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A. POGORUI

THE DISTRIBUTION OF RANDOM MOTION
IN SEMI-MARKOV MEDIA

This paper deals with the random motion with finite speed along uniformly dis-
tributed directions, where the direction alternations occur according to renewal epochs
of a general distribution. We derive a renewal equation for the characteristic function
of a transition density of multidimensional motion. By using the renewal equation,
we study the behavior of the transition density near the sphere of its singularity in
two- and three-dimensional cases. For (n — 1)-Erlang distributed steps of the motion
in an n-dimensional space (n > 2), we have obtained the characteristic function as
a solution of the renewal equation. As an example, we have derived the distribution
for the three-dimensional random motion.

1. INTRODUCTION

Most of the papers on the random motion with uniformly distributed directions in
a multidimensional space are devoted to the analysis of models, in which motions are
driven by a homogeneous Poisson process, so their processes are Markovian [1], [2], and so
on. Papers [3]-[6] considered a non-Markovian generalization of one-dimensional random
evolutions of the telegrapher’s random process, where the motion is driven by an alter-
nating semi-Markov process with Erlang distributed interrenewal times. Random flights
in R™ with K-Erlang distributed displacements and uniformly distributed directions have
been studied in [7]. A planar random motion performed by a particle, which changes its
direction at even-valued Poisson events is studied in [8]. Papers [9] and [10] analyzed a
random walk with steps of uniform orientation and Dirichlet-distributed lengths. The
transition densities which have simple analytical forms for two- and four-dimensional
Markovian random motions were derived in [1] and [2].

In the present work, we consider multidimensional random motions with uniformly
distributed directions with general distributed steps, by extending some results of [1],
[2], and [7].

Let us consider the renewal process v (t) = max{m >0: 7, <t} ,t > 0, where

T = Y peo Ok, 0 =0,and 6, >0, k=1, 2,..., are i.i.d. with a distribution function
G(t) and the probability density function (pdf) g (t) = LG (t).
We assume that a particle starting from the coordinate origin (0,0, ..., 0) of the space

R™ at time ¢t = 0 continues its motion with a constant velocity v > 0 along the direction of
én), where n > 2, 7670 = (z1,22, -+ ,Zn) is a random n-dimensional vector uniformly
distributed on the unit sphere Q! = {(z1, 22, @) s 2} + 23+ - 22 =1}.
At the instant 71, the particle changes its direction to 7§"), where ﬁg’” and 7,(3”)
are independent and identically distributed on Q?*l, and continues its motion with a

velocity v along the direction of 7@ Then at the instant 72, the particle changes its
direction to 7", where 77" is also uniformly distributed on Q7! and independent of
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7, 77 and continues its motion with a velocity v along the direction of 7", and
S0 on.
By 7™ (t), t > 0, we denote the particle position at the time ¢. We have

(1) 7(n) =v Z ﬁ(n) —Tj—1) + vﬁl(fzz (t - Tl,(t)) .

Here and in the sequel, we assume that Z =1 =0.

Basically, this equation determines the random evolution in a semi-Markov medium
v (t). It is easily seen that v (t) is the number of velocity alternations occurred in the
interval (0,¢).

The probabilistic properties of a random vector AR (t) are completely determined
by those of its projection z(™ (t) = v Z”(_? ;" ) (15— 7j-1) + vnygt)) (t = T¢()) on a fixed

line, where 77§") is the projection of 7§ ") on the line.
Indeed, let us consider the distribution function F, (y) = P (x(") (t) <y). Then the

characteristic function H (t) of z™ (t) is given by

H(t) = Eexp{ (* 7™ (¢t ))} = Eexp {z Il (?,7“” (t))}
—pe (i@ 0} = [ ewlil @l ir o),

=
where | @] = /a2 +ad+ - +a2, ¢ = —”%H

By f,m (7), we denote the pdf of the projection n ) of the vector 7 onto a fixed
line. In [5], we proved that

r(3) 2y (n=3)/2
1-— , e |-1,1];
(2) fn(") (Jj) — { fr(n21)( X ) X [ ]
0, z ¢ [-1,1].

