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GLINYANAYA E.V.

DISCRETE ANALOGUE OF THE KRYLOV-VERETENNIKOV
EXPANSION

We consider a difference analogue of the stochastic flow with interaction in R. The
discrete-time flow is given by a difference equation with random perturbation which
is defined by a sequence of stationary Gaussian processes. We obtain the It6—Wiener
expansion for a solution to the stochastic difference equation which can be regarded
as a discrete analogue of the Krylov—Veretennikov representation for a solution to
the stochastic differential equation.

1. INTRODUCTION

In the present paper, we study a discrete-time system of interacting particles which is
generated by a sequence of independent stationary Gaussian processes {&,(u),u € R},,>1
with covariance function I', T'(0) = 1, via the recurrence equation

Tnt1(u) = zn(u) + &ntr (zn(u)) (1)
zo(u) =u, ueR.

Here, {x,(u),n > 0} describes the motion of a particle which starts from a point
u € R. The interaction is understood as a probabilistic dependence between the random
variables {z,(u),u € R}.

Similar schemes were investigated in connection with the synchronization of a system
of oscillators evolving in the presence of a random force [1]. For example, the phase
dynamics equation for an oscillator with a random perturbation has the form

dy(t)

L = v+ 2w (1), 2)

where 9(t) = p(t) —wt is a difference between the phase of oscillations ¢ and the phase of
an external force; ¥ = w —wy is the detuning frequency; w is the frequency of an external
force, wp is the internal frequency; and e(t) is the amplitude of an external force. The
main question for model (2) is as follows: “when does the noise destroy or enhance the
synchronization of oscillators?”

In the case where v = 0 and with the discretization on the time, Eq. (2) yields

Vnt1 = Vn + Mn1q9(Vn)- (3)
Consider model (1) with {&,(u),u € R},,>1 of the following kind:
&n(u) =nl, cosu+ ) sinu,

where {n),}n>1, {1 }n>1 are independent sequences of independent standard Gaussian
random variables. In this case, we obtain the equation similar to (3):

Tnt1 () = T (U) + 111 €08 T (U) + 171y ST (u). (4)

The distance between points at the two-point motion of system (4) can be viewed as
the difference between the phases of oscillators.
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Our model can be also regarded as a general iterative scheme:
Xn :TnOTn,1 O...OT1X0,

where {T},},,>1 is a sequence of independent and identically distributed random maps of
RF into itself, and X is an initial state. Such models are considered by many authors
(see, e.g., [2, 3, 4]). In general, the main questions that are studied for the random
sequence { X, },>1 are the following ones:

i) existence and properties of stationary random measures of the system ;

ii) convergence of the sequence {X,},>1 (almost sure, in probability, of the distribu-
tion) .

Since f(zn(u)) is a function of Gaussian processes, there exists the It6—Wiener series
expansion for a solution to system (1). Our main goal is to obtain the explicit form of
such series expansion. The individual terms of the expansion can be used to analyze the
asymptotic behavior of our model. Note that, for the solution to a stochastic differential
equation, the It6—Wiener series expansion was obtained in [6]. So, the obtained series
expansion for a solution to system (1) can be regarded as a discrete analogue of the
Krylov—Veretennikov representation.

2. SOME PROPERTIES OF ONE- AND TWO-POINT MOTION

In this section, we consider one- and two-point motions of system (1) and observe
some properties.

Lemma 1. Consider the sequences {xn(u)}n>0 and {z,(u) — z,(v)}n>o for any fized
points u, v € R.

i) Let {Cn}n>1 be a sequence of independent standard Gaussian random variables, and
let {zn}n>0 be a sequence such that

20 =1U, Znt1 = Zn + Cui1- (5)

Then the sequences {xn(u)}n>1 and {z,}n>1 are identically distributed.
i) Let {vn}tn>1 be a sequence of independent standard Gaussian random variables,
and let {yn}n>0 be a sequence such that

Yo =U—V, Ypt1 = Yn + 2— 2F(yn)l/n+1- (6)
Then the sequences {xy(u) — , (V) }n>1 and {yn}n>1 are identically distributed.

Proof. The proof is trivial and is omitted. |

From Lemma 1, (i) we can see that the one-point motions of system (1) are Gaussian
symmetric random walks. So, our model can be regarded as a discrete analogue of the
Harris flows with a Brownian one-point motion [7]. Note that the asymptotic behavior
for Gaussian symmetric random walks is well known:

—  z,(0)
P{lm ——=—=1
{RHOO V2nInlnn

From Lemma 1, (ii) we can see that the joint motion of two points is specified by the
function T'. Let us give the example with a different behavior of two-point motions in
system (1).

