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The article discusses the use of KDP ferroelectric crystals (phosphates and arsenates of 

potassium, rubidium, cesium) and their deuterated analogues in various industries, including the 
creation of electro-optical devices and as hydrogen sorbents. The paper describes the physical 
properties of KDP crystals, changes in their properties near the phase transition temperature, as 
well as methods for obtaining KDP nanocrystals and their application in biomedicine. 

The paper also states that the phase transition in KDP crystals occurs near room 
temperature and manifests itself in a change in their physical properties, such as dielectric 
constant, optical properties, and heat capacity. In addition, approaching the phase transition 
temperature causes a change in the crystal lattice parameters, which can lead to the appearance 
of anomalous effects. 

The structure of the unit cell of potassium dihydrogen phosphate (KH2PO4) is considered. 
The plots of the temperature dependence of the order parameter of spontaneous polarization and 
the plots of the temperature dependence of the configurational heat capacity of the crystal in the 
phase transition region are calculated, and the plots of the temperature of the inverse and direct 
dielectric susceptibility are calculated. Graphs of the order parameter, which characterizes the 
degree of spontaneous polarization for different temperatures, depending on the strength of the 
external electric field, are also calculated. 

 
Keywords: KDP crystals, thermodynamic theory, ferroelectrics, hydrogen sorbents, molecular-
kinetic representations, order, Curie-Weiss law. 

 
Introduction 

KDP (crystalline potassium dihydrogen phosphate) is one of the most common 
ferroelectrics (KH2PO4, RbH2PO4, CsH2PO4, KH2AsO4, RbH2AsO4, CsH2AsO4). It is used in 
various electronic devices, such as lasers, sensors and transformers. There are several methods 
for obtaining KDP nanocrystals, including mechanical grinding, hydrothermal synthesis, and 
supercritical slurry methods.  

KDP (potassium diethyl phosphate) is a common representative of ferroelectrics. The 
main properties of KDP are related to its crystal structure, which exhibits the effect of 
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ferroelectricity under certain conditions. Ferroelectric materials have the ability to change their 
polarization in response to mechanical stress or temperature changes. In addition, KDP has a 
high second harmonic, which makes it useful for creating second harmonic devices. KDP 
crystals are also well studied in the field of nonlinear optics and are used as a material for 
creating quantum generators and detectors. 

KDP has a number of advantages over other materials such as high second harmonic, 
high optical non-linearity, high electro-optical constant and high thermal stability. In addition, 
KDP is a relatively cheap material and can be grown in large volumes. In this regard, KDP is 
widely used in various applications such as electronics, laser technology, optical 
communications, acoustics, medicine and others. For example, KDP is used as a material for 
creating crystal oscillators, piezoelectric transducers (sensors), acousto-optic modulators, etc. 

KDP crystals is mixed uniaxial crystals (ferroelectrics, ferroelastics and simultaneously 
pyroelectrics and pyroelastics). The physical properties of KDP crystals are simpler than those of 
other ferroelectrics. They have only one phase transition from the para- to the ferrophase, they 
have only one axis of spontaneous polarization and deformation. The temperatures of phase 
transitions to the polarized and spontaneously deformed phases coincide. In this case, the phase 
transition occurs at the same temperature with its increase or decrease, i.e. no temperature 
hysteresis. 

KDP nanocrystals and carbon nanostructures (fullerenes [1–4], fullerites [5], 
endofullerins [6], graphenes [7–8], nanotubes [9–10]) with various synthesis methods [11–19] 
can be used as fillers for creating new composites [20–23] suitable for 3D printing technology 
[24–27].  

In addition, KDP structures [28], as well as many other nanofillers [29–34], can be used 
in the biomedical field, provided that they are nanosized. Such structures can also be used as 
promising sorbents [35–43], for example, hydrogen sorbents, both in the form of carbon 
nanostructures [44–48], metals and various alloys [49–66]. All this will complement the existing 
developments in the field of hydrogen energy [67-73]. Of course, the main role in the properties 
of a nanomaterial is played by the type of system, which can be single-component [74–75] or 
multicomponent [76–79]. No less important is the technology of preparation [80-85] and 
processing of the material before its use, which confirms the theoretical [90-92] and 
experimental [93-100] data. 

