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Intense interest in diradical (di- and multi-) compounds arises from their unique nonlinear
optical (NLO) properties, manifested as responses to strong laser electric fields. Their NLO
behavior finds numerous applications in spectroscopy, materials science, engineering, and in
photon-based data collection, storage, processing, and transmission. The electronic structure of
open-shell diradical systems is classified according to the magnitude of their diradical character
(y) into three categories: (i) closed-shell systems (y = 0); (ii) intermediate diradical systems
(0 <y < 1); and (iii) pure open-shell systems (y = 1). Due to the interactions between unpaired
electrons in diradical species, they cannot simply be regarded as a joint system of two
independent radical centers. A complete description of the electronic structure of diradical
species requires consideration of both singlet and triplet open-shell states. Results obtained
within a simple two-center model lead to the emergence of a new class of open-shell singlet
systems, which are expected to surpass traditional closed-shell NLO systems. Based on this
principle, practical guidelines for molecular design and optimization of diradical characteristics
are proposed, thereby enhancing NLO responses through first-principles calculations performed
on realistic singlet open-shell molecular systems. Computational data on fullerenes are valuable
not only for the development of efficient NLO materials but also for understanding the origin of
multiradical character in certain bonds within such systems. Although the studied fullerenes
possess singlet ground states, their intermediate diradical character may result in narrowing of
the energy gap between singlet states and higher spin multiplets. In the context of molecular
magnetism, it has been shown that the main effect beyond CAS, determined by the DDCI2
method (constructed from second-order perturbation theory terms), arises from external space
determinants of the 1h + 1p type and represents a fourth- and higher-order correction. This
effect consists of dynamic re-polarization of ionic structures of valence bonds. Beyond the
DDCI2 space, which does not provide quantitative agreement with experiment, it is necessary to
account for 2h + 1p and 1h + 2p excitations. Their influence is significant and does not
correspond to ligand dynamic polarization via charge transfer to the metal atom, but rather
occurs through dynamic coupling of ligand-metal transition dipoles with transition dipoles of
surrounding electrons, thereby increasing the effective hopping integral of dispersive origin.
Within Noodleman’s method, it has been demonstrated that for the generation of wave functions
and matrix elements used in the calculation of higher spin multiplet energies, one may employ
either the unrestricted Hartree—Fock approach or spin-polarized density functional theory. One
of the advantages of broken-symmetry wave functions is that, being single-configuration wave
functions, they are easily visualized. Moreover, a broken-symmetry wave function provides a
weighted average of pure spin states, which are orthogonal and do not interact with the system’s
overall Hamiltonian. This is a powerful result that can be exploited to evaluate the energies and
properties of pure spin states.

Keywords: diradical state, diradical character, open-shell singlet states, nonlinear optical
properties, fullerene diradical states, natural orbital occupation numbers, magnetic exchange
constant.
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INTRODUCTION

Diradical and multiradical compounds [1-3] play an important role in molecular systems
and their transformations, particularly in processes such as cycloaddition [4, 5] and chemical
reactions of biological relevance, including the thermal isomerization of the retinal chromophore
involved in the visual mechanism [6, 7]. In many cases, the reaction pathway may proceed
through a transition state of diradical character. Typical examples include the dimerization of
butadiene [4, 5] and the reaction between butadiene and ethylene [8], in which diradical
transition states are assumed to be energetically competitive with aromatic ones.

The primary reason for the growing interest in diradical compounds lies in their unique
nonlinear optical (NLO) properties, which arise under interaction with strong laser electric fields.
NLO phenomena find numerous applications in spectroscopy, materials science, and engineering
[9], as well as in photon-based data collection, storage, processing, and transmission [10-12].
Although traditional materials with large first (B) and second (y) hyperpolarizabilities are
inorganic crystals (e.g., LINbOs, KH2POa), in recent decades m-electron conjugated organic
molecular systems [9] have been considered as alternatives due to their stronger optical
nonlinearity, faster optical response, simpler molecular design, and potentially lower processing
costs compared to inorganic crystals. However, most of these systems are closed-shell, whereas
studies [1-3] have emphasized that open-shell systems, particularly singlet open-shell systems,
may exhibit more pronounced NLO properties. Such singlet open-shell systems possess unique
physicochemical features, such as a narrow singlet-triplet gap (~0.5 eV) in long acenes with
singlet ground states, high reactivity of zigzag edges [13, 14], enhanced charge-carrier mobility
[15], and, in the solid state, interatomic distances shorter than the sum of the van der Waals radii
of the atoms forming the bond [15, 16].

These atypical properties for singlet states are determined by the unique electronic
structure of such systems, which can be characterized as open-shell or as having multiradical
character [17-19]. Diradical (n = 2) or higher-order (n = 4 (tetra), 6 (hexa), ...) character is not a
directly observable property but represents a quantum-chemical index, originally defined as
twice the weight of the double-excitation configuration in the multiconfigurational self-
consistent field (MC-SCF) method [17]. In [18, 19], an approximate spin-projection scheme was
proposed for evaluating diradical character (y) using broken-symmetry (BS) approaches and a
single Slater determinant, i.e., within the unrestricted Hartree — Fock (UHF) or unrestricted
density functional theory (UDFT) frameworks. Subsequently, diradical character was associated
with “ground-state bond instability” [18]. On the other hand, excitation energies and other
molecular properties are also closely related to ground-state diradical character [1, 20-22].
Analytical expressions for excitation energies and transition moments as functions of diradical
character were derived using a two-center diradical model based on the two-electron valence
configuration interaction (2e-VCI) method [21]. Since diradical character is a chemical index
associated with ground-state bond energy and thus readily understood by chemists, such
expressions are useful for developing guidelines for the design of efficient photosensitive
molecular systems [23].

The electronic structure of open-shell diradical systems is classified into three categories:
(i) closed-shell systems (y = 0); (ii) intermediate diradical systems (0 <y < 1); and (iii) pure
open-shell systems (y = 1) [23]. Based on the analysis of purely theoretical and quantum-
chemical studies, it has been found that y, a third-order NLO property at the molecular level,
exhibits strong correlation with diradical character y, referred to as “y — y correlation”. For
systems with intermediate values of y around 0.5, large y amplitudes are observed compared to
closed-shell (y = 0) and pure diradical (y = 1) systems of comparable molecular size [24]. This
y — y correlation was confirmed by analytical expressions derived within the two-electron
valence configuration interaction (2e-VCI) approach [21]. It was further illustrated by results of
highly correlated ab initio molecular orbital (MO) calculations and unrestricted density
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functional theory (UDFT) for various model and real open-shell molecular systems, such as the
stretched H> molecule [25], twisted ethylene [24], p-quinodimethane [24], imidazole and
triazolobenzene [26], polycyclic hydrocarbons including graphene nanoparticles [27],
multinuclear transition-metal complexes [28, 29], and photochromic compounds [30].

The dependence of y on diradical character was subsequently confirmed experimentally
through high-intensity two-photon absorption (TPA) [31, 32] and third-harmonic generation
(THG), typical third-order NLO properties, in several thermally stable singlet open-shell
diradicaloids [33, 34] with intermediate values of y.

For quantitative determination of potential energy surfaces (PES) of reaction pathways
involving diradical compounds, very high-level computations are required, including adequate
treatment of both static and dynamic electron correlation. On the other hand, determining the
relative stability of singlet and triplet states even for small molecules [35] can be a challenging
task for quantum-chemical calculations. The multiplicity of unpaired electrons also complicates
the design of new magnetic materials based on polyradical states [36].

According to the definition provided in the pioneering work on diradical states [1],
diradical compounds are molecules with two unpaired electrons occupying two degenerate or
nearly degenerate molecular orbitals. Molecules with a broken double bond can serve as
convenient models of diradicals. One of the most illustrative cases is rotation around the carbon—
carbon double bond in ethylene, CoH4 [2, 37-39]. Upon transition from a planar structure to an
orthogonally twisted conformation, the bonding n- and antibonding n* orbitals of the singlet
ground state of C,H4 become degenerate, and the single-configuration n2 wave function is no
longer suitable for describing its electronic state. Orthogonally twisted ethylene thus represents a
prototype of a homosymmetric diradical [1]. Standard density functional theory (DFT) and
restricted Hartree — Fock (RHF) fail to qualitatively describe the shape of the torsional barrier
(the energy-torsion curve shows a cusp at 90° instead of a smooth profile) [38, 40]. To properly
describe ethylene twisted by 90°, at least two configurations, 7 and (n*)?, must be considered.
The methylene molecule, CH2, belongs to heterosymmetric diradicals, since the two molecular
orbitals occupied by unpaired electrons have different symmetries (1b1 and 3a;). This radical has
been extensively studied to assess the reliability of quantitative ab initio calculations of the
equilibrium geometry of the triplet state and the singlet—triplet gap (X3B1 —a'A1) [1, 41].

GENERAL INFORMATION ON DIRADICAL SYSTEMS

In diradicals or biradicals, two unpaired electrons strongly interact with each other [1].
These electrons usually participate in conjugation and may form either a singlet ground state
(antiferromagnetic coupling) or a triplet ground state (ferromagnetic coupling) (Fig. 1) [42], in
contrast to “disbiradicals”, where two unpaired electrons interact weakly or almost not at all and
can be considered independent isolated radical centers [43, 44]. Diradicals are characterized by
their diradical character, which is typically quantified using several different indicators. In the
limit of fully degenerate frontier molecular orbitals, the values of these indicators approach 1,
corresponding to a fully diradical state. However, for most diradicals, a small energy gap
between the highest occupied molecular orbital (HOMO) and the lowest unoccupied molecular
orbital (LUMO) (A = eLumo — eHomo) IS observed, and thus they can be classified as systems with
partial diradical character, usually corresponding to indicator values between 0.20 and 0.80 [45].

