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In recent years, several magnetic Mott insulators with strong spin-orbit coupling were suggested to be proxi-
mate to the Kitaev quantum spin liquid, whose one of the most exciting features is the fractionalization of spin 
excitations into itinerant Majorana fermions and static Z2 fluxes. Unfortunately, the ground states of these sys-
tems cannot be easily captured by experiment, remaining featureless to conventional local probes. Here we pro-
pose to study the signatures of fractionalized excitations by exploiting their coupling to the lattice vibrations, 
dubbed magnetoelastic coupling, which arises from the fact that the interaction between spins depends on the 
relative distance between them. We argue that the magnetoelastic coupling can lead to the distinct modification 
of the phonon dynamics, which can be observed by measuring renormalized phonon spectrum, the sound attenu-
ation and the phonon Hall viscosity. This makes the phonon dynamics a promising tool for the characterization 
and identification of quantum spin liquid phases. In this work, we focus on the magnetoelastic effects in the 
three-dimensional Kitaev model realized on the hyperhoneycomb lattice. The hyperhoneycomb Kitaev spin liquid is 
particularly interesting since the strong Kitaev interaction was observed in the Kitaev magnet β-Li2IrO3, for which 
the spin-orbit entangled Jeff = 1/2 moments of iridium ions form precisely the hyperhoneycomb lattice*. 
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1. Introduction 

Quantum spins in a solid can avoid a formation of long-
range magnetic order even at zero temperature and instead 
can form a fluid type of the ground state. This state is 
known as a quantum spin liquid (QSL) and has a remark-
able set of collective phenomena including topological 
ground-state degeneracy, long-range entanglement, and frac-
tionalized excitations [1–7]. In recent years, much work 
has been done to understand the nature of QSL, however, 
even identifying realistic models which host this state is 
not a trivial task. In parallel, a long experimental quest has 
identified a number of two- and three-dimensional candi-
date materials belonging to the class of frustrated magnets, 
which provide evidence for spin liquid physics to exist in 
the real world [8–16]. 

When searching for QSL physics in real materials, a 
promising route is to look for signatures of spin fractionali-
zations in various types of dynamical probes, such as inelas-
tic neutron scattering, Raman scattering, resonant inelastic 
x-ray scattering, ultrafast spectroscopy and terahertz non-
linear coherent spectroscopy, and thermodynamics [5–7, 15]. 
In addition, a lot of information can be obtained by study-
ing the phonon dynamics in the QSL candidate materials 
[17–22], since the spin-lattice interaction is inevitable in 
real materials and is often rather strong [23–26]. The charac-
teristic modifications of the phonon dynamics in QSL ma-
terials compared with their non-magnetic or magnetically 
ordered analogs can be observed in the renormalization of 
the spectrum of acoustic phonons [26], particular tempera-
ture dependence of the sound attenuation and the phonon 
Hall viscosity [19–21], the Fano line shapes of the Raman 

* Dedicated to the memory of Moisei Isaakovich Kaganov. For us, his students, Moisei Isaakovich was so much more than a mentor. 
He was our Musik, our support and our guide (Natalia Perkins). 
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active phonons caused by the overlapping of the optical 
phonon modes with the continuum of the fractionalized 
excitations [22, 27–31], thermal conductivity and thermal 
Hall effect [24]. 

Particularly appealing is the possibility of using the pho-
non dynamics to probe spin fractionalization characteristic 
to the Kitaev spin liquid [32]. The Kitaev model is the pro-
totypical example of a QSL model that possesses an exact 
solution. Introduced and solved by Alexei Kitaev in his 
seminal paper [32] on the honeycomb lattice, this model yet 
can be generalized and defined for various tri-coordinated 
three-dimensional (3D) lattices [33–40]. The Kitaev model 
describes a quantum spin-1/2 magnet and has a form  

 ' ''
, ' , ' , '

= ,ys x x x y y z z z

x y z
J J J

〈 〉∈ 〈 〉∈ 〈 〉∈

− σ σ − σ σ − σ σ∑ ∑ ∑r r r r rr
r r r r r r

   

  (1) 

where , ,x y zJ  are the coupling constants for the three types 
of bonds x , y , and z . In particular, spins fractionalize into 
two types of degrees of freedom in the Kitaev model: dis-
persing Majorana fermions (spinons) and gapped 2Z  flux-
es. In the unperturbed Kitaev model, the flux is conserved, 
and the ground state can be viewed as a band insulator, or 
metal, of Majorana fermions in the flux background which 
minimizes the total energy. In the vicinity of the isotropic 
point, x y zJ J J  , the ground state of both two-dimen-
sional and three-dimensional Kitaev models has gapless 
Majorana fermions, which exhibit a rich variety of nodal 
structures, a systematic classification of which was done 
by O’Brien, et al. [35]. They found out that while the gapless 
QSLs in the hyperhoneycomb and the stripyhoneycomb are 
characterized by nodal lines of Dirac cones, Majorana fer-
mion band structure on the hyperhexagon lattice has only 
bulk Weyls nodes [35]. On contrary, Majorana fermions on 
the hyperoctagon are characterized by a topological spinon 
Fermi surface [34]. 

