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We considered a nanoelectromechanical system consisting of a movable Cooper-pair box qubit which is sub-

ject to an electrostatic field, and coupled to the two bulk superconductors via tunneling processes. We suggest

that qubit dynamics is related to the one of a quantum oscillator and demonstrate that a bias voltage applied be-

tween superconductors generates states represented by the entanglement of qubit states and coherent states of the

oscillator if certain resonant conditions are fulfilled. It is shown that a structure of this entanglement may be con-

trolled by the bias voltage in a way that gives rise to the entanglement incorporating so-called cat-states —

the superposition of coherent states. We characterize the formation and development of such states analyzing the

entropy of entanglement and corresponding Wigner function. The experimentally feasible detection of the effect

by measuring the average current is also considered.
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1. Introduction

Electro-mechanical phenomena on the nanometer scale
attract significant attention during the last two decades [1].
Recent advantages in nanotechnologies acquire a promis-
ing platform for studying the fundamental phenomena gen-
erated by the interplay between quasi-classical and pure
quantum subsystems. A charge qubit formed by a tiny su-
perconducting island [Cooper-pair box (CPB)] whose basis
states are charge states (e.g., states which represent the
presence or absence of excess Cooper pairs on the island),
is one of a large group of pure quantum systems [2]. At the
same time modern nanomechanical resonators which dy-
namics according to Ehrenfest theorem to great extent is
described by classical equations, are ideal representatives
of quasiclassical subsystem [3]. Systems, which dynamics
is determined by the mutual influence between a supercon-
ducting qubit and a nanomechanical resonator, are a sub-
ject of cutting-edge research in quantum physics, especial-
ly, in quantum communication, see, €.g., Refs. 4-9.

There are two main questions that arise related to an in-
terplay between quasi-classical dynamics of the mechani-
cal resonator and quantum dynamics of the charge qubit.
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The first one is: how quasi-classical motion may affect
pure quantum phenomena? Considering this question, it
was shown that the superconducting current between two
remote superconductors can be established by mechanical
transportation of Cooper pairs performed by an oscillating
CPB [10]. Even more, it was demonstrated that such trans-
portation may generate correlations between the phases of
space-separated superconductors [11]. Another question is
how coherent Josephson dynamics of a charge qubit will
affect the dynamics of the quasi-classical resonator, in par-
ticular, whether or not the quantum entanglement between
a superconducting qubit and mechanical vibrations can be
achieved? Recently it was demonstrated that individual
phonons can be controlled and detected by a superconduct-
ing qubit enabling coherent generation and registration of
quantum superposition of zero and one-phonon Fock states
[4, 5]. At the same time nanomechanical resonators provide
the possibility to store quantum information in the complex
multi-phonon coherent states. Such states, in contrast to sin-
gle-phonon states, where mechanical losses irreversibly de-
lete the quantum information, allow their detection and cor-
rection [12, 13]. Motivated by such a challenge, in this
paper, we demonstrate the possibility to generate quantum
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entanglement between the charge qubit states and mechanical
coherent ones in a particular nanoelectromechanical system
(NEMS) where mechanical vibrations are highly affected
due to the weak coupling with movable a Cooper-pair box.

2. Model and Hamiltonian

Schematic representation of the NEMS prototype con-
sidered in this article is presented in Fig. 1. It consists of
the superconducting nanowire (SCNW) [14—16], which is
suspended between two bulk superconductors and is
capacitively coupled to the two side gate electrodes. In this
paper, we will consider the case when SCNW represents a
superconducting island that can be treated as a charge qubit
(Cooper-pair box) whose basis states are charge states —
states which represent the presence or absence of excess
Cooper pairs on the island. Below we will refer to these
states as charge and neutral states correspondingly. As this
takes place, the gate voltage V; and the voltage applied
between the gates V are chosen in a way that the differ-
ence in the electrostatic energies of the charged and neutral
states equals to zero at the straight configuration of the
nanowire, while nanowire bending removes this degenera-
cy. We also reduce the bending dynamics of the SCNW to
the dynamics of the fundamental flexural mode described
by the harmonic oscillator.