Historically, diradicals were characterized only as intermediate structures describing the
transition states of bond-breaking and/or bond-forming processes. However, as noted in [46], the
introduction of steric strain into homo- or heterocycles to prevent bond formation, or substitution
of carbon atoms with main-group elements, significantly stabilizes diradical states, leading to
their persistence and allowing determination of the corresponding structural characteristics.
Nevertheless, the modifications mentioned above reduce the diradical character, and the resulting
systems are more appropriately referred to as diradicaloids [47]. Diradicaloids have found
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applications in small-molecule activation, molecular switches, nonlinear optics, and spintronics
[48-51].

Due to the interactions between unpaired electrons in diradical or diradicaloid species,
they cannot simply be regarded as a joint system of two independent radical centers. A complete
description of the electronic structure of diradical or diradicaloid species requires consideration
of both singlet and triplet open-shell states [52].

Triplet states Singlet states

_______ L - 44 ‘H‘ 4+ —
H  H +H

Possible variants of occupancy of LUMO and HOMO
orbitals by two electrons

A system with doubly degenerate
or nearly degenerate frontal MOs

Fig. 1. Electron configurations obtained when doubly degenerate or nearly degenerate MOs
(A — 0) are populated by two electrons. Determinants corresponding to these configurations are
necessary for constructing wave functions for singlet and triplet states of diradical systems

The wave function of the triplet state of a diradical system ‘¥, can be represented as a

single Slater determinant. However, when the frontier MOs are degenerate or nearly degenerate,
the lowest-energy singlet wave function ¥ must account for several electronic configurations,

resulting in its representation as a linear combination of at least two Slater determinants. In this
combination, the configuration interaction (ClI) coefficients c1 and ¢, determine the contribution
of each determinant to the overall singlet-state wave function of the system, where

corresponds to the HOMO and y, to the LUMO:

|\PT>:|WH‘/IL>; \PS=C1‘WE{>—C2‘(//E>, )
where the symbol |...> denotes a Slater determinant including only the two highest-energy
orbitals, HOMO and LUMO. When ¢ =c, =1/+/2 the frontier orbitals y, and y, are

degenerate, the singlet wave function ¥ describes an ideal diradical. As the energy gap A

increases, the corresponding Ws wave function approaches that of a classical closed-shell system,
with ¢, ->1 and ¢, » 0, so that in the lowest-energy singlet state the dominant contribution

arises from the doubly occupied HOMO.

TWO-CENTER MODEL
For a clearer representation of the diradical nature of triplet and singlet wave functions,
they should be expressed in the basis of orthonormal localized atomic orbitals (AOs) y,(x)and

Z:(X), where orbital y,(x) is localized on radical center A and orbital y,(x) on radical center B
[53] (Fig. 2), with the overlap integral equal to zero. The HOMO w, (X) can then be expressed
as the node-free sum y,(x) + xz(x), while the LUMO y (x) is given by the
Za(X) = x5(X), containing a nodal plane:

vy (X) = (ZA(X)"'ZB(X))/‘/E; v (X) = (ZA(X) _ZB(X))/\/E' (2)

Within this approach, the singlet wave function ¥  can be expressed as a combination of
covalent ¥, and ionic ¥, , contributions. The covalent wave function represents an electronic
configuration in which each localized orbital is singly occupied, corresponding to diradical
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character. The ionic component represents an electronic configuration in which one localized
orbital is doubly occupied while the other remains empty, corresponding to a zwitterionic state:

_ C +C, 1

=S ()l + S )| 8) ®

1IIS = Ccov\Pcov + Cion\P

ion?

where
Cl + C2 Cl - CZ
Coov = T and Con = T (4)
/ | Singl:‘llw‘luls | Triplet slulc\
PBRS8 —  w +
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/
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\_ Covalent states Ionic states /

Fig. 2. Schematic representation of the consequence of the transition from the basis of
diradical MOs (W and W.) to the basis of localized AOs (ya and yg)

calized basis

If ¢,=c,=1/V2, ¢, =1, ¢, =0, and this situation corresponds to 100% diradical
character. As the HOMO-LUMO gap increases, coefficient ¢, approaches 1 while coefficient ¢
tends to 0, leading to ¢, =c¢,, . In this state, complete electron delocalization occurs within the

two-orbital system, equivalent to the electronic configuration of a closed-shell system [46].

The CI coefficients c1 and c2 can be used for quantitative evaluation of the diradical state
indicator [47]. In the literature, several types of diradical indicators have been proposed,
expressed through the relative weights of covalent and ionic contributions:

7= \/ECZ = Ccov _Cion; d= 2C1C2 = C(:20v _Ciin; IB = 2C2 = (Ccov _Cion )2 : (5)

All of these indicators (y, d, p) effectively reflect the extent to which the relative weight
of the covalent component in the singlet wave function ‘¥ exceeds the ionic contribution [54 —

56]. Thus, the higher the values of these indicators, the greater the diradical character of the
system under study. For pure diradical states, these indicators approach unity, while for classical
closed-shell systems they tend toward zero [45].

Natural orbital (NO) occupation numbers also serve as another theoretical measure of
diradical character [57, 58]. The occupation of the lowest unoccupied natural orbital (LUNO)
corresponds to the indicator g and lies between 0 and 1; the closer this value is to 1, the stronger
the predicted diradical character. Conversely, the occupation of the highest occupied natural
orbital (HONO) ranges from 1 to 2; the closer this value is to 1, the stronger the predicted
diradical character. These NO occupation numbers can be practically calculated using relatively
simple quantum-chemical methods at lower computational cost compared to Cl-based
approaches. A small singlet—triplet energy gap also indicates enhanced diradical character [59].
Finally, if the calculated interatomic distance A---B (where A and B are radical centers) is
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elongated relative to the sum of covalent radii (typical for closed-shell molecules) but shorter
than the sum of van der Waals radii, this also suggests the presence of a diradical state [46].
Introduction of bulky substituents or ring strain in heterocycles may prevent bond formation
and/or lead to bond elongation.

HOMOSYMMETRIC SINGLET OPEN-SHELL STATES
A more complete picture of energy-level splitting within the two-center diradical model
can be obtained by supplementing the one-electron functions ., (x) and y (x)defined in (2)

with spin functions a(c)and f(o), where o is the spin variable taking values o =1/2 and
o =-1/2. The spin function equals 1 only for o=-1/2, while JB(c)equals 1 only for
S(c) =0. With this definition, @(c)and £(c) are orthogonal and each normalized to unity.
Multiplying the spatial functions y, (x) and y (x) (depending only on the spatial coordinate x)
by the spin functions a(c)and £(o) yields four spin-orbitals:

a(x,0) =y, (Na(o); aA(x,0) =y, (x)B(0); b(x,0)=y (¥a(o); b(x,0)=y (0)p(c). (6)
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Fig. 3. Four states {|Sig), |T1u), [S1u), [S2g)} Of the two-site diradical model (a),
diradical character y versus |U/ta| (b), as well as diradical character dependences of
dimensionless excitation energies (Ept s1u,s1g and Ept s2g,s1g),
squared transition moments ((uow s1g,51u)?, and (oL s1u,s29)?) (C) [36]

Using the basis of spin-orbitals defined in (6), [20, 21] obtained the energy-level diagram
shown in Fig. 3a for the one-dimensional case of the two-center diradical model.
For the lowest-energy covalent symmetric (g) singlet state with energy *E, , the wave

function is given by [22]:
S,y) =k(|ab)+[ba))+7(|aa)+|bb)); k > >0. 7)
The higher-energy ionic singlet antisymmetric state with energy *E,, is described by a

singlet antisymmetric (u) wave function:
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S,,) =(|a@)-|bb))/ /2. ®)

The highest singlet symmetric ionic state with energy *E,  is represented by a singlet
symmetric function that describes the ionic state:

‘82g>=—ry(‘a5>+|b§>)+k(|a§>+‘b5>);k>77>0. (9)
The wave function of the unique triplet covalent state with energy °E,, has a simple
form:
7,,)=(|ab)—|p7)) I 2. (10)
In [21], the following relation was derived for computing the diradical indicator y:
y=2e=t \/quLtjb ) \/lj;t6rt2 ' (1)

In formula (11) the following notations are used:
=,V (=0); U =U,,-U, =(aalaa)—(aa|bb);
ty =t, =(a|f[b)=(b|f|a)=(a|f|b)=(b|f|a),

where f is the Fockian of the system under consideration, U is the effective Coulomb repulsion of
electrons of the radical centers.
From (11) and (12), it follows that the indicator y, which defines the degree of diradical

character, satisfies the conditions: Y —1for r, —0 and Y — 0 for r, >1. These relations ensure
that y takes values between 0 and 1, corresponding to closed-shell (bonding) and pure diradical

(bond-breaking) states, respectively. Since U determines the difficulty of electron transfer
between centers A and B, while |t | defines the ease of this transfer, the case r. — 0 describes

(12)

complete electron localization at each center (pure diradical state Yy —>1), whereas r, >1 (jta| >
U) corresponds to significant electron delocalization across both centers (stable bonding state y
— 0) (see Fig. 3b). In other words, the diradical indicator y is linked to electronic correlation
through r, . Alternatively, y can be expressed in terms of the LUNO occupation number, n o -
Since N o =2—Nyonos the value of gq=1—y =(n g —
bond order,” where nHono and NLuno are the occupancies of the bonding and antibonding natural
orbitals, respectively.

