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Return current of dc SQUID based on tunnel Josephson
junctions with unconventional current-phase relation
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We carried out the analysis of the return current of dc SQUID based on tunnel Josephson junction with un-

conventional current-phase relation. We analyzed two cases of current-phase relation with additional terms to the

first harmonic sin @: a case of the second harmonic sin 2¢ and the case of the fractional term sin (@/2). It is

shown that the changing of the return current of dc SQUID on junctions with unconventional current-phase rela-

tion is determined by the amplitude of the second term in current-phase relation, geometrical inductance, and ex-

ternal magnetic field.
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Introduction

It is well known that the dynamics of Josephson junc-
tion for the case of harmonic current-phase relation
I=1_sin@ is given by the equation of simple resistive
model [1, 2]

Be+o+singp=i, (1)

where ie is normalized external current via Josephson junc-
tion in units of critical current /., dots over ¢ corresponds
to the derivative in respect to dimensionless time
O,/ (2nl Ry), @, is the magnetic flux quantum. In Eq. (1)
notation B is the McCumber parameter of Josephson junc-
tion B = (2e/h)I,R%C, which determines the size of hyste-
resis in current-voltage characteristic. It is well known, that
the case of B >>1 corresponds to tunnel junction [1, 2]. In
the case of B << 1, hysteresis on current-voltage character-
istic is absent and in Eq. (1) the first term can be neglected.

Sinusoidal current-phase relation is fulfilled with high
accuracy for Josephson junctions based on low-tempera-
ture superconductors [2]. In the limit of tunnel junction
(high capacitance limit) B >>1, the numerical solution of
Eq. (1) shows that the current-voltage characteristic has
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two separate branches: S (superconducting) and R (resis-
tive) branches. The important parameter of the current-volt-
age characteristic is the return current I, at which switching
from R-state to S-state arises [1, 2]. Calculation of return
current I using the simple resistive model of Josephson
junction for tunnel case B >>1 leads to result [1],

Ip=—oI, . )

This result is in good agreement for tunnel junction
based on low-temperature superconductors [1]. The presence
of return current on current-voltage characteristic leads to
lowering of the clock frequency in latching logic circuits
based on tunnel Josephson junctions [1, 2].

Very recently in Ref. 3, the analysis of the return cur-
rent was carried out for a single tunnel junction with un-
conventional current-phase relation. Two types on the cur-
rent-phase relation with additional terms to sinusoidal
current were analyzed: the case of second harmonic sin 2¢
(anharmonic case) and the case of the fractional term
sin (¢p/2). It can be stated that the return current of the
Josephson junction decreased by increasing the amplitude
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of the second term in the current-phase relation. The case
of the second harmonic sin2¢ in current-phase relation
was experimentally observed in Josephson junctions based
on high-temperature superconductors [4, 5]. The amplitude
of the anharmonic term in current-phase relation o depends
on the junction preparation technology. In general, anhar-
monicity in the current-phase relation for high temperature
and Fe-based superconductors based junctions are associ-
ated with the d-wave behavior of the order parameter and
many band character of superconducting state in new com-
pounds [6—10]. Dynamical properties of single Josephson
junctions with an anharmonic current-phase relation were
previously studied in Refs. 11-14.

The fractional term in current-phase relation sin (¢/2)
related with Majorana quasi-particles [15—17] and dynami-
cal detection of these particles seems very challenging in
condensed matter physics. The discovery of Majorana fer-
mions seems very interesting also from the point of fault-
tolerant quantum computing [18]. There are few papers de-
voted to dynamical properties of single Josephson junctions
with the fractional term [19, 20]. Study of properties of dc
SQUID on junctions with unconventional current-phase
relation presented in Ref. 21. In this paper critical current
of dc SQUID on junctions with unconventional current-
phase relation is calculated. In this study, we carried out
the analysis of the return current /; of the dc SQUID on
tunnel Josephson junctions with unconventional current-
phase relation.

Basic Equations

It is well known that [1, 2] in the case of low inductance
symmetrical dc SQUID / =2n(LI,/ ®,) <<1 (L is the total
inductance) on junctions with sinusoidal current-phase re-
lation is equivalent to the single junction with effective
critical current /), =21_cos[(¢; —¢,)/2] and with effec-
tive phase ¢ = (¢, +¢,)/2 (Fig. 1). The equation for mag-
netic field can be written as

2nd,
D,

QO =0, =0, —lsin%coscp, 0, = 3)

A

Fig. 1. Schematic presentation of dc SQUID.

