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SEIJI HIRABA

INDEPENDENT INFINITE MARKOV PARTICLE SYSTEMS WITH
JUMPS

We investigate independent infinite Markov particle systems (IIMPSs) as measure-
valued Markov processes with jumps. We shall give sample path properties and
martingale characterizations. In particular, we investigate the Holder right continuity
exponent in the case where each particle participates in the absorbing a-stable motion
on (0,00) with 0 < o < 2, that is, the time-changed absorbing Brownian motion on
(0, 00) by the increasing «/2-stable Lévy processes.

1. INTRODUCTION

In the study of infinite Markov particle systems, there are several difficulties, even
in independent cases. For instance, “What space of measures is appropriate as a state
space of the infinite particle system?”, “Is it possible to consider the particle system as
a measure-valued diffusion or the measure-valued cadlag process?”, or “Is it possible to
characterize the generator as that in the case of finite particle systems?”, and so on.

In [3], we considered independent infinite Markov particle systems with immigration
on a half-space associated with absorbing Brownian motions. We gave a martingale
characterization and investigated sample path properties as a measure-valued diffusion.

In the present paper, we consider more general motion processes with jumps, in partic-
ular, absorbing a-stable motions on (0,00) with 0 < o < 2. We would like to investigate
independent infinite Markov particle systems, which have infinitely many particles near
the boundary including points at infinity. In order to control particles near the bound-
ary, we introduce a function go(x). Fix a strictly positive C*°-function go(x) = gp,0(z) on
(0, 00), which has the same order as = A 7P for small or large x with 1 < p < 1+ « (for
other conditions, see Example 3.1 in §3). In this case, the space of counting measures on
(0,00), Mg, is defined by

(1.1) we Mg, PN = de such that (u, go) = /gg(a:),u(da:) < 0.

My, is furnished with the topology

(1.2)  pn—p in Mg, €5 sup (i, go) < 00, {ttn, f) = (u, f) for all f € Ce,

where C, denotes the space of continuous functions with compact supports on (0, c0).
Then it holds that (u, go) < liminf (u,,go) < 0o, and thus, p € M, . Note that, for each
1 < K < oo, we define

def
(13) { pe Mg‘)’K K Ee Mgm <M790> < K7
def

o — 1 in Mgk <= (tn, f) = (1, f) forall feC..
Then My, i is a Polish space, and p,, — p in M, is equivalent to p,, — p in My g for
some K > 1. Hence , M, is a metrizable separable space (see §2).
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Let (X;,P,) be the (indistinguishable) independent infinite Markov particle sys-
tem (IIMPS) starting from p, in which each particle participates in the absorbing a-
stable motion (w(t), Py) on S = (0,00), i.e., for infinitely many independent motions,

(wn (1), Pr,) Y (w(t), Py, ), and we set

(1.4) Xe= Ou,y fp=3,0,, 008 and P,=]]P..

We shall show that if p is in Mg, then (X;,P,) is an Mg -valued Markov process
with cadlag sample paths in D([0,00) — M,,) and that (X, go) is also cadlag. We
shall further investigate the exponent A > 0 of the Holder right continuity of (X, go)
at time zero. Moreover, we shall characterize the generator £y of (X, P,) by using the
martingale method and also give the semimartingale representation of X;.

In §2, we consider the IIMPSs in a more general setting. However, in order to investi-
gate IIMPSs as measure-valued processes, we need several assumptions for the transition
semigroups of motion processes. We shall give sample path properties, i.e., the exponents
of the Holder (right) continuity, and give the semimartingale representations.

In §3, we give several examples of IIMPSs associated with the well-known motion
processes including absorbing stable motions on (0, 00) and show that they satisfy the
conditions given in §2. Other examples are Brownian motions, Brownian motions on
R4, rotation invariant stable Lévy processes (we call stable motions) on RY, or absorbing
Brownian motions on (0, 00).

In §4, we give the proofs of semimartingale representations given in §2.

In §5, we characterize the generators of IIMPSs in the setting given as in §2.

We use the following notation: Let S ¢ R? be a domain.

o If v = (1,...,74) € R then 9F = 9%/(0zF) and 9; = 9} for each k =0, 1,...,

i=1,...,d. Moreover, 9; = 9/0t for time ¢t > 0.

o feC.=C.S) PN f is a continuous function on S with compact support in

S, and C° = C(S) := C.(S) N C>=(9).

e For each integer k > 0, CF := Cf(R%)|s, that is, f € CF <% f is the restric-
tion to S of a k-time continuously differentiable function on R? with bounded
derivatives of order between 0 and k. Moreover, f € Cy PN f is continuous
on S, and f(z) — 0 whenever z — 95 or |z| — oco. Furthermore, C, := Cp,
Ce =, CF, Ck .= CynCF and C§° := N, C§.

e For a space D of functions on S, we say that f € DT PN feD;f>0.

2. GENERAL SETTINGS AND MAIN RESULTS

Let S be a domain of R%. Let (w(t), P,)>0.0cs be an S-valued Markov process having
lifetime ((w) € (0, 00] such that w : [0,{(w)) — S is cadlag (i.e., right continuous and
has left-hand limits). For convenience, we fix an extra point A ¢ S and set w(t) = A
if t > ¢(w). Moreover, we shall extend functions f on S to SU{A} by f(A) = 0. We
denote this path space as w € D([0,{) — 5).

Assumption 2.1. Let (T}):>0 be the transition semigroup of (w(t), Py), i.e., Tt f(x) =
Ep[f(w(t)) : t <.
(i) (T}) is a strongly continuous nonnegative contraction semigroup on (Cp, || -||co) With
generator (A, D(A)), where || f|loo = sup,egs |f()].
(if) C* C D(A), and there is a strictly positive function go € C§° such that go € D(A),
and gglAf € Cy with gal =1/go for every f € C> U {go}.
(iil) sup;<p ll96 ' Trgol|l0e < oo for every T > 0.
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Under this assumption, we introduce a function space Dy, C D(A) as follows:

feD, &L feD(A) such that gy fllee < 0o and [gy "Af]lee < oo.