Thus, the diradical character indicator y defines the degree of electronic correlation in
the physical sense, while q=1-Yis the effective bond order represents the chemical
interpretation [18, 21, 23, 25].

In [21], using dimensionless quantities (DL), the following expressions were obtained for
excitation energies between states S, , S,, and S, :

N o )/ 2 corresponds to the “effective

1g°?

1 1
E, —'E, 1[ 1
S Vi~ T A T T :
DL 83,5 j K ;

1u 191U U 2 ’1_q2J

1 1
E, —E, 1
:%:14-2(& —rj):—z,

yurs

(13)
Eo S2q.51g

where
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e =2K, /U(=0); r, =23 /U, K, =K, =(ab|ba)=(ba|ab)=(ab|ba)=(ba|ba). (13a)

The parameter J has the meaning of an effective exchange integral in the Heisenberg
Hamiltonian [60] for a two-center model system, H,, =—2JS,S,where S, and S_ are the

spin-moment operators of radical centers A and B, respectively. The value of J is defined
through the energy difference between the lowest singlet and triplet states [20, 21]:

U - JUZ-16t}
2] ='E,, —°E, =2K,, + @ (14)

1u ab 2

Also, through the quantity q using dimensionless quantities, one can obtain useful
formulas for the moments of transitions between states S, and S, ; S,, and S, :

(IUDL S1g.S1 )2 = (lusmysm J_ b = Loy1- qz ;

Re ) 1+2(r.—r,) 2
2 H 1 1 1 4/1 2 (12)
(:uDLS s ) = Dl |2 1+ = N-—4 )
w229 Rue 2\ 1+2(r -ny) 2

The dependencies of excitation energies and transition moments on the value of the
diradical indicator y at r, =0 (the typical case) are shown in Fig. 3c. The transition moment

between states ‘319> and ‘Szg> is equal to zero because they possess the same g-symmetry. As
y increases, both dimensionless excitation energies (Eq. 13) approach 1, with a rapid decrease

2 2
in the region of small y. Starting from (uDleg,Sw) = (ﬂDleu,szq) = 0.5 for y=0, the

2 2
excitation energy (,UDL slg,slu) decreases monotonically to 0, whereas (:uDL Slu,szq) increases to 1.

These changes occur because the ionic contribution of states ‘Slg> and ‘Szg > rangle decreases (or

increases) as a function of 'y, while state |s, ) rangle retains a purely ionic nature. It should be

noted that real, rather than dimensionless, excitation energies depend not only on y but also on
the amplitude U. Moreover, from Eqg. (11) it follows that y increases with U. Therefore, as U
grows, the excitation energy E  decreases, reaching a stationary value, and in some cases at
very large values of U it increases again in the region of large y [61]. Thus, excitation energies

and transition moments are uniquely determined by the diradical character of the electronic
ground state.

HETEROSYMMETRIC OPEN-SHELL SINGLET STATES

Heterosymmetric singlet molecular systems with open shells represent another class of
compounds in which the heterosymmetry of radical centers plays an important role in the
structure of their ground and excited electronic states [62]. Following the approach outlined for

homosymmetric systems, in this case localized atomic orbitals AO y,(x) and x,(x) (Eq. 2) are

also employed, whose linear combinations define the bonding q(X) and antibonding U(X) MO,
represented as:

1 1
q(x) = m[XA(X) +Xg (X)], u(x) = m[&(x) —Xg (X)]-

(16)
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Here the atomic orbitals (AOs) are different, x,(x) = Xz (x) and their overlap is nonzero,
.8, S5 =(xalxs)- Since the system under consideration differs somewhat from the

homosymmetric case, the determination of energy levels and the corresponding wave functions
introduces several new parameters, while some of those defined earlier are redefined. Thus, a
parameter h=h_ —h, > 0is introduced, equal to the difference between the one-electron matrix

elements of the core Hamiltonian, where hpp:<p|h(1)|p>:<§|h(1)|ﬁ>§0. For the

heterosymmetric system, the transfer parameter is expressed through a two-electron integral,
therefore, in this case, two types of transfer integrals must be considered, for example,

t <ab‘|—|‘aa> and t, . = <ab‘H‘bb> which are not equal because (ab|aa) = (ab|bb).

ab(aa)

An averaged transfer integral t,, = (t,..) +twm,) / 2, 1S introduced, as well as quantities U, and
U, , according to the relations U, =U_ -U_ +X U, =U,, -U_ —X given in [62], where

core

X = 2[2 I KaC—Kbc)]f or homosymmetric molecular systems, and U, (=U,)

descrlbes the effective Coulomb repulsion, i.e., the difference between the one-center Coulomb
integrals [U,, (=U,,)]and the two-center integral (U,,). By employing the averaged effective

Coulomb repulsion U [: (U, +U,)! 2} , dimensionless parameters were introduced in [62].

2Ka‘b=rK(20); Uﬂ=rh(20); o - LEo:

b

ab(aa)

“CJ_bL £ 0) w2 0). an

ab(bb)‘

The last three parameters determine the degree of heterosymmetry in electron
distribution, when greater occupancy on center A compared to center B is caused by an increase
in r,(=0) or adecrease in r,(=0) or r, (=0). Since the natural orbitals (NOs) y, and y, are

well localized on centers A and B, it is assumed that the difference between tap@a) and tan(n) iS
negligible, i.e., rap ~ 1, compared to the difference between haa and hy,, and between Uaa and
Ubb. Here, variation of ry from 0 to 2 is considered while keeping (ru, rwn) = (1, 1) for simplicity,
which corresponds to the situation where heterosymmetry is mainly governed by the difference
in ionization potentials of atoms at centers A and B. As an alternative to ry, it is convenient to
introduce the symbol of pseudodiradicality ys [62]:

‘ (18)

Yo 1ot
N T

which can be reduced to the diradicality indicator for the homosymmetric system (Eq. 11), i.e.,
with parameters (rn, ru, rap) = (0, 1, 1). The diradical character of heterosymmetric systems is
denoted as ya, which is a function of (r, rk, rn, ru, rab). Solving the eigenvalue equation within
the two-electron valence configuration interaction (2e-VCI) method [21] yields eigenvalues and
eigenvectors as functions of (ri, rk, rn, ru, rap) or (ys, rk, rn, ru, ran). The eigenvalues and
eigenvectors are described by the set {j} = {T, g, k, f} (T: triplet state; g, k, f: singlet states) and
{Cas,, Cbaj, Caaj, Copj}, respectively:

¥, =C, |ab)+Cy ;|ba)+C,, |aa)+Cy |bb). (19)

ba, j aa,j

Using molecular orbitals (g and u) (see Eqg. 16), an alternative basis set
{IG)=|qa); |S)=[|9T)~|gu) |/ 2; | D) =|ul)}can be constructed for singlet states in the form
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of determinants describing the ground state, singly excited, and doubly excited configurations.
This allows one to obtain eigenvalues and eigenvectors by solving the eigenvalue equation in the
valence configuration interaction representation [62]. For example, the ground state is
represented by the wave function:

¥, )=£|G)+n|s)-¢|D), (20)

with the normalization condition: ¢ + #? + ¢ = 1. Comparing Egs. (19) and (20), the following

relations are obtained:
£=Cy o +(Carg +Cisy )12 1=(Ca; ~Ciys, )/ V2, o
{=Cg, —((:aag +Cys 4 )/2.
From the eigenfunctions, one can trace the evolution of covalent (Pc) and ionic (P))
occupancies of the three singlet levels {g, k, f} as a function of rn,, which are given by

P. = CaBi‘z +lc ‘and P =|C,,.[ +‘cbgi‘2 for state j. Figure 4a shows the dependencies of Pc

and Py on ry for rk = 0 and various values of ys (or ry). Pc and Py exhibit mirror-like changes with
respect to rn (with Pc = P; = 1/2, since Pc + P; = 1). As seen in Fig. 4a, in the ground state Pc
decreases (while Py increases) with ry, so that the curves intersect at rn ~1 for ys = 0.6. In
contrast, in the first excited state (Fig. 4b), P, decreases from 1 (while Pc increases from 0), and
again Py and Pc intersect near r, = 1.0. Specifically, for intermediate values of ys, increasing rn
induces inversion of the dominant electronic configurations (neutral/ionic) in states g and k
around ry = 1, which confirms the reduction of ya to 0 for r, > 1, as shown in Fig. 4a. In state f
(Fig. 4c), P slightly increases (while Pc slightly decreases) with r,, although at any ry the state
remains nearly purely ionic. The relation Pc = P, at ro ~ 1 for ys > 0 can be qualitatively
explained by the fact that h (= hoy — haa) ~ U corresponds to the situation where the attractive
and repulsive energies between a pair of electrons y, and y, are equal, which equalizes Pc

with P; in the case of a small transfer integral (realized for ys > 0).
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Fig. 4. rn dependences of Pc and P, in state g, k, and f for ys = 0.6 (a—c). The evolution of ya
(state g) as a function of r, is also displayed [36]