Example 1. For any two fixed points u1, us € R, we denote y, = xn(u1) — x,(uz).
Consider two covariance functions I'y = 1 and

1—Jul, |ul <1,
m):{ [ul, Jul

0, lu] > 1.
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In the first case, we get y,+1 = Yn, S0 the distance between two any points does not change
in time. In the second case, we denote 7 = inf{n : y, € [-1,1]}. Then {y,,n < 7} is a
symmetric random walk with Gaussian increments.

In [5], the following stochastic difference equation is considered:

LTn+1 = xn(l - hf(l'n) + \/Eg(xn)fn+l)~ (7)

Here, &, are independent random variables, and xy € R. The authors obtained [5] some
results on the asymptotic stability and the instability of the trivial solution x,, = 0 which
allow us to formulate the following proposition.

Lemma 2. If the covariance function I satisfies the condition
K222
2
for any x € R\ {0} and some constant K > 0, then, for any fived points u, v € R,

1>T(z)>1-

(®)

nlingo(xn(u) —xz,(v)) =0 a.s.

Proof. Let the sequence {y, },>1 satisfy (6). We prove that lim y, =0 a.s. From (6),

n—0oo

we get
Yn+1 = yn(l + \/Eg(yn)l/n+1)v

where g(z) = 7”2\}}25(:”) Theorem 6 in [5] implies that if a function g is bounded and
g(x) # 0, z € R\ {0}, then lim y, = 0 a.s. From condition (8), it is follows that the
function g is bounded and g(z) # 0, z € R\ {0}, so lim y, =0 a.s. O

3. ITO-WIENER EXPANSION

In this section, we introduce basic definitions and notations related to the It6—Wiener
expansion of Gaussian functionals and the Krylov—Veretennikov representation of solu-
tions to a stochastic differential equation driven by the Wiener process (see [8, 9, 10, 11]).

Let (£2, F, P) be a probability space, and let H be a real separable Hilbert space with
inner product (-, -) and norm ||-||. By &, we denote a generalized Gaussian random element
in H which has the zero mean and the identical correlation operator. This means that
£ is a linear map which maps elements of H into the set of Gaussian random variables
and has the property

VoeH: E(¢) =0, Ep)? =]l

By &, we also denote the white noise in H.

Let Ly(§2, F, P) be the set of all square-integrable random variables on (2, F, P). Let
Hy,k > 1, be the space of k-linear symmetric Hilbert—Schmidt forms on H. We define
the inner product and the norm in Hj in the usual way:

VTk,Sk € Hy, : (Tk‘7Sk‘)k = Z Tk(eilv'"7€ik)Sk(ei13"'7eik)7

01,0t =1

1Tl = (Tx, T )
where {e;,7 > 1} is an orthonormal basis for H. For any Q) € Hy, let us consider the
random variable Qg (¢, . .., &) defined by

Qk:(gw"vg) = Z Qiv,... 05 - (Gil,g)'~~~'(eik,£) 5

01,0t =1
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where ¢;, .4, = Qr(eir,...,€;), and : - :is the Wick product [11]. Note that

EQx(, .., ) = k| Qxl- (9)

Suppose that the random variable 7 is o(£)-measurable and in Lo(2, F, P). It is well
known [9] that there exists a unique sequence of forms Qj, € Hj, such that

n:ZQk(gv"'7£)a (10)
k=0

where the series converges in the square mean. Representation (10) is called the Tto—
Wiener expansion.

Example 2. Consider H = L2([0,1]). We assume that a generalized Gaussian random
element ¢ is given by

1
(f.€) = / F()du(t),

where {w(t),t € [0, 1]} is a Wiener process. Then, for any Hilbert—Schmidt form Ay, there
exists the unique function aj that is invariant under any permutation of the arguments
such that, for any x1,...,z, € L2([0,1]),

1 1
Ak(xl,...,mk):/ k/ ak(t1,...,tk)xl(h)...xk(tk)dh...dtk.
0 0

Let n be a o(w)-measurable random variable, and let n € Lo(2, F, P). Then the It6—
Wiener expansion is as follows:

to

1 e o] 1 tn
n:En+/0 fl(t)dw(t)+;2/o/o e [ Rl dut),

where the functions f, € L2([0,1]™) are invariant under any permutation of the argu-
ments.

The It6—Wiener expansion for the solution to the a stochastic differential equation
was obtained in [6]. Let {w,t € [0,1]} be a one-dimensional Wiener process which is
defined on a complete probability space (£, F, P). Consider the Cauchy problem for the
one-dimensional stochastic differential equation

{dx(t) = o(az(t))dw(t) + b(z(t))dt, t>0

z(0) =z, (11)

where x € R, o(-), b(-) are measurable bounded functions. Suppose that
IJpu>0 VezeR: |o(x)] > p.