Thus, the study of KDP crystals is of scientific and practical interest. 
The physical properties of KDP crystals undergo special changes [101–122] in the 

vicinity of the phase transition temperature (Fig. 1), which manifest themselves as the 
appearance of sharp peaks, kinks, bends, and jumps. KPD crystals are characterized by the 
following properties: 

I. The degree of their spontaneous polarization P along the c axis of the crystal 
decreases with increasing temperature, at first gradually, and near the Curie temperature To, 
sharply but continuously [105, 111], i.e. the phase transition is a transition of the second order, 
close to the first (Fig. 1 (a)). 

II. The presence of an external electric field or an oriented external mechanical stress 
increases the spontaneous polarization or deformation (Fig. 1(b)) [111], while the growth pattern 
depends on the crystal temperature. 

III. The specific heat capacity C at the Curie point undergoes a typical change - a sharp 
peak-like growth (Fig. 1 (c, d)) [104, 106, 107, 115]. 

IV. The permittivity in the direction с of the с axis increases sharply at the phase 
transition point (Fig. 1 (e)) [101, 102]. With a decrease in temperature at ТТо, the value of с 
increases according to the hyperbolic law up to a value of 105, while the Curie-Weiss law is valid 

1
~с

oТ Т



, and the inverse permittivity near the critical point above the Curie point increases 
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linearly with temperature [112]. The permittivity of а in the direction perpendicular to the c axis 
is also high. Above T0, the value of а slightly increases with increasing temperature, and below 
the temperature T0, it decreases. 

V. The thermal conductivity coefficient  undergoes a kink at the phase transition 
point (Fig. 1 (e)) [113, 114]. However, it should be noted that the nature of the temperature 
dependence of the thermal conductivity coefficients of KDP crystals has not yet been fully 
studied. 

 

   

   

   
Fig. 1. Experimental graphs of the temperature dependence of spontaneous polarization Р(Т) (a), 

heat capacity С(Т) (c, d), direct and reverse permittivity с (Т)(e), thermal conductivity 
coefficient (Т) (f) , spontaneous deformation Х(Т)(g), elastic constants сii(Т)(h), shear 
modulus G(T) (i), as well as dependence of spontaneous polarization on electric field 
strength Р(Е) (b) KDP of crystals in the vicinity of the phase transition temperature 
(marked with circles on the abscissa axis of the curves (a)) paraelectric – ferroelectric 
 

VI. Linear spontaneous strain X is a shear in a plane perpendicular to the c axis (Fig. 
1(g)) [103]. The upper part of the curve in Fig. 1 (g) corresponds to the electric field strength E, 
parallel to the direction of polarization, the lower one corresponds to the field, which is strictly 
opposite to the direction of spontaneous polarization. At temperature T0, the upper and lower 
parts of the curves converge, forming one curve. 

VII. The elastic constant c11 at the Curie point T0 undergoes a relatively weak change: 
there is a small abrupt increase and decrease for external electric fields directed along and 
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against the c axis, respectively (Fig. 1(h) [109]. The elastic constant c66 decreases with 
decreasing temperature near the Curie point drops to zero [108]. 

VIII. Модуль сдвига G в точке фазового перехода имеет аномалию в виде V-
образного минимума (рис. 1 (i)) [118]. 

 
The physical properties of KDP crystals have already been described in many works 

[119–122]. In the same work, the thermodynamic theory of ferroelectrics of various structures, 
including KDP crystals, is presented. 

The statistical theory of KDP crystals will be presented below, which makes it possible to 
determine, explain and substantiate the physical properties listed above, developed on the basis 
of molecular kinetic concepts. It has long been established that the phase transitions from the 
para- to the ferrophase of ferroelectrics and ferroelastics are transitions of the ordering type [103, 
118-122]. 

It is of interest to determine the temperature dependence of the order parameter (Т), 
which is proportional to the degree of spontaneous polarization and deformation, as well as to 
elucidate the conditions under which a phase transition in KDP crystals turns out to be a 
transformation of the second order, close to the first, to estimate the Curie temperature (T0) of 
the phase transition, to establish dependence of the order parameter on the strength of the 
external electric field (E) or external oriented mechanical stress, the possibility of manifestation 
of features on the last dependencies, the evaluation of the configurational heat capacity, its 
temperature dependence С(Т) and the jump at the phase transition point, the determination of the 
temperature dependences of the direct and inverse dielectric permeability  or susceptibility  
(=1+), checking the validity of the Curie-Weiss law for the value 1/ [123-125]. The answers 
to these questions are disclosed below in the text of the work. 