Next, the dependence of heterosymmetry (rn) on the diradicality index ya, defined
through the occupation number of the lowest unoccupied natural orbital nLuno, is considered.
Using Eq. (18), the following relation for ya was obtained [62]:

Ya =Niuno :1_|§_§|\[2_(%€_§)2- (22)

For heterosymmetric systems, Eq. (22) reduces to the conventional definition of twice the
weight of the double-excitation configuration [61]:
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Yo=Y =247 (23)

By employing Eqgs. (21) and (22), the diradical character ya can also be expressed as a function
of natural orbital (NO) coefficients [62, 63].
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Fig. 5. ys versus ya plots for rhy=0.0—2.0 (a), and ys dependences of dimensionless
excitation energies Epy ij, transition moment amplitudes |Aupc ij| and dipole moment
differences Aupc i, where i = g, k, and f, for rh = 0.4 (b). Asymmetricity (rn) dependences of the
dimensionless excitation energies and properties for different pseudodiradical

characters ys = 0.1 (c) and 0.8 (d) [36]

For symmetric systems, this equation indicates that the ionic configuration with
heterosymmetric electron distribution (Cagvg ;&‘Cbgg‘) reduces the diradical character ya; for

example, ya = 0 when C, = 1and C; =C; =C

between ys (Eq. 18) and ya (Egs. 22 and 24) for heterosymmetry at values of ry ranging from 0.0
to 2.0. The index ya is systematically smaller than ys, particularly in the intermediate region of
variation of ys with increasing rn. It was also found that for ys = 1, ya =1 when ry < 1, and an
exchange of the dominant configuration (covalent/ionic) occurs in state g between rh < 1 and r >
1 forys>0.

The dependencies of dimensionless excitation energies [EDL‘U =(Ei - Ej)/U], transition

atg 5. =Cura; =0. Fig. 5a shows the dependence

moment amplitudes ‘IUDL,ij‘: ‘ﬂij‘/ Rg4, and dipole moment differences ‘AIUDL,ij‘: (,uii —,ugg)/ Raa

as functions of ys at rn = 0.4 are shown in Fig. 5b [62, 63]. These dependencies were obtained
under the assumption that (a|ri|b) ~ 0, since orbitals a and b are well localized on each center
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and their overlap is, by definition, zero. The dependencies of these quantities on ys at rn = 0 (only
the homosymmetric system) were already shown in Fig. 3a, where ‘319> =9, S,) =k and

‘Szg> =f denote singlet states. When r, = 0.4, with increasing ys, the amplitudes Aupik

(positive) and AppLfr (negative) increase. These differences in dipole moments indicate that the
polarizations in states g and k have the same direction (from A to B), opposite to that in state f.

Unlike the homosymmetric case (rn = 0), both ‘uDL,gk‘ and ‘uDL,kf ‘ excitation energies decrease to
zero with increasing ys (Fig. 3a). Finally, both excitation energies E; , and up, , decrease with

ys, although they are larger and smaller, respectively, than in the symmetric case (rn = 0). Indeed,
Ep e =1-1, and E =1+r. at ys=1 [62, 63]. As seen in Fig. 5, and when r, > 1, the

dominant configurations exchange between states g and k, leading to a change in the sign of
Apipy i at Tt~ 1 (Apy o >0 forra<land Agyp, o <0 forr > 1), and for ry > 1. For rn > 1, its

amplitude increases with ys due to the enhanced contribution of the diradical (ionic)
configuration in state k (or g). Analytically, it was also established that for ys = 1 and r, > 1,
Ep i, =2Mand E, , =rm—1, which causes an increase in E,, ,, after reaching a minimum at rs

~ 1, while E, ,, = 2rn continues to increase with ry (see Fig. 5c, d). On the other hand, for r, ~
1, the excitation energy E

DL, fg

oL JECreases to zero with increasing ys, while the transition moment

App, « Yemains close to zero, and the dipole moment difference ‘uDL,gk‘ is nearly constant (and

nonzero) across the entire range of ys. This reflects the equal weight of covalent and ionic
configurations in both states, as shown in Fig. 3.

Further, in [62, 63], the dependence of excitation energies and excited-state properties on
r'h was investigated for different values of pseudodiradical character ys = 0.1 and 0.8 (Fig. 5c¢, d).
In the case of ys = 0.1, the excitation energy Ept, kg €xhibits a shallow minimum at r, ~ 1, while

another excitation energy E increases with rn. The transition moment ‘ﬂDL,gk‘remains close

DL, fg
to 0.5, whereas the dipole moment difference ‘ﬂDL,kf ‘decreases with rn. The increase followed by

a decrease of Auy,  as a function of , positive for ry < 1 and negative for rn > 1, reflects the

exchange of dominant covalent and ionic configurations around rn ~ 1, as shown in Fig. 5. With
increasing ys, the rapid change A, , from positive to negative values (together with a

significant change in amplitude), maximization of one transition moment ‘ﬂDL,gk‘and
minimization of another E,_, at rn ~ 1, are features that determine the dependence of y on ry, for

heterosymmetric diradical systems [62, 63].

Summarizing the results of the two-center diradical model, it should be noted that within
the valence configuration interaction scheme, recommendations have been proposed for the
design of molecular systems with singlet open-shell ground states that exhibit remarkable
nonlinear optical (NLO) properties. In this scheme, the concept of diradical character y, a
chemical index reflecting bond weakness in the electronic ground state, allows classification of

singlet open-shell molecular systems into three categories: (i) closed-shell systems (Y =0), (ii)

intermediate diradical systems (0< Yy <1), and (iii) pure open-shell systems (Y =1). Within the

2e-VVCI framework, molecular properties (excitation energies, transition dipole moments, dipole
moments, and second hyperpolarizability) for four-electron states are expressed as functions of
diradical character, which is useful for understanding photochemical properties and deriving
structure—property relationships in open-shell molecular systems. It has been demonstrated that
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the second hyperpolarizability is enhanced in the intermediate region of diradical character
compared to other regimes. This principle also extends to the first hyperpolarizability g for
asymmetric singlet open-shell systems. These results lead to the emergence of a new class of
singlet open-shell systems expected to surpass traditional closed-shell NLO systems. Based on
this principle, practical guidelines have been proposed for molecular design and optimization of
diradical characteristics, and consequently for enhancing NLO responses, using first-principles
calculations performed on realistic singlet open-shell molecular systems. These guidelines are
supported by the synthesis of thermally stable singlet open-shell systems exhibiting enhanced
third-order NLO properties, such as two-photon absorption cross-sections. In addition to large
responses, these compounds are promising candidates for NLO switches, whose properties can
be modified by external stimuli [64]. For example, switching from a singlet state to a higher-
multiplet state leads to a sharp decrease in hyperpolarizability, which may serve as a theoretical
basis for designing compounds with magnetically controlled NLO properties or spin-state
sensors [26, 65]. Among the strategies for achieving intermediate diradical states that show
higher efficiency in producing large y-responses, the following should be noted: (i) introduction
of asymmetry through donor/acceptor substitution or application of an external static electric
field [66]; (ii) increasing molecular size by modifying the topology of the periphery; (iii)
substitution of carbon atoms at radical centers with heavy main-group elements [67, 68]; (iv)
construction of supramolecular systems with tuned planar bonds and specific chemical doping;
(v) creation of one-dimensional chains of transition-metal atoms [69, 70]. Singlet open-shell
systems are also of interest from the viewpoint of multifunctionality due to their magnetic
interactions or half-metallicity, i.e., spin-dependent electrical conductivity [71].

DIRADICAL MOTIFS OF FULLERENES

To establish new correlations between structure and NLO properties of fullerenes arising
from their possible open-shell electronic configurations, the relationship between diradical
character (y;) and the second hyperpolarizability (longitudinal component, y,..) was investigated
in [72] for several fullerenes, including Czo, C26, Cso, Css, Cao, Caz, Cas, Ceo, and Cro, using the
broken-symmetry density functional theory (BS-DFT) method. It was found that large
differences in equilibrium geometry and topology of fullerenes significantly affect the diradical
character of each system. Based on their varying diradical character, these fullerenes were
divided into three distinct groups according to the parameter y,. According to the obtained data,
closed-shell fullerenes include Czo, Ceo, and Cro, Whereas Czs, C3s and Cao, Cao, Ca2, and Cus
correspond to radical and intermediate open-shell compounds, respectively. Direct calculations
showed that enhancement factors y,, between Cs0/Css and Caso/Ceo are 4.42 and 11.75,
respectively, despite the smaller size of the z-conjugated domain in Czo and Cso compared to Css
and Ceo. Higher values of y,,, were obtained for other fullerenes with intermediate diradical
character, consistent with the results of the two-center diradical model [21].

