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The magnetic structures of the ground state, phase transitions, and the thermodynamic properties of a two-di-
mensional ferromagnetic Potts model with the number of spin states g = 4 on a kagome lattice are studied using
the Wang-Landau algorithm of the Monte Carlo method, taking into account the interactions of the nearest and
the next-nearest neighbors. The studies were carried out for the value of the interaction of the next-nearest
neighbors in the range 0 < r < 1.0. It is shown that taking into account the antiferromagnetic interactions
of the next-nearest neighbor leads to a violation of the magnetic ordering. A phase diagram of the dependence
of the critical temperature on the value of the interaction of the next-nearest neighbor is constructed. The analysis
of the character of phase transitions is carried out. It was found that in the ranges 0 <r<0.5and 0.5<r<1.0, a

first-order phase transition is observed, and for r = 0.5, frustrations are observed in the system.
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1. Introduction

Recently, the study of phase transitions (PT) and low-
temperature properties of compounds with a kagome lattice
has attracted much attention. This is due to the fact that in
such substances, due to the special geometry of the lattice,
frustrations can arise. In antiferromagnetic compounds with
a kagome lattice, frustrations are observed when the ex-
change interactions of the nearest neighbors are taken into
account. In ferromagnetic compounds, frustration can ap-
pear due to antiferromagnetic interactions of the next-nearest
neighbors, which compete with exchange interactions be-
tween the nearest and neighbors. Frustration effects play an
important role in magnetic systems. Frustrated spin sys-
tems exhibit properties that differ from the corresponding
non-frustrated systems, which arouses increased interest in
the study of the phenomena of frustration in magnetic sys-
tems [1-3].

This interest is due to the fact that frustrated magnets
have broad prospects for practical application [1, 4, 5]. The
models of Ising, Heisenberg, Potts, and others are widely
used to study the physical properties of such magnets. The-
se models also describe a large class of real physical sys-
tems: layered magnets, liquid helium films, superconduct-
ing films, adsorbed films, etc. [1, 6, 7].

To date, the classical Ising and Heisenberg models are
well studied and many of their properties are known [8-12].
The situation is different with the Potts model. In recent
years, a significant number of works [6, 13-17] have been
devoted to the study of spin systems described by the Potts
model, in which many questions have been answered. In
[13-20], the results obtained for the two-dimensional Potts
model with the number of spin states q = 2, g = 3, and
g =4 on different types of lattices are presented. The re-
sults presented in these papers show that many of the phy-
sical properties of the Potts model depend on the value of
the interaction of the next-nearest neighbors, the number of
spin states g, and on the geometry of the lattice.

In this work, we investigate the two-dimensional ferro-
magnetic Potts model with the number of spin states q = 4
on the kagome lattice, taking into account the antiferro-
magnetic exchange interactions of the next-nearest neigh-
bors.

The interest in this model is due to the following main
reasons:

First, the question related to the type of PT for the Potts
model with g = 4 is still controversial, since the value q = 4
is the boundary value of the range 2 < q < 4, where a se-
cond-order PT is observed in the range q > 4, in which the
PT occurs as a first-order phase transition [16].
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Second, the nature of the PT and the thermodynamic
properties for the Potts model with q = 4 at various values
of the interaction between next-nearest neighbors have not
yet been studied.

Third, taking into account the antiferromagnetic exchange
interactions of the next-nearest neighbors in the model under
study can lead to frustrations.

In this regard, in this work, we study this model in a wide
range of values of the interaction of next-nearest neighbors.
The study of this model on the base of modern methods
and ideas will allow one to obtain the answer to a number
of questions related to PTs and the thermodynamic proper-
ties of frustrated spin systems and systems with competing
exchange interactions.

2. Model and the method of studies

The Hamiltonian of the Potts model with the number
of spin states q = 4 which takes into account interactions
of the nearest and next-nearest neighbors can be represent-
ed as [21, 22]

H=-J; > $S;-J, D> S =
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where J; and J, are the parameters of exchange ferro-
(J; > 0) and antiferromagnetic (J, < 0) interaction of the
nearest and next-nearest neighbors, 0;;, 6;x are the angles
between interacting spins S; — S; and S; - Sy.

The model description is shown in the inset of Fig. 1.
The each spin has a four nearest (solid bold lines) and four
next-nearest (dashed lines) neighbors. The four possible
directions of the spins and its symbol representation also
showed in the Fig. 1. The spin directions specified in such
a way give the following equalities:
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Fig. 1. Model description (a) and the magnetic structures of
the ground state (b)—(d).

O, |f Si :Sj’

' 109.47°, if S #S§;,
=C0s0; ; = . 2
M-y, if S 28, @)

Let's introduce r = |J,/J,| the absolute values of ratio of the
nearest and of the next-nearest neighbors interactions. In
this work, we consider the range of values 0 <r < 1.0.