Clearly, go € Dy,, C° C Dy, and T;C® C Dy, for every t > 0. (Because for f € C°,
AT f)| < Ty |Af| < CTygo < C'go with some C,C” > 0). Moreover, since C2° is dense
in Cy and T,C® C Dy, Dy, is a core for A (by Prop. 3.3 in Chap. 1 of [2]). However,
Dg4, may be too large, so we further need the following assumption:

Assumption 2.2. There exist a bounded function g1 € C°; g1 > go(> 0) and a core
D C Dy, (we denote D = D, with g = (go, g1)) satistying the following:

(i) If f € Dy, then hm (Tt(f )(z) — f(z)?) exists for each z € S (we also denote

the limit as Af2( ) = A(f*)(z), then 8, T,(f*)(z) = AT,(f*)(z) = T,LA(f*)(z) —
Af?(z) ast | 0 for each z € S), Af? € Cy and ||gflAf2HOo < 00.
(i) For each T > 0, sup,c(o,7) g7 ' T2g1 |00 < 0.
(iii) For each 0 < s < T, SUDyc[s, 7] ||961Tt91||oo < 00.
) There exist constants 0 <y < 1,0 > 0 such that supy<;<s t’VHgngtglﬂoo < 0.
) 9o € Dy. o

(iv
(v

In §3, we give some examples of semigroups (7}) satisfying Assumptions 2.1 and 2.2,
with an explicit choice of gg and g;.

All through the present paper, we suppose that Assumptions 2.1 and 2.2 are fulfilled
and sometime use the notation || - ||g0 = || - /gollco- Then it holds that, for f € Dy,
1 flgos 1AS]lgo < 00 and |Af?] < Cgy with some C' > 0.

Let Mgy = U1 Mo,k be a space of counting measures on S defined as (1.1)-(1.3).
Then My, is metrizable and separable. In fact, it is possible to take a countable family of
nonnegative functions { f, }n>1 C C° such that {af,, : @ € R},,>1 is dense in (C¢, ||*|/co)s
and we may assume that || f,||4, = 1. We introduce a metric d on Mg, such that

Zzi (A s fa) = (0 )

This induces the same topology as in (1.2). It is easy to see that (M, d) is not complete.
However, for each K > 1, (Mg, k,d) is complete and separable. We also consider another
metric p such that

ppsv) = (LA i, go) — (v, go)|) + d(p, v).

Then p(fin, 1) — 0 is slightly stronger than p,, — pin Mg, and (Mg, p) is not complete
too. However, we can show the Holder continuities of {X,} under p (see Theorem 2.2).
We consider the case where the generator has the form

(2.1) A= A° 4+ A%,

with

Af(x) =

d d
> a (@) f(x) + Y b))
i,j=1 i=1

Alf(z) = / @) - f@) — V@) - (v — 2)(ly — 2] < Dz, dy)
S\{z}

d

—k(x)f(z) + Y ()9 f (x)

=1

N =
-
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for f € D,, where a”, b’ € Cy(S), (a*) is positive definite, k(x) > 0 denotes the killing
rate by jumps, (c‘(z)) depends on jumps, and v(z,dy) is a Lévy kernel on S x (S '\ {z})
satisfying

Sup/ (1A |y — z*)v(z, dy) < oo.
z€S5 JS\{x}

Let (X, P,) be an independent infinite Markov particle system associated with
(w(t), Py) defined as in (1.4). The generator Ly of this particle system is given by the
following: for f € C2° and p € My,

(Loe™0) () = ={u,f AL = e~ 0T) = —(u, A T fre= 00D,

where T'f := Af — e/ A(1 — e~ /) (a more general formula of LoF(p) for functionals F(y)
is given in §5). In fact, let {F;}1>0 be the filtration generated by {X;}:>0 and let

Vif (2) = — log Pylexp — f(w(t))] = —log {1~ Ty(1 — e ¥)(@)} .
We have that if 0 < s < t, then

E, [e*<X"f>‘]-"s} = exp[—(Xs, Vi—s f)].

It is easy to see that (V;);>0 is a nonnegative contraction semigroup on Cy. By (ii) of
Assumption 2.1, if f € C°, then 1 — e~/ € C> C D,,. Hence, we have
T, A1 — e 1) AT, (1 — e f) Vif _v
IVt —h—eh 1-mi—ern ¢ Al=e™)
— Al —eNY=Af-Tf (tl0).

Note that since V; f < T} f (by Jensen’s inequality), T' is nonnegative;

Lf = Af = OViflior = lim 7 (T = )= (Vif = £)] > 0.

For each f € C2°, vy = Vi f is the unique solution to the following equation:
Oy = e A(l —e™ ™), vg = f

(because u; := 1 — e~ satisfies dyu; = Aug, up = 1 — e~ and uy = Ty(1 — e~ 7) is the
unique solution). Moreover, if Avi(z) is well-defined for ¢ > 0, € S, then

8tvt = AUt — Fl}t, Vo = f,

or, equivalently,
t
VUt = th — / Tt_SFUSdS.
0

If A is given as in (2.1), then I' = T'® + I'? with

Mf) = 5 Y a @000 (@),

i@ = [ oy (VO =1 1) S o)
() (ef@) 1 f(x)) :

First, we mention that, by simple computations,

(22) { E#[<Xt7 f>] = <,U,th>,
E, [(Xe, £)(Xe, 9)] = (T f){p, Trg) + (. T (f9) — (T2 f)(Tr9))

hold for f € C’;’ . Moreover, by using the Markov property and by induction, we have
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Proposition 2.1 (Prop.l in [3]). For every 0 < t; < --- < t, and f; € D;’,i =
1,2,....n

E# [<Xt17f1> th7fn H N)Tt fl +C(n ZH :uth fJ
=1

+c 3 > 11 <M,thfj>+-~-+0n)1z; nT i) + G
i

i1=1ip711 jF#i1,i2
where C,in), k=1,---,n are positive constants depending on (n, {|| fillco }i<n)-

Hence, for g € Mg, if t > 0, then (Xy,¢1) is in L*¥(P),) for every k > 1 by (iii) of
Assumption 2.2. Furthermore, using Jensen’s inequality and Fubini’s theorem, one can
show that, for every t > 0, j,k > 1,

(2.3) <Xt790>7/0 (X5, 90) (Xs,g1)ds are in LF(P,)

by (iii), (iv) of Assumption 2.2 (note that go < g1).

We next introduce a nonnegative operator Q as Qf = Af2—2fAf for f € Dy, which is
well-defined by (i) of Assumption 2.2 and plays an important role to investigate the Holder
(right) continuity exponents. The nonnegativity follows from (T} f2 — f2)—2f(T;.f — f) >
(Tyf)? = 2T, f + f? = (Tvf — f)? > 0. Moreover, the assumption yields Qf < Cg; for
f € Dy with some C' > 0.

