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Schrodinger equation for system of two mobile spinless nucleus with Z, = 2 and four electrons (*He,-dimer)
has been solved in the framework of exact diagonalization approach. The spectrum has been obtained with basis
of 1134 functions built as direct product of one-particle hydrogen-like functions which are solutions of the exactly
solved Sturm-Liouville problem. The asymptotic (Van der Waals) behavior of interaction between two “He atoms
in the limit Ry — oo has been analyzed and discussed. The contribution to the interaction energy from four electronic
spins on the “He—"He bond has been calculated the exact diagonalization procedure.
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1. Introduction

The difference between the two isotopes of helium is
only the nuclear spin of ®He, but they demonstrate the sur-
prising dissimilarity in their physical properties. Whereas
*He remains simple liquid up to very low temperatures, the
*He undergoes the A-transition to He 1l phase at saturated
vapor pressure. This phase provides several special effects
(superfluidity, second, third, etc. sounds, vortices, and others).
Last decade the microwave response of He Il was disco-
vered in a series of works [1-8]. The most essential feature
of this response is a temperature dependent absorption line
whose position on the frequency axis reproduces exactly
the temperature and pressure dependence [9] of the roton
gap discovered from neutron measurements [1, 7, 8]. When
saying “roton” one must mean probable some special de-
gree of freedom possesses a property of angular momen-
tum. On the other hand, the “roton” branch is the direct
prolongation of the phonon *He spectrum beyond the roton
minimum point into region [9] of small wave vectors
k > Kyin ~ 2 A% Note, that K, = 271/ Ay, corresponds to
wavelength A i, ~3 A just comparable to interatomic dis-
tances a ~3 A in condensed helium phases. The K, in-
creases with pressure [9], so that with pressure the A,
becomes smaller (it corresponds to compression of the
medium). Thus, if we consider spectra obtained with neutron
diffraction then we can conclude that the branch at
k> 21/ Ay, corresponds to wavelength A <A, ~ a and,
hence, to the scattering by the objects arranged on the
sublattice scale. The only objects of such kind could be spins.

© K. A. Chishko, 2021

To describe the behavior of the spin subsystem we have
to calculate properly the matrix elements of spin-spin and
spin-orbital interaction (it is noticeable, that as law of
roton-roton interaction in Ref. 9 has been given just the
exact formula for interaction energy of two magnetic mo-
ments with coordinates 1, I, see Sec. 5 of the cited paper).
The mentioned matrix elements depend on spatial varia-
bles, and the calculation needs to know the solution of the
corresponding Schrodinger (or Pauli) equation, and this
part of the problem is far from rigorous preparation. In the
paper [10] we solved the Schrédinger equation within
Born—-Oppenheimer—Heitler—London approach [11, 12] (four
spinless electrons moving in the Coulomb field of two im-
mobile nuclei with Z, =2 spaced at fixed distance R;),
taken into account only pair exchange within the four-spin
subsystem on the He—He bond. Here we propose the further
modification of the solution, taken in addition into account
the rotating degrees of the nuclear dumbbell, and four-spin
antiferromagnetic exchange in the spin subsystem on the
interatomic bond.

The theory of intermolecular forces was discussed and
interpreted fifty years ago in fundamental book of Margenau
and Kestner [13]. The only matter which remains actual
since that time is rigorous quantum-mechanical treatment
of the problem based on the exact solution of a linear
Schrédinger equation even if for a system of a few interact-
ing nuclei and electrons. Using exact diagonalization ap-
proach, in Ref. 14 we built the solution for spinless helium
atom with two electrons in a Coulomb central field (the quite
similar method was used in Ref. 15). In Ref. 10 the study was
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extended on hydrogen-hydrogen and helium-helium pair
interaction within Born—-Oppenheimer—Heitler—London ap-
proximation. Here we obtain solution for helium-helium
dimer with mobile nuclei (Sec. 3), i.e., we develop the exact
diagonalization procedure for the system of two nucleus
with Z =+2 and four electrons (fifteen spatial variables).
The contribution from the four electronic spins have been
calculated and discussed (Subsec. 6.3).

2. Two interacting helium atoms (Helium dimer)

We consider the *He,-dimer as the system of six
charged particles [10]: two nuclei with the positive charges
Z,=17,=127y=+2 and coordinates R; = 0,

R, = Ry(sin®, cosd,,sin @, sin®,,cos0,) = Ry,

as well as four electrons with charges Z, =7, =2, =7, =-1
and coordinates r, I, I';, Iy, respectively. Here and below
the Hartree atomic units have been used. Figure 1 shows
the configuration of the system (for simplicity, only elec-
trons a and b are marked, and the internuclear distance R,
has been combined with z-axis).

The Hamiltonian of the problem has the form [10]

1 z2

|:|t0t(ra'rb'rc*rd| RO) = __A(nuc)(R0)+_0+
2u Ro

+H(e)(ra7rb'rc’rd)+ﬁint(ra’rb'rc’rdl Ro)"’
+H g (0.1 1 T Ry), 1)

where p =M, /m, (M, is nuclear mass), H® is the
pure electronic part of the problem (four mutually repuls-
ing electrons in the attractive Coulomb central fields of the
both first and second nucleus),

A 1 1
H(e)(ra'rb'rcvrd) 2_52 A(e)(rs)_ZOZ:r_ (2)
s s s

and

Fig. 1. The scheme of interaction between helium atoms. Vector
R, is displayed schematically as a part of z-axis, i.e., at @, = 0.

Hint(ra!rb’rc’rleO):
1 1 1

A 3)
Ozs:|rs_R0| 2sgs:'rss'

where r =r,—rg, s,8'=a,b, c, d. Furthermore, I—A|rel
describes the relativistic corrections due to spin-orbit (SO)
and spin-spin (SS) interactions [10],

HreI = Hgo(ralrblrmrdl R0)+Hgs(ralrblrc'rd)'

(4)
The spin-orbit term has the form (cmp. with H; in
Eq. (39.14) of the Ref. 16)

g (ra’rb’rc'rdl RO) -

. Z,Qs 0’ |
-—|—°: S{ZGS|:|,_S3XV5:|+

S S

25 Lr—R R V}

1 A [
- c —x(Vs=V)|r 5
where ag =1/137.039 is Sommerfeld constant, gg =

=1.001145 is spin g-factor, and & is the vector with com-
ponents built of Pauli matrices,

) o ) ol

The Thomas—Frenkel factor 1/2 has been taken into ac-
count in Eq. (77) as well. The spin-spin interaction term
describes the pair interaction between magnetic moments of
individual electrons (cmp. with Hg in Eq. (39.14) of the
Ref. 16),

2.2
G _gsa 8n A A
HS (ra,l’b,l’c,l’d)— > S{_?chcs’a(rss’)‘*'

4 s#s'

+z |: ¢ ’6s:§|"ss'6s’):|} (6)

s#s§’

(nuclear spin of the *He atom is equal to zero). It is quite
evident that the spin-spin Hamiltonian Hfs is explicitly in-
dependent on the internuclear distance R, (inexplicit de-
pendence of spin-spin exchange is only due to R,-dependent
electronic matrix elements [10]).

It should be noted that the Hamiltonian Eq. (4) ignores
so important relativistic corrections as retarded potentials
for electromagnetic interactions within the intra- and inter-
atomic bonds [16], but the proper treatment of the corre-
sponding problem needs special relativistic approach based
on Pauli equation with spinor basis. However, here we shall

548 Low Temperature Physics/Fizika Nizkikh Temperatur, 2021, vol. 47, No. 6



Interatomic interaction within a *He—*He dimer with mobile nuclei

restrict our consideration to the non-relativistic problem of
the helium-helium interatomic interactions, taken into ac-
count spin contribution only through parity and degenera-
tion of the four-spin system on the helium-helium intera-
tomic bond.

According to these suggestions the Hamiltonian Eq. (1)
leads to the spinless Schrddinger equation,

1 z2 -
AR+ HO fH,
2“ 0 RO int

X‘P(Fa,l’b,rc,rd | Ro) = g\{’(rayrblr(:lrd | RO)!
(@)

which describes an exact non-relativistic dynamics of the
system, including internuclear motion, and spin contribu-
tions can be taken into account speculatively through pari-
ty and degeneration of the four-spin states on the intera-
tomic helium-helium bond. In reality, when solving Eq. (7)
within exact diagonalization approach, we have to take
properly into account the dynamics of heavy repulsive nu-
cleus and, thus, to use a basis incorporate the functions of
continuous spectrum (with £ > 0), whereas the electronic
part of the problem is based only on functions of discrete
spectrum [14]. However, if we are interested in some spe-
cific applications restricted to only interatomic interactions
in condensed helium matter then the interatomic distance
R, has a rather narrow range of variation in the region of
finite motion (£ < 0), and the system can be treated on the
semi-quantitative level within Heitler—London approxima-
tion [11], where effective interatomic interaction U (R;) is
built as a parametric function of R, with following treatment
of R, as dynamic variable in the one-dimensional R,-depen-
dent Schrodinger equation. Thus, below we will derive from
Eq. (7) the density matrix W(R,) which depends only on the
internuclear distance R,. On the first step, in the next section
we neglect the relativistic corrections H ,, and discuss the
corresponding corrections in Sec. 6.

3. Complete solution

Thus, we present here solution of the complete non-
relativistic Schrodinger equation Eq. (7) obtained within
exact diagonalization approach. To do this, we choose the
basis set for our problem as direct product,

NLM _
Up " (g Ti Mo Ty | Ry, ©g, @) =

na Ia ma
n, I, m
=/ ° P P ®|NLM), (8)
nC IC mC
ng lg my

of electronic four-electron composition,

na Ia ma
np lp my
Up (g 1y Te, ) = =
p\tar'br'cr'd
nC IC mC
ng lg my
:H Wnslsms (OLI'S ) 957([35)1 (9)
S

and nuclear wave function | NLM). Electronic wave func-
tion Eq. (9) is the vector composition which consists of
hydrogen-like states

Yhim (OLI’) = 7znl (OLI‘)Y|m (8! (P)E | nlm), (10)

and, consequently, the index p in Eq. (9) denotes a set of
electronic single-particle indexes,

na Ia ma
n, I, m
b b b
p— | : (11)
nC C mC
ng lg mg

where each of them is determined in univocal correspond-
ence to a complete set of single-particle hydrogen-like
quantum numbers. Further, Y, (8, ) are spherical harmon-
ics in standard determination [17, 18], and radial function
R, (ar) depends on radial coordinate of an electron
renormalized by scale parameter [14] o > 0. The radial
function is

Ry (ar) =

312 I
= 20 (ﬁj exp(_a_rJLg‘) (ﬁ)l (12)
n n

n?Jzivi\ n

where t=n—-1-1, A=21+1, v=n+l, and L) (x) are
Laguerre polynomials [19]

() () = t (-%)"
LM (x) r!(xﬂ)!k;—k!(r_k)!(“k)!. (13)

With respect to Eq. (37) the radial functions R, (ar) can
be represented in the explicit form,

R, (ar) =
k+l
3/2 ar )< (-1 (zzr)
R B ey e

The wave function for nuclear degrees of freedom is cho-
sen in standard form,

Wiim (Ro) = Ry (Ro)Yim (©,@)=|NLM),  (15)

with the same radial function in Eq. (36) and Eq. (38). As a
result, the corresponding matrix of the system has the form
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s\ Mol M |S_ 0| Ne, ey )
Ng, Idl Mg, Ng, IdZ Mg,

The matrix elements from | r, —r | (thus, correspond-
ingly, from |r, =R, |™) have been calculated analytically
in Ref. 14. The algebraic representation Eq. (16) demon-
strates explicitly the smallness of the contribution from ki-
netic energy of nuclear motion into the total energy of the
system due to smallness of the coefficient p ! < 1.