The diradical character » values of all selected fullerenes were calculated using the LC-

UBLYP/6-31G* method (long-range corrected density functional theory) with a range-separation
parameter m = 0.33. In [73], it was established that using m = 0.33 reproduces excitation
energies, transition properties, and responses of various closed-/open-shell systems. For
example, LC-UBLYP was found to semi-quantitatively reproduce j values of several open-

shell molecules previously calculated using highly correlated post-UHF methods, namely the
spin-unrestricted coupled-cluster method (UCCSD) [73]. Since diradical character reflects bond

instability, multiradical systems are characterized by multiple diradical characters (y,) with
nonzero values. Remarkably, the distribution of nonzero y; values in the orbital space i>0
indicates that the system possesses multiradical character (extending beyond the d-radical) for
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example, y, =Yy, =1 means that the system as a whole exhibits a purely tetraradical character
[74-76]. Here, diradical character (y, associated with the highest occupied natural orbital (

HONO—i) and lowest unoccupied natural orbital (LUNO+i), where y=0.1 and etc., is
defined by natural orbital (n,) (NO) occupation numbers, calculated using LC-UBLYP/6-31G*
according to Eq. (25) [75-77]:

Yi = Niunos1 ~ Mhomo— (25)

where yi ranges from 0 (closed-shell) to 1 (pure diradical). Thus, diradical character, which must
equal 0 or 1 in spin-restricted single-determinant methods such as RHF or RDFT, can take
fractional values in spin-unrestricted schemes such as UHF or UDFT.

Indeed, within the different-orbitals-for-different-spins approach, the wave function can
be expanded in a restricted configuration interaction form, leading to fractional occupation
numbers distinct from 0, 1, or 2. For example, in the H> model, LUNO occupation increases
from 0 to 1 with increasing internuclear distance [78], corresponding to the degree of mixing of
antibonding LUNO and bonding HONO orbitals in the singlet ground-state wave function. In
MCSCF theory, diradical character was originally defined as twice the weight of the double-
excitation configuration in the singlet ground state [79], but in unrestricted single-determinant
schemes (UHF, UDFT) it is formally expressed by Eq. (25) [75]. The definition and physical
meaning of diradical character have been discussed in several studies in connection with odd-
electron densities and spin-dependent densities [77, 80, 81], which cannot be determined
experimentally but represent the number and distribution of unpaired electrons. Calculated odd-
electron densities provide useful and illustrative information about open-shell character and its
influence on fullerene response properties [76, 77]. The odd-electron density describing spatial

distribution in N-electron singlet systems is given by Eq. (26), where d” (r) denotes the one-
electron density corresponding y. to orbital HONO—i, and LUNO-+iare the occupation
numbers of the respective NOs:

N/2-1 N/2-1
d(r)= Z [nHONO—i(D;ONO—i (NProno-i (N + NnosiPmosi (NP (I’)] = Z d’(r). (26)
i=0 i=0

The derivation of this equation is given in [76].

From [72], several important conclusions can be drawn: 1) The unique topology of
fullerene systems strongly influences the diradical character of each fullerene, explained by
HOMO-LUMO gaps, bond-length alternation, and distributions of odd-electron and spin
densities; 2) different fullerenes exhibit distinct tendencies in their diradical character vy,, i.e.,
closed-shell (y, =0), intermediate open-shell (0<y, <0), and nearly pure open-shell (y, =1),
reflecting their diverse topological features. 3). The semi-quantitative origin of multiracial
properties was traced using odd-electron densities and resonance forms of various fullerenes,
applying Clar’s sextet rule [82]. 4) regardless of differences in z-conjugation size, y,,, values
were significantly larger in fullerenes with intermediate diradical character than in closed-shell
or pure open-shell systems, consistent with previous results from the two-center diradical VCI
model [21].

The obtained results are useful not only for the development of efficient NLO materials but
also for understanding the origin of multiradical character in such systems and its correlation with » .
Although the studied fullerenes possess singlet ground states, their intermediate diradical character
may lead to narrowing of the energy gap between singlet states and higher-multiplet states.
Furthermore, it is predicted that » values of open-shell singlet molecules with intermediate diradical
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character will be significantly reduced upon spin-state conversion from singlet to the highest possible
spin states [83-85]. Considering these predictions and the obtained results, it can be expected that
these di-/multiradical fullerenes will be promising candidates for new multifunctional molecular
switches exploiting nonlinear optical and molecular magnetic effects.

MOLECULAR MAGNETISM AND ITS CONNECTION TO DIRADICAL STATES

Molecular and solid-state magnetism attracts increasing interest in organic and
organometallic chemistry, as well as in materials science [86—88]. Such systems are
characterized by the presence of unpaired electrons, usually localized on metal ions. The material
properties are determined by magnetic interactions between unpaired electrons on neighboring
centers, defined by the exchange coupling constant J . For two-center systems with one unpaired

electron m, =+1/2 on each center, the exchange constant J = E'-E° (where E'and E’are

the energies of the singlet and triplet levels, respectively) is negative for a singlet ground state
(antiferromagnetism) and positive for a triplet ground state (ferromagnetism). The exchange
constant J is usually very small, ranging from a few hundred to several cm™, and its calculation
represents a rather challenging task. Quantum chemistry can be successfully applied for its
evaluation. In most studies, density functional theory (DFT) has been employed, primarily with
the B3LYP exchange—correlation functional [89-91], using Noodleman’s broken-symmetry (BS)
approximation [92], in which magnetic coupling is estimated from the energy difference between
the unrestricted (spin-polarized) highest multiplet and the energy defined by the BS determinant.
Although this procedure is useful, particularly for predicting or analyzing trends in
magnetostructural correlations, it suffers from two drawbacks: dependence on the multi-
parametric exchange—correlation functional Vxc, and problems arising from contamination by
higher multiplets, which is especially significant for BS solutions.

In ab initio methods employing the exact Hamiltonian, these difficulties can be overcome
provided that all relevant physical effects are included in the calculations, leading to good
agreement with experiment. Among the most accurate methods is nonorthogonal configuration
interaction (NOCI) [93], which considers a very limited number of configurations, including
states accounting for charge transfer from ligand to metal [94, 95]. However, this method
requires special orbital optimization for each valence-bond (VB) configuration and is therefore
rarely applied. Recently, the multiconfigurational CASPT2 (Complete Active Space Second-
Order Perturbation Theory) method has been widely used to compute exchange constants J.
CASPT2 allows accurate description of strongly correlated electronic systems encountered in
photochemistry and transition-metal chemistry. It is based on a reference CASSCF (Complete
Active Space Self-Consistent Field) calculation, which defines a multielectron
multiconfigurational wave function, followed by Rayleigh—-Schrddinger perturbation theory to
account for electron correlation effects. A distinctive feature of this two-step methodology is its
computational efficiency compared to more elaborate methods and its ability to generate pure
spin states. A significant problem, however, is the possible presence of intruder states, when
nonphysical states become energetically close to the reference state. This can be mitigated by
techniques such as level shifting and the introduction of the multistate CASPT2 (MS-CASPT2)
formalism. Inclusion of second-order perturbation terms yields satisfactory results provided that
the variational active space is sufficiently large and properly chosen [96-98]. For evaluation of
vertical energy differences, an alternative Cl methodology — Differential Configuration
Interaction (DDCI) [99] was developed. DDCI has been successfully applied in a wide range of
studies concerning molecular [100, 101] as well as solid-state magnetic materials [102,103]. For
values of J ~ 100 cm?, the typical error is less than 10 cm™. The definition of the DDCI space is
based on inclusion of second-order terms of quasi-degenerate perturbation theory, as shown in
[99, 104]. The second-order perturbative approach has the advantage of decomposing the final
value of J into contributions from different physical mechanisms [105], such as direct exchange,
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Anderson’s antiferromagnetic (kinetic exchange) contribution, spin polarization, etc. However,
second-order perturbative expansions are not numerically reliable due to convergence problems
and arbitrariness in the choice of the zero-order Hamiltonian. In the DDCI method, exact
diagonalization is employed, thereby improving accuracy, though analysis of the various
physical mechanisms determining exchange becomes less straightforward.

Nevertheless, the benefit of such rigorous analysis is undeniable, as it allows verification
of qualitative models often used a posteriori and in molecular design of new materials [86]. In
[106], it was shown that numerical accuracy (using large basis sets and extended CI expansions)
can be combined with analysis in terms of physical contributions. Four different
antiferromagnetic systems were considered, each involving two electrons on two Cu(d®) centers:
complexes [Cu2Cls]*, [Cuz2(u-Ns)2(NHs)s]**, Cuz(u-CH3sCOO)4(H20)2, and the Cu,O7 cluster, a
model of the perovskite La>CuQOas. In [106], computational details were described, theoretical
justification of the results was provided, and the roles of different contributions were analyzed
using natural orbitals instead of Hartree—Fock triplet orbitals.