Remark 2.1. (i) If we further assume that, for each z € S, P, (¢ > t) = o(t) as t | 0, i.e.,
1
hm (Ttl —1)(x) = 0, then we have, for f € C

(2.4) e AWleqr<orf < lfl=qrf.
Indeed,

Qf(r) = lm (T~ 2fTf + ) @)
- mﬁ{nw—fu»%w+fufa—nnuﬂ

and
If(z) = Af() f A1 - e ()

= tim - [(0f — @) — O T e ) — (1 /@) (@)

t10 t

= i [T (IO 1 - f@) @)+ - 1 @ - Ti)@)]

tl0 t

Hence, by using e® — 1 — x = 22¢%% /2 with some 6 € (0, 1), we have (2.4).
(ii) If A is given as in (2.1), then Q = Q¢+ Q¢ with Q¢ = 2I'°, ie., Q°f(z) =
S0y a¥(2)0; f()0; f(x) and

Qf(x) = / [f(y) = f@)]* v(w, dy) + k() f(x)°.
S\{=}

(iii) In case of go # g1, Lo(exp —(-, go))(t) may not be well-defined for all p1 € My,
because (u,'go) may be infinite for some p € My, .
By (2.2), we have, for f € C

Moreover, we can see the following:
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Proposition 2.2. Let u € My,. For f € Dy,

MA(f) = (Xof)— (Xof) — / Lol £)(X.)ds,

Ni(f)

(X0, ) — (X0, 1) — / Lol [)*(X.)ds

t
are P,,-martingales and M;(f)* — / (X5, Qf)ds is also a P,-martingale. In particular,
0

g1 =8, | [ (x| = [ enas

Proof. Let f € Dgy. If the particle system is finite, it is easy to check that M.(f),
N¢(f) are martingales. Moreover, by a simple computation, we have

M(f)? — / (X., Qf)ds

2

Ni(f) = 2(Xo, f)M:(f) + (/Ot <X5,Af>ds>

(X, f) / (Xa, Afds +2 / (X, )Xo, Af)ds

NU(f) — 2(Xo, fYMi(f) - 2 / IML(F) — Ma(f)] (Xo, Af)ds.

This is a martingale. Hence, the above results are valid for finite particle systems. Let
Xt(n) = Ekgn Sy (r) With Xén) = u("). For f € Dy, recall |f|,|Af] < Cgo,|Qf| < Co
with some C' > 0. By (2.3) for each fixed ¢ > 0, under P,, (Xt("),g(J) T (Xt,90) and

t . . t i )
/ (XM go) (XM g1Y ds 1 / (Xs,91) (X5, 1) ds a.s. and in L* for every k > 1 as
0 0

n— oo (i =0,1,2,5=0,1). Therefore, the results are valid for the infinite case. O

Theorem 2.1. Let p € My, .

(i) If the motion process is a continuous Markov process in C([0,() — 5), then {X;}
is in C([0,00) = Myg,) and {(Xy, go)} is in C([0,00) — R), P, -a.s.

(ii) If the motion process is a discontinuous Markov process in D([0,{) — S), then
{X:} is in D([0,00) = My,) and {(X¢, go)} is in D([0,00) = R), P, -a.s.

Proof. Fix T > 0. Let X(™ = {X"},<7 be the n-particle system such that X" =

™ given as in the previous proof. We denote the corresponding martingale part by
{Mt(")(f)} Recall Qgo < Cy1,|Ago| < Cgo with some C > 0. By Assumption 2.2 (iv),

T T
/ <,U,Tth0>dt S C/ <M7Ttgl>dt
0 0

IA

T
Csup ]lg5 Tugh o / £t (1, g0)
t<T 0

S CT<:ung>7
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where Cp are positive constants. We note that (™) < p(™ if m < n. By Proposition
2.2 and Doob’s maximal inequality, we have, for m < n,

2 T
E, [f‘j? ’Mf”)(go) - M (go)‘ } < 4 / (™ — 1™ T,Qgo)dt
S 0

< ACT (™ — ™), go)
— 0

as n > m — 0o. Moreover, ||gy ' Tigo||co < 00 by Assumption 2.1. If m < n, then

E,

T T
/ <Xt(n)—Xt(m)7|Ago|>df] < C / (™ = 1™ Tygo)dt
0 0

< Chsup gy " Tegolloo (™ — 1™, go)
t<T
— 0 (n>m— o00),

where C’, Cf. are positive constants. By Proposition 2.2, this yields
E, [sgg (xm - Xt(m),g()}@ =0 (n>m— ).
t<

Thus, there is a subsequence {X (nk)}k21 such that

(2.5) sup (X ™) = x M) g) >0 as j,k — oo, P,-as.
t

Moreover, (2.5) is also valid for f € C instead of go. Hence, for P -a.a. w, there is a
positive number K = K (w) > 1 such that { X (™) (w)} is a Cauchy sequence in C([0, T] —
(Mgo,x,d)) (or in D =D([0,T] = (Myg,,x,d))). Since (Mg, k,d) is complete, the limit
X = {X,}i<r exists in C = C([0,T] = My,) (or D = D([0,T] = M,,)), which is a
version of {X;};<7. Hence, P, ()Afr = X, for all r € Q") = 1, and, by Fatou’s lemma, we
have, for f € CF U{go},

(X, f) = r(EléQH‘&)it (X, f) > (Xi, f) for every t >0, P,-as.,

Therefore,

sup (X, — X, /)| <sup [(Xe — X ) =0 (k= 0), P,-as.,
t<T t<T

that is, )?t =X, forallt >0, P,-a.s. O
We now investigate the exponents of the Holder (right) continuity of (X, go). First,
we consider the continuous case.

Theorem 2.2 (Holder continuity). Let (w(t), Py) be a continuous Markov process in
C([0,¢) — S) with a transition semigroup (T}) satisfying Assumptions 2.1 and 2.2. Let
€ Mygy,. The following holds with P ,-probability one:

(i) {(X¢,90)} is locally (1/2 —e)-Hélder continuous at t > 0 and ((1—+)/2—¢€)-Holder
right continuous at t = 0 for sufficiently small € > 0, where the constant 0 <~y < 1
is as in Assumption 2.2 (iv).