The matrix Eq. (16) has been diagonalized with basis
Eqg. (8) of 1134 functions (direct product of 81 electronic
functions and 14 nuclear functions). The twenty five lowest
levels of the obtained spectrum are presented in Table 1.
Except the ground and the first excited states all the levels
are degenerate, and each sub-level has a specific value of
(Rg) which means a quantum fluctuation of internuclear
distance within a stable degenerated state. In other words,
we have the “quantum oscillations” within the bound state
of dimer. To prove the stability of the used diagonalization
procedure we made the calculations with smaller basis of
405 elements. The results of the corresponding calculations
are presented in Table 2. It can be seen that such truncation
of the basis has no effect on systematics of the obtained
spectrum, and only absolute values of the level energies
decrease approximately on less than 2 %. It means that the
Jacobi diagonalization provides an effective approach
with correct reproduction of degenerate spectrum, and the
real accuracy is restricted only by acceptable dimension
of employed basis set (it is evident that the energies in the
spectrum decrease very slowly as the basis becomes more
and more wider and consequently increases the scope of
calculations).

As is seen from Tables 1 and 2 the ground state (GS) of
dimer is realized on non-spherical state | 210) of the nuclear
subsystem, and, in view of screening of the nuclear field by
electronic density from four electrons belong simultane-
ously for two nuclei [see Hamiltonian (1)], the total picture
seems to be like as two interacting quadruples centered on
the distance R, (and the quadruples can be treated as su-
perposition of the parallel and oppositely oriented dipoles
from individual electrons formally belong to the separate
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nuclei). It is evident that there is no longer any compositions
of the ground states of independent atoms, but superposition
of elements built as direct composition [see Eq. (8)] of all
elements belong to complete individual spectra of the in-
teracting atoms.

It can be seen that the ground state energy of the system
under study calculated even with the basis of 1134 ele-
ments (~—4.2 a.u., within the basis of 405 elements this
value is 2 % higher) is nevertheless higher than the energy
of two independent (non-interacting) “He atoms in their
ground states [14] (2 x —2.86 = -5.72 a.u.) which is conse-
quence of the contribution to the total energy of “He,-dimer
from mutual repulsion between oppositely oriented dipoles
mutually inducted for each other by interacted atoms. The
opposite orientation of the inducted dipolar momenta within
the complete diatomic ground state is evident from the
simple reasons of the spatial symmetry of the ground state
wave function relative to the plane z =R, /2. Attraction
between two dipoles exists if the dipoles are parallel and
lying along a common axis, but such configuration is in
contradiction to the conditions of spatial symmetry for the
ground state wave function. More detailed the problem of
atom-atom interaction will be discussed below, in Sec. 4.
In addition, as is shown by the Table 1 data, the average
distance between nuclei is in good agreement with typical
values of minima on potential curves known from literature
[20-22]. But the most noticeable fact is that within degener-
ated states (the energies of sublevels have been calculated
with high accuracy) the average internuclear distances (R;)
on the sublevels are evidently different, and this means
existance of an “oscillatory state” of the corresponding de-
generated level where the average internuclear distance (R;)
is “wandering” around the equivalent states of the degene-
rated level (degeneracy of the level is statistical weight of
the degenerated state).

The obtained ground state (~ —4.19 a.u., see spectrum of
Table 1) has the “bound state energy” higher than the “vacu-
um level” of approximately —5.6 a.u. (the energy of two
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Table 1. Lowest levels of the complete “He—"He spectrum
calculated with basis of 1134 elements

Table 2. Lowest levels of the complete “He—"He spectrum
calculated with basis of 405 elements

Nuclear Nuclear
Level Energy, State |quantum| (R,), (Ry), Level Energy, State | quantum | (R;), (Ry),
a.u. deg. |numbers,| Bohr A a.u. deg. |numbers,| Bohr A
(NLM | (NLM |
1 -4.19415 1g (210 3.229 1.708 1 -4.1166 1g (210 2.631 1.392
2 -4.13701 1g (100 4.382 2.318 2 -4.0624 1g {100 2.574 1.362
3, -4.11761 2u (21+£1| | 3.243 1.715 3; -4.0512 2u (2141 2.500 1.322
3, -4.11761 3.401 1.799 3 -4.0512 2.500 1.322
4, -3.76090 3g (200 3.464 1.885 4, -3.6913 3g (200 1.969 1.042
4, -3.76090 3g 3.796 2.008 4, -3.6913 39 1.951 1.032
4, -3.76090 3g 3.826 2.024 4, -3.6913 39 1.977 1.046
5, -3.72043 3g (210] 3.209 1.698 5; -3.6519 39 (210 2.661 1.407
5, -3.72043 3g 3.255 1.722 5, -3.6519 3g 2.553 1.350
5; -3.72043 3g 3.315 1.753 53 -3.6519 3g 2.594 1.372
6, -3.61646 6u (214 | 3.074 1.626 6, -3.5614 6u (2141 2.500 1.322
6, -3.61646 6u 3.330 1.772 6, -3.5614 6u 2.500 1.322
63 -3.61646 6u 3.422 1.810 63 -3.5614 6u 2.500 1.322
64 -3.61646 6u 3.426 1.812 6,4 -3.5614 6u 2.500 1.322
65 -3.61646 6u 3.492 1.847 65 -3.5614 6u 2.500 1.322
66 -3.61646 6u 3.922 2.075 66 -3.5614 6u 2.500 1.322
7, -3.59904 6u (214 | 3.260 1.725 71 -3.5411 6u (2141 2.500 1.322
7, -3.59904 6u 3.271 1.731 7, -3.5411 6u 2.500 1.322
73 -3.59904 6u 3.291 1.741 73 -3.5411 6u 2.500 1.322
T4 -3.59904 6u 3.305 1.749 74 -3.5411 6u 2.500 1.322
7s -3.59904 6u 4.008 2.120 Ts -3.5411 6u 2.500 1.322
IS -3.59904 6u 4.010 2.121 Ts -3.5411 6u 2.500 1.322
8, -3.59493 3u (210] 3.458 1.829 8; -3.5349 3u (210 2.666 1.410
8, -3.59493 3u 3.410 1.804 8, -3.5349 3u 2.668 1.411
8; -3.59493 3u 3411 1.805 83 -3.5349 3u 2.669 1.412

independent helium atoms [14]), and in this connection the
obtained result corresponds to a certain “metastable” state
of the helium-helium bond and is due to following reasons.
The total Hamiltonian of the problem Eqg. (1) contains, in
addition to the energy of two independent atoms [Eq. (2)],
the internuclear repulsion and the interaction Hamiltonian (3)
with pair interelectronic repulsion and attractions of each
electron to the second nucleus proportional to the nuclear
charge Z,. Thus, the corrections to the vacuum level are
determined by the fine balance between attraction-repulsion
within the many-body quantum system. In the strict sense,
the corresponding problem can not be solved rigorously
only with the basis of discrete spectrum Eqg. (8), but a basis
of continuous spectrum must be included, and, in the com-
mon sense, the Green functions formalism should be ap-
plied. Such a scheme is beyond the scope of our considera-
tion, and in the next section we analyze this problem from
a certain semi-quantitative point of view to obtain some
plausible estimations and clarify the corresponding facts on
a qualitative level.

4. Long-range interatomic interaction

We start considering the problem from the simplest ex-
ample of interaction between two hydrogen atoms (and be-
low the used scheme will be easily generalized on the two-
electron helium atoms with pair interactions between elect-
rons) separated with internuclear distance R, [10] (Fig. 2):
two nuclei (denoted N, Np) with the positive charges
Z,=2,=272y=+1 (we use Hartree units) and coordinates
R, =0, R, =(0,0, Ry) =Ry, as well as two electrons (e,, e,
) with charges Z, =Z, =-1 and coordinates r,, r,, cen-
tered (in order to make the best use the natural symmetry of
the problem) on the corresponding nucleus, respectively. In
view of u>1 we neglect below the kinetic energy of
internuclear motion (so-called Born—Oppenheimer—Heitler—
London approximation [11]) and rewrite the Hamiltoni-
an (1) in the equivalent form [10] which, however, takes
into account explicitly that the system consists of two ini-
tially independent spinless hydrogen atoms,

H(r,. 1 [Rg) = Ha (1) + Hp () + Hip (f,. 1 [ Rg), (17)
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Fig. 2. The scheme of interaction between two spinless hydrogen
atoms.

where
~ 1 Z
Ha(ra) = __A(ea)(ra)__ol (18)
2 a
and
~ 1 Z
Hy (r,) = —=AC) (r)) -2, (19)
2 I,

are Hamiltonians of non-perturbed hydrogen atoms (in
addition, r, =r, and r, =1, —R,, see Fig. 2), and inter-
atomic interaction energy is

Hint(ra1rb | RO) =

Z_g Zy Zy Zy

=+—>- : :
Ro |R0—ra| |R0+rb| |R0+rb—ra|

(20)

Using Egs. (18), (19) we postulate that the electron a be-
longs to the nucleus N,, and the electron b to Ny, respec-
tively (Fig. 2), despite the electrons are principally undis-
tinguished, as it is seen from Hamiltonian (1). Within the
Born-Oppenheimer—Heitler—London approximation R, is
not the dynamical variable, but only a “free” parameter of
the problem. Nevertheless, the applicability of the pertur-
bation theory in the limit R, — o needs a certain com-
ment. The well-known multipolar expansion [13, 23] of the
interaction energy U(r,r, |Ry) [Eq. (20)] is valid only
under conditions

Ry>Try, Ry>1, Ry>|r—r,| (21)

It means that within the standard approach we neglect the
part of interatomic interaction which correspond to the
case where one, or two, or all three inequalities in Eq. (21)
might have an opposite sense. On the other hand, the con-
ditions of Eq. (21) mean that the electron a attracts mainly
to the nucleus N,, the electron b attracts mainly to the nu-
cleus Ny, and the rest of electrons-nuclei attraction is a
correction to the interatomic interaction energy at R, — o,
and, in addition, the interelectron repulsion is the most
essential at r, — r,, which is, certainly, quite realistic. As
a result, we conclude that the R;"-expansion of
U(r,,r, |R,) determined in accordance to Eg. (20) can

give the qualitatively correct conclusion about the behavior
of the interatomic interaction

U(Ry) = <‘P(Gs)("avrb)":|int(ral"b | Ro)“P(GS)(ra’rb)>

(22)

averaged over the ground state ¥(®%)(r,,r,) of the system
of two one-electron hydrogen atoms [10].

