudinal and two transverse oscillation modes of a solitary
chain with a step a/2 and with phase shift = between the
corresponding dispersion laws (dispersion of the modes
along z is the same as for vibrations along y).
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As in the case of a solitary chain, considered in
Subsec. 3.1, the characteristic values of the frequencies of
the natural vibrations of the double-chain configuration
were established in the Fourier analysis of the vibration
spectrum. The study of vibration frequencies in the system
was carried out at the value ey, = 0.1 K. Examples of the
obtained spectra are shown in Fig. 8 for chains of different
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lengths consisting of N =10, 20, 50, and 100 atoms. Wave
numbers =/ L, corresponding to chains of different lengths
for different N, are shown by vertical lines in Fig. 5. The
triangles in Fig. 8 show the vibration frequencies calculated
theoretically and presented in Fig. 5. In Fig. 8, spectra (a)
were obtained by analyzing x-coordinates of atoms, and
spectra (b) — y-coordinates. The agreement between the
results of the theoretical calculation of the dispersion law
and the analysis of the vibration spectrum should be treated
as quite satisfactory, and this agreement is especially mani-
fested for longer chains. In spectrum (a) for a chain with
N =10, in addition to the frequencies following from the
theory, a peak with a frequency of about 700 GHz, which
is well reproduced in different series of calculations, is also
observed. One can speculate that this is a combination fre-
quency, the excitation of which is facilitated by the small
size of this chain.

3.3. Collective oscillations in a system of three chains

In this Subsec., we will consider collective oscillations
of a system of particles with van der Waals interaction,
which consists of three chains (Fig. 9), in which the con-
figuration is shown at different (a) and identical (b) scales
along the coordinate axes. This configuration is formed
from a random initial distribution of particles with a limita-
tion of the spatial region of their location under conditions

3r (a)
- 009000000000 00000000000000000000
2 -
g 1r
o -
‘O 0 0000000000000 000000000000000000000
= 4k
ok
- 00000000000 0000000000000000000000
- 1 L 1 L 1 L 1 L 1
3 —40 -20 0 20 40
X, 1078 cm
10
(b)
5

g
o
=) ® @ © @ 0 0 (
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75—
5 0 5 10

-8
x, 10 cm

Fig. 9. Configuration of particles interacting according to the law
(1), consisting of three lines of atoms in different (a) and the
same (b) scales along the coordinate axes.
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when the transverse size is approximately one and a half
times greater than that for which the formation of a zigzag
is characteristic. Configurations with a larger number of
particle lines are not considered in this work.

As before, we assume that the system is located in the
plane {xy} with axis x along the chains. The distance be-
tween the extreme chains 1 and 3 is considered equal D
and correspondingly D/ 2 between the central chain 2 and
the outer ones. Note that x — the coordinates of the equi-
librium positions of particles in chains 1 and 3 coincide,
and x — the coordinates of such positions for the particles
of chain 2 are shifted by a/2 relative to the corresponding
positions in chains 1 and 3. It is also important that now,
when considering chains 2 and 1 or 2 and 3, we have, in
contrast to the situation considered in the previous subsec-
tion, D =+/3a.

The determination of the parameters of the system, simi-
lar to what was carried out at the beginning of Subsec. 3.2,
the case of three chains is generalized in a trivial way if we
take into account the interaction of only the nearest neigh-
bors. In this case, the problem of the structure of three
chains splits into separate problems of the pairwise interac-
tions of two neighboring chains with a completely analogous
result — the formation of a triangular structure of particles.

The procedure for determining the dispersion laws of
collective oscillation modes in the case of three chains is
straightforward. Lagrange function:

Ly = L +8U,, +8U,, + 86U, (19)

now includes contributions 3U;; from pairwise interactions
of particles located in three different chains, i, j =1, 2, 3.
These expressions are similar to those that were written out
in the previous subsection for the interaction of particles in
two chains, but taking into account the geometry of the
system, the mutual arrangement of particles, and the distance
between the chains (see Fig. 9). From the structure of the
Lagrange function and the equations of motion following
from it, it results that for D — « the corresponding equa-
tions and the dispersion law of collective oscillations are
obtained for an isolated chain of particles, and at D -0 —
a solitary chain of particles with a half mean distance a/2
between particles.

The dispersion equation is obtained as the compatibility
condition for the system of equations with respect to the
Fourier-transformed displacements of particles from the
equilibrium position &;, and mn;, along and across the
chains in the plane {xy} and Aj, normal to the plane of the
chains (i =1, 2, 3). As in the case of two chains, considered
in the previous subsection, the equations for the squared
frequencies w? of the oscillations in the plane of the chains
are coupled, and the condition of their compatibility (dis-
persion equation) is reduced to the equality of the determi-
nant of the sixth order to zero. Equations for %, are
“splitted off” from the corresponding equations for oscilla-
tions in the plane of the chains, while the dispersion equation
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Fig. 10. Reduced squares of oscillation frequencies in the plane
of a three-chain system of particles interacting according to the
law (1).

for ©? here is determined by the vanishing of the third-
order determinant. We solved both dispersion equations by
numerical methods taking p=27Y%. At Fig. 10 there are
shown six branches of the dispersion law for vibrations in
the {xy} plane.

As can be seen from the figure, two branches of oscilla-
tions are Goldstone, and the other four are optical. There
are three anti-crossing points.