Taking into account Eq. (3) leads to relation for exter-
nal current in dc SQUID

.1 P, . 2@, .
i, =—<%=2cos—<sin@+/sin” —<sin 2. 4
7 5 Sing 5 0 4)

It means that the inductance of the superconducting loop
in dec SQUID causes additional electrodynamic anharmoni-
city to the current-phase relation and should be taken into
account [22, 23]. Use of unconventional current-phase re-
lation with the second term (in the form of sin2¢ (anhar-
monic) or sin (¢ /2) (fractional) leads to corresponding final
expressions for external current in a symmetric dc SQUID:

. i Q. ! 2 P, :
i==%=cos—<sin@+| —sin” ==+ a.cos sin2¢, (5a
5 5 Sine (2 2 %j 0, (5a)

i

i=%= cos&sinqw ism2 Pe
2 2 2

+mcos— Pe sm— (5b)
2 4

For the calculation of return current I, of dc SQUID
based on tunnel Josephson junction with unconventional
current-phase relation, we neglect damping effects in the
junctions, i.e., B! could be considered as a small parame-
ter [3]. In this approximation the energy of tunnel junction
with anharmonic current-phase relation (5a), under small
external current i, << 1, can be written as

E=E, {B(P +(1- cosq))cos%+

[ 2 (pe
+ (4 5 +— (1 cos 2@)]} (6a)

with Josephson energy E, = ®,/,/2n. In the case of the
fractional term sin (¢/2), a similar energy can be present-
ed as

E=E, {B‘; +(1- coscp)cos%+

) 2 (pe s
+L 5 —<+2m(l1—cos )}} (6b)

In the general case, the loss of energy by the resistance
of the junction with unconventional current-phase relation,
for the period of the phase T, can be calculated as [1, 3]

T
Dy, f .
W, =—2=[o(9)dg (7a)
r 0

The energy, flowing from the current source W, for
I = I, can be written as

W,=®yl,. (7b)

The dependence ¢(¢) for different current-phase rela-
tion can be found from (6a) and (6b) correspondingly as
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1/2
o= 2] JE - Pe _
<P(<P)—(B] {Ec (1-cos ) cos 5

l 1/2
—[Zsin2 %+%(l—cos 2(p):|} : (8a)

p e

/ 1/2
| Zsin?2 e L om—cos Dy |L
4 2 2

1/2
oy =| 2] 1 E_a- Qe
(P((P)—(j {E a COS<P)COS2
(8b)

As followed from last Egs. (8a) and (8b), if /=0, m =0,
and o = 0 the infinite motion of Josephson phase ¢ is pos-
sible for the case £/ E_, =2, which corresponds to the re-
turn current /.

The expression for the normalized return current i, of
dc SQUID on Josephson junction with unconventional cur-
rent-phase relation taking into account (8a), and (8b) can
be written as

1

Ip 1§
i =2 =—{ o(e)do, ©)
T
¢ 0

similar to results that have been obtained in Ref. 3. In cal-
culations of normalized return current i, with anharmonic
current-phase relation (5a), we use a period of phase T’ = 27,
for the case of fractional term (5b) period will be T = 4.

Results and Discussions

Integral in last Eq. (9) with (8a) and (8b) for low in-
ductance symmetrical dc SQUIDs / << 1, can be calculated
analytically for small parameters o0 <<1 and m << 1. In the
limit o0 <<1 and m <<, the ratio £/ E_ can be considered
equal to 2, as in the case of harmonic current-phase rela-
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Fig. 2. Return current of dc SQUID versus external magnetic
field for different values of inductance / from top to bottom.
(a=0.7).

tion. Then we obtain final expressions for the normalized
return current i, for small values of the amplitude of addi-
tional term o < 0.5 and m < 0.5.

sin2| Pe
1 / 2) o cos (¢,)

ip= cos& s 3 , (10a)
COos & COS &
2 2
lsinz((p;]
in= |lcosPeld1-L ~0.55mcos| e | (10b)
R 2 4

6 cos (‘Pej
2

It is clear that at the fixed external magnetic field, for
low inductance / and small amplitude of the second term,
the return current i, is decreased. For the high values of
the amplitude of the second term (o >0.5 or m>0.5),
proper of the corrected value for E/E_ are given in the
following relations [3]:

1+ a+L, anharmonic term, o > 0.5,
E 4o (1

E. m\ .
¢ 2 1+3 , fractional term, m >0.5.

Substitution of (11) in (8a) and (8b) made it possible to
determine the normalized reverse current i, by numerical
integration in (9) i, the results are presented in Figs. 2 and 3.
In calculations of return current iy, in addition to the re-
normalized value of threshold energy E/E,_,, we also take
into account the increase of the McCumber parameter
B = (2e/ h)I.R>C with renormalized critical current 7, [24].