Each of the four complexes (Fig. 6) contains two Cu(d®) centers connected by different
ligands occupying nonequivalent relative positions. The authors of [106], in the case of the
[CusCls]* ion, focused on the planar structure, where each Cu atom has square-planar
coordination and carries its unpaired electron in a dx,-type orbital (Fig. 7a).
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Fig. 6. Schematic representation of the four
models considered: (a) the [Cu2Cls]%,
complex, in a planar geometry; (b) the

[Cua(u-N3)2(NHs)s]** complex with end-to-

Fig. 7. Relative orientation of the magnetic
orbitals in: (a) the [Cu2Cls]*, complex, ina
planar geometry; (b) the [Cuz(u-N3)2(NH3)s]**
complex with end-to-end bridging azido

end bridging azido ligands; (c) Cuz(p-
CH3COO)4(H20)2 complex; (d) the
Cu20~cluster [106]

The experimentally established planar structure of this complex belongs to the point
group Ci, but is only slightly distorted compared to the D2n structure considered in [106]. A
similar situation is observed in the [Cuz(u-Ns)2(NHs)s]** complex (Fig. 6b), with square-
pyramidal coordination of the Cu centers, each bearing a dy-type orbital (Fig. 7b). The Cu—Cu
distance in this complex is 5.19 A, larger than in [Cu2Cls]?, where the distance is 3.44 A, but the
magnetic exchange constant in the former case is an order of magnitude greater than in the latter,
indicating that bridging (N3)~ groups play a decisive role in magnetic exchange interactions. In
the Cuz(u-CH3COO)4(H20)2 molecule (Fig. 6c¢), the Cu atoms also have square-pyramidal
coordination but are located in parallel planes connected by four bidentate acetate ligands,
separated by only 2.64 A,

Each Cu atom carries an unpaired electron in the dxo orbital (Fig. 7c). In the
calculations, the experimental geometry of Ci symmetry was employed. The last system
considered represents a model of the antiferromagnetic perovskite La,CuOas. It consists of a
Cu207 cluster (Fig. 6d) embedded in a set of point charges simulating the Madelung field of the

ligands; (c) Cuz(u-CH3COO)4(H20). complex;
(d) the Cu20~cluster [106]
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La,CuOs lattice. The unpaired electron resides in the dx.y> orbital (Fig. 7d), but unlike the
previous models, the Cu atoms are connected by only a single oxygen ligand.

Several qualitative models [107,108] were proposed to interpret the physical factors
determining magnetic interactions. Preliminary analysis showed that the magnitude of the
magnetic exchange constant J can be represented as the sum of two opposing contributions,
where J=J.+J,., with J-and J,denoting the ferromagnetic and antiferromagnetic
contributions, respectively. The J_term corresponds to direct exchange between unpaired
(magnetic) orbitals (always ferromagnetic), while the J,. term is assumed to arise from
delocalization effects, which can occur only in the singlet state (thus antiferromagnetic). This
contribution is sometimes referred to as kinetic exchange. Such interpretations follow from the
orthogonal VB model [107], the nonorthogonal VB model [108], or the valence configuration
interaction (VCI) model [109]. In these models, two unpaired electrons are considered, each
localized on one of the two centers.

Application of models [107] and [109] yielded the following expression for the magnetic
exchange constant J :

4t

where the expressions K, , U and t, for J.and J,.are given by relations (12) and (13a).

Refinement of models [107] and [109] is possible by considering electron exchange
between metal centers in systems of the type A'-L-B’. For simplicity, the ligand orbitals are
restricted to a single doubly occupied orbital I. Two neutral VB determinants can be represented
as shown in Scheme 1.

Scheme 1

a+ +b a+ +b
+H ++ !

In addition to the direct interaction discussed above, an indirect interaction is also
possible, which occurs through a charge-transfer process from the ligand to the metal, as
illustrated in Scheme 2.

Scheme 2
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where AEct is the excitation energy (thus positive) associated with charge transfer from the
ligand to the metal (A—L*-B"). Clearly, there exists an equivalent contribution involving the
intermediate state (A'-L*-B").

As a result, the corresponding additional contribution to the magnetic exchange constant
J is given by the formula:
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Aty

J=¢-—7
AESU

(28)

and is usually interpreted as superexchange. The contribution of successive charge-transfer
processes through the ligand can be incorporated into an effective hopping integral:

t,t
ef la”lb
tab talo AaE—CT ) (29)
and for small values of t,, we obtain:
At
J=2K, - af), (30)

which again reduces to Eq. (27). In principle, other mechanisms can also be considered,
proceeding through intermediate states involving double charge transfer (A —L""-B~) with
relative energy DE2ct, which may also contribute to J, leading to:

81t

J=———Tab
AECT AEZCT

(31)

This double electron transfer from ligand to metal is known in solid-state physics as the
Goodenough mechanism [110]. Since the relative energy of the double ionic structure AECT is
certainly larger than U, it can be assumed that this mechanism contributes only negligibly to J,
although in some cases it should be taken into account [110].

Results of calculations within the models [107,109] (2e/2MO) CASCI for the four model
complexes considered showed that the ROHF orbitals of the triplet state and the singlet state (2e~
[2MQ) CASSCF are practically identical. The parameter Kap, defining ferromagnetic direct
exchange, is small, with no clear correlation to the Cu—Cu distance, since the orientation of
magnetic orbitals (Fig. 7) is not identical and their peripheral parts on bridging ligands depend
on the chemical nature of the ligands. The contribution of the integral ta, which defines
transitions between configurations, to the energy differs significantly among the complexes.
Comparison of chloride and azide complexes, both containing the magnetic dyy orbital (Fig. 7),
highlights the role of delocalized orbital tails on the bridging ligand, since ta is larger in the
latter case despite the greater Cu—Cu distance. The energy difference between covalent and ionic
components of the valence bond, U, is very large (~ 2.3 x 10° cm?, ~24-25 eV), much greater
than usually assumed in model Hamiltonians. It can be noted that this value is practically
independent of ligand type and metal-metal distance. Such near invariance agrees better with
results obtained in the simple Hubbard local repulsion model [107] than with data from more
complex methods [109], in which:

Uu=J_,-J,, (32)

where J,, and J_ are one-center and the two-center Coulomb integral. The overall value of J

deviates strongly from experiment and even has the wrong sign for the chloride complex. This
shows that in the approximations considered, which nevertheless account for two main factors
usually discussed in interpretations, the antiferromagnetic contribution is severely
underestimated.

As follows from the above, calculations of diradical systems — particularly the exchange
constant J and other important properties — within the simplest two-center model do not
reproduce experimental data. On the other hand, they demonstrate the necessity of including
configurations corresponding to excited states, i.e., invoking configuration interaction (Cl). In
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most CI methods, molecular orbitals from which determinants of excited states are constructed
play a major role. Most often in CI methods applied to biradical systems, UHF orbitals obtained
for the triplet state are used. Their main property is expressed by Brillouin’s theorem, according
to which the matrix element of the exact Hamiltonian between the ground-state determinant and
the determinant obtained from it by single excitation is identically zero. Single excitations from
the core to virtual orbitals are described by determinants that do not interact with any of these
states. Single excitations from the core to active orbitals, or from active orbitals to virtual
orbitals, lead to states that do not interact with the SCF triplet state but may interact with the
singlet state, requiring careful analysis. As a result of excitation caused by charge transfer from
the ligand to the metal, the resulting states do not interact with the triplet state. Their interaction
with the singlet state is also extremely small. The off-diagonal elements ti» and ti, of the Fock
operator are equal to zero, and therefore the superexchange mechanisms, equations (28) and
(31), do not affect the obtained results. Variational optimization of the orbitals in the SCF
procedure determines the optimal delocalization between the ligand and the magnetic centers in
such a way that these effects are included in the CI only through the valence orbitals.

Virtual T A A
p T Fig. 8. Schematic representation of the various
- excitation operators leading to the relevant ClI
A
[l i

Active spaces: CAS — Complete Active Space; CASCI
a,b : — Complete Active Space Configuration
Interaction; DDCL1 — Difference Dedicated
Configuration Interaction with taking into
account single-excited configurations; DDCL2 —
Difference Dedicated Configuration Interaction

L

CAS 1h 1p 1th 2h 2p 2h 1h 2h

- «ip Ap &% i with taking into account single and double
CASCI excited configurations; DDCI — Difference
— Dedicated Configuration Interaction;

~ CAS*SDCI — Complete Active Space (CAS)
— DDC'zv reference wave function with a Singles and
DDCI Doubles Configuration Interaction [106]
CAS*SDCI

All determinants used in constructing the Cl wave function are usually denoted by
numbers: n — the number of electrons excited from the core (holes) nh, and m — the number of
electrons excited into the virtual space mp. Determinants employed in the quasi-degenerate
perturbation theory method are designated accordingly 1h, 1p, 1h+1p, 2h and 2p, as shown in
Fig. 8.

When comparing results obtained by the DDCI2 and DDCI methods, it is evident that the
data from DDCI are significantly closer to experimental values than those from DDCI2. It was
found that the [Cu.Cls]*> complex exhibits weak antiferromagnetism, consistent with some
experimental observations [111]. Moreover, for all complexes studied, reasonable quantitative
agreement with experiment was achieved. Considering the isolated contributions of the 2h + 1p
and 1h + 2p determinants, several features can be noted. In particular, the overall effect of these
determinants in the systems investigated is systematically antiferromagnetic. Additional
calculations, in which only the 2h + 1p and 1h + 2p determinants were added to DDCI2,
performed on a CuO- lattice fragment and on copper acetate, showed that: the contribution of the
2h + 1p determinant is substantial and antiferromagnetic, leading to an overestimated value of
J = 1532 cm? in the cuprate and -284 cm? in acetate. The contribution of the 1h + 2p
determinant is ferromagnetic, reducing J to -563 cm in the cuprate and -62 cm™ in acetate. The

136



interaction of these determinants occurs only in the fourth order of perturbation theory; therefore,

the final contribution is not simply the sum of the individual effects.

The role of the polarizability of the bridging ligand is evident. The relative influence of
the dispersion contribution on the overall value of J is much greater for azido- and acetate
ligands, for which the magnitude of J is multiplied by a factor close to 3, compared to oxo-
bridges, where the increase in J is about 30%. The case of chloride is an exception, since this
effect changes the sign of the total, very small value of J.