Expending U(R,) up to quadruple-quadruple interac-
tion ~ Ry°, we have

_ Z 1
U(Rg)=+———+Ugy +Ugyo +Uqq +...  (23)
RO RO

where Ugy ~ Ry®, Uy ~ Ry*, Ugo ~ Ry, etc. The attrac-
tive first term 1/ R, of Eq. (23) compensates exactly the
internuclear repulsion of Z§/R0 in Eq. (1) (Z, =+1), so
that the interatomic interaction at R, — c does not contain
the direct Coulomb terms and depends completely on the
multipolar “tail” of Eq. (1). It can be shown easily that the
similar result is also true for any pair of equivalent N -electron
atoms (with nucleus charge NZ,) because internuclear
repulsion Zé/ R, is exactly compensated with attraction
-NZ, /R, of N electrons possessed by one of the nuclei
from another nucleus with Z, = N. In addition, the sum-
mary of terms with order ~1/RZ vanishes due to electro-
neutrality of the system. Thus, in the large distances
Ry — « the multipolar expansion of the U, (R,) begins
from the master term of dipole-dipole interaction of order
~1/R? (see also [13,23]), and the term Uy (R,) in
Eq. (23) is the dipole-dipole interaction averaged over the
electronic degrees of freedom within the ground state of
the diatomic complex,

Uss (R))= Dy (Ro)(GS (6] + 32

Gs>, (24)

where greek indexes denote cartesian tensor components
a, B,etc, ..., =X, Yy, z,and

8 R$RY
Dyp(Ro)= —5 —3—2zt- (25)
RO RO

The second term, U 45 (Ry), is dipole-quadrupole interaction,

Ugq(Ry)= Déqﬁ)y(RO)<GS‘{xgxang +XIXExY +

AxEXEXT = xxPx! — xExEx) —xgxgxg}‘GS>, (26)

where
3 15
Dé%{l(Ro)z R_g(saBRg +6w/Rg +6ﬁYRg)_R_gRgRgRg'

(27)

And the third term, Uqao(Ry), is quadrupole-quadrupole
interaction,
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UQQ(RO):
Qaﬁys(Ro)<GS ‘{XgX§ngg + nggx;xt? +
XXX XS+ XEREXIXE + xExBx! xS+ X xPxEx? —
=X XEXIXE = XEXEXEXS = XEXPXIXG = X xExI xS

Py Pyy
~XEExI XS — X xExE XS — X xEXIXS — X xE X! x }

)

(28)
where
3
Qa[}yb(RO) ( 01[36’/6 +60-Y6[55 +SBY80‘8)
O
1_5;(60([3 Rg Rg + 6001 Rg Rg + 5BY Rg Rg +
0
+8,5RERY + 835 RERY +8 5RERE )+
@ RYRORIRS. (29)

0

Note, that the accurate expansions like Egs. (26)—(29) were
proposed in due course by Van der Merwe [24, 25].

If R, is oriented along z-axis as it shown on Fig. 2
then, after convolution over tensor indexes, Egs. (24), (26)
and (28) can be rewritten in more compact form,

Ugq (Ro)= _<GS|(XaXb +YaYp —ZZaZb)|GS>' (30)
(cmp. Fligge [18], problem No. 161),
Ugq(Ro)= —<GS|(X +y2)z, + (X2 + V), +
R

+(Xg X + YaYp — 22,2, )(Z, — zb)|GS>, (31)
and

Uoo (Ro)= <GS|r 12 +2(r,1,)2 -

—S[razz,f +r2z2 +3(rarb)zazb]+352§z§ -

—2r, 1, (r? +rb)+10[(r +12)2,2, +

GS>. (32)

70
Hran)(25 +25) |- (25 + 2)7a2,

The next step is to find the average of the potential en-
ergy Eqgs. (30)-(32) over ground state of the problem. If, as
usual, the potential energy is considered as perturbation,
then unperturbed Hamiltonian

Ho(a 1) = Ha () + Hy (1)
[see Egs. (73), (74)] has the spectrum

a

z2l1 1
© %0}t 1
e 2{}

with eigenfunctions

Uq (ra ' rb) = \Vnalama (ra) ® Wnblbmb (rb)v (33)
where index
n, I, m
q N { a a a} (34)
np b m,

denotes the complete set of the quantum numbers of the
unperturbed diatomic problem. Furthermore,

Whim (OLF) = Rnl (OLI’)Y|m (8« (P)E | n|m>: (35)

are single-particle hydrogen-like functions, [17, 26] where
Yim (9, ¢) are spherical harmonics in standard determina-
tion, [17, 27] and radial function R, (ar) depends on radi-
al coordinate renormalized by scale parameter [14, 18, 28]
a=Zy-c6>0 (o is screening parameter [28-31], below
we put a. = Z,, ¢ = 0), and the radial function is

2a3/2

nz\/(n—l—l)!\/(n+l)!x

|
x[ﬂj exp( ‘”j L@ [2‘”), (36)
n n n

where L) (x) are Laguerre polynomials [19],

Ry (ar) = -

) (vY — (X)k
L (9 = p'(x+p)'kzo—k,(p oo @

With respect to Eq. (37) the radial functions R, (ar) can
be represented in the explicit form,

(n+|)!(ﬁjl x
n

Ry (ar) =

[2arj
) cor
xexp[ jz 1) n . (398)
n izt kb (r=k)@2l+k+1)!
where t=n-I-1. As an example of a proper use of the
hydrogen basis for the many-electron problem we can refer
to the paper [15].
The ground state wave function corresponds to
n, =n, =landl, =1, =m, =m, =0 and has the form
= Lexpi- EQ=z2=1 (39
Up(ra, 1) nEXp{ (ra + 1)}, 11 o =1 (39)
The function Eqg. (39) is not spherically symmetric because
the vectors r, and r, have two-center orientation (see
Fig. 2). After elementary integration we have Uy, (R;) =0
and U 45 (R,) =0, but
720

Ugg(Ro) =~ <0 (40)
0
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Thus, the quadruple-quadruple U (R,) term calculated
within well-known London’s approach demonstrates non-
zero attractive contribution ~1/ RS to the interatomic inter-
action energy just at the first order perturbation theory,
instead of the presumed usually ~1/ Rg-law expected for
the dipole-dipole interaction through “second order pertur-
bation theory”. As a result, we conclude that the simple
London’s scheme (which is, in fact, a plain variational pro-
cedure), can not give a well-determined answer about the
asymptotic behavior of U; (Ry) in the limit Ry, — . Be-
low we discuss the corresponding problem from a more
rigorous point of view.

5. Interelectron repulsion as disturbance

For the first step, we separate the attraction and repul-
sion in the total interaction energy of the system. For this
purpose we rewrite the complete Hamiltonian (1) in an
equivalent form which is divided explicitly onto attractive
(H @Y and repulsive (H ") parts,

H(ra. 1y |Re) = HE (r, 1, [Rg) + HE) (r, 1, | Ry),

(41)
where the attractive part,
HE (rr | Ry) = Hy (r) + Hy (1), (42)
with
Z
Au(r) = —saGd(r) -2 %o ()
2 ra |R0—ra|
and
~, 1 () Z, Z,
Hy(r) = —=A®)(r)- =020 44
(1) = 5A ) T )

includes attraction of both electrons to the both (host and
foreign) nuclei of the two-center problem, and, correspond-
ingly, the repulsive part,

2

0 V@I (r, 1, |R,), (45)

z;
H(r, 1, |Ry) = +=2
RO

which consists of internuclear, ZZ / Ry, and interelectronic,

1

VE (r,r |Ry) = +—
(a b| O) |R0—ra+rb|

(46)

Coulomb repulsions. It means, that the problem is present-
ed as superposition of the Hamiltonian H®"(r,,r, |R,)
for the two independent, mutually non-interacting electrons
which belong to the both attractive nuclei (this Hamiltoni-
an will be considered below as “non-perturbed” part of the
two-center problem) and repulsive part H ™ (r,,r, |R,)
which is Coulomb interaction between two electrons and the
similar repulsion between two immobile nuclei, respectively.

5.1. Attraction to the nuclei

The spectrum of non-perturbed part H@(r. 1, |R,)
of the Hamiltonian can be built within an exact
diagonalization procedure using basis Eq. (33), as it pro-
posed in Refs. 10, 14, 32 for helium atom and helium di-
mer. The corresponding matrix representation for this part
has the form

. z¢(1
Hg,a;">(ra,rb|R0)-——°(n—+ JS +HE (1 | Ro),

2 a nb
(47)
where
H (r, 1y | Ro)=
_ ZO
= _<nallalmal m nazla12 M, >6b -
0
with
8a = Snalne12 Slallaz Sma:Lma12 J 6b = 8nblnb2 Slbllbz amblmb2 '

The first term in Eq. (47) is diagonal matrix element which
describes the energy of two independent atoms. The term
H ) (R,) is attraction to the “foreign” nuclei, and the
corresponding matrix elements can be calculated analyti-
cally as it was made recently in Refs. 10, 32. As a result
we have (R is oriented along z-axis, see Fig. 2, and scal-
ing coefficient [14] o. = Z,)

1
<n1I1m1 ﬂ n2I2m2>: V@l +1)(2l, +1) x
0—

XZL[Z, ¥

aRO](DI(Illml“Z'mZ)v (49)

and
<nlllml m n,l, m2> V@l +1)2l, +1) x
0
I
XZ( 1) I,[ ll aROJd)l(Il,mle,mz). (50)
Here

@y (I, mg |1,,m,)=

I I | |
_ m-+my 2
(0 0 ijz_:,( b ( m. m, mj’ ®1)

where [: Cj are 3j-symbols [27], lin =Ih =151,

f

lhax = l1 +15, and m; —m, = m. Furthermore,
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h Iy
T n, L WR. = Tl!Tz!Vl!Vz!(i 2 N
2 12 nn; a 1 2
L)

2\ 22
—plte [n] (nJ
XZ z ( ) 1 2

k=0 ky=0 akttke Koty (hy + KU + Ko )Ty —kp)(Tp —ky)!

AN H3+2 (aaR, )X
{—(aaRO)'” {1 exp (—aaR,) kZ:;) —a I

+(aoRy)' (N =1 +1)lexp (-aaR;) >’ o
k=0 :

N-l+1 (aaRO)k}

(52)

where a=nt+nt, t=n-1-1 t,=n,-1,-1
vi=n+l, voEn, 41, A =2l +1 A, =21, +1, and
N=1+I,+k +ky and o =2, =1.

At Ry, = o the integral Eq. (52) behaves like Laurent
series expansion over (aaR,)™,

n, | I
7 ! 1aR0—>oo ~(I+":|J;2) ! T (53)
n,, Iz a ’ (aaRO) *
At Ry — 0 has the finite limit
n, | N +1)!
7, (nl |1 aR, = oj = %sm, (54)
21 Iz a

and Eq. (49) [as well as Eq. (50), correspondingly] trans-
forms exactly into matrix element (nlm; |r=|n,l,m,)
[see Egs. (28), (29) in Ref. 14].

The attractive part U @ (R,) of the interatomic interac-
tion energy can be obtained as the matrix element over the
ground state of undisturbed attractive operator H ga;“)(Ro)

[Eq. (47)],
U (attr) (RO) =
= (PO (11, |Re) [HED (Ry) |9 (r,,1, | Ry)),

(55)

where the ground state wave function ¥ (r,,r, |R,)
found through exact diagonalization procedure on the ma-
trix H@&" (R,) has the form

P(©5) = a, (Ry) [100), |100), +ay, (Ry)(1200), | 200), +
+(Ry) | 200), [100),) + a5, (Ry) | 200),, | 200), +
+ D @, (Ro)IN300), [n,00), (56)
na,nbzs

where a,; = a,. In the case of the used here basis Ny, = 25
(n,, Ny, < 2) the explicit expression for this function is

‘P(GS)(ra-rb IRg) = 1{5‘11(Ro)eXp[—("a + rb)]+
T
a1, (Ry) Ih T
+W<(1—Ejexp{—(ra +EH+
+(1—%‘jexp{—(rb +%ﬂ>+
R 1
+—azzé ) (1%)[1—2’) exp[—;(ra +1 )}} +

25

+ 2 8y (Ro)[n,00), n,00), . (57)
Ng,Np=3

The coefficients a;4, a;, = a,4, and a,, for the ground state
wave function Eq. (57) obtained with the basis of Ny, =25
are presented in Table 3 as functions of internuclear dis-
tance R, (the contribution from the last sum in Eq. (56) is
less than 3% at R, ~1 and becomes negligible small at
Ry >1). It can be seen that the main weight in the ground
state composition (especially at large distances) has the
basis component | 100), |100), which makes the used basis
quite similar (with accuracy of a few percents) to the sim-

ple basis Eq. (33).