(ii) Let {u,g1) < 0o, in particular, for g1 > go. If it is possible to take g1(x) = go(x),
then {{Xt, go)} is locally (1/2 — €)-Hélder continuous at t > 0 for sufficiently small
e>0.

Moreover, the same results hold for {X;} under the metric p.
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Proof. The proof is similar to that of Theorem 2 in [3]. First, we show the local
((1 = v)/2 — e)-Holder continuity of {(X¢, go)}. By Kolmogorov’s continuity theorem, it
is enough to show that, for each 7" > 0 and for large k € N; k(1 —v) > 1, there are
constants Crj > 0 such that

E, [|(X:, o) — <Xs,g0>|2k] < Crplt — s)H0=)
for all 0 < s <t <T. First, we note that

t
/(M»Tu90>du§ sup [|gg " Tugolloo (11, 90) (t — 5).
s w€(0,T]

Hence, by Jensen’s inequality and using Proposition 2.1 and Assumption 2.1 (iii), we
have that, for each T' > 0 and for each k& € N, there are constants 07(927 Cq(}i > 0 such
k

that
K 0 K 1
( / <Xu,go>du) <o) ( / <M,Tugo>du> <ot -s)t

forall 0 < s <t <T.As|Ago| < Cgo by Assumption 2.1 (ii), we further obtain

+ 2k
</ (Xu,|Ago|>du> ‘|<Cq(ﬂ2}€(t—s)2k.

Moreover, by (iii) and (iv) of Assumption 2.2, it holds that, for any 0 < s <t < T,

k
E,

E,

t t
/ (t, Tugr)du < sgguVI\galTuglﬂm(u,go)/ u Vdu < Cp(t —s)t7

with some constant Cr. Recall Proposition 2.2. Since, for each fixed s > 0, {N$(go) }i>s;
N7 (go) := Myi(g0) — Ms(go) is a continuous martingale with quadratic variation

N2 (90)] = [M(g0)], — [M(g0)], = / (X Qgoldu,

we have, by using the Burkholder-Davis—Gundy inequality and by Qgo < Cg1,

(/ (X ng>du)k

where the constants C%)k, i = 2,3,4, depend only on (T, k). Thus, the ((1 —v)/2 —¢)-
Holder continuity of {(Xy, go)} in 0 < ¢ < T follows. Furthermore, if (i, g1) < oo, then,
by (p, Tugr) < {, g1) 197 *Tug1loe and (ii) of Assumption 2.2, we have,

E,, [(Mi(g0) — Mi(90)**] < CFE, < Ot =)0,

t
/(u,TugﬁduS sup g1 "Tugilloo (s 91) (t — 5).
s w€(0,T]

Thus, {(X¢,g0)} is locally (1/2 — ¢)-Hélder continuous at ¢ > 0, P,-a.s. For general
e Mg, if t > 0, then, by (iii) of Assumption 2.2,
E,[(X¢,91)] = (1, Trgn) < (1, 90) 190 ' Tig1 e < 00

Thus, (Xi,¢91) < oo, Py-a.s. Therefore, the locally (1/2 — ¢)-Hblder continuity of
{{(Xt,90)} at t > 0 and the ((1 — 7)/2 — ¢)-Holder right continuity at ¢ = 0 follow.
Finally, in the definition of the metric p for n > 1, we can take {f,} C (C2°)" such that

[fallgo + 1ASnllgo + 1@ Fnllgy < 1.

Hence we can get the same inequalities for p(X;, X,)?* instead of [(X;, go) — (X, go)|?*.

O
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For more specific cases (e.g., the Brownian motion or absorbing Brownian motion),
it is possible to discuss the non-Hélder continuities as in [3]. The Holder continuity
exponent is determined by the order of ¢ in E,[(X¢, g1)] = (1, Trg1)-

Next, we consider the discontinuous case. In this case, we can only discuss the Hélder
right continuity exponents at a fixed time.

Theorem 2.3 (Holder right continuity at ¢ = 0). Let (w(t), Py) be a discontinuous
Markov process in D([0, ((w)) — S) with a transition semigroup (T3) satisfying Assump-
tions 2.1 and 2.2. Let i € Myg,. The following holds with P, -probability one.
(i) {(Xt,90)} is (1 —~)/2 — e)-Hélder right continuous at t =0 for sufficiently small
e > 0, where the constant 0 <y < 1 is in (iv) of Assumption 2.2.
(ii) If {(p,g1) < o0, in particular, if g1(x) = go(x), then {(Xi,g0)} is (1/2 — e)-Hoélder
right continuous at t = 0 for sufficiently small € > 0.

If ¢t > 0, then (X, g1) < oo, P,-a.s. Hence, the following is immediately obtained.

Corollary 2.1. Let i € My,. For each fized ty > 0, with P, -probability one, it holds
that {(Xt,g0)} is (1/2 —€)-Hélder right continuous at t = to for sufficiently small € > 0.

By using the following proposition, the above theorem can be shown similarly to the
continuous case. However, we only use the square moment, i.e., p = 2.

Proposition 2.3. Let p > 1. On a probability space (2, F,P), let {M;} be a right-
continuous LP(P)-martingale starting from My = 0. For small T > 0, if there exist
constants B > 0 and Cpr > 0 such that

E[|M?) < Cprt?®  for all0 <t <T,

then
lim sup ﬁ =0, P-as.
to  tPlogl/t
Proof. For each integer n, set t, = 1/2™ and let
| M|

Z,= sup ———0.
" tnﬂgitn tPlog 1/t

By Doob’s maximal inequality, we have
‘E1[Suptn_¢.1§t<tn |Mt|p]
- 1 (log 1/t,)P
< p \'  E|M,
— \p—1) (tn/2)P(log2")P

pQB P Cp,T
(p—1)log2 nP

Hence, E Y, |Zn|P] =", E[|Zn|P] < 0o. This yields

M,
P <1imsupi o) :P(lim ano) — 1.