 
Structure of kdp crystals. Order parameters 

The structure of H22 potassium dihydrogen phosphate KH2PO4 was first studied by West 
[126] and refined in [127, 128]. According to West [126], the unit cell of a crystal in the 
paraphase is tetragonal with lattice parameters а = 7.434 Å, c = 6.945 Å (Fig. 2(a)). Fraser 
introduced into consideration an orthorhombic unit cell, in which the axes а1, а2 are the 
diagonals of the West cell (Fig. 2 (b)). The Fraser lattice parameters a1, a2 in the paraphase are 
equal (а1, а2). In the ferrophase at a temperature of 116 K they are а1 = 10.53 Å, а2 = 10.44 Å, c 
= 6.90 Å. 

Heat treatment in an electric field makes it possible to obtain a single-domain crystal 
[129]. 

As can be seen from fig. 2, the atoms of Potassium (K) and Phosphorus (P) are located at 
the nodes of the crystal lattice. Each of the phosphorus atoms is surrounded by four oxygen (O2) 
atoms. The PO4 groups form almost regular tetrahedra, the centers of which are phosphorus (P) 
atoms. Each PO4 group is connected to four similar adjacent groups by hydrogen bonds about 2.4 
Å long. The hydrogen bond is directed perpendicular to the c axis and always links the “upper” 
Oxygen of one PO4 group with the “lower” Oxygen of the neighboring group, as shown in Fig. 2 
(a). 
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Fig. 2. Unit cell of potassium dihydrogen phosphate KH2PO4.  

(a) Tetragonal structure of the paraelectric modification according to West [126].  
(b) Orthorhombic structure of the Fraser ferroelectric modification (oxygen and hydrogen 
atoms not shown). Arrows indicate the directions of displacements of potassium (K) and 
phosphorus (P) atoms. The dotted straight lines mark the interstitial distances, the 
interaction between the K and P atoms at which are taken into account in the calculations. 

 – potassium atoms (К);             –  phosphorus atoms (Р); 
 – oxygen atoms (О);                    –  hydrogen atoms (Н) 

 

Each such bond has two equilibrium positions of hydrogen atoms at a distance of ~0.5 Å 
from each other, over which the latter are distributed statistically in the paraphase. In this case, 
there is no spontaneous polarization and deformation of the substance. With a decrease in 
temperature at T = –150°C = 123 K, the hydrogen atoms are ordered, which predominantly begin 
to be located in one of the above equilibrium positions [130-133], for example, near the “upper” 
or “lower” oxygen atoms, and a phase transition occurs into ferrophase. In this state, there are 
always only two hydrogen atoms near each PO4 group. Potassium K atoms are surrounded by 
eight Oxygen atoms of different PO4 tetrahedral groups, of which four (in the plane 
perpendicular to the c axis) are closer and four (two above and two below) are farther to the 
Potassium atoms. The ordering of hydrogen atoms changes the structure of the crystal: the lattice 
becomes rhombic, in which the square base of the West lattice lengthens along one of the 
diagonals and contracts along the other. The ordering of hydrogen atoms causes a significant 
shift of potassium (K) and phosphorus (P) atoms in opposite directions along the c axis (Fig. 2 
(b)) relative to the oxygen frame, which practically does not shift. The displacement of 
potassium and phosphorus atoms causes spontaneous polarization and deformation of the crystal, 
which are directed along the c axis. In this case, the displacements of hydrogen atoms are 
perpendicular to the c axis and do not contribute to spontaneous polarization. When the sign of 
spontaneous polarization changes, hydrogen atoms shift from one equilibrium position to another 
[132]. 

When developing a statistical theory of spontaneous polarization of KDP crystals, we will 
consider the Fraser lattice and take into account the interaction of pairs of atoms KK, PP, KP (by 
P we mean the Phosphorus atom with its nearest four Hydrogen atoms) at distances marked by 
dashed straight lines with arrows in Fig. 2(b). Interactions of other atoms do not contribute to 
spontaneous polarization and deformation, so they can be ignored. 
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In the paraphase а1=а2=а, and the distances (1) are respectively equal to  
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For potassium hydrogen phosphate, their numerical values in Å are as follows: 
 

1 1 2 3 4 45,22 ;   5,265 ;   3,45 ;   4,1 ;   6,26 ;   6,29 .r r r r r r           (3) 
 

Since the distances 1 1 ,  r r   and 4 4,  r r   differ from each other insignificantly (by the 
second decimal place), we will take  1 1r r  and  4 4=r r  in the calculations. 