Joint Cooper pairs dynamics and mechanical one of this
system is described by the Hamiltonian which can be pre-
sented in the form,

H=H,+H,+H, €8

nt >
— _horo o
H,=-E,;c cos, Hm—T(x +p ),
H,, =&xc;.

Here Hamiltonian H, represents Josephson coupling be-
tween CPB and bulk superconductors. The constant E; is
the Josephson coupling energy (in this paper we will con-
sider only the case of symmetric coupling), @ = ®(¢) is

N ’
V.

\
'
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Fig. 1. Schematic illustration of the NEMS under consideration.
The superconducting nanowire, treated as a charge qubit, is tun-
nel coupled to two bulk superconductors (S) with the supercon-
ducting phase difference @ and capacitively coupled to the two
gate electrodes. The bending oscillations in the x direction are
described by the harmonic oscillator.

the superconducting phase difference between electrodes,
o;(i=1,2,3) are the Pauli matrices acting in the qubit
Hilbert space in a basis where vectors (1,0)7 and (0,1)”
represent charged and neutral states, respectively. Hamil-
tonian H, in Eq. (1) represents dynamics of the funda-
mental bending mode described by the harmonic oscillator
with frequency o (here momentum and coordinate opera-
tors, p and X, are normalized on the amplitude of zero-
point oscillations x, =7/ M®, M is an effective mass,
[%, p]=1). The third term H;, describes an electromechan-
ical coupling between the charge qubit and the mechanical
oscillator induced by the electrostatic force acting on the
charged state of the qubit, € = efx,. In the last equality, £
is an effective electrostatic field that is controlled by the
difference of the applied voltages V; and V. Below we
will assume € < Ao, E;, that corresponds to the typical
experimental situation [4, 9, 17].

The states of the system described by the Hamiltonian,
Eq. (1), are a superposition of direct products of qubit
states, el»i, and eigenstates of the oscillator | n) (here and
below e denotes the eigenvectors of the Pauli matrices o,
with eigenvalues k = 1).

If € =0, the interaction between the qubit and the me-
chanical subsystem is switched off and stationary states of
the Hamiltonian, Eq. (1), are pure states (the entropy of
entanglement is an integral of motion, i.e., if the system is
initially in a pure state, it will be in a pure state at any mo-
ment of time). Synchronous switching on the electrical
field £ and the bias voltage between superconducting leads
(D(f) = 2eV / h) results in the evolution of such pure states
in the states represented by entanglement between the
qubit and oscillator states.

3. Time evolution

To carry out an analysis of this evolution, we introduce
the dimensionless time and energies, ot = ¢, E; / o — E;,
¢/ hw — ¢ and assume that at the moment of switching on
the interaction between the subsystems (¢ =0), the differ-
ence between the superconducting phases is ® = @, and the
system has been initial in a pure state,

|'F(0)) = ;,®0). 2

At t>0 according to Josephson relation ®(f)=
=2elVt/ho+ . The Hamiltonian, Eq. (1), and, as a con-
sequence, the time evolution operator U (¢,t"), which is
defining evolution of the arbitrarily initial state, has the
properties:

H(+T,)=H(@), Utt)=U@+T,.0'+T,), (3)

where 7, =2n/Q), =nho/e|V|. To analyze the evolu-
tion operator, one can use the interaction picture taking

U(t,1) = Uy (U, (.U (1), (4)

where
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~ iE . .
U, (t) = exp Q_icl sm(QVt+n<D0)—zaTat}. 5)
The parameter n=sgn(V/|V |)=+ characterizes the di-
rection of the bias voltage drop. The operator U, (t,1")
obeys the following equation:

AU ()
’na—t =H, (DU, (t,1"),
H, () = ei(t)o; (1), U, (t,0)=1. (6)