The presence of exact solution makes the Kitaev spin 
liquids especially appealing because it gives a genuine 
opportunity for exploring QSL physics on a more quantita-
tive level, since the response functions can be analytically 
computed for these special Hamiltonians [36–38, 40, 61–66]. 
These studies show that the nodal structures of the 
Majorana fermions in 2D and 3D Kitaev spin liquids leave 
unambiguous characteristic fingerprints in the dynamical 
probes. This is highly significant, because it gives us an 
opportunity to learn about generic behavior of other QSLs, 
which are much more difficult to describe. Another im-
portant aspect is that there exist suitable material candi-
dates for realizing these Kitaev QSL phases [41, 42], such 
as the honeycomb iridates Na2IrO3 [43, 44] and α-Li2IrO3 
[45], the honeycomb ruthenium chloride α-RuCl3 [46, 47], 
and the 3D harmonic-honeycomb iridates β- and γ-Li2IrO3 
[48–51]. Although all these candidate materials actually 
order at low temperature, the presence of a large Kitaev 
term suggests that these ordered ground states are proximate 

to spin liquid phases — a statement which is also supported 
by recent experiments [16, 27, 52–60]. The comparison of 
the experimental findings with the available theoretical 
predictions allows us to understand how close are the candi-
date materials to their model counterparts. 

In this paper, we focus on the study of the magnetoelastic 
effects in the Kitaev model on the hyperhoneycomb lattice. 
This is particularly important because of the existence of 
the Kitaev candidate material β-Li2IrO3 [48, 49], which is 
realized on the hyperhoneycomb lattice. While we know 
that other interactions are present in this compound in ad-
dition to the dominant Kitaev interaction, here we assume 
that some good intuition can be observed by studying the 
limiting case of the pure Kitaev model. The ground state of 
the isotropic Kitaev spin liquid on the hyperhoneycomb 
lattice corresponds to a fixed zero-flux configuration. This, 
however, can only be checked numerically, since the hyper-
honeycomb lattice does not have any of the required mirror 
planes to apply Lieb’s theorem [35, 67, 68]. Therefore, at 
temperatures below the flux gap flux∆ , the low-energy mag-
netic excitations are solely dispersive Majorana fermions. 

The main result presented in this paper is the derivation 
of the coupling vertices for the low-energy Majorana fermi-
ons and acoustic phonons. In order to obtain the Majorana 
fermion-phonon (MFPh) couplings, we performed a micro-
scopic analysis of the change of the spin exchange energy 
due to the lattice distortion and obtain the explicit form of 
the MFPh couplings by considering acoustic phonon modes 
coupled to low-energy spin degrees of freedom expressed 
in terms of the Majorana fermions. We also found that in the 
low-energy limit, this coupling has essentially the same form 
as the one obtained from the symmetry considerations. 

The knowledge of the MFPh couplings allows us to 
compute the phonon dynamics and, in particular, the exper-
imentally observable consequences of the spin-lattice cou-
pling such as phonon attenuation, phonon viscosity, phonon 
conductivity, and phonon Hall effect [20, 21]. Specifically, 
the sound attenuation may be measured by the ultrasound 
experiment and the Hall viscosity could be inferred from 
acoustic Faraday effect, thermal Hall effect and spectro-
scopy measurement. 

The rest of the paper is organized as follows. In Sec. 2, 
we review the essential details and symmetry of the three-
dimensional hyperhoneycomb lattice. In Sec. 3, we present 
the derivation of the spin-phonon Hamiltonian. In Sec. 3.1, 
we discuss the Kitaev model on the hyperhoneycomb lattice 
and obtain its fermionic band structure. We show that the 
fermions are gapless along the nodal line within the Γ-X -Y  
plane, for which we obtain an analytical equation. In 3.2, 
we introduce the lattice Hamiltonian for the acoustic pho-
nons on the hyperhoneycomb lattice and obtain the acoustic 
phonon spectrum. In Sec. 3.3, we present the explicit micro-
scopic derivation of the Majorana fermion-phonon coupling 
vertices and show that there are four symmetry channels 
which contribute into them. In Sec. 4, we present a short 
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summary and discuss the possibility for the spin fractionali-
zation in the Kitaev hyperhoneycomb model to be seen in 
the phonon dynamics. 

2. Brief review of the hyperhoneycomb structure 
We start by reviewing essential details of the three-

dimensional hyperhoneycomb lattice, which we sketch in 
Fig. 1. The hyperhoneycomb lattice is a face-centered or-
thorhombic lattice with four sites per primitive face-
centered orthorhombic unit cell defined by the lattice vec-
tors 1 = (0, 2,3)a , 2 = (1,0,3)a , and 3 = (1, 2,0)a . The 
conventional orthorhombic unit cell is set by the crystallo-
graphic axes ˆˆ ˆ{ , , }a b c , which are related to the Cartesian 
axes ˆ ˆ ˆ{ , , }x y z  appearing in the spin Hamiltonian Eq. (1) by 

ˆ ˆˆ = ( ) / 2+x a c , ˆ ˆˆ = ( ) / 2−y c a , and ˆˆ = −z b . Different 
bond types x , y , and z  are marked by red, green, and blue, 

respectively. Note, however, that there are two non-equiva-
lent types of x  and y  bonds, and the hyperhoneycomb 
structure can be viewed as a stacking of two types of zigzag 
chains formed by x  and y , and x′ and y′ bonds run along 
two distinct directions (90° rotated with respect to each 
other): xy -chains run along +a b direction and x y′ ′-chains 
run along −a b direction. The two types of chains are in-
terconnected with vertical z -bonds. Thus, in total, there are 
five types of nearest neighbor bonds: x , y , x′, y′, and z . 
Apart from translations, the crystal structure is invariant 
under the 2hD  point group symmetry, which consists of (i). 
Inversion i  through the center of every x- or y - or x′- or 
y′-type of bonds. (ii) Three π-rotations, 2C a , 2C b, and 2C c, 
around the axes a , b, and c, respectively, passing through 
the middle of the z  bonds. In particular, 2C a  maps x-bonds 
to y′-bonds and y -bonds to x′-bonds. Similarly, 2C b maps 
x-bonds to x′-bonds and y -bonds to y′-bonds. Finally, 2C c 
maps x-bonds to y -bonds and x′-bonds to y′-bonds. (iii) 
Three glide planes which arise by reflections across the ab-, 
bc- and ac-planes passing through an inversion center, 

followed by non-primitive translations by 1 1( 0)
4 4

, 1 1(0 )
4 4

 

and 1 1( 0 )
4 4

, in orthorhombic units, respectively. 