When the potassium and phosphorus atoms are ordered and displaced, the distances (1) 
change (decrease or increase) in comparison with their values (2) in the disordered state. 
Approximately one can put 

 

1 1 1 1 1 2 2 2 3 3 3

4 4 4 4 4

,      ,      ,  

                          ,

o o o

o

r r r r r r r r

r r r r

           

     
   (4) 

 

where the values i (i = 1, 2, 3, 4) are taken with the “+” or “–” sign, depending on the increase 
or decrease in the interatomic distance. When the potassium and phosphorus atoms are displaced, 
some interatomic distances (in planes perpendicular to the c axis) remain unchanged. 

The crystal lattice of a KPD crystal can be conveniently divided into two sublattices for 
potassium atoms K and phosphorus P, respectively, which shift in opposite directions in the 
ferrophase. When ordering, potassium atoms shift upwards (Fig. 2(b)), let's call these shifts right 
r, and Phosphorus atoms - downwards. We will call them left l. In a disordered state and at the 
first stages of ordering, the displacements of the K and P atoms can be both right and left. The 
displacements of potassium and phosphorus atoms will be considered collinear. We denote the 
probabilities of right and left displacements of K and P atoms in sublattices 

 
(1) (1) (2) (2)

(1) (1) (2) (2)l l
l l

1 1 2 2

,     ,     ,     ,r r
r r

N N N N
P P P P

N N N N
      (5) 

 

where N=N1=N2 are the numbers of sites (K and P atoms) in the sublattices, while the number of 
all lattice sites is equal to (1) (1) (2) (2)

l l2  ;  ,  ,  ,  r rN N N N N  - the number of  K and P atoms, respectively, 
in the sublattices of the first and second with right r and left l shifts. 

Probabilities (5) are related by relations 
 

(1) (1) (2) (2)
l l1 ,     1 .r rP P P P        (6) 

 

We introduce into consideration the order parameters for each of the sublattices 
 

(1) (1) (2) (2)
1 l 2 l,     .r rP P P P          (7) 

 

With complete disorder, when the probabilities of right and left displacements of all K 
and P atoms are the same, the order parameters are equal to zero 1 2 0   . In full order, all 

Potassium atoms are right-handed (1) (1)
l1 ,    0 ,rP P   and all Phosphorus atoms are left-handed 

(2) (2)
l0 ,    1 .rP P   In this case, the order parameters are maximum, equal to unity in absolute 

value 1 2 1    and opposite in sign 1 2   . The reversal of the signs of the order parameters 



206 

means that the roles of the first and second sublattices have been reversed. Thus, we have 
possible changes in the order parameters within 

 

11 1      ,      21 1 .        (8) 
 

Equations (5), (6) allow us to express the probabilities (1) (1) (2) (2)
l l,  ,  ,  r rP P P P , in terms of the 

order parameters, 
 

(1) (1) (2) (2)1 1 2 2
l l

1 1 1 1
,    ,    ,    .

2 2 2 2r rP P P P
      

      (9) 

 
Free and internal configurational energy. Equations of thermodynamic equilibrium taking 
into account the curie temperature 

To solve the problems posed, it is necessary to calculate and study the free energy and 
thermodynamic potential of the crystal [134]. 

The free energy of the system is determined by the formula 
 

ln  ,F U kT G       (10) 
 

where U is the internal configuration energy, G is the thermodynamic probability, k is the 
Boltzmann constant, and T is the absolute temperature. 

The internal configuration energy is determined by the sum of the energies of the pair 
interaction of atoms KP, KK, PP at distances (1). Taking into account the interaction of all pairs 
of potassium and phosphorus atoms at distances taken in (2) and (4), the internal energy can be 
written as 

 

 

 

 

 

 

 

 

(11)

 

Where ( ) ( )( ) ,  ( )ij ij
n n nN r N r     are the numbers of pairs of atoms of the type  