The average U @) (R,) of the operator Eq. (42) as the
function of internuclear distance R, is plotted on the Fig. 3.
The upper line 1 is the energy of two independent electrons
U @ (Ry) =~1.0 [the first term in Eq. (47)] attracting to
the nuclei with Z, =1, namely, the energy of two inde-
pendent hydrogen atoms in the ground states on infinite
large distance. Account of the attraction to the foreign nu-
clei makes the energy U @ (R,) the lower the smaller is
the distance Ry, and in the limit R, =0 we should expect
U @ (0) = —4.0 (two independent electrons in the central
Coulomb field with Z, =2). However, to get this limit

Table 3. Coefficients a;(R,) in the ground state wave func-
tion of Ny, = 25 [Eq. (57)]

Ro, _

Bohr 8y 8y = 8y 8

0.00 0.9685535 0.1745211 0.0314465
1.00 0.9663071 0.1202303 0.0149593
2.00 0.9566278 0.0385858 0.0015564
3.00 0.9549562 -0.0177861 0.0003313
4.00 0.9650734 -0.0387711 0.0015576
5.00 0.9789732 —-0.0359337 0.0013190
6.00 0.9887988 -0.0257436 0.0006702
7.00 0.9940432 -0.0168412 0.0002853
8.00 0.9966541 -0.0108371 0.0001178
9.00 0.9979926 -0.0070754 0.0000502
10.00 0.9987220 -0.0047397 0.0000225
11.00 0.9991455 -0.0032664 0.0000107
12.00 0.9994055 —-0.0023138 0.0000054
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(Ry), a. u.

(attr)

U

R, Bohr

Fig. 3. Attraction part U®(R,) of the total energy U(R,) of
the Hy-complex [spectrum of the matrix Eq. (42) as function of
Ry]: energy of attraction of two independent electrons to the
nuclei with Z, =1 (two isolated hydrogen atoms in the ground
state) (1); spectrum calculated with the basis Eq. (35) of
Ny, =25 elements (U@ (0) = -3.0755) (2); the Padé extrapo-
lated spectrum U (R,) of the attractive part in the limit

Nps =0 (UE(0)=-4.0) (3).

within diagonalization procedure we need use undoubtedly
the basis of infinity dimension. Indeed, despite in the limit
Ry, — 0 the contribution into sums of Egs. (49), (50) give
only elements with |, =1, there are infinite set of elements
satisfying to this case at simultaneous condition n; #n,.
The practical calculations show that the limiting value
U @™ (0) very slow tends to the 4.0 with N, — oo: the
curve 2 on Fig. 3 shows the result for the basis of N, = 25
elements (n;,n, <2) with the limit U@ (0) = -3.0755.
The calculations with basis of Ny, =3025 elements
(n,,n, <5) demonstrate the limit only U @ (0) = —3.10890
and, hence, this curve practically coincides with the depend-
ence obtained for N, = 25. Thus, there is no reason to plot
the set of curves with different N, except of limiting de-
pendence of N, — . This dependence can be obtained
through extrapolation which can be built through replace-
ment of the operator H 00 (r,, 1y, | Rg) in Eq. (47) with the
renormalized operator

H 0 (r,, 1, | Re) = k(Ro, Npgs )H 0 (1, 1, | R).

(58)

The function «(Ry,N,,) for our calculations with
Npss = 25 is chosen as

«(Ry, 25) =1.0+0.43992623exp (—0.2R;).  (59)

In addition, we note that the curve 2 on Fig. 3 is not so
proper tending to the limit U @ () = —1. In this connec-
tion we correct the dependence U @ (R;) with coefficient
exp(-0.01R;), so that the extrapolated attraction energy

U & (Ry) has the form

U ((:;tt;) (Ro) =

= (PO |HIO (r 1 |R,)|¥EC)yexp(~0.01R,).

(
pq
(60)

This dependence has been presented on Fig. 3 (curve 3). In
fact, the expression (60) is a modified Padé approximation
for attractive energy of the system under study.

The higher accuracy we expect to achieve in our calcula-
tions, the wider basis we must use for desirable goal. How-
ever, to build the physically adequate picture without enor-
mous numerical calculations we restrict our consideration by
described above basis with Ny, = 25, and the extrapolated

function U & (R, ) is used in all considerations below.
5.2. Interelectron repulsion

The repulsive part U™ (R;) of the interaction energy is
the average of the corresponding Hamiltonian H ™ (r,,r, | R,)
Eq. (45) over the ground state Egs. (56), (57),

U (rep)(RO) = <GS‘I:I (rep)(ra,rb | Ro)‘GS> =
z§

= <GS
R

U (R,) = <Gsy\7<ee> (1 | RO)‘GS>. (62)

GS>+U<ee’(Ro), (61)
0

where

The most complicated part of the problem under study is
the electron-electron repulsion V 2 (r,,r, |R,) [Eq. (46)]
within two-center geometry. The standard approach means
that at R, >« we have to present the average
(GS |V®(r,,r, |R,)|GS) as expansion over 1/ Ry,

U (ee)(Ro) = <GS ‘\7(96) (Y Ro)‘GS> =

:Z an('?o)l (63)
n=1 R0

where, in general, the coefficients a, (R;), calculated as av-
erages on the basis Eq. (56) must be undoubtedly R,-depen-
dent. In this sense the expansion (63) is not pure power-like,
nevertheless, we will classify the terms of this expansion by
the powers of 1/ R

The main problem of the representation Eqg. (63) is that
the manifold of irregularities for the operator Eq. (46) (it is
the simple Coulomb manifold | R, —r, +1, |= 0) has been
mapped into the unique essentially irregular point Ry = o,
which principally destructs and modifies the map of irregu-
larities belong to the original Schrédinger equation [operator
Eq. (41)]. In this connection, the expression (63) can be
considered as an estimation which gives a result of a quali-
tative level, and, for definiteness sake, we have to discuss
the case Ry — 0 as well,
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U (ee)(RO) = <GS ‘\7(96‘) (Y Ro)‘GS> =

=2 by (Ro)R. (64)
n=0

Both expressions Eq. (63) and Eq. (64) must be sewn to-
gether in an intrinsic point of the interval 0 < Rg <co. It is
evident that Ry as the boundary point between ~ Rj and
~1/ Ry expansions is the value of order unity, Rg ~ 1.

To make the corresponding estimations, we use the ex-
pansions (ry, =, — I, = X3),

1

-1
|R0_rab|

lab

B
Ry SupRERE

3
Fab

3

rab

o B papP
Fab"an Ro Ro +

5
Fab

+3 (65)
at Ry < ry, (in practical situation at R, <1). The average
of the first term in Eq. (65) is similar to direct interaction
Ir,—r, [ of two electrons within a unitary coordinate
system (see Ref. 14), it has integrable irregularity which
was discussed in the context of the interelectron repulsion
in the helium atom [10, 14]. The average of the second
term (proportional to Ry) in Eq. (65) is equal to zero because
this term is odd function of r, —r, relative to the two-
electron permutation (the interaction energy must be invar-
iant relative to the pair electron permutation a — b). The
averages of the terms 1/r3 and 1/r3, contain the loga-
rithmic divergencies usually prepared within the framework
of quantum electrodynamics procedure [33]. Divergencies
of such kind appear during calculation of the relativistic
spin-orbital and spin-spin corrections for the matrix ele-
ments of the problem, but this question is beyond the pur-
pose of our consideration. Divergencies of the higher terms
are non-physical, and must be ignored. Thus, in general,
for the case R, <1 we obtain the U®®(R,) as divergent
asymptotic series, and within the common procedure of
asymptotical representations [34] we have to restrict our-
selves by the regular part of asymptote. So, for the case
Ry <1 we have to use asymptotics

1

<GS
r

Ira

1
U (Ry) = —+
Ro) =7

GS>. (66)

o

11

_ Xgh XBy R RS
|Ro - rab| Ro

Ro

B
ruRo B Saﬁ Xab Xab
RS RS

3
R

(Bupdy + 808y 85,30y ) —

+

3

{R_é’

15

Ry

+8,, RERY + 38y, RERY +8,,RERY |
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6
R, Bohr

4 I I

10

Fig. 4. (Color online) (1) The total energy of the system U(R;)
with repulsive energy U (R,) calculated in the limit R, <1.
The dashed line U(R,) =-1 is the energy of two independent
hydrogen atoms in the ground state. The red part of the curve 1
between points A and B is the region of the bound state of the
system. (2) The extrapolated attractive part of the U(R,) (the
same as the curve 3 on the plot Fig. 3).

Figure 4 presents the average energy of the system
(with repulsive energy U P (R;) calculated in the limit
R, <1) as a function of the internuclear distance R,. It is
seen that the dependence U (R,) demonstrates rather nar-
row region (red line between points A and B) where the
total energy of the system is lower than the ground state of
two independent atoms and, consequently, a bound state of
the atoms can be realized. The depth of the potential well
(relative to the “ground” level U(Ry) =-1) is U(Ryiy) =
=0.495au. =12.5¢eV at the distance R;, =1.052 Bohr =
=0.557 A. These values are in good agreement with corre-
sponding parameters known for hydrogen molecule [35].
The region right-hand of the point B on the Fig. 4 corre-
sponds to the dissociated states of H-H complex; i.e., mono-
atomic form of hydrogen with repulsion between individu-
al atoms experimentally observed in the Universe at very
low density of the matter [36-40].

At the opposite case, Ry > r,, the interelectron repul-
sion can be expanded formally over 1/ Ry,

15
%

(8pRY + 84, RE + 85, Rs' )~ RERERY | X6 X5, Xl +

(80pRIRY +3,,RORS +8;, RERy +
105 y y
Sy RYRERIRS } xS xB X XY . (67)
0
557
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The expression (65) is expended up to quadrupole-quadru-
pole interaction, similar to Eq. (28). Taking into account
that R, = Ry(0,0,1), we present the U " (R,) in the form
quite similar to Eq. (23),

U (R=20 4 Ly U (68)
0 0
where
1
U (R,)= ¥<GS 322, - v |8) (69)
0

and

USSP (Ry) = 5<Gs|3rab 30rbzab+35ng|es> (70)
0

(the terms of 1/ RZ and 1/ Ry are equal to zero due to non-
invariance to the pair electron permutation a — b). Recall,
that U™ (R,) Eq. (68) differs from the total interaction
energy Eq. (23) by the attraction =2/ R, of the electrons to
the nuclei (now this energy is included to U @ (R,), see
curve 3 on the Fig. 3 and curve 2 on the Fig. 4).
Figure 5 presents three terms of Eq. (68). It can be seen
that the magnitude of the quadrupole-quadrupole repulsion
USE (Ry) [Eq. (70)] is greater that dipole-dipole U 4 ) (Ry),
o) that the expansion Eg. (68) at Ry — 0 is dlvergent as-
ymptotic series, just as the expansion Egs. (65), (66) at
Ry, — . As it was mentioned above, this result is direct
consequence of disregard for real integrable irregularity of
two-point Coulomb potential interactions | R, —r, + 1, |
and replacement it by essentially singular point at Ry =0
or non-physical irregularities in the terms of |r, —r, |™",
n> 3. The best way for an approximate description of the
interelectron repulsion seems to be the direct calculations
of the matrix elements for the Coulomb repulsion Eq. (66)
in one-center coordinates [10, 14, 32]. However, to get the
result with acceptable accuracy at large R, we have to use a
sufficiently large basis set. Moreover, to get an exact behav-
ior of the system under study in the limit Ry — o it need be
probably taken into account not only states of discrete, but
also continuous spectrum, as it known from the theory

0.8

0.7
. 0.6f
5 0.5
< 0.4f
0.3}
0.2}
0.1}
i

U(rep) (

R, Bohr

Fig. 5. The terms of Eq. (68): +2/R, (1), UP(R,) (2), and
UG (Ry) (3).