3. The spin-phonon model 

We focus our discussion on the spin-phonon Hamiltonian 
on the hyperhoneycomb lattice:  

 ph= .s c+ +     (2) 

The first term in Eq. (2) is the spin Hamiltonian given 
by Eq. (1). The second term is the bare Hamiltonian for the 
acoustic phonons. The third term is the magnetoelastic 
coupling. 

3.1. The Kitaev model on the hyperhoneycomb lattice 

The spin Hamiltonian is given by Eq. (1). For simplicity, 
we consider the isotropic Kitaev model on the hyper-
honeycomb lattice. Because only one component of the spin 
interacts along each bond, there is one conserved quantity 
for every plaquette, which on the hyperhoneycomb lattice 
consists of ten sites (see shaded region in Fig. 1). The 
plaquette operator is given by  

 ( )ˆ = ,p
P

W α

∈

σ∏ r
r

r
 (3) 

which is the product of spin operators around a plaquette 
P , whose spin component ( )α r  is given by the label of the 
outgoing bond direction. Since all plaquette operators ˆ

pW  
commute with the Hamiltonian and take eigenvalues of 1± , 
the Hilbert space of the spin Hamiltonian s  can be divided 
into eigenspaces of ˆ

pW . The ground state of the Kitaev 
model on the hyperhoneycomb lattice is the zero-flux state 

Fig. 1. (Color online) The sketch of the hyperhoneycomb lattice. 
The three lattice vectors of the primitive face-centered 
orthorhombic lattice are given by 1 = (0, 2,3)a , 2 = (1,0,3)a , 

3 = (1, 2,0)a . The four sublattices A, B, C, and D  are shown, 
and we set = (0,0,0)Ar . The nearest neighbor vectors are 

1
1= (1, 2, 1)
2

−M , 2
1= (1, 2, 1)
2

− −M , 3
1= ( 1, 2, 1)
2
− − −M , 

4
1= ( 1, 2, 1)
2
− −M , and 5 = (0,0,1)M . Different bond types x , y , 

and z  are marked by red, green, and blue, respectively. The 
conventional orthorhombic unit cell is set by the crystallographic 
axes ˆ,a  ˆ ,b  and ĉ , which are related to the Cartesian axes ˆ ˆ ˆ{ , , }x y z  

appearing in the spin Hamiltonian Eq. (1) by ˆ ˆˆ = ( ) / 2+x a c , 
ˆ ˆˆ = ( ) / 2−y c a , and ˆˆ = −z b . The shaded region denotes a loop on 

the hyperhoneycomb lattice containing 10 sites. The plaquette 
operator on such a loop is a conserved operator pW , since 

[ , ] = 0p sW  . 
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with all = 1pW  [33, 35]. This, however, can not be shown 
exactly based on the Lieb’s theorem [67] but only based on 
the numerical calculations [35, 40]. Thus, strictly speaking, 
the Kitaev model on hyperhoneycomb lattice is not exactly 
solvable. 

Using the Kitaev fermionization = ib cκ κσr r r  with 
= , ,x y zκ  [32], the spin Hamiltonian Eq. (1) can be rewrit-

ten as  

 , ' , ' ''
, ' , '

1= = ,
2

s iJ u c c c cκ
κ

κ 〈 〉κ

∑ ∑ ∑r r r r r r rr
r r r r

   (4) 

where , ' ' = 1u ib bκ κ κ≡ ±r r r r , , ' , '= iJ uκ
κr r r r  if r and 'r  are 

neighboring sites connected by a κ  bond and , ' = 0r r  
otherwise. In the ground-state flux sector, we choose the 
gauge sector with all , ' = 1uκ

r r , which corresponds to all 
= 1pW . The quadratic fermionic Hamiltonian in Eq. (4) 

can be diagonalized via a standard procedure [32]. Since 
the hyperhoneycomb lattice has four sites per unit cell, the 
resulting band structure has four fermion bands. The diago-
nal form of the Hamiltonian [38]  

 
4

†
, , ,

=1

1=
2

s
µ µ µ

µ

 ε ψ ψ −  
∑∑ k k k
k

  (5) 

is then obtained by the unitary transformation =k
  

†= ⋅ ⋅k k k    of the Hermitian matrix k
  with elements 

( ' )
, ''

1( ) = ei

N
⋅ −

′νν ′∈ν ∈ν∑ ∑ k r r
k r rr r
  , where , = ( )µ µµεk k  

are the fermion energies. The fermionic eigenmodes are 
given by  

 ( )†
,

=1

1= e .
2

n
ic

N
− ⋅

µ µν
ν ∈ν

ψ ∑ ∑ k r
rk k

r
  (6) 

Note that only the fermions ,µψk  with energies , > 0µεk  are 
physical due to the particle-hole redundancy *=− − kk