At the present time, these systems based on microscopic
Hamiltonians are successfully studied basing on the Monte
Carlo (MC) method [23-26]. In recent time, many new
variants of algorithms of the MC methods have been de-
veloped. The Wang-Landau algorithm of the MC method
is one of most efficient for studying similar systems [27],
in particular, at low temperatures. Thus, we used this algo-
rithm in this study.

The Wang-Landau algorithm is described in more de-
tail in [15]. This algorithm allows calculate the values of
thermodynamic parameters at any temperature. In particu-
lar, the internal energy U, free energy F, specific heat C,
and entropy S can be calculated, using the following ex-
pressions:

Z Eg(E) e—E/kBT

__E =

u(r) = S o) e =(E), (3)
E
F(T)=—kgTIn [Zg(E) e E/keT J (4)
E
_(|31|/kBT)2 2 2

C="= - (Wh-wy?), (5)

SU):M, (6)

T

where N is the number of particles, T is temperature (here
and hereafter temperature is given in units |J;|/kg) (U is the
normalized quantity).

The PT character was analyzed using the four-order Bin-
der cumulant method and the histogram method of analyz-
ing the data of the MC method [28, 29].

The calculations were performed for the systems with
the periodic boundary conditions and linear sizes L = 12-96
and the numbers of spins N = LxLx3/4.

3. Results of modeling

Figure 1 shows the model description [Fig. 1(a)] and the
magnetic structures of the ground state for r: 0.2 [Fig. 1(b)],
0.5 [Fig. 1(c)], and 0.9 [Fig. 1(d)]. The different states of
spins are indicated by different circles [see inset in Fig. 1(a)].
To indicating the various ground states we make additions
to the standard Wang-Landau algorithm, which allow us to
find out the magnetic structure of the ground state of the
system. We calculate the density of ground states and ana-
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lyze their degeneracy. Thus, we found the three areas with
different degeneracy of the ground states. In the first area
(J, > -0.5), the ground states are ferromagnetic and density
of stated In g(E) =In4 for all linear sizes, ground states are
fourfold degenerated. In the second area (J, < -0.5), density
of stated In g(E) o aln L? and ground states are degenerated.
In the third area (J, = —0.5), the ground state are strongly
degenerated and density of states Ing(E) «cbInL? (note,
that a << b). We analyze each magnetic structure and save
them in graphic files. For strongly degenerated states only
first 100 structures. The spins marked with the same circles
have the same direction. As seen in Fig. 1(b), for r = 0.2,
ferromagnetic ordering is observed in the system. The same
picture is observed in the range 0 <r < 0.5. At r = 0.5, the
ferromagnetic order is violated and a disordered state is ob-
served in the system [Fig. 1(c)]. In the range 0.5 <r < 1.0,
«triplet ordering» is observed, which is shown in Fig. 1(d)
for r = 0.9. “Triplet ordering” in this paper, means that the
spins in triangles have the same value.

Figure 2 shows the dependence of the minimum energy
Enmin ONn the value of the interaction of the next-nearest neigh-
bors J,. Three different structures of magnetic spin order-
ing are observed for the model under study, depending on
the value of J,. The figure shows that for J, < -0.5 a triplet
magnetic structure is observed, and for J, > -0.5 it is ferro-
magnetic. At a value of J, = -0.5, the magnetic ordering is
violated, which indicates that this value of J, are the frus-
tration point.

The temperature dependences of entropy S are shown in
Fig. 3 (hereinafter the statistic error does not exceed the
sizes of the symbols of the presented dependences). As can
be seen in the figure, for the entire considered range of r
values, the entropy tends to the theoretically predicted value
of In 4 with increasing temperature. In the range 0 <r < 0.5
in the low-temperature region, the entropy tends to zero.
This means that in the given range of r there is no degener-
acy of the ground state and the system is not frustrated. In
the range 0.5 < r < 1.0, the entropy tends to a nonzero value.
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Fig. 2. Dependence of the minimum energy E..i, on the value of
the interaction of the next-nearest neighbors J,.
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Fig. 3. Temperature dependences of the entropy S/N.

This behavior of entropy indicates that the ground state of
the system is degenerated in this range and frustrations may
arise in the system.

Figure 4 shows the temperature dependences of the heat
capacity C for different values of r. As can be seen from
the figure, for all values of r in the ranges 0 <r < 0.5 and
0.5 <r < 1.0, distinct maxima are observed near the critical
point. In the range 0 <r < 0.5, an increase in r is accompa-
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Fig. 4. Temperature dependences of the specific heat C/kg.

nied by a shift of the maxima towards lower temperatures
and a decrease in the amplitude of the maxima. The oppo-
site picture is observed in the range 0.5 < r < 1.0, where
the maxima shift towards higher temperatures. For r = 0.5,
an unusual behavior is observed, which is characterized by
the absence of a pronounced peak. In this case, the heat
capacity maxima have smoothed peaks instead of sharp
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Fig. 5. Phase diagram of the dependence of the critical tempera-
ture on the value of the interaction of the next-nearest neighbors.