Here

() = %(&e"” +afe),

E
G5(t) =05 cos [—Jsin(QVt + nd)O)J -
Qy

-0, sin[isin(QVtH]q)o)j. @)
Qy

If the frequencies ® and €2, are incommensurable, the
operator 7:£n(t) is a quasiperiodic function of time. In such
a case one can expect that the mechanical subsystem, being
initially in the ground state, does not significantly deviate
from this state in the process of evolution. However, a rig-
orous consideration of this case requires independent re-
search and will be done elsewhere. In this paper, we will
consider the resonant case when Q;, = ® and will assume
that € < 1. The first condition stipulates the following
properties of the evolution operator,

~ ~ N-N'
U,@aN, 2N = U, Cr0) | (8)

where N, N' are the natural numbers. The second assump-
tion allows us to make the following substitution in a lead-
ing approximation regarding small €,

U, (t.t") = U, (2N, 2aN"), )

where N(N")=[t(¢")/2n] ([x] is an integer part of x), and

obtain an expression for I/, (27,0) which can be written as,
Z:{n (2m,0) = exp [iéczﬁ(n(bo) + 820(i):| ,

p(D)= pcos® + xsin D. (10)

Here € =2mne/|(2E;) and J,(x) the Bessel function of the

first kind. Using the above relations one can obtain an ex-

pression for the evolution operator U (¢,t"), which in the
main approximation regarding € has a form,

U(t,t") = U, (1) exp[iEc, p®y )t —H]UT (1).  (11)

Using Egs. (2), (11) one gets that at the time ¢, with the
accuracy to small parameter € < 1, the state of the system
| W(#)) is given by an expression,

() = D AR5 (1,1 D)® | —ez(t,m) /N2).  (12)

Here

e5(t,nd,) = e5 exp[iE, o, sin(z +nD,)]

and e =o,e;* are the eigenvectors of Pauli matrix o,
with eigenvalues k==*1, 4] =(e§(0,n(l)0),ein). The
symbol |a) (where a is a complex number) denotes the
coherent states of the oscillator a|a)=o|a), while a
complex function z(¢,m) is defined as

z(t,m) = &rexp[—i(t +nP,)]. (13)

It should be stressed that Eq. (12) is valid only for re-
stricted time interval # <&72. Time ¢ should be also shorter
than any dephasing and relaxation times. From Eq. (12)
one can see that initially pure state | '¥'(t =0)) =e;, ®|0)
evolves into the state represented by the entanglement be-
tween the two qubit states and two coherent states of the
mechanical resonator. Moreover, the details of this entan-
glement depend on switching time (parameter ®,) and
direction of the bias voltage (parameter m). These circum-
stances allow one to manipulate the described above en-
tanglement by switching the bias voltage direction.

4. Generation of “cat-states”

To demonstrate the effect of the entanglement between
the charge qubit and mechanical vibrations that compre-
hends the formation of so-called Schrodinger-cat states of
nanomechanical resonator, we consider the following time
protocol for V (¢):

2eV (1) = —hod()[1-20(t - 1,)].

Namely, during the time interval 0 <¢ <¢, the bias voltage
V(t)=-ho/2e and then it switches its sign. Using
Egs. (4), (8), (10), one gets that at £ > ¢,

01t,0) = U, (1) °2 @0 §eioaish-20)g;. (0
S=Ul@ U (t,)=plt,, Do) +it(t,, D)o,  (14)
p(ty, o) = cos(2E, cost sin®d, ),
(t,, @) = —sin(2E, cost  sin®,).