R, Bohr

Fig. 6. The total interaction energy calculated with short-range
repulsion asymptotics Eqg. (66) (1); the total interaction energy
calculated with long-range repulsion asymptotics Eq. (68) (2).

of atomic collisions [41]. In this connection our considera-
tion is a semi-quantitative treatment which, nevertheless,
gives correct physical picture of the problem under study.
Figure 6 presents the total interatomic interaction energy
U (Ry),

U(tot)(RO) = <GS‘HA(I'a,rb | Ro)‘GS> =

=y @m (Ry)+U (rep) (Ry), (71)

calculated with repulsion U P (R,) for small [Eq. (66),
curve 1 on Fig. 6] and large [Eq. (68), curve 2 on Fig. 6]
distances R,. The mentioned dependences intersect each
other in the point C on Fig. 6, and it is reasonable to con-
sider the vicinity of this point as a border of validity for the
both asymptotics which can be matched continuously (by a
certain interpolation procedure) within the intermediate
border region to obtain the total dependence U(R;) on
half-axis 0 < R, < 0. The result is shown on Fig. 7.

The potential curve on Fig. 7(a) demonstrates two mini-
ma: the global minimum Ug, =-1423 au. at Ry, =
=1.05 Bohr belongs to the potential well which create the
bound state U, =-1.162 a.u. or —0.1645 a.u. =—4.48 eV
(relative to vacuum energy U =-1 a.u.) at the average
internuclear distance (R,) = 1.4 Bohr =0.74 A which evi-
dently correspond to the known dissociation energy and
the length of the interatomic bond for H, molecule [35].
Certainly, this estimation is quite approximate because it
based only on the primitive ground state averaging which
does not take into account possibly intersections of the
ground state with closely spaced excitation levels [10] and
consequent various pre-dissociation effects [26]. On the
right of the global minimum we have the potential barrier
(the BCD region) which can produce some metastable states
caused by tunneling through the BCD interval. The hight of
the barrier relative to the vacuum level =-1is
Uc =+0.154 au. =4.2 eV at Ry =3.7 Bohr.
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(a)

—0.992
—0.994

—0.996

URy), a. u.

—0.998

—-1.000

Fig. 7. (Color online) (a) The total dependence of the interaction
energy U(R,) between two hydrogen atoms on the half-axis
0 < R, <. (b) The dependence U (R,) in the vicinity of the local
minimum U,, = -1.00039 a.u. at R, = 6.67 Bohr ~3.53 A. The
depth of the local minimum is not enough to create a bound state.
The global minimum U, =-1.423 a.u. at Ry, =1.05 Bohr be-
longs to the potential well which create the bound state
Uy ~-1.162 a.u. or —0.1645 a.u. ~—-4.48 eV (relative to vacu-
um energy U =-1au.) at the average internuclear distance
(Ro)=1.4 Bohr ~0.74 A which evidently correspond to the
known dissociation energy and the length of the interatomic bond
for H, molecule [35] (see text).

The depth of the local minimum between points D and E
on Fig. 7(b) U, = -1.00039 a.u. at R, = 6.67 Bohr =353 A)

is not enough to create a bound state in this potential well.
For corresponding estimation we note that the ground state

in an ideal parabolic potential well is o, = /°U(R,y)/ RS

at Ry =Ry,,. In our case it gives an upper estimate with respect
to the minimum of the potential well as o, =5.66-10 a.u.,

which is much higher than the level o, = 7.4-107 a.u. of
the inflection point (IP) on the real non-parabolic potential
[point IP on Fig. 7(b)]. Thus, the non-parabolic (non-
harmonic) well near the U, is unable to confine any zero-
point oscillation state.

As a result, the stable bound states of two hydrogen at-
oms (H, molecule) are possible only inside of the interval
AB, and within the interval BC they are metastable. On the
right of the barrier the hydrogen atoms are moving sepa-
rately, interacting through mutual repulsion. Of course,

the obtained dependence U(R,) on the left of the point B
[Fig. 7(a)] can be considered only as a plain semi-quanti-
tative description because the corresponding function is built
as superposition of the formally exact (but calculated within
truncated basis) attractive part and repulsive part which is
formally divergent asymptotic series. In addition, we have to
note that at R, — oo become essential corrections caused by
long-range retarded interactions [42] (see also [16, 23]).

6. He-He interaction

The most interesting topic in view of the problems dis-
cussed above is the interatomic interaction in helium which
is commonly supposed to be an extremely quantum system
(by the way, the hydrogen demonstrate a series of really
guantum features that are no less important than well-
known helium effects [43]). The main question is the root
of the quantum nature of helium.

The real quantum nature of helium is the role of its spin
subsystem in the helium-helium interatomic interaction.
This role becomes quite evident when compare the quite
different observable properties of two helium isotopes, *He
and “He. Despite the only one-half nuclear spin of *He
(spin of *He nucleus is equal to zero), it behaves radically
different as compared to “He. The main characteristic fea-
ture of “He is A-transition from simple liquid (He 1) to so-
called “superfluid” (He I1) phase at 2.171 K under saturated
vapor pressure [44]. It is clear that two simple liquids can
not be neighbored along the A-line of the second order
phase transition, so that, according to general physical rea-
sons, the He Il phase should be provided by a nonzero spe-
cific structural order parameter which can be realized only
through the physical degrees of freedoms of the corre-
sponding matter. The only difference between *He and “He
(except of insufficient difference in atomic masses) is nuclear
spin of *He. Each phase transition observed in condensed
matter is resulted inevitably by some details of interatomic
interactions in this matter, and in the case of helium we have
to conclude that the A-transition is an effect of the spin sub-
system of the helium isotopes. L. Shubnikov [45] was the
first who pointed out the fact that the A-transition seems to
be a close analog of magnetic Curie transformation and pro-
posed to interpret the He 1l phase as a liquid crystal, so that
as the system with structural ordering (the Shubnikov’s
proposition was made well before than the term “superfluid”
had been introduced by P. Kapitza [46]). Here we briefly
consider this problem in direct comparison with results of
Sec. 5 concerning to the hydrogen-hydrogen interaction.

6.1. Hamiltonian

The couple of two interacting “He atoms (*He dimer) is
quite analogous to the hydrogen-hydrogen system (Fig. 2)
except of the charges of the nuclei equal to Z, =2 and a
pair of electrons is “prescribed” to each nucleus (for exam-
ple, we suggest that electrons a and b belong to the first
nucleus, and electrons ¢ and d belong to the second one).
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Within the Born-Oppenheimer—Heitler-London approxi-
mation the Hamiltonian of the system in the two-center
form can be written as (cmp. with Refs. 7, 8, 10, 32)

Hiot (Fa Ty T Tg | Rg) = Hy (ry 1) + Ho (g 1y ) +
+HAint(ra*rb*rc’rd| R0)+ HAreél(ra'rb'rc'rdl RO)* (72)

where H,(r,,r,) and H,(r,,ry) are Hamiltonians of inde-
pendent helium atoms (in this case Z, = 2),

i 1, G NG Zo Ly, 4o
H (r,,r)=-—=A%(r,)- =A™ (r,) - —— —+——
1(r ) = = A0 (1) = 54 () - T2 T
(73)
and
A IR L) Zo _Zo. %
H,(r,,ry)=—=A"(r,)— =A"(ry) - ———+———
L N O T
(74)
the Hamiltonian I-A|im(ra, I, Ie.rg| Rg) is mutual interaction,
A Zg
Hint(ra'rb'rc'rleo):+__
RO
Z, Z, Z, Z, 1

- - - - + .
Ir,—Rol [h=Rol [rc+Rol [rg+Ro| [Ro+r -,
1 1 1

+ + + , (75)
[Ro+rg—Tal [Ro+re—ry| [Ro+rg—ny|

and ﬁg|(ra,rb,rc,rd| Ry) is the relativistic (spin-orbit and
spin-spin) part of interaction, which will be considered
below. In fact, H% is a real small corrections, proportional
to the small parameter o /4 ~ 4.2 K, where o =1/137 is
Sommerfeld (fine structure) constant [18]. As it can be seen
from Eq. (75), we do not include into H;, the R,-indepen-
dent interelectron repulsion within the pairs a-b and c-d
which suppose to be prescribed to the first and second nu-
cleus separately and are the parts of their own intrinsic
(“vacuum?”) energy.

6.2. Non-relativistic He—He interaction

The next step in our consideration is dividing the com-
plete potential energy within helium dimer to attractive and
repulsive part as it was made above for hydrogen-hydrogen
system. The procedure is quite analogous to the scheme
outlined in the previous section, and here we only show the
result without describing the details of routine calculations.
The attractive part of the He—He interaction is presented on
Fig. 8. The curve 1 is the “vacuum” level of the system
U,.c =—5.72 a.u. (which is the total ground state energy
Ugs =2.86 a.u. of two independent spinless ‘He atoms
[14]). The curve 2 presents the ground state energy of
*He,-dimer calculated with the basis Eq. (35) of N, = 25
elements (U @™ (0) = —24.60403 a.u.), whereas in reality this
value must be equal to U @) (0) = —(2Z,)2 x4 = -32.0 a.u.
In this connection, the curve 3 shows the Padé extrapolated

“Vacuum” level

732; L Il L Il L Il L L Il L Il
0 2 4 6 8 10 12

R, Bohr

Fig. 8. Attraction part U™ (R,) of the total energy U (R,) of the
He,-dimer as function of R,: energy of two isolated spinless
helium atoms in the ground state (“vacuum” level U ,. = -5.72 a.u.
which is the ground state energy of two independent “He atoms
[14]) (1); the spectrum calculated with the basis Eq. (35) of
Nps =25 elements (U@ (0) = -24.60403 a.u.) (2); the Padé
extrapolated spectrum U((;’;‘{))(RO) of the attractive part in the limit

Ny, — 0 (U@ (0) = -32.0 a.u.) (3).

spectrum U &H (Ry) of the attractive part in the limit

Nz — o which will be used below for further considerations.

After expansion procedure described in subsection 5.2
we get two potentials wells corresponding to Ry — 0 (left
well on Fig. 9) and to Ry =« (right well on Fig. 9) in
qualitative analogy to the case of hydrogen-hydrogen in-
teraction (Sec. 4) but with the peculiarities specific just to
He—He system. As it can be seen from comparison between
Fig. 6 and Fig. 9, the right well for helium is deeper than the
left one (in the case of hydrogen the right well is, in fact,
insufficient), but, more importantly, it is much broader and
evidently nonharmonic. As a result, the inherent ground
level of the left well (red level on Fig. 9) lies much higher
than the vacuum level U,,. = —5.72 a.u., whereas the corre-
sponding level of the right well (blue level on Fig. 9) is only
rough approximately 50 K below the U, .. Exact numerical
data can not be produced within the developed approach in
view of, at least, two reasons:

(i) the curves 1 and 2 on the Fig. 9 are divergent asymp-
totics obtained for immobile nuclei (the internuclear distance
R, is not accounted as dynamical variable of the problem,
but only free parameter in the Schrédinger equation);

(ii) the potential curves specified in a numerical form
give no way to extract properly an effect of several Kelvins
in magnitude against a vacuum background of several atom-
ic units. Thus, we can conclude, that the energy of the bound
state for *“He,-dimer is extremely low and in this connection
some formally small relativistic corrections (of order ~1/¢?)
should play an essential role in the total balance of interac-
tions in quantum helium matter.
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R, Bohr

Fig. 9. (Color online) The total interaction energy calculated
with short-range repulsion asymptotics Eq. (66) for He,-dimer.
The “intrinsic” level in the short-range well is —1.37 a.u. with
(Ry) = 2.1 Bohr (1). The total interaction energy calculated with
long-range repulsion asymptotics Eq. (68) for He,-dimer (2). The
“intrinsic” level in the long-range well is —5.85 a.u. with
(Ry)y =6.35 Bohr ~3.36 A which is in good agreement with
known molar volume of “He [44] (see text). The dashed line cor-
responds to the “vacuum” level U . =-5.72 a.u. which is the
ground state energy of two independent “He atoms [14].