By ¢, (t) = Be~itn™ = 75 e fo (z)da, we denote the characteristic function
of 77(") We note that the function ¢ (t) = ¢, (atv), where a = ||, is also used in
2], Where it was obtained by different methods. It is well known [2], [5] that

e Jn—z (atv)
p(t)=2"7T <ﬁ> — =
2 (atv) 2

. . ﬂ‘m(a’,ﬁ‘.")) 0 _jat
It is easily seen that ¢ (t) = ¢, m) (atv) = Fe 1) = [T e f ) (v)d.

— 00

2. RENEWAL EQUATION FOR THE CHARACTERISTIC FUNCTION

The characteristic function of a random motion @™ (¢ (t) is given by

H(t)=exp{i (@, 7" 1)}

Theorem 2.1. The characteristic function H (t), t > 0, is a solution of the Volterra
integral equation

3) H(t)Z(l—G(t))SO(t)+/Og(u)w(U)H(t—U)dU-
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Proof. It follows from Eq. (1) that
H (t) Eexp {z (3, 7™ (t))}

€)
= Bexp{i| a0 70, + 07 (8- men)
j=1

= —(n) t (= = (n)
— Eexp |:I[T1>t]eztv(a,70 ):| —|—/ FE <I[T1€du]€““)<avﬁo )) H(t — U)
0

. — n t . — n
— (-G @)@ ))+/ g @) Ee™ @) 1 (0~ u) du.
0

To complete the proof, we observe that ¢ (t) = Ee"” (377(@).
It is worth noting that this theorem was proved in [7] for the Erlang case.
Passing to the Laplace transform H (s) = £ (H (t)) = Jo° H (t) e ='dt in Eq.(3), we
get
0 —st
W fi - 0 CWewedr
1— fo g (t)p(t)estdt
By fu (¢, ?)7 we denote the pdf of particles position at the time ¢. It is easily seen
that f, (¢, 7) = F~L (H (t)).
Our purpose is to study f, (¢, 7) .
We now introduce the function

00 ()\t)n—2+(n—1)j
Z (n—24+(n-1)j4)!

j=0
e HUSIT (%ﬂ +1

X n=2+(n—-1)j Jn—2+(2n71)j (UtOé) .

(vtar) 2
The following theorem generalizes the result of [7] (see Section 3) for any n > 2.

Hn_g (t) = e”‘t

Theorem 2.2. Suppose g (t) = e‘“%l{go}, n > 2, i.e. O is (n—1)-Erlang
distributed. Then
e BT 2022 (n = 2)/2 4 1)

(5) H, 5(t) = e (n— 2] T Juz (vta)

+ /0 g(u) @ (u) Hy—o (t — u) du.

Proof. In what follows, we use the equation (see [13], Formula 6.581(3))

L DT +d) oy
V21l (u+v+1)

A ut Ju(u)(t—u)VJl,(t—u)duz J#_‘_V_‘_% t),

1 1
(6) /14>—§, V>—§.
It is easily verified that
2VHE 4+ 1 v+
r r =T .
@ (P () —reew

Let us fix an integer r > 1. Combining Egs. (6) and (7), for j = 1,2,..., we obtain
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t e~ AMt—u) \r —u 5 T
| atwew NREZDTEY ) (- wa)du

7! (va)%
VTG G Y [ :
= > u 2 Jn—z2 (vua) (t—u)2Jz (v (t —u)a)du
Va(av) E (n - 2)tr! / = ) =Wt e —u)e)