As a result, the state of the system after changing the direc-
tion of the bias voltage has a form:

W) =D e5(1.Dy)®

®(pd; |—xz, /N2y +itd k2 IN2)),  (19)

where z, =z, +z, and

z, = e_"(t_@‘))étx, z, = e_i(H%)é(t—tS) (16)
(see Fig. 2). It can be seen from this equation that the state
of the system is represented by the entanglement of two
qubit’s state with two so-called “cat-states” (superposition
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Fig. 2. Schematic illustration of the positions of the coherent
states described by the complex numbers z, , and their combina-
tions z, in the complex plane. It denotes the time evolution of the
coherent states, on the one hand, and the dependence on the ini-
tial phase difference @, on the other one.

of coherent states) whose structure is controlled by the pa-
rameters £; and @. As it follows from Egs. (15), (16), the
bias voltage switching does not affect the dynamics of the
system if @, =0, .

Below we will limit ourselves to considering a most in-
teresting, from our point of view, case when ®,=m/2
and put e, =(ej +e;)/ V2, that is, we suppose that im-
mediately before the interaction was switched on, the qubit
was in the eigenstate of the operator H 4(t=0-05). These
assumptions lead to the following relations A = A~ =
=exp(iE;)/ V2 in Eq. (15). To characterize the entangle-
ment between the qubit states and the states of the mechani-
cal oscillator, we introduce the reduced density matrices,
Py(my @) = Tt )P, where p=[¥())X¥(1)| is a complete
density matrix of the system and Tr,,, ) denotes the trace over
mechanical (qubit) degrees of freedom. Using Egs. (12),
(15), one can get the following expression for the p n

A I+Mt,t)o
pq(t)=—(2 o1 (17)
where
Muty) = exp(-E%), 0<t<t,, (18)

Mrt) = p? exp| -8 (1-21)° |+

+1? exp(—éztz), t>t,. (19)

In deriving this equation, we took into account relation
e;-e; +e;-e; =o,. Using Eq. (17) one can calculate the
entropy of entanglement,

Sen (1) ==T1p, (N logp, (1) = ~Trp,, () logp,, (). (20)
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Fig. 3. The entanglement entropy dependent on time (in units of
€w), for different values of p=0, 1/\/5, 09,1 (blue, yellow,
orange, and red curves online). The thin dotted line indicates the
bias voltage switching time. The dashed curve corresponds to the
maximal value of the entanglement, log 2.

One can find that S.,(#) monotonically increases in
time within intervals 0 <t <t and 2f, <t <oo saturating
to the maximal value S =log?2 at ¢ —oo. Within in-
terval ¢, <t <2t  the behavior of the entanglement entropy
depends on the relation between p and t. In particular, for
p? > 1% the entanglement entropy S, (¢) starts to decrease
after switching, reaching some minimal value (equals zero
for the p> =1) within interval ¢, <¢<2¢,. If p? <17 the
entropy continues to grow just after the switching. However,
its derivative might be also negative within some time in-
terval whose existence is controlled by the parameters &,
and 1/ p%. The plot of S, (¢) for &, =1 and different val-
ues of p is presented in Fig. 3.

5. Evolution of mechanical subsystem and average
current

To describe the evolution of the mechanical subsystem,
we consider the reduced density matrix p,, (). From Eq. (15)
one gets that at ¢ > 7,

P (1) =

=%Z|:p2 Iz, I\2)xz, IN2 |+ |kz_ IN2)(kz_ /N2 |-

—ipt(| -z, /\2)xz_ /2| —H.c.)]. @1

To visualize the state of the mechanical subsystem, it is
convenient to use the Wigner function representation for
the density matrix p,, (¢),

1 .
W(xspat) :;J‘pm(x—’—yax_yst)exp(zlpy)dya

where p,, (x,x',t) = (x| p,, ()| x). Using Eq. (21), one gets,
W(x,p,t)=W,(xcost— psint, pcost +xsint), (22)

where the function W,(x, p) is defined according to the
relation,
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W,(x,p)=

1
= 2P p x|z D+ Py (x p =] 2 )+

+2ptsin(2xZ_x)W, (x, p+xZ,)]. (23)
InEq. (23) Z, =(|z_|%|z, [)/2 and
Wy(x, p) = ~exp| ~(x2+ p?)| (24)
T

is the Wigner function corresponding to the ground state of
the oscillator. The plot of W(x, p,t) for t=2nN, p=0,
p=1 andp=r=l/\/§ at|z, |=3and|z_|=9 is present-
ed in Figs. 4 and 5.