Of course, all the mentioned features in full measure
are specified to the total potential dependence of Fig. 10
combined of the curves 1 and 2 from Fig. 9 [cmp. with
Fig. 7(a)]. The barrier on Fig. 10 is much lower than in the
case of hydrogen atoms [Fig. 7(a)], so that it can not
change essentially the value of the level except of possibly
splitting of order 5 K. In addition, the average interatomic
distance in the well of Fig.10 can be estimated as
(R,) =6.35 Bohr ~3.36 A which is in good agreement
with molar volume ~ 28 cm®/mol known for “He liquid [44].
Under external pressure the barrier is lowered down the well
and the ground state level becomes lower, so that helium
transfers into solid phase. Anyway, despite the semi-quanti-
tative approach used in the above-mentioned considerations,
we can see that all the estimated values are in good agree-
ment with experimentally obtained data for helium liquid.

The barrier on the potential curve of “He—"He interaction
was first discussed in review of R. A. Buckingham [47] and
supported by a number of calculations [48-52].

6.3. Spin-dependent interaction

The difference in observable physical properties between
condensed phases of two helium isotopes testifies un-
doubtedly that different spin subsystems of *He and *He are
principal background of interatomic interactions in the
mentioned substances. Here we consider in some details
only “He with nuclear spin equal to zero. In this case the
spin-dependent relativistic corrections of order ~1/c? are
really small perturbation with a measure of the coefficient

_5H
L ﬁ Upe=—572a.u. /
s —6H <§o>
o]
==l
o gk
9l
L L L L L L L L L L L I

d 2 4 6 8 10 12
R, Bohr

Fig. 10. (Color online) The total interaction energy combined of
the curves 1 and 2 from Fig. 9. The ground state of the system
(blur level) is approximately ~50 K lower than the “vacuum”
level U,,.=—5.72 a.u. (dashed line), for details see text.

af/4~42K (where ag =1/137 is Sommefeld con-
stant). In this connection, for simplicity, the interelec-
tronic interaction of the required relativistic Hamiltonian
HE (r,. . Te,Tq| Rp) can be written in the limit R, =0
which just corresponds to condensed helium phase. This
Hamiltonian includes only four electron coordinates r
(originate from the point R, = 0) with four electronic spins
G5 (s=a, b, c, d) of two helium shells and can be written
as the superposition of spin-orbital Hso and spin-spin HSS
contributions [10, 16, 32],

Hei(ra . 1o, rg I Ro) =

= HE (N T T Ty Ro) + HE (N Ty T Tg). - (76)
Here
Hgo(ra’rb’rc’rleO):

el ity

S
1 A I

= ZGSZ{S—;X(VS—VS')}}, (77)
Zo S szs Tss

where r =1, —ry, g5 =1.001145 is spin g-factor, and 6
is the vector with components built of Pauli matrices. Fur-
thermore, the spin-spin part is

g (ra'rb*rc’rd) -
_9§ag ]|
4

+z |: ,\’ 3(rss’6sr)§rss’6s')i|} (78)

ZG Gy 0(rg )+

s#s’
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To obtain the spin density matrix for our problem, we have
to calculate the average (GS | HreI | GS) over the spatial
ground state of the four-electron system on the “He—*He
interatomic bond, and as he ground state wave function we
choose

| GS) =|100), |100),, |100). |100).

In this case, due to symmetry reasons, the matrix ele-
ments of (GS | H o | GS) are equal to zero, and the spin
density matrix has the form

95“3{ S“Zc 54(GS[8(ry)|GS) +

4 s#s'
L GS>—

+Y 55 <GS ey
Gs>} (79)

s#s’ ss'
—3<GS

It is reasonable to suggest that magnetic moments of the

four electrons on the common interatomic bond will be

oriented preferable perpendicular to this bond, it means

that r G =0, and last term in Eqg. (79) can be omitted. As

a result we have (cmp. with Ref. 32)

p(&al6b’&c’&d| Ro) :<GS‘|:|§S

(rss’6s)(rss'6s’)
5

ss’

p(6,.6,.6.,64| Ry) =&E(Ry) +—= Z 6,0y, (80)

S#S

where & ((Ry)) is the energy of the ground state, and J is
the magnitude of spin-spin pair exchange (Heisenberg ex-
change constant) represented through the corresponding
spatial matrix elements,

2.2
8
= %&{_?n(GSlesMGS%

4
GS>—3<GS GS>} (81)

Whereas the energy of the spatial ground state can be
calculated with high enough accuracy [10, 32], the calcula-
tion of J needs estimation of the matrix elements with
Coulomb irregularities which must be renormalized using a
certain procedure of quantum electrodynamics [33]. This
procedure is rather complicated, and here we restrict the
consideration to the simplest qualitative reasons. In 1930
E. Fermi proposed an approach [53] which allowed to get
an estimation for the spatial matrix element 3>, and
here we use some similar procedure. We use the simplest
ground state wave function Eq. (57) with a;;(Ry;) =1 and
aj(Ry) =0 for i, j #1 (see also Ref. 14),

| GS) = 2a.exp[—a(r +Iy)],

1

+{ GS|—

ss’

(ry r)2

SS

where a. = Z, — o, and o is screening constant [18, 28], the
corresponding calculations for helium atom [14] give
6 =0.2323 (in [29, 31] are known other estimations of
o =0.3125). Then we calculate exactly the matrix element
(cmp. with Ref. 14),

=<GS 1
I

16 16

ss'

Gs>-5a-l3( o-0).  (82)

and suppose for estimation that

1 13 3
<GS = GS> ~y3 = (E(ZO —G)j (83)

ss'
and, correspondingly,
s —1)” (13) .
GS z 84
< “as %) 3lgg) G @Y
The matrix element with 6-function (contact interaction,

ss'
see also Ref. 54) allows formally exact calculation with
use of the corresponding representation [27],

%"(Gs 5(r, ~1)|GS) = %(z0 o), (85)

And, finally, in this approximation the spin-orbit contribu-
tion is equal to zero. As a result,

(Zo— ){—L(B] 2(13H ~11.716 K.
3 (16 16

(86)
Note, that this value is just the depth of the Lennard-Jones
potential well for helium [55]. Spectrum Ei(s) of the spin
density matrix Eq. (80) has been presented in Table 4.

Table 4. Spin states within “He—*He bond

Energy, .
State ©) /3 Parity Deg.
-6 even
odd
6 even

The spin spectrum Ei(s) consists of three degenerate
levels with quintuply degenerate ground state Sés) =6J =
=-70.3 K. The spin-spin interaction lowers the bound
energy &(R;) on the He—He interatomic bond and at
T — 0 stabilizes a helium condensed phase near the labile
equilibrium level of spatial bond presented on Fig. 10.

Thus, the spin contribution to the interatomic interac-
tion in condensed helium phases seems to be presented in
the standard Heisenberg form [32]

1 J(Ro) b b
spin = > Z[ (@A ()+G(a) (a) +c§a) (+)6

5DGE. 4 OGO +0§3)50§Ts} 87)
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where & is a unit vector directed to the corresponding
nearest neighbor from the first coordination sphere of the
site f (a and b denote electrons prescribed to the site f).
Thus, each bond with the neighboring atom from the first
coordination sphere contains four spins bonded by mutual
exchange of spin pairs and four-spin exchange. The ex-
change constant J(R;) depends on interatomic distance R,
and, hence, on mutual displacements of sites. It is the
mechanism of spin-phonon interaction in the spin-ordered
He Il phase. Phonons or external periodic sound waves
produce a gradient of sites displacements and, as a result,
becomes a periodic magnetization proportional to this gra-
dient. The alternative magnetization is a curl of electric
field (Faraday law, electromotive force), and it could be an
explanation for Rybalko effect of electric induction in the
wave of second sound [56, 57].

Another fact to be taken into account is spin-orbital
splitting. Spin-orbital contribution [Eq. (77)] in view of
symmetry reasons has a rather small value in the ground
state, but due to explicit dependence on R, it has a strong
effect on spin-lattice (spin-phonon) coupling. Spin dynam-
ics (with transformation properties of angular momentum)
“loads” phonon modes, and this leads to the minimum in
phonon spectrum just similar to the translation-rotation
coupling in molecular crystals [58].

7. Discussion

It is well known that the law of nature says: all perfect
gases (the gases of low enough density where we can
mainly neglect by long-range interatomic interaction), be-
ing injected into an empty volume, fill up this volume uni-
formly. It is possible only at interatomic repulsion in the
perfect gas. However, if the perfect gas is preliminary com-
pressed above some temperature-dependent critical pressure
and then admitted quasi-stationary into empty volume (gas
throttling), then it will be separated into dense liquid phase
and the corresponding saturated vapor which can be inter-
preted again as a perfect gas. It means (in the complete
agreement with our result presented in Fig. 10) that, to be
condensed, a real gas must be compressed and cooled
within a Joule-Thomson process [59, 60], and the state of
interatomic interaction in this gas must be transferred
through the barrier to the left potential well of Fig. 10
(quantum-mechanical calculations of Fig. 10 correspond to
the temperature T =0). In other words, the process can be
considered as follows. If a perfect gas is compressing along
a subcritical Van der Waals (VdW) isotherm (T <T,) from
a certain initial pressure p, and the corresponding specific
volume V,(p,.T) then it remains a monophase substance
with rather great average interatomic distances <R0> (this
corresponds to the right well on Fig. 10) until the volume V
of the gas becomes the specific value V, which corresponds
to the phase transformation into two-phase system where the
gaseous substance decays into coexisting dense condensate

(with (Ry ) according to the left well on Fig. 10) and low-
dense saturated vapor (with large (Ry ) of the right well on
Fig. 10). To fall in the first-order phase transition the sys-
tem needs to possess a piece of latent heat of transition,
i.e., energy that would be expended for penetrating through
the barrier between wells on Fig. 10), and this energy is
due to the external work carried on the compression within
the Joule—~Thomson process.

The potential well qualitatively analogous to the curve
of Fig. 10 was considered by R. A.Buckingham in the
review paper of 1961 (see Ref. 47, Figs. 1-3 from this pa-
per and literature cited therein). It should be noted that in
literature of that times the interatomic interaction in helium
was considered exclusively as repulsion [29, 30, 61-63]
and is quite evident given problems of gaseous kinetics
which were actually within the 50s and 60s of twenty cen-
tury. More detailed attention to the attractive part of inter-
action, especially in helium, was payed later for reasons of
condensed matter physics, among them for clarification of
superfluid and supersolid phenomena.

The results of the Sec. 6 show that the presence of the
potential barrier between the deep (but comparable narrow)
left well and the much wider right-hand well can be a rea-
son for existence within the left well of long-leaving meta-
stable bound states with energy even a bit higher than the
vacuum level of ~ —5.7 a.u., and these states correspond to
the boiling phase liquid He I. Below 2.17 K the system has
been stabilized by contribution from the spin subsystem,
and we have the He Il phase with smooth and calm surface
(Shubnikov [45] determined He I1 phase as “liquid crystal”).