MV () (5 ) D (B) D () me

= mir Jniro (1)
(aw) =R (n—2)!r! 2/ (%5F)
D I e R B
- nt r n n4r n+r— rtr=l
(aw) “or 20T (21 T (5= +1) 2
e =
= i3 T nir—1 (t).
(aw) 2 (n+r) 2
By putting r =n — 2+ (n — 1) j, we conclude the proof.
Taking Eq. (3) into account, we now solve the equation
n—2 1
Lon22T ((n—2) /241
H(t)=) e (A'tu) ((nm_z))//z U, (vta)
i=0 v (vt) :
t
(8) +/ g (u) e (u) H (t — u) du.
0

H® (t), k=0,1,...,n — 2, we denote solutions of the equation

MR 2P 22T (n = 2) /2 + 1)

(k) .
B =7 (o)™ (vter)
t
9) —|—/ g(u) o (u) H® (t —u) du.
0
It is easily seen that H (t) = >, _ gH(k) (t) is the solution of Eq. (8).
Lemma 2.1. For each k =0,1,...,n— 2, the following equations hold:
Aegk
H® (1) = ]; o (t) + )\/ o (u)Hp—2 (t — u) du.
Proof. Denote gk (t) = e‘A“ 2 Performmg the Laplace transformation H, o (s) =
JoS Hn—2 (t)e~**dt in Eq.(5) and H(k) = [;7 H® (t)e~*tdt in Eq.(9), we get, respec-
tively,
. LA [ gi () o () et ( Y
10 H,_ = 9 =1/A / e stdt
(10) 2(s) 1_f0 gi (t) o (t) e=stdt / Z v (1)
and
BN = [ a0eea

0

00 00 00 J
) w [Taweweray ([Tamemea) .

0 =1 Vo

The inverse Laplace transformation in Egs. (10) and (11) concludes the proof.
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Let us calculate F~1(H,_2(t)), where F~! is the n-dimensional inverse Fourier trans-
form F~! w.r.t. o. Now, we need the following integral (see [12], page 69):

o) 2 _ bQ)V_” HH
n—v _ (CL
/0 o (az) gy (b2) 20z = oo (v—p+1)
By reducing the m-dimensional inverse Fourier transformation to the Hankel one, we
obtain, for |x| < vt, j > 1,

Jn2tm-1); (Ut()é) 1 00 Jn_24(n-_1); (Ut()é) Jn-2 (H?H a)
]_-—1 2 / 2 n—1 2
n—24+(n—-1)j o n—24+(n—-1)j
(2m)*

(vta) ™ 2 ) R (B

(=1 _4
e 1 AN
2

o n—2+(n—1)j (n—1)5\ "
(2m)% (ut) T (TJ)

v+1>p>0.

(0%

It was obtained in [2] that F~! g2 (v2t27|‘7”2)
e ®2 ) T P

Then, by using Eq. (6), we have
)\t\/—)n 2+(n— 1)JF (nf2+(n71)j T 1)
(n—24(n—-1)j)!

by 2+(n 1)j vtoz))

F(Hua (1) = ”fj

Jj=0

x F~1

n— 2-%—(n 1)j
vta

()" QB_MF (%) 2,2
2(n—2)7r%(vt)" ( t ”?H )

toe Z (n—2—|—(n—1))

1 Jn— 2+(n 1)j UtOé)
xXF~ n— 2-%—(n 1)j

(vta)

— N r(3) . (v 2 ||7H>

275 (vt)" ™

o n—2+(n—1)j n—2+(n—1)j
p— (\V2) 1“(7“)

= n-2+m-1)j )lr(< ”')
(v242 — 22) 5P

— oM r(3) 5 (vztz _ ||7H2)

2% (vt)" !
N e"\ti (/\t)nf2+(nfl)j ( 242 _ 2)
= ar (@) p (B (g) " (o) 2

By using Lemma 2.1, we can calculate H® (t), k=0,1,...,n — 2.