   , 
which implies †

, ,=− µ µψ ψk k  and , ,=− µ µε −εk k . Thus, only 
two branches will have positive spectrum. The lowest 
branch shown in Fig. 2 for the ( , )a bk k  plane exhibits the 
nodal line, which is protected by time-reversal symmetry 
[35]. We can also see that similarly to the spectrum of the 
Kitaev model on the honeycomb lattice, in this case, the 
dispersion is linear about the zero-energy modes, i.e., each 
point of the nodal line represents a Dirac cone. By solving 
the equation ,1 = 0εk , we obtained the functional form for 
the nodal line, which reads  

( )1= arg 1 2cos 1 4cos 2cos 2 .
2b a a ak k i k k− ± + −  (7) 

In Fig. 3 we plot the density of states (DOS) for the 
hyperhoneycomb Kitaev model (shown by the black line). 
The DOS is defined as  

 3
,

=1,2
DOS( ) = ( ) ,

BZ
E E dµ

µ

δ −∑ ∫ k k  (8) 

where the contributions from both branches of excitations 
are summed up. The low-energy density of states is linear in 
energy, which follows directly from the linear low-energy 
dispersion and the dimension of the Fermi surface, fd , or in 
other words, the dimension of the set of points on which 
the energy is zero — for a nodal line = 1fd  and for a Di-
rac point = 0fd  [36]. For comparison, in Fig. 3 we also 
plot the DOS for the 2D honeycomb model (shown by the 
red line). The differences between the densities of states 
for these two lattices can be understood in terms of the 

Fig. 2. (Color online) Panel (a) shows the dispersion of the lowest 
branch of the fermionic excitations in the hyperhoneycomb 
Kitaev model through the plane of the nodal line, whose position 
in the Brillouin zone is explicitly shown in panel (b). 

Fig. 3. (Color online) One-fermion densities of states of isotropic 
Kitaev models on the honeycomb (red line, 1) and hyper-
honeycomb (black line, 2) lattices. In each case, the density of 
states is normalized such that its integral is unity. 
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number of fermionic bands, one for the honeycomb lattice 
and two for the hyperhoneycomb lattices, and their nodal 
structure — two Dirac points for the honeycomb lattice and 
the closed line of Dirac points for the hyperhoneycomb 
lattice. The former leads to the absence of the Van Hove 
singularities and overall more flatten DOS for the 
hyperhoneycomb lattice. The latter is responsible for a 
faster growth of the hyperhoneycomb DOS at low ener-
gies, which is consistent with higher dimensionality of the 
nodal line and enlarged number of low-energy states. 

3.2. Acoustic phonons on the hyperhoneycomb lattice 

The bare Hamiltonian for the acoustic phonons on the 
hyperhoneycomb lattice is given by  

 kinetic elastic
ph ph ph= +    (9) 

Here, , ,kinetic
ph ,

=
2 V

− µ µ
µ

⋅

ρδ∑ q q
q

P P
 , where ,µqP  is the mo-

mentum of the phonon with polarization µ, Vδ  is the area 
enclosed in one unit cell and ρ is the mass density of the 
lattice ions. 

In order to describe the dynamics of the low-energy 
acoustic phonons, it is convenient to move away from the 
Hamiltonian formulation and employ instead the long-
wavelength effective action   approach in terms of the 
fields = { , , }a b cu u uu , which describe the displacement of an 
atom from its original location. To lowest order, it reads [69]  

 ( ) 2 2
ph

1= ( ) , = ,
2

s
ijlk ij lkd xd F Fτ τ ρ ∂ + ∫ u     (10) 

where F  is the elastic free energy, 1= ( )
2ij i j j iu u∂ + ∂  are 

the components of the strain tensor and ijlkC  represent the 
elements of the elastic modulus tensor. From symmetry 
considerations, for a lattice with 2hD  point group sym-
metry, there are nine independent non-zero elastic modulus 
tensor coefficients: ,aaaaC  ,bbbbC  ,ccccC  ,acacC  ,ababC  

,aabbC  ,aaccC  ,bbccC  bcbcC . Performing the Fourier trans-

form, 1( ) = ei

N ∑
qr

qq
u r u , the elastic free energy can be 

explicitly written as  

 ___________________________________________________  

 

2 2 2

2 2 2

2 2 2

( ) ( )
1= ( ) ( ) ,
2

( ) ( )

aaaa a acac c abab b b a aabb abab a c aacc acac

b a aabb abab abab a bcbc c bbbb b b c bbcc bcbc

a c aacc acac b c bbcc bcbc acac a cccc c bcbc b

C q C q C q q q C C q q C C
F q q C C C q C q C q q q C C

q q C C q q C C C q C q C q

 + + + +
 

+ + + + 
 + + + + 

 (11) 

 ______________________________________________  

where = sin cosaq q θ φ, = sin sinbq q θ φ and = coscq q θ 
are the components of the acoustic vector q in the ortho-
rhombic reference frame. By diagonalizing the matrix (11), 
we compute eigenmodes, one longitudinal and two trans-
verse acoustic modes, and the corresponding eigenenergies. 
The longitudinal and transverse acoustic phonons are then 
given by  

, 11 12 13
1,

, 21 22 23
2,

31 32 33,

( , ) ( , ) ( , )
= ( , ) ( , ) ( , ) ,

( , ) ( , ) ( , )

u uR R R
u R R R u

R R Ru u

⊥

⊥

   θ φ θ φ θ φ     θ φ θ φ θ φ            θ φ θ φ θ φ    

q a q

q b q

q c q









 (12) 

where R̂  is the transformation matrix. The energies of the 
longitudinal and transverse acoustic phonons are  