A-shaped peaks. Such a picture of the temperature depen-
dence of the specific heat is usually observed for frustrated
spin systems [30]. Based on this, we can assume that the
value r = 0.5 is the point of frustration for this model. For
r = 0.6, a splitting of the heat capacity is observed, which
is a characteristic feature of frustrated systems near the points
of frustration. One maximum is sharp, and the second is
smooth. This behavior is explained by the partial ordering
of the system [Fig. 1(c)]. For r = 0.5, the effects of frustra-
tion are most pronounced, there is no sharp peak, a smooth-
ed maximum is observed, the system passes into a highly
frustrated state, i.e., there is no order in the system.

The phase diagram of the dependence of the critical tem-
perature on the value of the interaction of the next-nearest
neighbors is shown in Fig. 5. The diagram shows three dif-
ferent phases: ferromagnetic, paramagnetic, and triplet. For
r = 0.5, the critical temperature is zero and there is no PT.
This is explained by the fact that the competition of ex-
change interactions of the nearest and next-nearest neighbors
in this model leads to complete frustration. Frustrations dis-
turb the order in the system and lead to the disappearance
of the PT.

To analyze the type of PT, we used the histogram analy-
sis of the MC data [27, 28]. This method allows you to re-
liably determine the type of PT. The method for determin-
ing the type of PT by this method is described in detail in
[31, 32].

The results obtained on the basis of the histogram analy-
sis of the data show that a first-order PT is observed in this
model. This is shown in Fig. 6. This figure shows the histo-
grams of energy distribution for a system with linear di-
mensions L = 96 for r = 0.2. The plot is plotted near the
critical temperature. It can be seen from Fig. 6, the depend-
ence of the probability W of the energy E has the two max-
ima, and this fact favors the first-order PT. The existence
of a double peak in the histograms of energy distribution is
a sufficient condition for a first-order PT. Note that, double
peaks in the distribution histograms for the model under
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Fig. 6. Energy distribution histogram for L = 96.

study are observed for r values in the ranges 0 <r < 0.5
and 0.5 <r < 1.0. This allows us to state that the first-order
PT observed in the was considered ranges of r values.

4, Conclusions

The magnetic structures of the ground state, the phase
transitions, and the thermodynamic properties of the two-di-
mensional Potts model with the number of spin states q = 4
on a kagome lattice taking into account the interactions of
the nearest and the next-nearest neighbors, have been per-
formed using the Wang-Landau algorithm of the Monte
Carlo method. The magnetic structures of the ground state
are obtained in a wide range of values of the interaction the
next-nearest neighbors. A phase diagram of the dependence
of the critical temperature on the value of the interaction
of the next-nearest neighbors is constructed. It is shown
that a first-order phase transition is observed in the ranges
0<r<0.5and 0.5<r<1.0.Forr=0.5, the ground state is
strongly degenerates, and the system becomes frustrated.
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dasoBa giarpama mogeni NoTTca 3 YACIIOM CMiHOBUX
CTaHiB g = 4 Ha r'paTui kKarome

K. Ramazanov, A. K. Murtazaev,
A. Magomedov, T. R. Rizvanova,
A. A. Murtazaeva

M.
M.

MarHiTHi CTPYKTYpH OCHOBHOTO CTaHy, ()a30Bi IIepexoiu Ta
TEpMOJIMHAMIYHI BJIACTUBOCTI ABOBUMIpHOI (pepoMarHiTHOi Mo-
neni IToTTca 3 4MCIOM CIIHOBHX CTaHIB ( = 4 Ha IpaTHi Karome
BHBYAIOTHCS 32 JIOIIOMOTOI0 airoputMmy Baura-Jlannay merony
Momnre-Kapio. Ieit MeTon BpaxoBye B3a€MOJiI0 HAHOMIDKINX Ta
HACTYMHUX HalOmmwk4ux cyciniB. JlocmikeHHsT TPOBOAMIN JUIs

3HaueHHs B3aemomii y miamasoni 0 < r < 1,0. Iloka3ano, mo Bpa-
XYBaHHSI aHTH(EPOMATrHITHUX B3a€MOMIH HACTYIHOTO HaHONIIK-
4Oro Cycija NPU3BOAUTH JI0 MOPYLIEHHS MAarHiTHOrO YNOPSAIKY-
BaHHA. [loOymoBaHo (a3oBy amiarpamy 3aJIeXXHOCTI KPUTHYHOI
TEMIIEpaTypH Bijl BEJIMUMHH B3a€MOJI] HACTYITHOTO HAaHOJIIKYIOTO
cycima. IIpoBeneno anaii3 xapakrepy ¢a3oBux nepexonis. bymo
BCTAHOBJIEHO, 110 B aianazoHax 0 <r <0,5Tta 0,5 <r < 1,0 cno-
cTepiraeTecst (aszoBuii mepexix mepmoro poxy, a mpu r = 0,5
Y CHCTEMi CIOCTepirarTbes ppycrparii.

Kirouosi cnosa: ¢pycrpaumisi, ¢a3oBa miarpama, ¢asosuii mepe-
xig, merox Mounre-Kapno, monens ITotrca.
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