X

(n—1)j
2 r—1
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Then, passing to the inverse Fourier transformation we obtain

Z]—' (H(’“) )

Example 2.1. Let us consider the three—dlmenswnal case and 2-Erlang distributed g (¢) ,
ie. n =3 and g (t) = \2te**, A > 0. In this case, we obtain

o (00) - Ly

7)\t oo At 1425 \/_F(1+2J _|_1) 22 5 j—1
Zl’\ 2+2] (])( t)2]+1 (U t ”?H )

For the second term, we get
X ()@ VB (L2 + 1) (v2t2 B HYHQ)j—l
~T@2+2)) T () )"
00 | )\%*Flm ' ( 2t2 3 H7|‘2)371
— 2T (j) T (j + 1) v%+!

RO & b2 (1)

2m—+1

- T 1 2 2
(v2t2 H7|| ) o (m+ ) (m+2)
T(\/v)? A
_ VT(A/v) I (5\/ (U2t2 HYH ))
(w22 =1 717)
where I; is the modified Bessel function of the first kind.

Therefore,
o (19 0) s (2 1)

Y V(M /v)° I (%\/ (v2t2 17| ))

(w22 = 7))

It follows from Lemma 2.1 that

sin (vto sin (vto
HO () = M—%;7L+A<6M—7%;L)*Hﬂﬂ.

Passing to the inverse Fourier transformation, we get

e—At
f_l(Ho(f))zm (v = 171°)

0o (o2 —||7H)
167r2v4 /ﬁ|<w/

5@@-@-¢7-7n)
(t—s)

= h (22 ((m_'7”)2_”7_7”2»@.

+
A Sy <t |7W(<w =120~ 17 - )

dsdd

X
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Therefore,
1 e Mpte N o, 2
BT = F(HO0)+F 1 (HO @) = 55— (o2 - | Z)
4m(vt)

117

00 (v2s? — |)*) 6 (2t —5)* — |7 - T
+ ‘1672@4 /7|<“’/ ( 52 ) ( : >dsd7

(t—s)

=y n (32 (w120 - 17 - 27))
l

W S| <t |7|2J(<w_|7”)2_|7—7||2)

TR VT(A/v)? I (2\/2 <v2t2 B |?”2)> .

(v = 171%)
As we showed in [7], f3 (t, 7)1 00 as || Z| 1 vt.

Lemma 2.2. Suppose that g (t) > 0 for any t > 0. Then, for n = 2,3,
Ja(t, @) oo as |2 1 ot.

dd

Proof. Since f, (t,2) = F~' (H (t)), where F~' is the inverse n-dimensional Fourier

transform of H (t) w.r.t. a. It follows from Egs. (3) that

r(3)8 (v - 7))

fa (6, ) =FH(H(H) =(1-G()

275 (vt)" !
+(1—\(%))2 /t/ (1—G(t—s))5(v2(t—s)2—||7—7H2>
o Jo J)|@) <o (v(t—s)"""
)6 (v2s? — || |?
90 (( >n_1” %) e

sin(vt|| @
For n = 3, we have ¢ (t) = M It is well known that
7 o]

. — —
£<sm<m||a|>>_ L g (121)
__L .

o1& ) ol 5

By using the result in [2], we obtam

2t 5)° = |7 - WI°) o (v2s - |)°)
47r3 //7||<m (v (t—s))? (vs)? st

7 (ﬁﬂlﬁﬁﬁl ng <ﬂ>ﬂ>

1, (vt+||7|)
At |2 \vt— 7|/

Since, for every t > 0, g () > 0, it is easy to verify that
Co= inf (1-G(5))g(s) >0,

Ci vt + || 7|
e e <vt— ||?||) < fa(t 7).

Therefore, f3 (¢, 7)1 0o as | 2| 1 vt.

and we have
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For n =2 (i.e., ¥, 7 € R?), we have [2], [7]:

2
472

/t/ 6<v2(t—s)2—|\?—7||2)
o J|l|<ee

(v(t—s))?

1
2

X

5 (v2s? — |2 v?s? — || 7)7)
( (vs)? ) sdﬁ:( dmot )

In the same way as for n = 3, we can show that fo (t, @) 1 oo as || 7| 1 vt.
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