The character of interatomic interactions is known as a
central physical problem in the theory of condensed molecu-
lar systems (especially low-temperature systems like quan-
tum liquids and crystals). The crucial moment of the corre-
sponding problem is the role of so-called Van der Waals
forces which are suggested to be intermolecular attraction
with potential energy Uyqy (Ry) ~1/ RS (where R, is in-
termolecular distance). At the first time the mentioned
forces were introduced by J. D. Van der Waals [64] in his
famous VdW equation of state for “real” gas of N mole-
cules occupied the volume V ,

[p+\%)(\/—b):NkBT, (88)

where additional intrinsic pressure a/V? (over external
pressure p) exists due to certain attraction forces among
molecules of a gas with high enough density. The standard
“explanation” of ~1/RS-law is a claim that the ~a/V?
term is consequently proportional to ~ L8, where L is a
linear size of the system in volume V ~ L. However, we can
see that a/V 2 ~ L8 is not the energy but the pressure, i.e.,
the force applied to the whole thermodynamic system re-
stricted in volume V . Thus, if the force is ~ +L¢-dependent
(the overpressure tends to compress the system), then the
energy of interaction must be intermolecular attraction
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U ~ —L5. This simplest conclusion is completely supported
by our calculation of quadruple-quadruple interaction within
the first order perturbation theory [see Sec. 4, Eq. (40)].

In this connection the intrinsic pressure a/V 2 can not be
considered as a direct result of mutual interaction between
all the N(N —1)/ 2 possible pairs of individual molecules in
the real gas, but only as of the equilibrium thermodynamic
parameter (as the corresponding thermodynamic average) of
the many-particle system as a whole, and, consequently,
the VAW parameters a and b must be, at least, tempera-
ture-dependent, as we can see this from the real experi-
mental data [55]. This fact is realized when deriving the
VdW equation from the rigorous virial expansion [59, 60],
of the gas partition function, and, as a result, the VdW co-
efficient a in Eq. (88) is the second virial coefficient of the
corresponding expansion,

a(m) = %J‘{l—exp(ul’ZT(RO)ﬂ dv, (89)

where U, ,(R;) is the potential energy of the pair intermo-
lecular interaction. It is noticeable that the thermodynamic
approach does not determine the spatial dependence of the
potential function U, ,(R,) in the integrand of Eq. (89). To
derive the equation Eq. (88) we need only postulate the
N(N —1)/2 pair attractions within a system of N mole-
cules [60] and suggest an acceptable form of U, , to enable
convergence of the functional Eq. (89).

The first attempt to establish a form of U, ,(R,) from
guantum mechanical principles was made by F. London
[65] in 1930. He proceeded from the fact that atoms are not
elementary particles, but polarized systems due to their
own intrinsic degrees of freedom, and represented the po-
tential function U, ,(R,) as an effective dipole-dipole in-
teraction [26] proportional to ~1/ Rg. The next step is to
find the average of dipole-dipole interaction over the
ground state. London suggested that wave function the
ground state is a composition of the spherically symmetric
electronic shells of unperturbed atoms, and then obtained
the zero contribution in the “first order of perturbation the-
ory” which is quite evident in view of incompatibility be-
tween symmetries of dipole-dipole term and ground state
wave function of the chosen form. In this situation, if pass-
ing on to “second order perturbation theory”, then one can
obtain the well-known ~1/RS-dependence. Thus, since
1930 the problem of ~1/R§-law is discussed as a master
concept in the theory of intermolecular interactions and used
as almost inevitable background for the most part of known
popular models of atom-atom potentials [13, 23, 55].

This result seems to be not quite correct for at least two
reasons:

(i) along with dipole-dipole interaction ~1/ Rg’, the
multipolar expansion of the potential energy U(R;) con-
tains the interactions of the higher orders (dipole-
quadrupole ~1/R{, quadruple-quadruple ~1/R3, etc.),

and just quadruple-quadruple interaction ~1/ RS gives non-
zero average in the first order of perturbation theory even if
the first-order wave function has the London’s spherical
symmetry relative to nuclei of non-perturbed atoms on the
distance Ry;

(ii) the electronic shells of the interacting atoms can not
remain spherically symmetric due to mutual influence of
their electromagnetic fields, and as a result, the “correct wave
function of zero approximation” must have non-spherical
two-center shape, which leads immediately to non-zero
first-order dipole-dipole interaction ~1/ Rg (for example, a
complex of two mutually interacting electrically neutral
atoms can be treated as excited diatomic molecule where
atoms are bonded by dipole-dipole “dispersive” forces). The
simplest physical conclusion is as follows: if at variation of
R, the atoms hold its spherically symmetric ground states
independent on Ry, it means that the atoms do not “feel”
each other, spherically symmetric shells do not possess any
dipolar momenta, and dipole-dipole interaction is identically
equal to zero within any order of perturbation theory.

The sophistic postulate of 1/ RS attraction between a
pair of gas particles is in obvious discrepancy with above-
mentioned well-known experimental fact of free expansion
of perfect gases. The progressive extension of the perfect
gas is possible only if the mutual interaction between gas
molecules at rather large intermolecular distances (at low gas
densities) is evidently repulsion. A frequently-used deter-
mination of an ideal gas as a system without interaction
between particles [59] is not quite correct (let alone the gas
without interaction does not contain the 1/ R attraction as
well) because in the absence of any interaction the gas is
unable to establish the thermodynamic equilibrium at given
temperature and pressure inside a given volume. To make
this determination more realistic we have to add the condi-
tion that intersection of phase trajectories of any particles in
the coordinate subspace is forbidden (in other words the
particles can not penetrate each other). It corresponds to so-
called hard sphere model which leads in the classical case to
the Tonks equation of state [66], p(V —b) = NkgT (it just
correspond to the VdW equation of state Eq. (88) without
attraction, i.e. at a =0 or V — ). The interaction U (r) in
the system of hard spheres of radius r; is

+00 r<2r
U(r)=

, 90
0 r>2r (%0)

and it corresponds to the strong short-range repulsion of
the otherwise completely independent isotropic objects of
a finite size. In reality V >> b, so that the Tonks equation
becomes the proper equation of state, pV = NkgT, for the
perfect gas.

A proper description the interaction between two electri-
cally neutral atoms in the non-relativistic approximation
proposes the solution of many-electron Schrédinger equa-
tion with rigorous including of all electronic and nuclear
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spatial degrees of freedom (the intrinsic degrees, spins,
produce small relativistic corrections of order 1/c?) with
exact account of static Coulomb pair interactions between
all elements (electrons and nuclei) of the system. It means
formally that all electrons are collectivized and we can no
longer expect that anyone electron belongs to anyone nucle-
us, so that all equivalent particles are undistinguished. It is
frequently assumed that in adiabatic (Born—Oppenhemer—
Heitler—London) approximation at immobile nuclei the
system can be described as an “interaction” of two inde-
pendent atoms in its “ground states”. This sophistic estab-
lishment is physically untenable because in the right sense
“interaction” means that each atom disturbs the other, and
no longer individual ground state is possible but only the
ground state of the diatomic complete system as a whole is
physically reasonable. If atoms remain strongly in their
ground states then the electronic distributions within the
atomic shells is independent on the interatomic distance Ry,
and they are simply impenetrable hard spheres with global
repulsion in a manner of Eq. (90). The electronic indisting-
uishability means that the basis for the diatomic system
[see Eq. (33)] must be built as direct composition of com-
plete one-electron sets of states (but not only one-electron
ground states as it assumes the London’s treatment). It
means that the ground state of the complete system is com-
bined principally of excited states of “individual” atoms. It is
a physical background of the mutual atomic polarizability
and the mechanism of the real interaction between electri-
cally neutral atoms. However, at the large distances the
interaction is rather weak, and it can only slightly modify
the unperturbed global repulsion (the interaction energy
remains greater than the vacuum level U,,. = -1 for hy-
drogen, and U, =—5.7 for helium, see Figs. 6, 7, 9, 10),
but not change it radically until the distance between nu-
cleus becomes rather small. This fact is clearly demon-
strated by Fig. 7(a): the attraction becomes predominant
only at Ry <Rg.

The complete wave function for the system with non-
trivial dipole-dipole interaction must contain the non-
spherical components to take into account deformation of
initially spherical atomic shells due to mutual polarization
(of course, the deformation is Ry-dependent). In this case
the electronic charge distribution is not spherically sym-
metric relative to each nucleus, but the system has a sym-
metry plane at the half of the internuclear distance, R, /2,
and perpendicular to the direction of R,. It means, that
there are two associated local dipole momenta, d; and d,,
on the distance R;, and due to symmetry these momenta
are strongly equal in magnitude and opposite in directions,
d; =—d,, so that the total dipole momentum of the system,
D =d,; +d, =0 vanishes. On the other hand, the interac-
tion energy between two dipole momenta [54, 67],

Uz(dldz)—?’(nodl)(nodz) n _Ry (91)
RS " Ry

with opposite orientation is anyway repulsion. Despite the
non-spherical contribution to the ground state wave func-
tion at Ry >1 is less than 10 % and it vanishes at Ry — o
as 1/ R03, the dipole-dipole repulsion is the most slowly
decreasing part of interaction (as compared, for instance, to
quadruple-quadruple attraction ~1/ Rg), and just the intera-
tomic repulsion survive ar great distances R, in agreement
with data of Figs.7 and 10. The dipole-dipole attraction
could be possible only if the vectors d; u d, are parallel
each other, but such a configuration is in contradiction with
the conditions of the spatial symmetry of the system under
study. If R, decreases than quadruple-quadruple attraction
~1/R?) becomes predominant and standard Van der Waals
situation is realized.

The principal importance of the spin subsystem for the
rigorous model of the interatomic interaction in helium
becomes more evident when comparing the “He and *He
behavior in condensed phases. “He demonstrates the A-tran-
sition which is the phase transition from disordered simple
liquid (Hel) to specifically ordered “superfluid” phase
(He 11), whereas *He remains simple liquid (completely
disordered) up to very low temperature. The only differ-
ence between two isotopes is the nuclear spin of *He. It
means that two electronic spins of the *He shell are affected
by the magnetic field from the nuclear magnetic moment
(hyperfine splitting). As a result, this influence destroys the
exchange interaction among electronic spins on the intera-
tomic bond and, hence, the possible ordering in the elec-
tronic spin subsystem as a whole (huclei and electrons are
non-equivalent particles). L. Shubnikov [45] for the first
time called the attention to an evident analogy between the
A-point anomaly in He Il “similar to that shown by ferro-
magnetic bodies at the Curie point” [45] and the correspond-
ing anomaly in crystalline substances caused by “change of
order in the crystal” [45]. In this paper Shubnikov inter-
preted the He Il phase as liquid crystal built of an array of
small anisotropic crystallites arranged into easily deformable
substance (“liquid crystal”). Unfortunately, that time they
did not manage to find the optical effects typical for aniso-
tropic crystalline lattices. The unsuccess in these experi-
ments could be caused by the extremely small polarizability
of the helium atom, and, possibly, when studying the or-
dering in He Il, it is reasonable to pay attention in future to
magnetic response of the “He spin subsystem. However, in
the modern researches of He ll, it was discovered that
small droplets of the He Il phase have got a finite contact
angle with substrate (not spreading along the surface) even
if the substrate is known to be completely wetted by the
helium liquid [68]. It means that in small droplets the He Il
phase exists in a form of ice-like crystallites in the full
agreement with above-mentioned Shubnikov’s conclusion
[45]. In this connection the “superfluidity” of He Il can be
considered as superplasticity or yield properties of the liquid
crystal with specific spatial ordering. There are many ex-
perimental facts (above all obtained from a great number
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of experiments on inelastic neutron scattering [69]) which
support this conclusion.