(a) » W(x.p)

(b) W(x.p)
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Fig. 4. The Wigner functions W(x, p,t =2nN) for p=1 (a) and
p=0 (b). It takes only positive values and have two maxima
demonstrating entanglement between two qubit states and two
coherent states of the nanomechanical resonator.

W(x,p)

Fig. 5. The Wigner function W(x,p,t =2nN) for p=1/\/§. It
takes both positive and negative values demonstrating entangle-
ment between the qubit states and “cat-states” of the nano-
mechanical resonator.

From Egs. (21), (23) one can see that in the case when
p is equal to zero or one (in particular, when ¢, = 0) the
Wigner function is positive and has two maxima, demon-
strating the entanglement between two states of the qubit
and two coherent states (see Fig. 4). In general case pt =0,
and the Wigner function takes both positive and negative
values at f>¢,, demonstrating the entanglement of two
states of the qubit with two states of the nanomechanical
resonator (see Fig. 5).

As it follows from the above consideration, the ampli-
tude of mechanical fluctuations, and therefore the energy
stored in the mechanical subsystem, changes over time.
This energy comes from the electronic subsystem causing
a rectification of ac current. To analyze this phenomenon,
we calculate the dimensionless (normalized to /, = 2e/ )
ac Josephson current averaged over the Nth period of the

Josephson oscillations:
27N 2
OH ,(t
j dtT{ q()ﬁ(t)}

T or(N-1) oD

Iy=—

Taking into account that OH g/ 0P = NoH /6t and
H 4(t=2nN) =0, one gets the following expression for 7,

Iy = zlvNTr(ﬁlm +H,,
T

)p(2mN) =

=3V [y (V) + B (V). (25)
where V f(N)= f(N)— f(N-1) is the first difference.
From this equation, one can see that the average current is
given by the change of the mechanical energy £,, and the
energy of interaction E; after Nth period. One can find
that at N> N, =[t,/2n]+1 the functions E, (N) and
E;(N) can be written as follows,
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E,(N)= 2m2g? (pz(ZNS —N)? +’52N2),
2 )
Ein(N) = 2“85[;72 (N 2N, )e GmI (N-2N)7

12 Ne~@riN)? } (26)

The change in the interaction energy contributes to the
averaged current as well as the mechanical energy. How-
ever, this contribution is of the order of &> and important
only for periods for which I(N)/&=~&?. So, the average
current is determined by the change of mechanical energy
mainly, and is defined by the following equations,

I(N)

~1,(N)=-21EN, N<N,-1 @27)

), (28)

- n&(N-2p’N,), N>N,.

From Fig. 6 one can see that the averaged current ex-
hibits a jump equal to —p>/ (N,) after the period during
which the bias voltage is switched. It originates in the fact
that when we switch the sign of the bias voltage (at t =¢,)
the power, pumped into the mechanical subsystem, changes
depending on the magnitude of pz. For p =1, the supplied
power, P =1V, just changes its sign with the bias voltage,
and the current continues to flow in the same direction as it
did before switching. For p=0 supplied power is not
changed and consequently the current direction changes
after switching.

In conclusion, we have analyzed quantum dynamics of
the NEMS comprising the movable CPB qubit, subjected

~
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Fig. 6. Schematic illustration of the time-averaged Josephson
current as a function of time for different values of p (black
dashed curve). The dotted lines indicate the limiting cases of
p =0 (top, blue online) and p =1 (bottom, red online) The cur-
rent for ¢ <t, does not depend on p (p =1), see Egs. (14), (27).
The period, N, corresponded to the time of the bias voltage
switching, is out of the consideration.