 = ( , ) ,sv qΩ θ φq
    

 1, 1,= ( , ) ,sv q⊥ ⊥Ω θ φq  (13) 

 2, 2,= ( , ) ,sv q⊥ ⊥Ω θ φq   

where the sound velocities for the longitudinal acoustic 
mode, ( , )sv θ φ , and two transverse modes, 1, ( , )sv ⊥ θ φ  and 

2, ( , )sv ⊥ θ φ  are anisotropic in space. In Fig. 4, we plot the 
angular dependences of these velocities computed for the 
elastic modulus tensor coefficients close to those in β-LiIr2O3 
(in kbar): = = = 2800aaaa bbbb ccccC C C , = = 1300aacc bbccC C , 

= = = = 900aabb abab acac bcbcC C C C  [70], such that the 
maximum velocity is set to 2∙104 m/s, which is close to sv 
in α-RuCl3 estimated from the Debye temperature [20]. 

Fig. 4. Angular dependence of the sound velocities for (a) longitudinal mode and (b), and (c) two transverse modes. 
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Knowing the acoustic phonon dispersion relations, we 
can now determine the free phonon propagator in terms of 
lattice displacement field uν

q  is given by  

 (0) (0)
, ( ) = ( ) (0) ,D t i Tu t uν ν

νν −− 〈 〉q q q   (14) 

where T  is time ordering operator, the superscript (0) de-
notes the bare propagator, = , (1, ), (2, )ν ⊥ ⊥  labels the polar-
ization, and uν

q  are phonon eigenmodes in the corresponding 
polarizations. We follow the convention in Ashcroft and 
Mermin [71], and write the second quantized form of uν

q  as  

 1/2 †( ) = ( ) ( e e ),
2

i t i t

V
u t i a a

ν ν− Ω Ων
−ν

+
ρδ Ω

q q
q q q

q



    (15) 

where Vδ  is the area enclosed in one unit cell and ρ is the 
mass density of the lattice ions. The time-ordered phonon 
propagator in the momentum and frequency space is then 
given by  

 (0) (0)
, 2 2

1( , ) = ( )e = .
( )

i t

V
D dtD t

i
Ω

νν νν ν
Ω −

ρδ Ω − Ω + δ∫ q
q

q    

  (16) 
The dynamics of phonons will be thus described by the 
decay and scattering of these eigenmodes on low-energy 
fractionalized excitations of the Kitaev model, which can 
be accounted for by the phonon self-energy. At the lowest 
order, the phonon self-energy is given by the polarization 
bubble that can be expressed as [20]:  

 ___________________________________________________  

ph , ' , ' ' , ,
, '

1 ˆ ˆ ˆ ˆ( , ) = e ( ) ( ) (0) (0) = Tr ( , ) ( , ) ,
2!

i t T Ti dt T t t i
N

′ ′ ′νν Ω ν ν ν ν
− − − + −

−  Π Ω ψ λ ψ ψ λ ψ λ ω λ − ω+Ω ∑∫ k q q k k k q q k k q k q k
k k

q k k q   (17) 

 ______________________________________________  

where , = , (1, ), (2, )′ν ν ⊥ ⊥  and ( , )ωk  denotes the Majorana 
fermions Green’s function for the lowest branch, i.e., given 
by ,1ψ ≡ ψk k , which is given by  

 ( , ) = d ( ) (0) e ,T i ti t T t
+∞

ω

−∞

ω − ψ ψ∫ k -kk  (18) 

and ,
ˆ νλq k  are the Majorana fermion-phonon (MFPh) cou-

pling vertices. The renormalized phonon propagator is then 
given by the equation  

 ( ){ } 11(0)
ph( , ) = ( , ) ( , ) .D D

−−
Ω Ω −Π Ωq q q  (19) 

Thus, in order to study the phonon dynamics in the 
Kitaev spin liquid, it remains to compute the MFPh coupling 
vertices ,

ˆ νλq k , which we will do in the next section. 

3.3. Microscopic derivation of the effective low-energy 
coupling Hamiltonian  

The third term in Eq. (2) denotes the magneto-elastic 
coupling that arises from the change in the Kitaev coupling 
due to the lattice vibrations. In this section, we express the 
spin-lattice coupling in terms of the MFPh coupling and 
derive the explicit expressions for the MFPh coupling ver-
tices. This is the main result of this work. 

In the long wavelength limit for the acoustic phonons, 
the coupling Hamiltonian on the bond can be written in a 
differential form:  

 ( ), = ( ) ( )c α α
+ α α +α α

−λ ⋅ − + σ σ =r r M r r MM u r u r M   

 ( )= ( ) ,α α
α α + α
 λ ⋅ ⋅∇ σ σ  r r MM M u r  (20) 

where 
eq

a
dJ l
dr

 λ  
 

  is the strength of the spin-phonon 

interaction and al  is the lattice constant. On the 
hyperhoneycomb lattice, there are five inequivalent nearest 
neighbor , , ,x y z x y′ ′ bonds, defined, respectively, by 