,  = K, Р,  located at sites of type i, j = 1, 2, which are located at distances rn or n nr   (n = 1, 2, 3, 
4),  indicated in brackets, and the quantities are the energies ( ) ,  ( )n n nr r     , taken with the 

opposite sign, of the interaction of pairs of atoms ,  = K, Р respectively, at distances rn  and 

n nr   . In formula (11), the superscripts “o” of the quantities rn are omitted. 
Below, the energy of interatomic interaction will be written in the form  
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The calculation of the number of pairs ( ) ( )( ) ,   ( )ij ij
n n nN r N r     for the structure under 

study in Fig. 2 (b) gives the following expressions 
 

2 2
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(13) 

 

On the right in formulas (13), the values of the numbers of the pairs under consideration 
are written out with complete ordering, when (1) 1 ,rP   (1)

l 0 ,P   (2) 1 ,  rP  (2)
l 1 .P   

Substituting the numbers of atomic pairs (13) into formula (11) for the energy U, taking 
into account relations (6), we find the internal energy of the crystal, expressed in terms of 
probabilities (5), in the form 

 

   
 

(1) (2) (3) (3) (3) (4) (4)

(1) (2) (2) (1) (1)
l l

2 2 2 2

    2  ,     .

KP KP KK PP KP KK PP

r r KP

U N

P P P P

      

  

        
  

  (14) 

 

Substituting probabilities (9) into the resulting formula (14), we find the configuration 
energy 

 

 1 22  ,U N             15) 
 

as a function of order parameters 1 2,     and energy constants  and  . In (15), the 
following notation is introduced: 

 

   (1) (2) (3) (3) (3) (4) (4)2 2 2  .KP KP KK PP KP KK PP                 (16) 
 

The thermodynamic probability G is determined by the rules of combinatorics      
 

1 2
(1) (1) (2) (2)

l l

! !
.

! ! ! !r r

N N
G

N N N N
      (17) 

 

Taking into account the Stirling formula lnX! = X(lnX – 1), which is valid for large 
numbers X, taking into account formulas (5) for the probabilities (1) (1) (2) (2)

l l,  ,  ,  r rP P P P , we find the 
natural logarithm of the thermodynamic probability G in the form 
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 (1) (1) (1) (1) (2) (2) (2) (2)
l l l lln ln ln ln ln  ,r r r rG N P P P P P P P P       (18) 

 

which, taking into account formulas (9), takes the form  
 

   

   

1 1
1 1

2 2
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1 11
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   (19) 

 

Substituting relations (14), (18) or (15), (19) for the quantities U and G into formula (10) 
for the free energy F, we find the free energy of the crystal, expressed in terms of probabilities  

(1) (1) (2) (2)
l l,  ,  ,  r rP P P P or in terms of order parameters 1 2,    , respectively, in the form 

 

 (1) (2) (2) (1)
l l
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  (20) 

 

or  
 

   

     

1
1 2 1

1 2 2
1 2 2

11
2 [ 1 ln

2 2
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2 2 2

F N kTN
    

    


     

  
     

  (21) 

 

The last formula determines the dependence of the free energy of the crystal on 
temperature T, order parameters  1 2 ,    and energy constants , . 

The change in the free energy of the system when the order parameters change from 
values 1 2 ,     to zero per one site of the crystal lattice is equal to 

 

   

     

1 2 1
1 2 1
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[ 1 ln
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f kT

N

      

    

 
      

  
      

  (22) 

 

The conditions for thermodynamic equilibrium of the system are determined by the 
equalities 

 

1 2/ 0 ,    / 0 ,f f           (23) 
 

which, taking into account formula (22), give the relations 
 

1 2
2 1

1 2

1 1
ln 4  ,   ln 4  .

1 1
kT kT

  
 

 
   

 
  (24) 

 

The resulting equations (24) admit solutions: 2 1    and 2 1  . With such 
replacements, the first equation in (24) transforms into the second and vice versa. We are 
interested in the first solution 

 

1 2 ,          (25) 
 

which corresponds to displacements of potassium and phosphorus atoms in opposite directions. 
In this case, two equations of thermodynamic equilibrium (24) of the system turn into one. 
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Free energy (22) and equilibrium state equations (24) take the form  
 

   2 1 1 1
1 ln 1 ln 2ln 2  ,

2 2 2
f kT

                
  (26) 

 

1
ln 4  .