The possibility of obtaining accurate values of the magnetic exchange constant J using ab
initio CI calculations, particularly with the differential ClI method, has been demonstrated. In
such approaches, the result essentially consisted of a numerical value, without any physical
analysis of the factors leading to the final J. This prevents comparison of the obtained results
with qualitative models, popular among specialists in this field and often used as tools for
designing new magnetic structures based on bi- and multiradical systems. An attempt to
overcome this difficulty and to show that accurate calculations can be used to analyze the
physical effects influencing the observed value was undertaken in [106]. Although perturbative
approaches provide a natural way for such analysis, they are not quantitatively reliable, since
many partial series of perturbation theory converge too slowly. A strategy was adopted based on
combining localized magnetic orbitals into atom-centered magnetic orbitals and partitioning the
Cl space accordingly to obtain the desired information.

The most significant conclusions of [106] are as follows:

1. For physical interpretation, one cannot restrict analysis to the valence active space with a
simple balance between direct exchange (K) and kinetic exchange (-4t?/U), regardless of
the definition of the valence space (mean-field variational or natural magnetic orbitals).
The action of the exact Hamiltonian in this restricted space yields J values an order of
magnitude smaller than experimental ones (and sometimes even with the wrong sign).

2. Spin polarization is not negligible, although it does not determine the main effect outside
the valence space. The nature of spin polarization (ferro- or antiferro-) depends on the
system.

3. The main effect beyond CAS, determined by the DDCI2 method (constructed from
second-order perturbation terms), arises from external-space determinants 1h + 1p and
represents a correction of fourth and higher orders. It consists of dynamic re-polarization
of ionic structures of valence bonds.

4. Beyond the DDCI2 space, which is insufficient for quantitative agreement with
experiment, excitations 2h + 1p and 1h + 2p must be considered. Their effect is
substantial and does not represent dynamic ligand polarization due to charge transfer to
the metal atom, but rather occurs through dynamic coupling of ligand-metal transition
dipoles with transition dipoles of surrounding electrons, increasing the effective hopping
integral of dispersion origin.

It is interesting and important to examine whether, and how, these various physical
effects are accounted for in alternative ab initio methods. The NOCI method (CI using natural
orbitals) certainly does not include spin-polarization effects, since it works with restricted open-
shell SCF descriptions for each VB form. As it introduces only a limited number of charge-
transfer states (I—a, with specific relaxations h—p), chosen on fairly intuitive grounds, it clearly
lacks contributions from 2h + 1p and 1h + 2p determinants, which provide opposite effects. The
importance of these missing contributions may depend on the nature of the bridging ligands. The
CASPT2 approach, starting from the valence CI space (minimal CAS), introduces all DDCI-type
perturbations and, in principle, accounts for all of the effects discussed above. However, within
this reduced scheme, the composition of the valence part of the wave functions is not revised,
namely the covalent/neutral ratio in the singlet state. As shown in [58], dynamic correlation
effects significantly increase this ratio (by a factor of 2-5) due to higher-order effects included in
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the variational expansion. Use of reduced schemes leads to underestimation of perturbative
contributions, especially when polarizable ligands are present in the molecular structure. In such
cases, the remedy is to expand the CAS to include part of the higher-order effects. In [106], the
above analysis was carried out using two rather different sets of orbitals: canonical Hartree—Fock
orbitals and quasi-natural MOs. Magnetic orbitals are significantly more delocalized on ligands
in the latter set, as observed phenomenologically [57] and justified in [106]. This effect leads to
higher zero-order values of direct exchange K and hopping integral t. DDCI2 values become
more accurate when natural orbitals are used, but excitations 2h + 1p and 1h + 2p still exert a
significant influence on the final value of J. Analysis of the physical effects contributing to
magnetic interactions can be quite complex. At this stage, it apparently refutes models that
essentially remain confined to the valence space alone. However, as shown in [111, 112],
application of effective Hamiltonian theory allows one to return to a simplified picture, i.e., to
the valence model space. Use of effective energies and interactions, modified to account for
complex and extensive external-space excitation effects, enables recovery of more qualitative
descriptions.

NOODLEMAN’S METHOD FOR ESTIMATING THE MAGNETIC EXCHANGE
CONSTANT J IN BI- AND MULTIRADICAL SYSTEMS

In [113], to examine the main features of the antiferromagnetic state of a transition-metal
dimer, a single-configuration model containing nonorthogonal magnetic orbitals was proposed.
A model with mixed spin symmetry and reduced spatial symmetry was developed, which has
both conceptual and practical significance for computing the exchange constant J. To obtain the
wave function of the mixed-spin state, either the unrestricted Hartree—Fock method or spin-
polarized density functional theory can be employed. The most important consequence of the
theory is that the Heisenberg exchange constant J [60] can be computed simply from the energies
of the mixed-spin state and the highest pure-spin multiplet. In the proposed method, J is shown
to be proportional to the energy difference between the state with the highest spin, S, , and the

mixed-spin state S,, E(S,,)—Egz, when both energies are determined by SCF calculations.

Here, E; is the energy of the broken-symmetry state. Based on the recurrence relation for E(S)

given in [113], the energies of all spin states can be obtained, allowing calculation of the
difference:

Smax
E(Smax)_EB :Ksmax(smax +1)+ZA1(S)S(S +1)j‘] (33)
S=0
For the coefficients A (S), the following equality holds:
S=max
2. AS)=1, (34)
S=0
which leads to:
Smax
D A(S)-S(S+l)=n=S_,, (35)
S=0

where n is the number of pairs of magnetic orbitals.
And that's why

E(Smax) - EB = _Sriax‘] (36)
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For most weakly bound dimers |J,.|>|J,| and the antiferromagnetic terms J,. dominate

the contribution to J. From Eq. (36), it follows that the value of J can be computed without
explicit evaluation of individual Hamiltonian matrix elements or overlap integrals S, . This is

possible because the terms E(S,,,) and E; are included through their influence on the energies

of the mixed-spin and high-spin states. For comparison with Eq. (34), the energy difference
between the high-spin and singlet states is:

E(S,n) — By = =S, Sy +1)J . (37)

The concept described above can also be applied to calculate J upon addition of one
electron to a molecule, forming a reduced dimer. In this situation, the added electron usually
resides in a localized orbital at one end of the dimer, and the two interacting subunits become
distinct; the monomers exhibit different geometries, charge distributions, and other one-electron
properties. Upon addition of one electron to the oxidized dimer, reducing the number of unpaired
spins on one monomer, the interacting monomers acquire spins

§,=n/2,S,=(n-1)/2;, S=S,+S,. Then:

E(S,.x) — Es :(—Smax (Siax +1)+ sza? A (S)-S(S +1)JJ, (38)

S=1/2
where
(28 +1)(n-1)!n!
(N-S-12)(n+S+1/2)!

The physical requirements for the validity of the Heisenberg Hamiltonian are stricter for
the reduced dimer than for the oxidized one, so the reduced dimer can only approximately be
characterized by a single value of J.

The most important results of [113] are contained in Egs. (33), (36), and (38), which
relate the Heisenberg exchange constant J to the energy difference between two independent
single-configuration energy calculations E(S,,) and E;. These equations are equivalent to the

configuration interaction approach using second-order perturbation theory with a local orbital
basis [109]. The approach outlined above can be regarded as a proof of the validity of the
Heisenberg Hamiltonian for two identical, weakly interacting subunits. Since the proof assumes
that second-order perturbation theory provides a good approximation, and the overlap integral of
the magnetic orbitals serves as the perturbation expansion parameter, it is evident that small
overlaps of magnetic orbitals are required for the physical justification of using the Heisenberg
Hamiltonian.

In general, for generating the wave functions and matrix elements employed in the
preceding equations, either the unrestricted Hartree-Fock method or spin-polarized density
functional theory can be applied. One of the advantages of broken-symmetry wave functions is
that, being single-configuration wave functions, they are easily visualized.

Moreover, a broken-symmetry wave function represents a weighted average of pure spin
states, which are orthogonal and do not interact with the overall Hamiltonian of the system. This
is a very powerful result that can be used to evaluate the energies and properties of pure spin
states.

A= (39)

CONCLUSIONS
The unique electronic structure of diradical and multiradical systems can be described as
an open-shell singlet ground electronic state. The character of such systems is not a directly
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observable property but rather represents a quantum-chemical index, originally defined as twice
the weight of the double-excitation configuration in the multiconfigurational self-consistent field
(MC-SCF) method. In the study of these systems, the two-electron valence configuration
interaction (2e-VCI) model has proven particularly useful, allowing the identification of their
nonlinear optical (NLO) properties and enabling classification according to the value of the
chemical index y. Within the 2e-VCI framework, molecular properties (excitation energies,
transition dipole moments, dipole moments, and second hyperpolarizability) for four-electron
states are expressed as functions of the diradical character, which is valuable for understanding
photochemical properties as well as deriving structure—property relationships in open-shell
molecular systems. It has been demonstrated that the second hyperpolarizability is enhanced in
the intermediate region of diradical character compared to other regimes. This principle also
extends to the first hyperpolarizability g for heterosymmetric open-shell singlet systems. Such
results provide the basis for introducing a new class of open-shell singlet systems that are
expected to surpass traditional closed-shell NLO systems.