to an electrostatic field and coupled to the two bulk super-
conductors, controlled by the bias voltage, via tunneling
processes. We demonstrate analytically that if the ac Jo-
sephson frequency of superconductors, controlled by the
bias voltage, is in resonance with the mechanical frequency
of the CPB, the initial pure state (direct product of the CPB
state and ground state of the oscillator) evolves in time into
the coherent states of the mechanical oscillator entangled
with the qubit states. Furthermore, we established the pro-
tocol of the bias voltage manipulation which results in the
formation of entangled states incorporating so-called cat-
states (the quantum superposition of the coherent states).
The organization of such states is confirmed by the analy-
sis of the corresponding Wigner function taking negative
values, while their specific features provide the possibility
for their experimental detection by measuring the average
current. The discussed phenomena may serve as a founda-
tion for the encoding of quantum information from charge
qubits into a superposition of the coherent mechanical states.
It may constitute interest for the field of quantum commu-
nications due to the robustness of such multiphonon states
regarding external perturbation, comparing to the single-
phonon Fock state. However, the discussion of the specific
protocols for such encoding is out of the scope of this pa-
per and will be presented elsewhere.
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3annyTaHicTb Mk cTaHaMu 3apsgoBOro Kybita

Ta KOrepeEHTHUMN CTaHAMM HAHOMEXaHi4YHOro

pe3oHaTopa, sika BUKNMKaHa HecTalioHapHUM
edektom [xosedcoHa

O. M. Bahrova, L. Y. Gorelik, S. I. Kulinich

Po3rstHyTO HaHOETIEKTPOMEXaHIUHY CHCTEMY, IO CKIIAJaeThCs
3 PYXOMOro KyOiTa THIly «CXOBHMILE KYNEPIiBCBKMX Mapy, SKHI
3HAXOJUTHCS Y 30BHINIHBOMY €JIEKTPOCTATHYHOMY IIOJI Ta IOB’sI-
3aHMIl 3 JBOMa MAaCHBHHMHM HaJIIPOBIIHHKAMH 3a JOIOMOIOIO
MIPOLECIB TYHETIOBAaHHSA. Y IbOMY BHUIIQJAKy IUHaMika KyOiTa
CYTTEBMM YHMHOM IOB’3aHa 3 JMHAMIKOIO KBAHTOBOTO OCLMJIATOPA.
TTokasaHo, 110 3a HAsIBHOCTI TATHYYOI HANpPYTH, sIKa [PUKJIaJcHA
MK MacHBHHUMH HaJIIPOBIIHUKAMH, B CUCTEMi BUHUKAIOTh CTaHH,
SKi SIBISIIOTH COOOI0 KBAHTOBY 3aIUTyTaHICTh CTaHIB KyOiTa Ta KO-
TePeHTHUX CTaHiB ocumiiTopa. [loBeeHO, L0 NMPH BUKOHAHHI
TIEBHUX PE30HAHCHHUX YMOB pEyKOBaHA CTPYKTypa TaKol 3aIuryTa-
HOCTI sIBJIs€ COOOIO CYIEPIIO3HUIIiI0 KOTEPEHTHUX CTaHiB KyOiTa —
TaK 3BaHi «cat statesy. JlocmimkeHo GpopMyBaHHS Ta €BOJIOLIIO
TaKHMX CTaHiB, OTPMMAHO Ta NPOAHATI30BaHO BUPA3H ISl EHTPOIIii
3aILTyTaHOCTi, CEPEAHBOTO CTPYMY, & TAKOXK BIAMOBITHOI (yHKIIT
Birnepa. Po3risnaeTbcs MOXIIMBICTh €KCIIEPUMEHTAIBHOTO BHSB-
JIEHHS! JaHOTO €()eKTy IIIIXOM BHMIPIOBAHHS CEPETHBOTO CTPYMY.

KirouoBi croBa: HaAPOBI THUKOBHIT HAHOAPIT, HKO3e(COHIBCHKUIA
CTpYM, CXOBHILE KYyNEPiBCHKUX Map, 3aruryTaHi
CTaHH.
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