1
kT

 






     (27) 

 

Assuming in equation (27) 0, we find the phase transition temperature (Curie point) 
 

2o okT         (28) 
 

The quantity о is the energy of ordering the system. 
In the process of ordering, the value of  may depend on interatomic distances, taking 

into account the latter, on the order parameter . Calculations show [134] that the ordering 
energy in the general case is a fractional rational function with polynomials in the numerator and 
denominator of the fourth degree in the order parameter . In special cases, this dependence is 
simplified, and the value  may turn out to be a quadratic function of the parameter . Consider 
the last case when 

 
2 .o          (29) 

 

In this case, the temperature dependence of the order parameter ( )T   is determined 
by the formula 

 

 21
ln 2 ,

1 okT
   



 


     (30) 

 

with ordering temperature (28). 
On fig. Figure 3 shows graphs of the temperature dependence of the order parameter, 

constructed by formula (30) for various values of the dimensionless energy parameter /о. 
Experimentally, this dependence is characterized by graphs of the temperature dependence of the 
degree of spontaneous polarization Р(Т) fig. 1(a). 

As can be seen from fig. 3, the nature of the dependence (Т)near the Curie point 
strongly depends on the value of the energy parameter /о. For negative values of , the graphs 
(Т) near Т0 turn out to be gentle. If >0, the graphs in the considered temperature range (T0) 
become steep, and with an increase in the numerical value of , the phase transition can even 
turn out to be a first-order transformation. 

From a comparison of the calculated graphs in Fig. 3 with the experimental ones in Figs. 
2 (a), we can conclude that in KDP crystals, in which the transformation of the paraphase into 
the ferrophase occurs according to the type of second-order transition, close to the first, the 
dependence  = (Т) should be described by function (30) with a positive value of the energy 
parameter , for example, /о=0,2. In this case, the order parameter, like the spontaneous 
polarization, changes continuously but abruptly near the Curie temperature. 
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Fig. 3. Calculated graphs of the temperature dependence of the order parameter of spontaneous 

polarization, built according to formula (30) for the values of the energy parameter 
/о=0 (dashed curve),  0,2;  0,4;  0,6 (curves 1, 2, 3 for the “+” sign and 1, 2, 3 for 
the “–” sign) 
 

Configuration heat capacity 
Knowing the internal energy of the system, which, per one lattice site at 1 2      , 

taking into account formulas (15) and (29), is equal to 
 

 2 21
,

2 2 o

U
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N
           (31) 

 

formula it is possible to estimate the temperature dependence of the heat capacity by the formula  
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In this case, the temperature dependences of the values of  and 
d

dT


 must be determined 

from formula (30). Differentiating equality (30) with respect to temperature, we find the 
derivative /d dT  
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and then the heat capacity C in units of the Boltzmann constant in the form 
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On fig. Figure 4 shows graphs of the C(T) function in the phase transition region, plotted 
according to formula (34) for various values of the dimensionless energy parameter /о. In this 
case, for each value of /о and a certain temperature, the value of the order parameter  was 
determined by formula (30), which was then substituted into formula (34). 
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Fig. 4. Calculated graphs of the temperature 

dependence of the configurational 
heat capacity of the crystal in the 
phase transition region, constructed 
according to the formula (34) taking 
into account the dependence (Т) 
(30) for the values of the energy 
parameter /о=0; 0,05; 0,1 (curves 
1, 2, 3) 

 

As can be seen from fig. 4, at the phase transition point, the configuration heat capacity 
increases and has a peak, which is the sharper and higher, the greater the value of /о. This 
means that in KDP crystals, the paraelectric-ferroelectric phase transition occurs at positive 
values of /о and should be close to a first-order transition. At the same time, with an increase 
in the coefficient /о, the heat capacity jump at the Curie point (T0) increases. 

Comparison of the calculated graph in Fig. 4 with the experimental graphs in Fig. 1 (c) 
and (d) indicates a qualitative agreement between theory and experiment. 

 
Thermodynamic potential. Dependence of the order parameter on the electric field 
strength 

If the crystal under study is in an external electric field with a strength E and under the 
action of an external mechanical oriented voltage   , then its state will be determined by the 
thermodynamic potential. In this case, the degree of spontaneous polarization P and deformation 
X will be proportional to the order parameter : 

 

k  ,         k  .P X        (35) 
 

Therefore, the thermodynamic potential can be determined by the formula 
 

 2 k 2 k  ,F E P X F N E N            (36) 
 

where the signs “+” and “–“ correspond to the work of external forces or the work done by the 
system. 