E[| 2]

to tPlogl/t - n—00

O
We give a semimartingale representation of (X;,P,). The following result can be
shown like Theorem 6.1.3 in [1]. The proof is given in §4.
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Theorem 2.4 (Semimartingale Representation of (X;,P,)). Under Assumptions 2.1
and 2.2, we suppose that the generator A of the motion process is given as in (2.1). If
€ Mg, then (X¢,P,) has the following semimartingale representation: For f € Dy,

(X0, f) = (Xo, f) + / (X,, Af)ds + ME(S) + MA(F),

where
M (f) s a continuous L?-martingale

t t
with quadratic variation [M°(f)], = / (Xs,Q°f)ds = 2/ (Xs,T¢f)ds and
0 0
t
ME(f) z/ / ) (u, fYN(ds,dp) is a purely discontinuous L*-martingale
0 J Mg,

with N = N — N s the martingale measure such that, for AX, = X, — Xy,

N(ds,dp) = Z S(u,ax,)(ds,dp) = the jump measure of {X¢},
w; AX,, #0

N(ds,dp) = ds/Xs(da:) (/ v(w,dy)ds,—s,) + k(a:)zs_(;z) (dp) :
the compensator of N,

where /\/l;'f) is the family of signed-measures of p= — p=;put, u= € Mg,.

3. EXAMPLES OF MOTION PROCESSES AND THE HOLDER (RIGHT) CONTINUITY
EXPONENTS

In this section, we shall investigate the exponents of the Holder right continuity of
sample paths of independent Markov particle systems associated with motion processes
given in the following examples:

Example 3.1. (i) Brownian motion and stable motion on R%: Let p > d and g,(z) :

(1 + [2[?)P/2. We define function spaces C,, C2 by f € C, = Cp(R?) <% f e O(R?

def .o
and [|f/gp]| < o0, f € C; & [ e CFRY);|fI,10:f1,107 | < Cgp for alli,j =1,---,

with some constant C' = C(f). In this case, we can take g,(z) as go(z) and Dy = C}
C2(RY) (see the following proof of Theorem 3.1).
(a) If (w(t), P,) is the Brownian motion on RY, then p > d and
1 1A d
Af =50f =5 0f,  QfF=IViF =) (@f)
i=1

i=1

I a =

(b) If (w(t), Py) = (w®(t), P%) is the a-stable motion on R? (0 < o < 2), that is, a
rotation-invariant a-stable Lévy process on R%, then d < p < d + « and

Af@) = AS@) = —(0) @)
= c x — flx) — x) - _dy_
= e V) = 1@ = V1@ vl < V]

dy
ly — x|dte

)

= C/ [f(y) = f(2) = V(@) (y = 2)(ly — 2] < 1)]
RN\ {z}

dy

U@ = @i@=c[ ity P

B _ 2 dy
N C/Rd\{m}|f(y) TPy =g
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where ¢ > 0 is a suitable constant.

(ii) Absorbing Brownian motion and absorbing stable motion on (0,00): Let ho(v) be
a C'*°-function on (0, c0) such that 0 < hg <1 on (0,00), ho(v) = v for v € (0,1/2] and
ho(v) =1 for v > 1. Let p > 1 and set

9p,0(z) == gp(z)ho(x) for x € (0,00) with g,(z) = (1 + xz)’p/z.

We further define f € Cpo <% f € C(R)|(0,00) and || £/pool

k>2, weset feCh &L re CER)|(0,00); | f1, [f"'] < Cgpo and | f'| < Cg, with some

constant C' = C(f). In this case, go(z) is given as gpo(x).

(a) If (w(t), Py) = (w°(t), PP) is the absorbing Brownian motion on (0, c0), then p > 1.
Moreover, we can take Dg = 05,07 and A, @) are the same as in the case of the Brownian
motion on R.

(b) If (w(t), Py) = (w(t), P, »®) is the absorbing a-stable motion on (0,00) (0 <
a < 2), i.e., the time-changed absorbing Brownian motion on (0,00) by the increasing
a/2-stable Lévy process y°/2(t) on [0, 00) starting from 0; w™%(t) = w°(y*/%(t)), where
{w(t)}, {y*/?(t)} are independent, then 1 < p < 1+ «, and we can take Dy = C3 ; (see
the following proof of Theorem 3.1). Moreover, for a function f on (0,00), let f be an
extension of f on R defined as

_ f(2) (2 >0),
flz)=4q F0+)  (2=0),
—f(=2) (2<0).

< o0. Moreover, for

The generator A = A7 is given as
AT f(z) = A% f(2).

We can also write that if 0 < o < 1, then

—eflr) = ¢ T — Fa)] — W

aes@) = e T - T
= [T — F@IK @y — 2ef (@) [ —
= o Vo) - @K@y -2ef@) [

- C/OOO[f(y) — f(@)]K (z,y)dy — %x_af(a:)

and that if 1 < o < 2, then (in §4 of [4], we have some misprints)

Ag@) = e[ [f0) = Tw) - (@ - 01l - ol < )] —2
R\{z}

jy—afte

C/OOO [f(y) = f(z) = f1(@)(y — 2)I(ly — 2 < 1)] K(z, y)dy

—f—c/Oo [—2f(2)+ f'(2)(y+2)I(y +x <1)
0

_dy
(v + )

C/Ooo [f(y) = f(@) = f' @)y —2)I(Jy — 2| < )] K (2,y)dy

@)y = 2)I(Jy — = < 1))]

Xy f @) + T (@)ela),

where (v 2)
Iy #x 1
K(z,y) = —
() = e~ e




76 SEIJI HIRABA

and
@) =e [+ DI+ <) - -y ol < D) 5 Y

(Note that if 0 < x < 1, then

2 (' —zz+1)"%) — % (1—(2z+1)'") ~ lefo‘ (I<a<?2),
o(z) = @ N a— «
2(1—2x+1)—log(2x+1)~2 (a=1).

as z | 0. We can also show that c¢(z) is positive.) Moreover, we have, for 0 < o < 2,

Qf0) =@ fw0) = [ 110 - @ PE @)y + 2o fo)”

With the above motion processes, we have the following results:

Theorem 3.1. Let go be given in the following each case. Let p € Mgy,, and let € > 0
denote any small number.

(i) Continuous case; Brownian motion on RY or absorbing Brownian motion on (0, 00).
Under P, the following holds with probability one.

(a) Let the motion process be the Brownian motion on R% and gy = gp with p > d.
Then {(Xy, gp)} is locally (1/2 — €)-Hélder continuous in t > 0.