1 2 3 4 5= ( , , , , )αM M M M M M  (see Fig. 1) given by  

 ( ) ( )1 2
1 1= 1, 2, 1 , = 1, 2, 1 ,
2 2

− − −M M   

 ( ) ( )3 4
1 1= 1, 2, 1 , = 1, 2, 1 ,
2 2
− − − −M M   

 ( )5 = 0,0,1 ,M  (21) 

where all the components of these vectors are given in the 
orthorhombic coordinates and are shown in Fig. 1. Note 
also that we choose the directions of iM  vectors such that 
the zero-flux ground state sector corresponds to = 1iju  in 
all nearest neighbor bonds when i A∈  and i B∈ . Using 
these vectors, we can write the spin-phonon coupling Ham-
iltonian as  

 ___________________________________________________  

 
5

1= 4
4

z z
ccA A

rA
+

λ σ σ +∑ r r M    

 ( ) ( )42
2 2 2 2 2 2 2 2 2 2 2 2y y x x

aa bb cc ab ac bc aa bb cc ab ac bcA AA A ++
+σ σ + + − − + + σ σ + + − + − +r r Mr r M               

( ) ( )31
2 2 2 2 2 2 2 2 2 2 2 2 .y y x x

aa bb cc ab ac bc aa bb cc ab ac bcB BB B
rB

++
 + σ σ + + + − − + σ σ + + + + + ∑ r r Mr r M              (22) 
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In the following, we follow the symmetry arguments to 
write down the spin-phonon Hamiltonian, which will have 
four independent symmetry channels under 2D h, i.e., gA , 

1gB , 2gB , and 3gB , which are the inversion-symmetric ir-
reducible representations (IRRs) of this group. The linear 
combinations of the strain tensors that transform as the 

2D h are aa , bb , and cc , in the gA  channel, and ab , ac , 

and bc  in 1gB , 2gB , and 3gB , respectively. Then we identi-
fy the linear combinations of the Kitaev interactions that 
transform according to these IRRs. To do this, we need to 
remember that the symmetry of the Kitaev model (1) in-
volves combined lattice and spin transformations. In par-
ticular, the three π-rotations around the crystallographic 
axes a , b, and c must be combined with the rotations in the 
spin space: 2C a  rotation should be combined with 
[ , , ] [ , , ]x y z y x zσ σ σ → −σ −σ −σ  transformation in spin 

space; similarly, 2C b with [ , , ] [ , , ]x y z x y zσ σ σ → −σ −σ σ  

and 2C c with [ , , ] [ , , ]x y z y x zσ σ σ → σ σ −σ  rotations in spin 
space. Taking this into account, we find  

 sp
5

( ,z z
gA +σ σr r MA A


  

 
31 2 4

),y y y y y yx x
++ + +σ σ + σ σ + σ σ +σ σr r Mr r M r r M r r MB BB B A A A A

  

 sp
1 3 41 2

,y y y y x x x x
gB + ++ +σ σ −σ σ + σ σ −σ σr r M r r Mr r M r r M B B A AB B A A


 

 sp
2 3 41 2

,y y y y x x x x
gB + ++ +−σ σ −σ σ +σ σ +σ σr r M r r Mr r M r r M B B A AB B A A


 

 sp
3 3 41 2

.y y y y x x x x
gB + ++ +−σ σ + σ σ +σ σ −σ σr r M r r Mr r M r r M B B A AB B A A


 

The spin-phonon coupling Hamiltonian c  can be writ-
ten as a sum of four independent contributions, one from 

ph sp
g gA A⊗  and three from ph sp

1 1g gB B⊗ , ph sp
2 2g gB B⊗  and 

ph sp
3 3g gB B⊗ . Thus, 1 2 3= A B B Bg g g g

c c c c c+ + +     , where:  

 ___________________________________________________  

 ( )( ){ }5 3 41 2
,

= 4 2 ,A y y y yz z x x x xg
c A cc aa bb ccg + + ++ +λ σ σ + + ε + ε σ σ + σ σ +σ σ +σ σ∑ r r M r r M r r Mr r M r r MA A B B A AB B A A

r rA B

     

 ( )1
1 3 41 2

,
= ,B y y y y x x x xg

c B abg + ++ +λ σ σ −σ σ + σ σ −σ σ∑ r r M r r Mr r M r r M B B A AB B A A
r rA B

    

 ( )2
2 3 41 2

,
= ,B y y y y x x x xg

c B acg + ++ +λ −σ σ −σ σ +σ σ +σ σ∑ r r M r r Mr r M r r M B B A AB B A A
r rA B

   (23) 

 ( )3
3 3 41 2

,
= ,B y y y y x x x xg

c B bcg + ++ +λ −σ σ + σ σ +σ σ −σ σ∑ r r M r r Mr r M r r M B B A AB B A A
r rA B

    

 ______________________________________________  

where we absorbed numerical prefactors into the defini-
tions of the coupling constants 

1 2
, ,A B Bg g g

λ λ λ  and 
3B g

λ . 
Next,we express the spin-lattice coupling in terms of 

the MFPh coupling. To this end, we again express the spin 
operators in terms of the Majorana fermions using 

.ib cκ κσ =r r r  Performing the Fourier transformation of the 

Majorana fermions given by , ,
2= eic c
N

⋅ α
α α∑ k r

r kk
, 

where = , , ,A B C Dα , we rewrite the product of the spin 
variables in terms of the Majorana fermions on all 
inequivalent bonds as  

 ___________________________________________________  

 