Based on different values of diradical character, fullerenes were divided into three distinct
groups according to the parameter y; described above. According to the obtained data, closed-
shell fullerenes include Cao, Ceo, and Cro, whereas Czs and Csg, as well as Cao, Cao, Ca2, and Cas,
correspond to radical and intermediate open-shell compounds, respectively.

Application of the CASPT2 method, starting from the valence CI space (minimal CAS),
accounts for the effects of all DDCI perturbations. However, within this reduced scheme, the
composition of the valence part of the wave functions (specifically, the covalent/neutral ratio in
the singlet state) is not revised. Dynamic correlation effects significantly increase this ratio (by a
factor of 2-5) due to higher-order effects included in the variational expansion. The use of
reduced schemes leads to underestimation of perturbations, particularly when polarizable ligands
are present in the molecular structure. In such cases, the recommended approach is to expand the
CAS to incorporate part of the higher-order effects.

For approximate calculations of closed-shell systems containing two radical centers with
different magnetic spin quantum numbers, Noodleman’s approach has proven convenient. In this
method, to describe the main features of the antiferromagnetic state of a transition-metal dimer, a
single-configuration model with nonorthogonal magnetic orbitals was proposed. A model with
mixed spin symmetry and reduced spatial symmetry was developed, which has both conceptual
and practical significance for computing the exchange coupling constant J. To obtain the wave
function of the mixed-spin state, either the unrestricted Hartree—Fock method or spin-polarized
density functional theory can be employed. The most important consequence of this theory is
that the Heisenberg exchange coupling constant J can be directly calculated from the energies of
the mixed-spin state and the higher pure-spin multiplet.
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JTUPAIUKAJBHI TA MYJbTUPAIUKAJBHI CUCTEMMU TA
KBAHTOBOXIMIYHI METOJH
OBUYUCJIEHHS IXHIX BJACTUBOCTEHA

0. C. Kpemennb, B. B. JlobanoB

Incmumym ximii nosepxni im. O. O. Yytika HAH Ykpainu,
eyn. Oneza Myopaxka, 17, Kuis, 03164, Ykpaina, e-nowma. kremenoksana@ukr.net

Iiosuwenuii inmepec 00 OUpPAOUKATbHUX CHONYVK (Ou- ma Myabmu-) 3YMOGIeHUll iXHiMu
VHIKATbHUMU HelIHIUHUMU onmuyHumu enacmusocmamu (NLO), wo nposgnsaiomscs ax 8i02yK Ha
Oito cunvhux enekmpuunux nonie nasepie. Ixni NLO 3naxodsmv wucnenni 3acmocyéamms y
CNEeKmpOCKONii, MamepianosHascmesi ma iHxcenepii, a maxkoxc y 300pi, 30epiecanti, 06pooyi i
nepeoaui 0aHux 3a 00NOMO02010 (omoHie. Enexmponna cmpykxmypa oupaouxaibHux cucmem 3
BIOKPUMOIO 0O0NIOHKOI KIACUDIKYEMbCS 3A 8EIUYUHOIO IXHBbO20 OUPAOUKaibHo2o xapakmepy (Y)
8I0N0GIOHO 00 MpPbox kKamezopiti: (i) cucmemu i3 3amxnenoio oboronxoro (Y = 0); (ii) npomiowcni
oupaoukanvhi cucmemu (0 <y < 1); (iii) cucmemu 3 yucmoro giokpumoro o6oronxorw (y = 1).
Yepe3 83a€mM00it0 Mid HeCNApeHUMU eeKMPOHAMU Y OUPAOUKATIbHUX YACTUHKAX IX He MOJICHA
npoOCmo po32aa0amu siK CRLIbHY CUCeEM) 080X HE3ANeHCHUX PAOUKATbHUX YeHmPIs. [ nosHo2o
Onucy eneKmpoHHoOi CmMpyKmypu OupaoukaibHUxX 4YacmMuHOK HeoOXiOHO 8paxosysamu sK
8IOKpuUmMi 0O0NOHKU CUHSTEMHUX, MAK i MPUnIemuux cmauie. Pezyiomamu, ompumani 6 pamxax
npocmoi 080YeHMpPoBoi Mooeii, NpugoodsIms 00 NOSABU HOB020 KIACY CUCMEM 3 GIOKPUMON)
000JIOHKOI0 Y CUH2NIeMHOMY CMaHi, Ki, AK o4iKyemucs, nepesuwjams mpaouyitini NLO-cucmemu
i3 3aMKHeHOoI0 0bononkor. Ha ocHoi yboeo npunyuny 3anponoHo8ano npakmuiti pekomeHoayii
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U000 MONEKVAAPHO20 OU3AUHY MA ONMUMIZAYI] OUPAOUKATLHUX XAPAKMEPUCMUK i, 8IONOBIOHO,
ona nocunennss NLO na O0CHO8I Oanux po3paxyHKi6 i3 Nepuiux HNPUHYunie, 6UKOHAHUX HA
PeanicmudHux MONEKYIAPHUX CUCMeMax 3 BIOKPUMOI0 O0OO0NOHKOW V CUHSAEMHOMY CHAHL.
Ompumani po3paxyHkogi 0aui wooo yrepenie Kopuchi He auuie 01 po3poOKU eheKmusHUX
NLO-mamepianie na ixuiti ocrosi, ane ti ONisi PO3YMIHHS NOXOONCEHHS MYIbMUPAOUKATILHO2O
xapakmepy OesKUX 36 513Ki6 y makux cucmemax. Xoua 00cuioxceni ¢hynepeHosi cmpykmypu
Maroms CUHEIeMHI OCHOBHI eleKMPOHHI CMAHU, IXHIU NPOMINCHUU OUPAOUKATbHUL Xapakmep
ModHce NPU3B00UMU 00 368VHCEHHS. eHEePIeMUYHO20 3A30pY MINC CUHRIEMHUMU CMAHAMU ma
cmanamu 3 Oilbwl BUCOKUMU Mynbmuniemamu. llpu po3ensdi monekyiapHoz2o mazHemusmy
nokaszano, wo ocHoeuull egexkm noza medxcamu CAS, eusnauenuit memoodom DDCI2
(nobyoosanum i3 uneHig@ O0pyeo2o NopsoKy meopii 30YypeHv), 3YMOGIeHUll OemepMiHaHmamu
306HIWNbO20 npocmopy muny lh + Ip i € nonpaskoio uemeepmozo ma euwjux nopsokie. Biu
nonseac y OUHAMIYHIL NOBMOPHIU NOAAPU3AYIL IOHHUX CMPYKMYp 6aleHMHUX 36 a3kis. Ilpu
8uxo0i 3a mexci npocmopy DDCI2, axuii ne 3ab6e3neuye 00CsaeHeHHs KIIbKICHOI Y3200H4CeHOCMI 3
excnepumMenmom, Heobxiono epaxogyeamu 36yoocenns muny 2h + 1p ma 1h + 2p. Ixuiii epexm
€ documv Cymmesum [ He CMAaHO8UMb OUHAMIYHOI nonsApusayii ieaHoa yepe3 nepeHeceHHs
3apsady Ha amom Memany, a 6i00y8acmvcs uepe3 OUHAMIUHE CHPSJICeHHs OUNOJ8 nepexoodis
JieanO0—-meman i3 OUNOJAMU Nepexooié HABKOIUUWHIX eleKMPOHI8 ma 30L1bUeHHs eheKmUeHO20
iHmez2pana nepeckoxy OUCNEPCIliH020 NoxXo0xceHHs. Y pamkax memody Hyonemana nokasano,
wo 0ns eeHepayii X8UIbOBUX (DYHKYIU I MAMPUUHUX elleMeHmi8, AKI BUKOPUCMOBYIOMbCSA NpU
00YUCTIeHHT eHepaii BUWUX MYTbMUNIEmie, MOXCHA 3ACMOCO8Y8AMU K HEO0OMedNCeHUli Memoo
Xapmpi—Doka, mak i meopito @ynkyionara cycmunu 3i cninosor noaapusayicto. OOHiclo 3
nepesaz X6Unb08UX (OYHKYIU (3 NOPYWEHOI cumempiclo € me, wo, O0yoyyu XeUlbosUMU
@yHKyiamu o0Hiei Koughicypayii, 6onu neeko gizyanizyromocs. Kpim moeo, xeunvosa ¢ymukyis 3
NOPYUWIEHOI0 CUMEMPIEI0 0a€ 38aMdHCeHe CEPeOHE 3HAYEHHA YUCMUX CHIHO8UX CMAHI8, AKI €
OPMO2OHANILHUMU ™A He 63AEMOOIIOMb i3 3A2aNbHUM 2aMilbMmoOHIaHOM cucmemu. Lle
HAO036UYALHO NOMYN*CHULL pe3yIbmam, AKULL MONXCHA euxopucmamu OJisl OYIHKU eHepeill |
gnacmugocmell YUCMux CniHO8UX CMAaHis.

Knrwouoei cnoea: oupaouxanvHuti cmaw, OUPAOUKATbHUL XApAKmep, CUHEAeMHI CMAaHUu 3

BIOKpUMOI 000JIOHKOI, HENIHIUHI ONMUYHI G1ACMUBOCII, OUPAOUKANbHI CMAaHU Qyrepenis,
YUCA 3AN0BHEHHS HAMYPATbHUX OpOimanel, KOHCMAaHmMa MAaeHimHOoI 83aEMOOI.
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