(b) Let d = 1. If the motion process is the absorbing Brownian motion on (0,00)
and go = gp,0 withp > 1, then {(Xy, gp,0)} is locally (1/2—¢)-Holder continuous
att >0 and (1/4 —€)-Hélder right continuous at t = 0. Moreover, if (i, gp) <
00, then {(Xy, gp)} is locally (1/2 — e)-Hélder continuous at t > 0.

(ii) Discontinuous case; the stable motion on R® or absorbing stable motion on (0, 00).
Under P, the following holds with probability one.

(a) Let the motion process be the a-stable motion on R with 0 < a < 2 and
go = gp withd < p < d+a. Then {(Xy, gp)} is (1/2—e)-Héolder right continuous
att = 0.

(b) Let d = 1, let the motion process be the absorbing a-stable motion on (0, 00)
with 0 < a < 2, and let go = gpo with 1 <p <1+ . {(X¢,9p0)} s (1/(2(aV
1)) —¢)-Hélder right continuous at t = 0. Moreover, in the case of 1 < a < 2, if
(1, g1) < 00 with g1(z) = gp(x)ho(z)?>~, then {(X, gpo)} is (1/2 —e)-Hélder
right continuous at t = 0.

Corollary 3.1. In the above discontinuous case, if to > 0, then, under P, {(X¢, go)} is
(1/2 —e)-Hélder right continuous at t =ty for sufficiently small € > 0, where p € Myg,.

Proof of Theorem 3.1.
It suffices to check that the conditions in Assumptions 2.1 and 2.2 are fulfilled with
suitable g1 € C* and 0 < v < 1;
(i) (a) g1(2) = gp(x), v =0. (b) g1(2) = gp(x), v = 1/2.
(i) (a) gi1(z) = gp(x), v = 0. (b) Let hy be given as in (ii) of Example 3.1. Let
h1 € C*®;0 < hy <1, hi(v) = vlog(1/v) for v € (0,1/e] and hy(v) =1 for v > 1.
If 0 < @ < 1, then gi(x) = gpo(x), v =0. If « =1, then g1(z) = gp(z)h1 (), vy =106
for any small 0 < § < 1. If 1 < @ < 2, then g1(z) = gp(z)ho(z)>™*, y=1—1/a.
It is well known that the following in Prop. 2.3 of [5] holds: Let (7}) (resp., (I3*)) be
a transition semigroup of the Brownian motion on R? (resp., of the a-stable motion on
R?). For f € Co(R?), if there exists a constant L € R such that lim |, |2[7 f(z) = L,
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then
lim sup|z[PTif(x) =L ifp>d
|| =00 t>0
lim sup|z|PTYf(x) =L ifd<p<d+o.
|z| =00 t>0

(i) Continuous case.

(a) By C2 € D(A) and AC; C C), and by the above result, Assumption 1 follows with
Dy, = C2. Furthermore, the fact that C? is stable under multiplication (i.e., if f € CZ,
then f2 € Cz) yields Assumption 2 with g1 = go = ¢p, Dy = Cg and v = 0.

(b) It is essentially proved in [3].

(ii) Discontinuous case. Let 0 < a < 2 and d < p < d + «.

(a) Tt is easy to see that if f € C2°, then 0,T;f = T:(0;f). Therefore, we have
TC® C CF for every t > 0. Moreover, it is well known that C2 € C§ C D(A*). Thus,
Dy = C7 is a core. It suffices only to show that A*C? C Cp. A*f € C(RY) is clear
by Lebesgue’s convergence theorem. We prove that, for f € Cg, ||ng*114"‘]”||oo < 00, i.e.,
|A“f(z)| < C|z|~P for sufficiently large |x|. For simplicity of the notation, we omit the
superscript “a” as A% = A. In the following, we fix z; |z| > 2 and use the same symbol C
as any finite z-independent constant. Let f) = (0% f) and | (z)| = max; ;|07 f(x)].
Note that |f(?)(z)| < C|z|~P. Therefore, if |y| < 1, then

@ +y) = f(x) = V() -yl = |f@ @+ 0y)lly*/2 < Cla + 0y| P|y[* < Clal| 7,
where 6 = 0(z,y) € (0,1) (note that |x + Oy| > |z| — |y| > |z| — 1 > |z|/2). Thus,

d
@) = e f oy 0@+ 9) = 7(@) = V5 (a) 9ol < DI
< e /|y|<1|f(ar+y) @) = VH(e) 3l e
dz dy
+c/z—zzl =)l |z — |d+e +elf() i1yl

_ Cd dz _
< Ol [ plttdgse [ (G + Clal
ly|<1 |z—z|>1 |z — x|

dz
< Cx*p—i—c/ f(z2)|————.
R Ol

For the second term, we divide the integral area into {|z—z| > 1} = {|z—z| > 0]z|}U{1 <
|z — 2| < d|z|} with 0 < § < 1/2 and denote each integral by I (x), I2(x), respectively.
We have

Li(z) < lefdfa‘rdfa/ |f(2)ldz = Cla| =" < Cla|
R4

and

L) = |2 7 /
1<|2—| <52

because |z| > (1 — 6)|z| if |z — | < §|z|. Therefore, if f € CZ, then |A*f(z)| < Cla|™?
for |z| > 2 with some constant C' = C(f).
(b) Let (T} ) be a transition semigroup of the absorbing a-stable motion

(w™(t), P,>™) on (0,00). Note that, in this case, Dy, = C5 ; is not stable under mul-

T |P dz _ dy _
(e f ) — < O] / = Clal™,
Z’ |z — a|dte yi>1 [yldte

tiplication. For simplicity of the notation, we omit the superscript “a” as T, ** = T,
A7 =A", T =T, A* = A, and so on. We will show the following:
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(B1) C3y CD(A™), Ty C* C C3  for every t >0, A=C3 , € Cp 0 and
SUD;>0 0<z<1 |27 Ty gpo()| < oo (this yields Assumption 2.1, and C5, is a
core).

(B2) Forevery f € C3, 0T f2(x) = ATy f2(x) =T, A f2(x) (> 0), A" f2 e Gy

and [lg7 'Q™ flleo < oo (this yields (i) of Assumption 2.2).
(B3) For each 0 < B < 1, sup;~o Ty (v°)(z) < 2(1+ B)2” for all z > 0 (this yields (ii)
of Assumption 2.2). N
(B4) For each 0 < B < 1, supy,<; 2T} (%) () < Cp t~(1=A/* with a constant
Cs > 0 depending only on j (this yields (iii) and (iv) of Assumption 2.2).
Note that we take v = (1 — 8)/« in Assumption 2.2. More exactly, if 0 < a < 1, then
we take f =1,1ie,7y=0.Ifa=1,then f =1-§ for any small 0 < § < 1, i.e., v = .
Ifl<a<?2 thenff=2—-aqa,ie,y=1-1/a.