3

3† †
11 2

1

0 0 0 00 e 0 0
0 0 0 0e 0 0 0 , ,
0 0 0 e0 0 0 0
0 0 e 00 0 0 0

i

i
y yy y

i

i

i

i
i

i

⋅

− ⋅

− − − − ⋅+ +

− ⋅

   −
   
   σ σ → σ σ →   
   

   −  

k a

k a
T T

r q k k k r q k k kk k k ar M r M

k a

A S S A A S S A   

† †
3 4 2

2

0 0 0 00 0 0
0 0 0 00 0 0

, ,
0 0 0 0 0 0 0 e
0 0 0 0 0 0 e 0

x x x x
i

i

i
i

i

i

+ − − + − − ⋅

− ⋅

 − 
  
  σ σ → σ σ →   
      − 

T T
r r M q k k k r r M q k k kk k k a

k a

A S S A A S S A  

 †
5

0 0 0
0 0 0

,
0 0 0

0 0 0

z z

i
i

i
i

+ − −

− 
 
 σ σ →
 
 

− 

T
r r M q k k kkA S S A  (24) 
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where ia  are the primitive unit vectors, =Sk  
= , , ,{exp } j c b d adiag i= ⋅ jk r  and  

 = , = ,

c c
b b

dd
aa

− −

− −
− −

− −

− −

                   

T
q k k

q k kT
q k k

kq k

kq k

A A   

where in order to have simpler notations we denoted 
,Ac a≡k k , ,Bc b≡k k , ,Cc c≡k k , ,Dc d≡k k . We used this 

particular order in forming the vector of the Majorana 
fermions, because we would like to use the auxiliary Pauli 
matrices for the spin products entering in Eq. (24). Next 
we perform the Fourier transformation of the strain tensor 

into the momentum space: 1( ) =
Nαβ ×r  

( ), ,2
i q u q uα β β α× +∑ q qq

. We can now rewrite the 

Majorana-phonon coupling Hamiltonian as a sum of the 
contributions from different symmetry channels:  

 ( )1 2 3
, , , ,

,

2= ,
A B B Bg g g g

c N
+ + +∑ k q k q k q k q

k q
      (25) 

with  

 3†
,,

3

ˆ ˆ
= (4

ˆˆ
Ag

A c cg

O i
i q u

i O
− −

 − σ
λ +  σ 

T
q q k k kq k kA S S A   

 ( ), , , ,1
ˆ2 ) ,c c b b a aq u q u q u Q− −+ + + †T

q q q q k k k kkA S S A   

( )11
, , ,2,

ˆ= ,
2
BB gg

a b b a

i
q u q u Q− −

λ
+ †T

q q q k k k kq k kA S S A  (26) 

 ( )22
, , ,3,

ˆ= ,
2
BB gg

a c c a

i
q u q u Q− −

λ
+ †T

q q q k k k kq k kA S S A   

 ( )33
, , ,4,

ˆ= .
2
BB gg

b c c b

i
q u q u Q− −

λ
+ †T

q q q k k k kq k kA S S A   

Here we denote 
0 0ˆ =
0 0

O  
 
 

, ˆ iσ  are the auxiliary Pauli 

matrices and Q̂k -matrices are defined as  
 ___________________________________________________  

[ ]
[ ] [ ]

3 2 3 1
,1

1 2 2 1 2 1

ˆˆ ˆ1 cos( ) sin( )ˆ = ,ˆ ˆ ˆcos( ) cos( ) sin( ) sin( )

O
Q

O

 + ⋅ σ + ⋅ σ
 
 − ⋅ + ⋅ σ − ⋅ + ⋅ σ 

k
k a k a

k a k a k a k a
 

[ ]
[ ] [ ]

3 2 3 1
,2

1 2 2 1 2 1

ˆˆ ˆ1 cos( ) sin( )ˆ = ,ˆ ˆ ˆcos( ) cos( ) sin( ) sin( )

O
Q

O

 + ⋅ σ + ⋅ σ
 
 ⋅ + ⋅ σ + ⋅ + ⋅ σ 

k
k a k a

k a k a k a k a
 (27) 

[ ]
[ ] [ ]

3 2 3 1
,3

1 2 2 1 2 1

ˆˆ ˆ1 cos( ) sin( )ˆ = ,ˆ ˆ ˆcos( ) cos( ) sin( ) sin( )

O
Q

O

 − ⋅ σ − ⋅ σ
 
 ⋅ − ⋅ σ + ⋅ − ⋅ σ 

k
k a k a

k a k a k a k a
 

[ ]
[ ] [ ]

3 2 3 1
,4

2 1 2 2 1 1

ˆˆ ˆ1 cos( ) sin( )ˆ = .ˆ ˆ ˆcos( ) cos( ) sin( ) sin( )

O
Q

O

 − ⋅ σ − ⋅ σ
 
 ⋅ − ⋅ σ + ⋅ − ⋅ σ 

k
k a k a

k a k a k a k a
 

 ______________________________________________  

Note also that since we are using the long wavelength limit 
for the phonons, we only kept the leading in q terms in all 
the expressions. 