Thus, undergo from phase He | to phase He Il can be
associated with a certain spatial ordering due to effects of
spin subsystem with Hamiltonian (87). The exchange con-
stant J depends on interatomic distance R, and, hence, on
mutual displacements of sites. It is the mechanism of spin-
phonon interaction. The periodic sound waves (phonons or
external acoustic excitation) with gradient of sites displace-
ments are associated with periodic magnetization propor-
tional to this gradient. The alternative magnetization is a curl
of electric field (Faraday law, electromotive force), and it
could be an explanation for Rybalko effect of electric in-
duction in the wave of second sound [56, 57].

Of course, it is reasonable to suggest that the transfor-
mation from phase He | to phase He Il (A-transition) is due
to transformation in the spin subsystem. As it seen from
Table 4, the ground state of the four-spin subsystem on the
He—He bond makes the completed ground state of approx-
imately 70 K lower as compared to the energy of the bare
electronic value (see Tables 1, 2). At low temperature the
low-energy spin-spin and spin-phonon interactions [10] are
of fundamental importance. The fivefold degenerated
ground state will be split through small (of order 2-5 K)
R,-dependent spin-orbit interaction, linear on spin opera-
tors ¢ [see Eq. (77)]. However, to solve this part of the
problem we have to calculate properly the matrix elements
of the Hamiltonians HZ and HZ,. The well-known diffi-
culties on this way are Coulomb irregularities of the corre-
sponding matrix elements which should be canceled with
an approach used in quantum electrodynamics [33]. Reali-
zation of the corresponding program will make us possible
not only calculate proper the spin exchange parameters, but
also establish the features of spin-phonon interaction in
condensed helium phases. This program will be the subject
of further investigations.

The ordering in the spin subsystem of the He Il phase
means inevitable spatial ordering in the helium interatomic
structure because all spins are property of electrons which
are strongly correlated within atomic shells and, moreover,
within a common valence bond of the condensed phase.
For instance, the stable atomic configuration of He Il phase
can be built as a stack of 2D closely packed atomic planes
on triangular lattice. Within the plane each atom has six
mutual bonds with nearest neighbors from the first coordi-
nation sphere. The mentioned planes can be packed into a
stack of the planes without breaking the closest packing
principle (so-called polytypic structure [70, 71], see also
books [72, 73]). Each atom from the close-packed plane
has only three mutual bonds with atoms from upper and
lower neighboring planes, so that interplane connection is a
half weaker as compared to in-plane one. As a result, the
stack is unstable relative to easy glide between planes in
stack, and this mechanism has the close relation to the lay-
ered model of superfluid liquid [74]. The polytype remains

ordered relative to arbitrary in-plane direction, whereas in
perpendicular direction it can be completely disordered
(chaotic stacking fault phase [72]). Under external pressure
of approximately 25 bar the polytype of *He transforms
into hexagonal close-packed crystal, and this fact is an
evidence of the pressure effect on the interatomic interac-
tion in helium condensed phases.

8. Conclusions

(1) If two electrically neutral atoms spaced with dis-
tance R, <co interact each other then these atoms can no
longer remain in their “individual” ground states. If the
atomic “ground states” remain unchanged under changes
of Ry, it means that atoms do not feel each other at all, and
there is no mutual interaction between them. Thus, the ba-
sis constructed of the ground state wave functions of inde-
pendent atoms can not be used for development of the
proper perturbation theory, but only for rather approximate
variational approach. Mutual interaction means that there
are no longer “individual” atoms but the diatomic system
“as a whole”, so that the rigorous procedure must be based
on the basis constructed as a direct composition of all the
possible states of the separate atoms. The interatomic dis-
tance R is a dynamical variable and must be incorporated
into Schrodinger equation on equal terms as standard de-
gree of freedom. The Born—Oppenheimer—Heitler—London
model excludes the internuclear motion from the common
guantum mechanical problem and restricts the real picture
of interaction among electrons and protons within a closed
atom-atom system.

(2) In a general sense, the potential energy of electro-
magnetic interaction between elementary charged particles
(electrons and protons) in any non-relativistic Schrodinger
equation can not be considered as a certain “perturbation”
in view, at least, two reasons: (i) the electrostatic Coulomb
interaction is represented by harmonic functions which do
not contain any really small parameter to develop the proper
perturbation procedure (magnetic part proportional to 1/ c?
are the really small relativistic corrections which need be
prepared with Pauli equation); (ii) each electrostatic inter-
action ~|ra—rb|’l contains the integrable singularity at
~|ra—1,|=0 which define principally the character of
solution of the linear Schrddinger equation, but any “per-
turbation” procedure destroys the real behavior in the vi-
cinity of the irregular points, and as a result, the exact solu-
tion will be replaced by an asymptotic estimation with non-
controlled accuracy.

(3) Even simple London-like estimation shows that
there is a leading quadruple-quadruple attraction ~—R0‘5
within the first order approximation, instead of usually
believed ~ —R,® of second order. The ~ R;® attraction law
is in direct agreement with phenomenological postulate of
Van der Waals equation of state and second virial coeffi-
cient approximation in statistical physics.
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(4) The proper solution of the corresponding Schrédinger
equation shows that the interaction between two electrically
neutral atoms at large interatomic distances is evidently
repulsion. This result is in good agreement with the obvious
fact that any perfect gas (a gas of low enough density) intro-
duced into empty volume fills up the one uniformly. Another
experimental fact is existence of stable interphase boundary
between dense liquid (or solid) phase and its dilute saturated
vapor. In the global sense this result clarifies the fact that
within Universe the hydrogen exists in simple monoatomic
repulsive form (which supports by experimentally registered
hyperfine splitting response with wavelength A =21 cm) at
low enough densities, and it can explain the physical nature
of the global expansion of the Universe. Thus, the interstellar
atomic hydrogen isotopes (and, certainly, helium isotopes)
can serve as real candidates on the role of hypothetic repul-
sive “dark matter” whose estimated density is quite equal to
the density of protons (or, the same, hydrogen atoms) with-
in the interstellar material. Note, that anyway a proper solu-
tion of the Schrddinger equation for interatomic interactions
at long distances must be based not only on the basis of
discrete spectrum, but also on the continuous spectrum of
scattering states [41].

(5) The explanation of the London’s sophism lies in the
incorrect use of a dipolar-free spherically symmetric basis
(as composition of unperturbed spherically symmetric ground
states of independent atoms) to calculate the dipole-dipole
part of intermolecular interaction. Of course, in this connec-
tion the first-order matrix element of dipole-dipole interac-
tion is found to be equal to zero, because of evident incom-
patibility between symmetries of the applied trial function
and the dipolar term in the expansion of the potential energy
over reciprocal powers R;" of the intermolecular distance.
The real dipole-dipole contribution as a part of the total
interatomic interaction is repulsion ~1/Rg$. It can be ob-
tained within the “first order perturbation theory” only with
use the correct wave functions of the first order which take
into account correctly the real symmetry of the problem.

(6) The interatomic distance R; is a dynamical variable
and must be incorporated into Schrédinger equation on
equal terms as standard degree of freedom to obtain the
real value of bonding energy between electrically neutral
atoms. In the most interesting case of “He—"He interaction
we get the coarse non-relativistic estimation of this value of
order ~10-100 K, but this estimation has been produced on
the basis of two heteropolar asymptotics (at R, —» 0 and
at Ry — o) stitched in an intermediate point 0< Ry <o of
the R,-axis. Anyway, this result allows us to conclude that
(i) the bound state of helium atoms (probable unstable)
with bonding energy of several Kelvins exists creating the
boiling He 1 liquid phase; (ii) the relativistic spin-spin part
of interaction stabilized it into ordered He Il phase where
spin-phonon interaction plays a principal role in the observable

properties of the “He “superfluid” below A-line. Two strong-
ly correlated electronic spins within the united “He shell
form the natural Cooper pair, and helium four below A-line
can be considered as spin-ordered phase like “spin-ice” of
ordered Cooper pairs or, more exactly, as predicted by
Shubnikov [45] “liquid crystal” based on spin-phonon cou-
pling. The quintuply degenerate ground state of the spin
subsystem is splitted due to relatively small spin-orbit cou-
pling, and it is a nature of so-called “roton gap” in the pho-
non spectrum of the conventional model for the superfluid
*He. In ®He atom the magnetic field from one-half nuclear
spin destroys the spin-spin correlation within a unitary
electronic shell (hyperfine splitting), and then the spin or-
dering within the condensed helium phase is impossible
until the nuclear spin ordering has been established at
millikelvin temperature (superfluidity of *He).

(7) The only difference between two helium isotopes is
one-half nuclear spin of ®He, and only this circumstance is
a nature of radical difference between observable physical
properties of “He and *He. So, we can conclude that all the
extraordinary properties of the He Il phase are due to the
self-organization of electronic spins within coupled elec-
tronic shells of neighboring “He atoms. The presence of
nuclear spin in *He atom (and, hence, hyperfine disturb-
ance which contribute mainly to the spin-lattice relaxation)
destroys the ordering in the subsystem of electronic spins.

(8) In the most practically important cases the detailed
form of the pair interatomic potential is inessential for suc-
cessful theoretical description of experimentally observed
dynamic and thermodynamic phenomena in macroscopic
condensed matter. It is enough to use some general proper-
ties of intermolecular interaction in the many-body systems.

(9) At saturated vapor pressure in the temperature range
T, <T <4.2 K (T, =2.17 K) the “He condensate exists as
a simple liquid without long range ordering. At temperature
below A-point the contribution of the ordered spin subsys-
tem of “He becomes dominating, and the He Il phase can be
interpreted as a spin-ordered system with exchange constant
of approximately 12 K. The principal role of the spin sub-
system in the observable properties of “He is evident, when
compare with corresponding features of *He. The phase
diagrams of the both isotopes are quite different, which
means the difference in interatomic interactions in the corre-
sponding condensed phases. However, the only difference
between *He and “He is the nuclear spin of *He as compared
with zero-spin nucleus of “He, and hence, we can see the
effect of the tensor interaction between *He nucleus and
two-spin shell (electrons and nuclei are non-equivalent
systems). It makes us possibility to conclude that only
spin-spin and spin-phonon interactions and ordering in the
spin subsystem below A-point are the nature of the wide
array of specific properties demonstrating by the “He.
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MixxaToMHa B3aemopis BcepeauHi aumepy “He-"He
3 PYXIMBUMU sSiApamMu

K. A. Chishko

PiBustanst [lpeaunrepa st cucreMu 3 1Box siep (Zo = 2) ta
YOTHPBHOX eNeKTpoHiB (mumMep *He,) pose’si3ane B Mekax METOLY
TOYHOI JliaroHasi3amii. 3HaifICHO CEKTp 3B’A3aHUX CTaHIB AUMEPY
B Gasuci 3 1134 ¢yHkuiil, noOynoBaHUX SIK HPSIMHN T0OYTOK
OTHOYACTUHKOBHX BOJHEMOMIOHMX (YHKIIH, sSIKi € MPOIyKTOM
BiIoMOI TO4HO BHpilyBaHoi 3anadi Lltypma—Jliysiumst. [Ipoanani-
30BaHO ACHMNTOTHYHHUII (BaH-Iep-BaallbCiBCHKHIA) XapaKTep B3ae-
MOZIiT IBOX aTOMIB Telil0 y TPAaHUYHOMY BHIAJKYy, KOJIU BiICTaHb
MK sapaMu Ry — 0. 3a JONOMOTOI0 MPOLEAypy TOYHOI Aiaro-
HaJTi3aIlil po3paxoBaHO BHECOK B €HEPIil0 B3a€MOJIIT BiJl CUCTEMH
HOTHPBOX EICKTPOHHKX CITiHiB Ha 3B’s13Ky “He—"He.

KirowoBi cioBa: MixkaTromHa B3aemomis He-He, penstuBicrcbki
KOPEKIIii, CIIiH-CIIIHOBA B3a€MOJIIL.
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