It is known that, under the given conditions, this stochastic equation has a weak
solution [6]. The Krylov—Veretennikov representation can be written with the use of
the fundamental solution to a parabolic partial differential equation associated with the

stochastic differential equation. Denote a(z) = $07(z) and consider

{%u(s,x) + a(m)g—;u(s,x) + b(m)%u(s, u) =0, s€[0,t), (12)

u(t,z) = o(x), p € C(R), t € R.

Let T;—s, s < t, be a set of operators that define a solution to (12) (which is solved
backward in time). It is known that Typ(x) = Ep(x(t)), where z(t) is a solution to (11).
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Denote Qi—sp(z) = o(x) %Tt_s@(x). Then the It6—Wiener expansion for ¢(z(t)) has the
form

go(xt) = Ttgo(xo) + Z / . / TtiQti—l_ti N Qt,tl go(l‘o)d’wti S dwtl.

=lyic <<t

4. MAIN RESULT

Let us return to our system of interacting particles (1). Assume that a covariance
function I' has the form

I(u) = /Rw(u —v)Y(v)dv,

where v is a symmetric function on R such that

/RwQ(u)du =1.

Let us find an analogue of the Krylov—Veretennikov representation for ¢ (z,(u)).

First of all, let us define the white noise £ which produces the sequence {&,(u),u €
R},>1. For this purpose, we define the white noise &, on La(R) which produces the
process {{,(u),u € R}. Under the assumption on the covariance function I', it can be
proved that there exists a Wiener process w,(t),t € R, such that

6a(w) = [ wtu =), v)
Define the white noise &, on the space Ls(R) by

(f.6n) = / £ (0)duwn (v).

We now define a separable Hilbert space

oo

H={F:F = (fi, far. ), fn € La(®), S [ fill3, < +oc},

k=1

with the inner product on H :

(F.G) = (frr k) Ls-

k=1

We define the white noise € in H as follows:

(oo}

(F’ 5) = Z(fnagn)

n=1
Observe that
where ¥, (u) = (0,...,0,%(u),0,...) € H.
——

n—1
Consider ® = N2, Lo(R, N(0,n)), where
1 22
Ly(R,N(O,n)) ={f:R—>R| —— 2(z)e"mdr < oo}
B NO) = {f R =B —— [ ) }
We define the norm in Lo(R, N(0,n)) by

1 _22
1om = 5= [ ) Fa.
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We now define the distance p in the space ®. For any @1, p2 € @, we take

o0

Z 1 e — w2llnom)

—~ 2" 1+ (o1 — pallvom)

p(p1,p2) =

Let us verify that, for any ¢ € ® and r € R, the random variable ¢(r + & (r)) €

LZ(Qvfa P)
For any o € @, r € R and n > 2, we have
_ (=2 z)"’
Ep?(r 4 &1 (r) dx =
\/_
Yy / Fage B () rer2 gy <
2mn JRr
n— 7‘2 ]. 1’2 ’7‘2
< \/ﬁsggefﬁwlﬂrf? — /ﬂ@gf(@tfﬁdm = \/ne2-1 ||€0||?\/(0,n) < 400, (13)
x
where we used
supe_”cM?__nlJ””_é = T S tar— = e,
zeR r=r-"_

Thus, p(r+£&1(r)) € La(Q, F, P) for any ¢ € ® and r € R. We now denote the It6—Wiener
expansion for o(r + &;(r)) by

o(r + & (r ZQIW ST Y} (14)

k=0
We note also that, for any k& € N, relation (9) yields

Ep(r + &1 (r Z]EQJSO (r,&,.. . 6) > EQuo(r, &1, .. &) = K Qrllz.  (15)
7=0
Lemma 3. For any k > 0 and r € R, the function ¢ — Qrp(r,-,...,-) is a linear

continuous mapping from ® onto La(RF).