To obtain the expressions for the MFPh coupling verti-
ces, we express the phonon modes in terms of the trans-
verse/longitudinal eigenmodes (12) and get  

 

 , ,
ˆ= u − − λ†

q q k k kq k k q kA S S A

 

 ,  

 1, 1,1,
, ,

ˆ= u⊥ ⊥⊥
− − λ†

q q k k kq k k q kA S S A , (28) 

 2, 2,1,
, ,

ˆ= ,u⊥ ⊥⊥
− − λ†

q q k k kq k k q kA S S A   

where the MFPh vertices are given by  
 ___________________________________________________  

( )3
31 31 21 11 ,1,

3

ˆ ˆˆ ˆ= 4 2
ˆˆ

A c c b ag

O i
i q R q R q R q R Q

i O

  − σ
 λ λ + + + +   σ  

kq k
  

( ) ( ) ( )1 2 3
21 11 ,2 31 11 ,3 31 21 ,4

ˆ ˆ ˆ ,
2 2 2
B B Bg g g

a b k a c b c

i i i
q R q R Q q R q R Q q R q R Q

λ λ λ
+ + + + + +k k  
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( )31,
32 32 22 12 ,1,

3

ˆ ˆˆ ˆ= 4 2
ˆˆ

A c c b ag

O i
i q R q R q R q R Q

i O
⊥

  − σ
 λ λ + + + +   σ  

kq k  

( ) ( ) ( )1 2 3
22 12 ,2 32 12 ,3 32 22 ,4

ˆ ˆ ˆ ,
2 2 2
B B Bg g g

a b a c b c

i i i
q R q R Q q R q R Q q R q R Q

λ λ λ
+ + + + + +k k k  

( )32,
33 33 23 13 ,1,

3

ˆ ˆˆ ˆ= 4 2
ˆˆ

A c c b ag

O i
i q R q R q R q R Q

i O
⊥

  − σ
 λ λ + + + +   σ  

kq k  

 ( ) ( ) ( )1 2 3
23 13 ,2 33 13 ,3 33 23 ,4

ˆ ˆ ˆ .
2 2 2
B B Bg g g

a b a c b c

i i i
q R q R Q q R q R Q q R q R Q

λ λ λ
+ + + + + +k k k  (29) 

 ______________________________________________  

4. Summary 

In this work, we perform the first step in the study of 
the phonon dynamics in the Kitaev model on the hyper-
honeycomb and derive the Majorana fermion-phonon cou-
pling vertices using the symmetry considerations. We will 
use these vertices to compute phonon attenuation, phonon 
conductivity, phonon viscosity, and phonon Hall effect, 
which indirectly will allow us to study the fractionalized 
excitations in the Kitaev spin liquid. The latter two observa-
bles are non-zero only in the presence of time-reversal 
symmetry breaking due to applying a magnetic field. 

All these observables can be obtained from the phonon 
self-energy (17), this diagrammatic computation procedure 
was formulated by some of us in Refs. 20, 21. In particular, 
the sound attenuation is determined by the decay of a pho-
non into a pair of Majorana fermions and can be calculated 
from the imaginary part of the phonon self-energy as  

 ( )ph2 =

1( ) Im , ,s v qssv q Ω
 α − Π Ω q q  (30) 

where sv  is the sound velocity, which in our case depends 
on the direction of q. We expect that the attenuation rate 
due to this process will be linear in temperature due to the 
vanishing density of states at the vicinity of the nodal line 
and, thus, will be the dominant one compared with the 
sound attenuation due to phonon-phonon interactions that 
in the three-dimensional system scales as 4T∝ . Our pre-
liminary results, which will be published elsewhere, indi-
cate that due to the presence of the nodal line in the low-
energy Majorana fermion spectrum, the scattering of the 
acoustic phonons on the Majorana fermions is stronger for 
the hyperhoneycomb lattice than for the honeycomb lattice. 
The sound attenuation also shows a strong angular depen-
dence at the leading order in phonon momentum q since 
both the sound velocity on the hyperhoneycomb lattice and 
the Fermi velocity of the low-energy Majorana fermions 
strongly depends on the spatial direction. We also anticipate 
that the 2Z  fluxes will play an important role in the phonon 
dynamics at temperatures above the flux gap. Finally, the 
same Majorana fermion-phonon interaction also gives rise 

to the finite lifetime of the Majorana fermions. This effect, 
however, is quite weak, and the lifetime scales as 2

f Tτ  , 
which is much smaller than the typical fermion energy T . 
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Магнітопружні ефекти у гіперсотовій спіновій 
китаєвській рідині 

Aysel Shiralieva, Artem Prokoshin, Natalia B. Perkins 

В останні роки припускалося, що декілька моттовських 
ізоляторів з великою спін-орбітальною взаємодією можуть 
бути близькими до квантової спінової рідини Китаєва, цікавою 
особливістю якої є розподіл спінових збуджень на рухомі 
ферміони Майорани та статичні Z2 потоки. На жаль, основний 
стан цих систем важко зафіксувати експериментально, бо він 
не виявляє особливостей на відміну від звичайного локального 
зондування. Запропоновано для знаходження проявів розді-
лення збуджень використовувати їхній зв’язок із коливаннями 
гратки, тобто магнітопружний зв’язок, який виникає внаслідок 
залежності взаємодії між спінами від їхньої відносної відстані. 
Показано, що магнітопружний зв’язок може приводити до 
суттєвих модифікацій фононної динаміки, яка може спосте-
рігатися у вигляді перенормування вимірюваного фононного 
спектра, загасання звуку та холлівської фононної в’язкості. 
Це робить фононну динаміку перспективним інструментом 
для характеризування та ідентифікації фаз квантової спінової 
рідини. Основну увагу приділено магнітопружним ефектам у 
тривимірній моделі Китаєва, яка реалізується у гіперсотовій 
гратці. Гіперсотова китаєвська спінова рідина дуже цікава, бо 
сильну китаєвську взаємодію було спостережено у китаєвсь-
кому магнетику β-Li2IrO3, в якому спін-орбітально пов’язані 
Jeff = 1/2 моменти іридію формують точну гіперсотову гратку. 

Ключові слова: фононна динаміка, магнітопружний зв’язок, 
квантова спінова рідина. 
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