Taking into account formulas (26), (35) and (36), the change in the thermodynamic 
potential per one site of the crystal lattice will be equal to 
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The equilibrium state equation takes the form  
 

 2 1 1
2 ln k k 0 .

2 1o kT E
   


      


   (38) 



212 

In the absence of external forces (Е==0), assuming in (38) 0 and taking into account 
that о=kTo, we find the temperature dependence of the order parameter near the Curie point in 
the form 

 

 
.

2
ok T T





     (39) 

 

It follows from this relation that in the absence of order at temperature T>T0 we have 
0. If T<T0, then at the phase transition of the second kind should be <0. However, during 
phase transitions close to the first order, the phase transformation temperature may somewhat 
exceed the Curie temperature, and, as was found out above, it is possible that in an ordered state 
near the Curie point we will have T>T0 and 0. 

Assuming in equation (38) =0, we find the relation 
 

 2 1 1
k 2 ln  ,

2 1oE kT
  



  


   (40) 

 

which determines the dependence of the order parameter on the strength of the external field 
=(Е). By setting in equation (40) all possible numerical values of the order parameter 0 1   

, it is possible to determine the value of kE for certain temperatures and plot graphs (Е) for the 
given temperatures. 

It is convenient to introduce into consideration the dimensionless quantity 
 

  /o ox T T T       41) 
 

and establish dependence (Е) for different values of x. In this case, formula (40) takes the form 
 

 2k 1 1
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Near the Curie point at 0, taking into account that 
1

ln 2
1

 






, instead of formula 

(42), one can obtain an approximate formula 
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        (43) 

 

From formulas (42), (43) it follows that the dependence (Е) must be non-linear. 
On fig. Figure 5 shows the graphs of the dependence  = (Е), constructed according to 

the approximate formula (43) (solid curves) and the more accurate formula (42) (dashed curves) 
for different values of x and the energy parameter /о = 0.5. As can be seen from fig. 5, the 
dependence (Е) is non-linear, but with an increase in the value of x, it approaches linear. 
Graphs corresponding to the value x=1, built according to formulas (42), (43), coincide. For х<1, 
the dotted curves corresponding to the more precise formula (42) pass above, and for х>1, they 
pass below the continuous curves constructed using the approximate formula (43). In addition, 
dotted curve 2 has a feature in the form of the presence of an extremum of the value E. This can 
be explained by the fact that positive values of the parameter 0 correspond to a first-order 
phase transition. Section AB of curve 2 (Fig. 5) corresponds to an unstable state and is not 
realized. At the value of the order parameter corresponding to point A (0.9), a sharp decrease 
in the degree of crystal polarization to zero should occur during phase transitions of the first 
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kind. Therefore, the feature revealed in the calculations should not manifest itself 
experimentally. 

Comparison of calculated graphs in Figs. 5 for 0 with experimental curves in fig. 1(b) 
indicate their qualitative correspondence. 

 
Dielectric susceptibility 

Formulas (42) or (43) make it possible to estimate the dielectric susceptibility  or the 
permittivity =1+ of a crystal. 

The dielectric susceptibility is given by 
 

/ k /  ,o P E E             (44) 
 

where о is the electrical constant, which we include in the coefficient k. 
 

Fig. 5. Calculated graphs of the order parameter, 
which characterizes the degree of 
spontaneous polarization, for different 
temperatures (х = (Т – То)/То) depending 
on the strength of the external electric 
field, constructed according to formulas 
(43) (continuous curves 1, 2, 3, 4) and (42) 
(dashed curves 2, 4) for /о = 0.5 and 
numerical values of x = 0; 0.5; 1; 2 (curves 
1, 2, 3, 4) 

 

For potassium dihydrogen phosphate, the permittivity is a tensor with components 11, 
22, 33. We will consider the component along the polar axis с с = 33  and the corresponding 
dielectric susceptibility . 

Using the approximate formula (43), which is valid near the Curie point, we find the 
relation 
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          (45) 

 

which, taking into account formulas (39) and (41), gives 
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As we can see, from the obtained expressions (46), in this case, the rule of negative two is 
fulfilled: 
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Using a more precise formula (42), we obtain the inverse dielectric susceptibility in the 
form: 
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As we can see from these relations, the dependence of the inverse dielectric susceptibility 

on temperature 
1

( )x


 in the absence of dipole ordering (=0) is linear. However, at (х0) this 

dependence is already nonlinear. However, near the Curie point ((х0), the dependence  
1

( )x


is 

close to linear, and therefore the rule of negative two is valid. The dielectric susceptibility at 
х0 (ТТо) increases to infinity (). 