Let p®(z) be the density of the a-stable motion on R starting from 0. It is well known
that pf(z) satisfies the relations p@(z) = t~1/*p$(t~/*xz) (the scaling property) and
p¢(x) < C(1 A |z|717%). The transition density p, (z,y) = p, "“(z,y) of the absorbing
a-stable motion on (0, 00) is given as

x

p; (z,y) =pf(y—2) —pfy+2)=— [ Oupf(y+v)dv.

—X

Hence, by using the integration by parts, we have, for 0 < g < 1,

T )() =L[E%ﬂamwzﬁf+éfp%xaww

< xﬁ/ p{(x,y)dy—/ dy/ ¥’ 0upi (y + v)dv
0 —x

x’B—i—/‘ dv(ﬁo‘(x—i—v —1—5/ A= 1a(y+v)dy>
2xﬁ+ﬁxﬁ_1/ dv/ P (y +v)dy

2(1+ B)a”
Thus, we have (B3) and, hence, the last claim of (B1). Moreover,

EWW)=—[®AZ%%WMW

IA

IN

IA

= B dv/ y? R (y + v)dy
= B dv/ F=ly=Veape (1= (y + v))dy

= ptf- 1>/‘*/ dv/ Pz + ) dz

Ot~ (1=8)/a,.

IN

It is easy to see that
oo
/ 2P 1p%(2 + u)dz is bounded in u € R.
0

Therefore, we have (B4).
If f e C3, then T, f =T, f and f € CZ(R%) C D(A). Hence, we have A~ f = Af and

€34 € D(A™). Moreover, (T, f)® = T,(F") for f € €= (k > 0) yields T, € € €3,
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by the last claim of (B1). In order to show that A~C3, C O, it suffices to prove that

(3.1) A" f(z)=0O(x) asz]O0for feCp,.
Let 0 <z <1.

N =c f z) — f(zx) = Vf(z —dy
(32) A" f(z) = /R\{O} [fly+a) = flz) = VF(@)yI(jyl <1)] PES

—c [ o) - 1@ - el

oo d
o[ e =iy —a) ~2f@) 5

We denote the first term on the right-hand side as Ji(z). For the second term, we

o) 1
divide the integral into + / dy and denote the corresponding terms as Jo(x) and

1 T
Js(x), respectively. In the following, we use the same symbol C' as any finite constant,
independent of 0 < x < 1. It is easy to see that, by |f”(x)| < Cuz,

1 x
d
B@l < e[ a0 [ etk
0 —x
’ 2 dy
< of @i

= C2%® (=o(z) asz|0)

and, by f(y+2z)— fly—2) =2f"(y — = + 0(y + x))z for some 6 € (0,1),

oo d
@l < e[ U+ - -]+ 2@l
< Ol flle
< Cu.

By using Taylor’s formula for f at 0+ and f(0+) = 0, we see that

fly+z)— fly—=z)—2f(x)
- / a1 — 1) [f" (8 + )y + 2 — 1" (ty — 2)(y — 2)° — 2f"(t2)a?]

/01 dt(1—t) [{f"(tly +2)) = f"(t(y — )} (v* + 2?)

F2{f"(t(y +2)) + ["(t(y — x))} 2y — 2" (tx)z?] .
/01 dt(1—t) [{f"(t(y +x)) = f"(tly — =)} (4 + 2°)

F2{f"(t(y +2)) + [ (ty — @)} 2y — 2f" (tz)2?].
[ -0 [0ty o+ 2000 + )

+2{f"(t(y +2)) + [ (t(y — 2))} zy — 2f" (tz)2?]
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with some 6 € (0,1). Thus, by |f”(z)| < Cx,

dy
y1+a

1
@] < e[ 2Ol + )+ Cly -+ )y + 26a°

1
d
< C:Jc/ (y2—l—acy—i—acQ)legiOZ

1 1
d 3C
3Cx/ y2y1_3:a = 3Cx/ Yyl Yy = Z.
0 0

2—«

IN

Therefore, we have (3.1). Next, we prove (B2). Fix f € C3, and denote h = hy = f>.
Note that if f/(0+) # 0, then h”(0+) # 0, ie, h ¢ C2, (h ¢ C*(R)). However,
there exists a sequence {h,}n>1 C CS’O such that hy,,h! — h,h’ uniform, respectively,
and h!” — h” locally uniform and uniformly bounded as n — oo. Note that it holds
that EH,E; — ], as n — oo uniformly on R. By the formula of A~ h,, (see (3.2)), it is
possible to extend A~ for h, that is, there is a function g € C such that A~ h,, — ¢ locally
uniform and uniformly bounded, thus g = A~h. Moreover, T; h,, = T;h,, — Tith =T, h,
(T] hy) = Ty(hy)' — Ty(h)" = (T; h)" uniformly as n — oo, respectively. Hence, it holds
that A=T, h, — A~T, h and T, A~ h,, — T, A~h. Thus, we have the first claim. To
show Q™ f(z) < Cg1(z) for all > 0, it is enough to consider it for 0 < x < 1 (because
even if f2 ¢ C2 ), but f € C2,, then it holds that [A~ f(z)| < C(1 Az~P) for all z > 0
as in the case of A%). Let 0 <z < 1. Q7 = Q¢ is also expressed as
Q@ f@) =< [ (fty+o) - fo)P i

—x

+ C/:O [{fly+a)— fly—a)} {fly+z)+ fly —2) —2f(2)} + 2f(2)?] yﬁa'

The first term on the right-hand side is bounded by

Af e / li-edy < Ca?e.

—Z

oo 1
For the second term, we divide the integral into / + / dy. Since | f(y+x)— f(y—x)| <
1 T

22|/ f']lo and f(z)? < Cy22, the first integral is bounded by Cz. Furthermore, by using
lfly+2)+ fly—x) —2f(x)] < C2(y + z), we have that the second integral is bounded
by
1 _

dy ClzVvaz?) (a#1)

/ 2 )

[ ol ety 4 +2007) S < f OV (02 D
Thus, we get Q@ f(z) < Cgi(z) for 0 < z < 1; so, for all x > 0. Therefore, (B2) is
proved. O

4. PROOFS OF THEOREM 2.4

We always assume that Assumptions 2.1 and 2.2 are satisfied, and A is given as in
(2.1).