Proof. The linearity is obvious. The continuity follows from

1Qkpr (7, ) = Quepa(ry )l < %E((w (r+&1(r) = @2(r + &(r)* <

1 2
< E\/ﬁe’“”‘” o1 = 2l X0.m)»
where we used (15) and (13). The lemma is proved. O

We now define an action of the operators (. on the functions with values in a Hilbert
space. Let H be a Hilbert space. By ®(R, H), we denote the set of all measurable
mappings f from R onto H such that ||f||z € ®. We define the distance in ®(R, H) by

(oo}

1 e =" Olallvon
e ¢") =) o , e
= 2n 1+ ||H<P ()= (')HHHN(o,n)

Let {e; };i1 be an orthonormal basis for the Hilbert space H. Then, for any x € R, we

have
= vil@)ey
j=1
Note that

2 1 22
Ol = To= [ le@lre Fdo = (16)
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) Fidr = Z 125 ()13 0,m)-
Jj=1
It follows from gpj(-) ®, j > 1, that, for any r € R,

i (r+&(r ZQM (r, &1, ).

k=0
We now define an action of the operator @y on ¢ € ®(R, H) by

ngo Ty ZQ/CQOJ 77"'7') j
From (15) and (13), it follows that

o0 o0
ZngOj(T,l‘h...,l‘k)Q < ‘.131|2 ‘xk‘zz HQk@j(ra'a-”a')”i <
=1

j=1

< fer? - Jonl? 3D B+ &) < const D sl < +oo.
j=1 j=1
So, the action of the operator Qj on ¢ € ®(R, H) is well-defined. It can be easily verified
that the definition does not depend on the choice of the basis {e;,j > 1}.
Thus, the operator Qx maps the function ¢ € ®(R, H) into the Hilbert—Schmidt form
with values in the Hilbert space H. As in the one-dimensional case, for any ¢ € ®(R, H),
we obtain

e(r+&i(r ZZQk%Tfl’-~-,§1 ej = ZQk¢T§17~-~751)7

k=0 j=1 k=0
where Qo(r, &, ... ,él) are random elements in H.
Lemma 4. For any k > 0 and r € R, the function
SR, H)> o Qro(ry...,)

is a linear continuous mapping from ®(R, H) onto the space of multilinear symmetric
Hilbert—Schmidt forms with values in the Hilbert space H.

Proof. The proof is similar to that of Lemma 2 and is omitted. O

Example 3. For the sequel, we need to define an action of @ on multilinear Hilbert—
Schmidt forms. Let H = Lo(R¥). Consider Ay € ®(R, H). Let {EL(-,...,)}32; be an
orthogonal basis for Ly(R¥). Then we have

Ak(xv EERRE ) = Zaz(x)Eli(7 HRR) )
i=1

For any r € R with the use of the general construction described above, we obtain
e . .
Ak(’l" +£1(T)7 EEERE) ) = ZQjAk(Tvglv .. '7517 EEERE) ')7
SN—— =0 —— ——

where we denoted

QjAk:(rvélv"A'aglv P ZQ] a“’l" glvugl)ElZc(??)



46 GLINYANAYA E.V.

In general, the action of a random mapping on random elements is not well-defined.
But in the case where a random mapping @; and a random element Ay (r + £(r)) are
independent, their composition is well-defined [10].

We note that the white noise éj can be regarded as that on the space

£ ={F={0,...,0,£,0,...}), f€Ly(R)}.
———
j—1
Assume that the mapping Ay, is defined on the space £2.
Then the form A (r + & (r),-,...,) is defined on the space £2 and measurable with
——

k
respect to the white noise in £!. From the orthogonality of the spaces £' and L2, it

follows that

Ap(r+&(r). 6., &) =D QiAk(r &, ... 6,6, ....&).
~——— s —— T
k j
Theorem 1. Let {z,(u),u € R},>1 be a sequence that satisfies Eq. (1). For any
pedn>1, we have

w(mn(u))zz Z anan_l...Qll(p(u,én,...,én,...,él,...,él).

k=01l1+...+1l,=k
[yl 20 In h

Proof. First of all, let us verify that the iterated action of the operators (); is well-defined.
Note that {&,(u)}n>1 are identically distributed. So, for z, (u) by (14), we have

plan () = p(@n-1(u) + Eu@n1 (W) = D Quup(@n-1(w),bn, .., &).

k1=0

From the definition of an action of the operators ), on the functions with values in a

Hilbert space, the action of the operator @, on @y, is well-defined in the case where

1Qk—1¢( . ..,)|I7, € ®. To verify this condition, we note that relations (15) and (13)
~——

k1
imply that, for any n,
2 1 2 1 S 2
1Qu(rye e M, < B+ 60) < Ve o
Thus, for any m > 1, we put n > m + 1 and obtain

1 , 1 , 22
m/RHka(Tv'v'“f)”kle mdr < k—ll\/EH@HN(o,n)/ReZ(" De2mdr < +00.