Comparison of the obtained calculated graphs with experimental fig. 1 (e) for the 
permittivity again indicates their qualitative correspondence. These patterns are illustrated by the 
graphs in Fig. 6, which are built for the energy parameter 2/о= –0,15. The dependence 1/с(Т) 
for a KH2PO4 crystal at Т>То = 123 K is linear. At ТТо, the experimental graph с(Т)  has a 
sharp peak. 

We also note that since the order parameters of spontaneous polarization and deformation 
coincide in the crystals under study, the temperature dependences for the direct and inverse 
elastic compliance can be obtained similar to those obtained for the direct and inverse dielectric 
susceptibility. To do this, in equation (38) one should take Е=0, as a result, we obtain the 
dependence (), similar to that following from equation (40) for (Е). Such studies make it 
possible to explain and justify the increase in spontaneous deformation X with decreasing 
temperature at ТТо (Fig. 1(g)), a sharp decrease in the elastic constant с66 (Fig. 1 (h)) and the 
shear modulus G (Fig. 1 (i) ) at the Curie point. In this case, in accordance with theoretical 
calculations, the G(T) dependence of the KH2PO4 crystal near the Curie temperature should be 
linear, which also manifests itself experimentally, and the slopes of the G(T) curve at T < To and 
T > To are such that the tangent of the slope of the first exceeds that in the case of  T > To.in 
absolute value. 

 

 

 
 
 
Fig. 6. Calculated graphs of the temperature 

dependence (х = (Т – То)/То) of the 
inverse 1/ (continuous curves) and direct 
 (dashed curves) of the dielectric 
susceptibility, constructed by formula (48) 
for the numerical value of the energy 
parameter 2/о = -0.15 

 
Conclusions 

Thus, the developed statistical theory of spontaneous polarization and deformation in 
nanodispersed powders KDP crystals, taking into account the interpretation of the paraelectric-
ferroelectric phase transition as a type of ordering, made it possible to establish and explain the 
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temperature dependence of the order parameter, the nature of this dependence, close to a first-
order transition, the dependence of the order parameter on the strength of the external electric 
field, justify the manifestation of its nonlinearity, clarify the feature of the temperature 
dependence of the configurational heat capacity and show that it is close to the experimental one 
precisely for the case of a phase transition similar in kind to the first one, and also show that the 
temperature dependences of the direct and inverse susceptibility are such that the Curie-Weiss 
law is valid (nonlinear dependence of the value 1/ on temperature) and near the Curie point the 
rule of negative two is feasible. 

All revealed regularities were compared with experimental data, a qualitative agreement 
between the results of the calculation analysis and experiment was obtained, which indicates the 
correctness (adequacy) of the developed statistical theory. 
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Розглядається використання кристалів фероелектрика KDP (фосфати та 
арсенати калію, рубідію, цезію) та їх дейтерованих аналогів у різних галузях, у тому числі 
у створенні електрооптичних пристроїв та як поглинаючих водень. Описуються фізичні 
властивості KDP - кристалів, зміна їхніх властивостей поблизу температури фазового 
переходу, а також методи одержання нанокристалів KDP та їх застосування в 
біомедицині.  

Також у роботі вказано: фазовий перехід у кристалах KDP, що відбувається 
близько кімнатної температури і виявляється у зміні їх фізичних властивостей, таких як 
діелектрична проникність, оптичні властивості та теплоємність. Крім того, 
наближення до температури фазового переходу викликає зміну параметрів гратки 
кристала, що може привести до появи аномальних ефектів.  

Розглянута структура елементарної комірки дигідрофосфату калію (KH2PO4). 
Побудовані графіки температурної залежності параметру порядку спонтанної 
поляризації та графіки температурної залежності конфігураційної теплоємності 
кристала в області фазового переходу та побудовані графіки температурної залежності 
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зворотної та прямої діелектричної сприйнятливості. А також побудовані графіки 
параметру порядку, що характеризує ступінь спонтанної поляризації для різних 
температур, залежно від напруженості зовнішнього електричного поля. 

 
Ключові слова: KDP-кристали, термодинамічна теорія, фероелектрики, поглинаючі 
воднь, молекулярно-кінетичні уявлення, порядок, закон Кюрі-Вейса. 