Normalized squares of frequencies of three vibration
modes in the direction of the axis z are shown in Fig. 11.
One of the spectrum branches turns out to be Goldstone,
the other two are optical and these modes demonstrate two
anti-crossing points. As in the case of two chains of particles
the values of the squares of the mode frequencies in the
direction normal to the plane of the chains are much smaller
in magnitude than the squares of the vibration frequencies
in the plane of the chains at Fig. 10.

An example of a spectrum of collective vibrations ob-
tained using a Fourier analysis of the time dependence of
particle displacements from the equilibrium positions in
the plane {xy} is shown at Fig. 12 for wave number x/L
marked with a vertical line in Fig. 10 for the number of
atoms in the system N =100. The spectra were obtained by

0.041

Fig. 11. Same as in Fig. 10, but for the oscillations along the
Z axis.
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Fig. 12. Spectra of vibrations of a three-chain system of atoms
interacting according to the law (1) for 100 particles. Spectra (a)
and (b) are obtained for displacements of atoms along the x axis
and y axis, respectively.

analyzing the displacements of atoms in the directions x (a)
and y (b). A good agreement is observed between the fre-
quencies (triangles) theoretically calculated when deter-
mining the mode dispersion law with the frequencies ob-
tained in the simulation. However, it should be noted that
not all of the possible frequencies are sufficiently clearly
manifested in the simulation in the case of a system of
three chains.

Conclusion

In this paper by means of computer simulation, we inves-
tigated the conditions for the appearance of linear systems of
particles, located in a plane, with van der Waals interaction
for the description of which the Lennard-Jones potential
was used. It is shown that with a change in the temperature
and the external holding potential of the substrate single-
chain structures can form, and two- and three-chain con-
figurations appear even in the absence of an external po-
tential. For one-, two- and three-chain planar systems of
atoms interacting according to the “6-12" law, the parameters
of the arising particle configurations have been established.
Using the Fourier analysis of the time dependence of the
displacements of particles along and across the system, the
values of the characteristic frequencies of collective oscilla-
tions are found. The obtained results are in good agreement
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with the theoretical calculation of the dispersion laws of
collective modes due to the van der Waals interaction. The
dispersion law is obtained as a result of equating to zero
the determinant of the system of equations of motion for
small displacements of particles from the equilibrium posi-
tion both in the plane of the particle chains and in the di-
rection normal to this plane. The results were obtained in
the quasi-crystalline approximation for the wave number
interval q inside the first Brillouin zone. It was found that
among the collective modes there are both Goldstone
modes starting from zero frequency at q =0 and optical,
starting from a finite value at zero wave number. The disper-
sion laws of collective oscillations turn out to be significantly
different in systems with different numbers of particle chains.

The authors are grateful to S. B. Feodosyev for useful
remarks made both during the discussion of the results of
the work and during the preparation of the manuscript of
the paper.
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CTpyKTypa i KONEKTUBHI KONMBAHHS MiHINHUX CUCTEM
YaCTMHOK 3 BaH-Aep-BaanbCOBO B3aEMOJIED

V. E. Syvokon, E. S. Sokolova, S. S. Sokolov

IIpoBeneHo MozeNIOBaHHS PO3TAIIOBAHOI B IIONIMHI CHCTEMH
YaCTHHOK 3 BaH-7I€P-BaaJIbCOBOIO B3a€MOIEI0, sIKa ONMCAHA MOTEH-
niatoM Jlennappa-J[xoHca. YCTaHOBICHO MOXIIMBICTD ICHYBaHHS
OIHOTO JIAHLIIOXKKA YaCTHHOK, a TaKox (hopMyBaHHS JIHIHHHX
CHCTEM i3 JBOX Ta TPHOX JIAHIIOXKKIB. BH3HaUEHO CHEKTp KOJu-
BaHb CHCTEMH IIPU Pi3HUX KOH(Irypawuisix Ta BCTAHOBJIEHO Xapak-
TepHI YacTOTU KOJIMBaHb. 3aKOH IHCIEpPCii KOJIEKTHBHHX MOJ
pO3paxoBaHO TEOPETUYHO METOJIOM DIBHAHb PYXy U Majux
3CYBIB aTOMIB 3 IIOJIOKCHHSI PIBHOBAard IpH aHali3i YMOBHU CIiJb-
HOCTI CUCTEMHU DiBHSHB, KA BUHHUKA€. 3HAlCHI 3HAUCHHS Xapak-
TEpPHUX YacCTOT IepeOyBalOTh Yy TapHii 3rofi 3 pe3yibTaTaMy, SKi
oTpuMaHi npu Qyp’e-aHasi3i YacoBoi 3aIEKHOCTI 3CYBIB YACTHHOK
3 TIOJIO’KEHb PIBHOBAr y30BXK Ta MOIEPEK CHCTEMI.

KirouoBi ciioBa: MOJIENIOBaHHS HU3BKOBUMIPHHX CHCTEM, JHCIIEp-
Cisl KOJICKTHBHUX KOJIMBaHb, CHCTEMHU YaCTHHOK 3
TOTEHIiaN

BaH-ZI€P-BaaJIbCOBOIO BSaEMOHiEEO,

Jlennapna-/Ixonca, Gyp’e-aHani3 CreKTpis.
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