For the different values of geometrical inductance / and
the typical amplitude of anharmonicity parameter oo = 0.7,

the results are of numerical calculations of return current 7,

1.0

0.8

Fig. 3. Return current of dc SQUID versus external magnetic
field for different values of inductance / from top to bottom
(m=10.7).
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are presented in Fig. 2. In the case of fractional current-phase
relation with the amplitude of this term m = 0.7, results of
the similar calculations are shown in Fig. 3. It is clear that
for the case of a = 0 and m = 0 we have analytical results

corresponding to the case i = |cos (p,/ 2)|. Also, it is

useful to note that obtained results are symmetrical with
respect to axes i, and obtained the whole picture is the

periodical in respect to external the magnetic field ¢, with

the period 2m. As follows from Fig. 2, the inclusion of ge-
ometrical inductance to consideration, drastically changes
behavior ip. At small inductance / <1 return current i

reveals monotonically decreasing character in increasing of
external magnetic field ¢,. At inductance / >1 return cur-

rent i, firstly grows with increasing of external magnetic
field ¢, <m/2 and monotonically decreases in magnetic
fields ¢, >m/2 with no peak. As follows from Fig. 3,

the inclusion of geometrical inductance / into consideration
does not change the general decreasing character of return
current i, (@,). It is clear that the return current decreases

in the whole region of the external magnetic field ¢,. The

geometrical inductance suppresses the amplitude of chang-
ing of return current. Similar numerical calculations were
conducted in Ref. 25.

For the high inductance dc SQUID / >> 1, Josephson in-
ductance of junctions [®,, / (2n/,, ;)] can be ignored in con-
sideration of dynamical effects [1]. In this limit, the phase of
Josephson junctions in the superconducting loop (Fig. 1)
changes independently. If take into account the results of
Ref. 24, the renormalization of critical current causes de-
creasing of Josephson inductance approximately by two
times. It means that in dc SQUID with high geometrical in-
ductance [/ >> 1 the unconventional effects in current-phase
relations can be neglected.

In the case of dc SQUID with overdamped Josephson
junctions (3 > 1) above presented calculations are not valid.
In this case, the numerical methods described in [14] is
applicable. In Ref. 14, the Eq. (1) with unconventional cur-
rent-phase relation was solved numerically, and the return
current /, of Josephson junction was calculated as a point
where an averaged voltage is vanished on the junction. The
case of junction shunted by different values of shunt in-
ductance L, and resistance R, were considered.

In summary, in the present paper, the return current /,
of dc SQUID having tunnel Josephson junctions ( >>1)
with unconventional current-phase relation was investigated.
The changes of the return current of dc SQUID caused by
the amplitude of the second term in current-phase relation,
geometrical inductance, and external magnetic field were
studied.

Presented work supported by TUBITAK research grant
118F093. Authors thanks Dr. Ali Bozbey for discussion,
N. Kartli and H. B. Yildirim for technical assistance.
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3BopoTHin ctpym CKBI[a nocrinHoro crpymy
Ha TYHenbHMX 4X03e(PCOHIBCbKUX nepexoaax
3 HeTpaauLUiHUM CRiBBIAHOLLEHHAM CTpyM—dasa

I. N. Askerzade, R. Askerbeyli

ITpoeneno anaii3 3soporHsoro crpymy CKBIla nocriiiHoro
CTpyMy Ha 0a3i TYHENbHHX [PKO3e(COHIBCHKHX MEPEXOMiB 3 He-
TPajuLiHHAM CHIBBIHOLIEHHSM cTpyM—¢a3a. [IpoanarnizoBaHo
[IBa BUIAJKH CIiBBIJHOLICHHS cTpyM—(as3a mpHu JOAaBaHHI /0

rapMOHIHHOIO JI0/IaHKa Sin ( JOJATKOBHUX: 3 TIOJBOEHOIO Sin 2¢ Ta
npobooro sin (¢/2) ¢dasor. [lokazaHo, Mo 3MiHA CTPYMy Bep-
taunsi CKBI/la nocriiiHoro cTtpymy Ha mepexojax 3 HeTpaauLiii-
HUM CIIiBBITHOIICHHSIM CTpyM—(]a3a BU3HAYAETHCS aMILTITYAOO
JOJaHKa B HbOMY, T€OMETPUYHOIO iHIYKTHBHICTIO Ta 30BHILIHIM
MAarHiTHUM IOJIEM.

KurouoBi cioa: CKBIJI nocriiiHoro crpymy, CriBBiZHOLICHHS
cTpyM—(dasa, TOK BEpTaHHs, aHTapMOHIYHI Ta
npo0OoBi CKIIaI0BI.
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