So, the action of the operator Q, on Qk, is well-defined. Applying the construction
from Example 3 to the mapping Ag(x,-,...,") = Qk,p(z,-,...,-), we obtain

Qryp(Tn—2(u) + &n-1(Tn—2(w)),-...,") =
k1

= E kaQk1@(mn*1(u)vénflv"'75.71717'7’"7')~
——— — —
ko=0 ko k1

Note also that the Hilbert space

o0

H={F:F=(f,fo..), fr € La(R), Y _IIfll7, < +00},

k=1
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splits into the direct sum
H=Ecr,
n=1
where L£" is the subspace of H :
Lt={FeH: F=(0,...,0,1,0,...)}, f € La(R).
——
n—1

In these terms, the form Qg (zp—1(u) + &, (xn-1(w)),,..., ) is defined on the subspace
N——

k
L™+ and measurable with respect to the white noise in £”. This implies that

Qryp(Tn—1(u) + &n(Tn—1(u)), én—&-lv cees én-&-l) =

o0
= QkQrp(@n1(u), s+ ey Cnits -5 Engn)-
k2:0 k
2 k1
We note also that
Hkaka—l cee legp(u’ EERRR) ')”im+...+k1 <
1 2
< k—\/Z€2(l D ||Hka 1. .legp(~7 Tyeeey .)‘|km—1+~~~+k1||N(O,Z) €.

me

Using similar arguments, we complete the proof.
O

It is obvious that the zero-order expansion term for ¢(z,(u)) is equal to Ep(zy, (u)).

It follows from Lemma 1 that
2

Ep(zn,(u)) (u+v)e” 20 dy.
ln () \/271'71/

Let us give the explicit form of the first-order expansion term for ¢(z, (u)). When n = 1,
we have

o(u~+ & (u ZQmpufl,...,él).

k=0
On the other hand, ¢(u + & (u)) as a function of the Gaussian random variable can be
represented as a series in Hermite polynomials,

o(u+ &1 (u ZHk (€1 (u / o(u +v)Hi(v)p1(v)do,

where p,(z) = \/21”—716*57. Using this representation, we get

Qow(u \/—/ (u+v) _2dv
Qup(u,&1) = H1(§1(U))\/—2—W/Rg0(u +v)H(v)e” zdv =
. ~5 o = uL (w4 v)e 5 do =
W= [ elut oo Fav == [ Furoea

1 ! 7% V=
:E/Rw(u—y)dm(y)/ﬂgw(ﬁv)e d
://cp’(u—i—v)pl(v)?/f(u_y)dvdwl(y)'
R JR
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We recall that

o0

QO(l'n(’LL)):Z Z Qthz"'anw(uvélw"7517"'7577,7"’751’7,)'
k=0 %17'“;[”%0 & I 1
1+ Flp= "

Thus, the first-order expansion term for ¢(z,(u)) has the form

n—1

> Q1R pu, )

§=0
For Qk(u), we get the explicit form
Qola) = [ lu+olp(e)de,
Then the action of Q) 7" on the random variable ¢ (z, (1)) = @(2n_1 (1) +En(Tn_1(u)))
is as follows:
i ) = [l ) + vy

By definition, we put (Tkf). = Q& (f,u) and 0, f = f(- + x). Then we obtain

Q%Qng_j_lgo(u,é]q_l) ZT]‘/ /((ean—j—1€0);9—y¢)uP1(U)dvdij(y) =
RJR

- / / (T3 0y T —10)y s (0) v ().
RJR

Example 4. For the covariance function I'(u) = cosu, we will give the explicit form of
the first expansion term. In this case, system (1) has the form

Tng1(u) = xn(u) + 15,41 cosxp(w) + 1) sina, (u)
zo(u) = u,

where {0}, }n>1, {7 }n>1 are independent sequences of independent standard Gaussian
random variables. The first expansion term for z,,(u) has the form

n
k—1

Z(U;c cosu+ny sinu)e” "z . (17)
k=1

Indeed, for n = 1, we have
x1(u) = u + 1} cosu + ny sinu,

and relation (15) is obvious. Suppose that the first expansion term for x,(u) has the
form (15). For x,,11(u), we obtain

Tpy1(u) = Tn(w) + 1), 41 cOSTn(w) + 1))y sinay, (u).

We note that 7,,,, does not depend on o(7f,...,n;), and 7, ., does not depend on
o(ny,-..,ny). So, the first expansion term for x,,41(u) has the form

n

Z(n;C cosu + 1) sinu)e” "z + M1 Ecos 2y (w) + 1y Esinz, (u) =

k=1
n+1
. / "o k-1
= > (ngcosu+n,sinu)e 2 ,
k=1

where we used the relations

Ecosx, (u) = / cos(u + v)p, (v)dv = e~ % cosu,
R
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Esinz,(u) = / sin(u + v)pn (v)dv = €~ 2 sinu,
R
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