Proof of Theorem 2.4.

In this independent case, the semimartingale representation will be almost evident.
However, we shall show the representation only by using the properties of Theorem 4.1
described as below. The following proposition is needed to prove the uniqueness of the
solution to the martingale problem in §5.

Lemma 4.1. For each f € C° and T >0, sup ||gg 0:Viflleo < 0.
te[0,T]
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Proof. Since ||V;flloo < || flloo and |A(1 — e~ 7)| < Cgg by (ii) of Assumption 2.1, we
have

18 Vif| = eV T,A1 — e~ 1) < Cellle T, g

Hence, the claim follows. O

Theorem 4.1. For f € C2°,
e (Xel) _ (X0 0) _ /t Loe= D (X,)ds
0
is a P,-martingale. Moreover,
() = e [~ )+ [ 0 aF T s
is also a P,-martingale.

Proof. By the above lemma, we see that if s < ¢, then

8t6_<XS7‘/1,—sf>

OB, =X F,]
= 8u:0+e*<XS:ths+uf>

= Ou—0+E, [e%Xt,Vuf)’]:s}
= E, [8u:0+€_<X1"V“f>’]{e]

- E, [Loe’<'ff> (X))

7]

where 0,—o1 denotes the right differential operator at u = 0. Hence, the first claim
follows. The second claim follows from Cor. 3.3 of Chap. 2 in [2]. O
We proceed to the proof of Theorem 2.4. Let, for f € C2°,

t
Gi(f) = exp [—/ (Xs, Af — Ff)ds}
0
be a continuous process of bounded variation. Since H;(f) is a martingale,

Zi(f) = exp[—(Xy, )] = Hi(f)Ge(f)

is a semimartingale, more exactly, a special semimartingale, i.e., a bounded variation
part is (locally) integrable. In fact, by Prop. 3.2 of Chap. 2 in [2], we have

(4.1) dzy(f) = H(f)dGi(f) + Ge(f)dH(f)
= —(Xy, Af —Tf)YZi(f)dt + d(martingale).

On the other hand, (X, f) is also a special semimartingale. Hence, by (1.10) of Chap.
4 in [6], (X, f) has the following expression:

(X1, f) = (Xo, f) + Ce(f) + ME(Sf) + Ne(f) + Ne(f),

where Cy(f) is a continuous process of locally bounded variation, M (f) is a continuous
L?-martingale with quadratic variation [M¢(f)],, and

N = [ e nu < 0N as.du),

N = [ e = N s
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with the jump measure N of {X;}, its compensator N, and N = N — N. By using Ito’s
formula, we have

(12)  dz(f) = zt_(f>{—dct<f> + A,
e—mf) _
am Lt )] Tl < )Nt dp)
e—mf) _ (martin
+/Mi [ 1} I(|ul| = 1)N(dt, dp) } artingale)

- zt_<f>{— (dCt(f) of L mnR, dm) + M),

+ /Mi [ —f) 14 (u, f)] N (dt, du)} + d(martingale).

Bi(f) = Ci(f) + / /{ R s ),

then by expressions (4.1), (4.2) and by the uniqueness of the special semimartingale with
predictable locally bounded part (see Theorem 2.1.1 in [6]), we have

If we set

—dB(f) + AP+ [ [ =14 (o )] Ratd)
= —(Xy, Af =T f)dt
= [—(Xe, Af) + (X, T°f) + (X, T f)] dt

Hence, it is easy to see that

Bu(f) / (X., Af)ds

[Me(f)],

2 | (X0 T ) ds = / X Q) ds

and

/Ot/ [{(mﬁ —1+ (u,f)} N(ds, dp)

_ /t (X, Tf)ds
0

= [as [ xtan{ [ (0114 1510) - @) vioa)
k() (ef(””) 1 f(a:)) }
Therefore, we have
N(ds,dp) = ds / X, (dz) < / v(x, dy)ds,—s.) + k(x)55z> (dpa).

Finally, it is possible to extend f € C° to f € D,. The proof of Theorem 2.4 is completed.
O
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5. MARTINGALE PROBLEM FOR L

The following assumption is needed to prove the well-posedness of the martingale
problem.

Assumption 5.1. For each f € (C®)*, t > 0, AV, f = —Alog(l — T,(1 — e~ f)) is
well-defined, and AV, f is continuous in ¢ under the norm || - /1|, i-€.,

[(AVef — AVyo f)/g1lle = 0 (t = to).

In the following, we suppose that the generator A of the motion process has the form
of (2.1).
def

For n € Mgy, let F(n) = ®((n, f1),.... (0, fn)) € Dy <= &O(z) € C*(R") be a
polynomial growth function with polynomial growth derivatives of all orders and f; € D,
it =1,...,n. For this F'(n), the generator Ly of X; will be extended to the following form:

LoF(n) = Za@(w,m,...,<n,fn>><n,Afi>
¥ %5: (1, 1), 1)) 0, Qi )

x@ﬁ<m¢o+h@—ﬁuxmxmnmﬁuw—n@»
5\{”6}

—®((n, f1), -+ (0, fn)) 28 O((n, f1), - (n, fu))(fily) = filw))
-%@ﬁQWJQ—h@%~wmﬂﬁ—h@»—W@JM~w@wm

where

= Z a¥ (x)alf(x)&g(x)

Theorem 5.1 (Martingale Problem for (Lo, Do, it)). Under Assumptions 2.1, 2.2, and
5.1, we suppose that the generator A is given as in (2.1). Let p € Mg,.
x

(i) Pu(Xo = p) = 1 and for F(n) = ®((n, f1),---, (0, fn)) € Do,
M} = F(X;) — F(Xo) — /t LoF(Xs)ds is a P,-martingale,
0

(i) If there is a probability measure Q, on D = D([0,00) — My,,) such that the
canonical process Xi(w) = w(t) (w € D) satisfies the same conditions as (X, P,) in (i)
and

t
/ (Xs,01)ds < o0 Qp-a.s. for allt >0,
0

then Q, = P, o X~ on D, that is, the martingale problem for (Lo, Do, u) on D is
well-posed.

Proof. (i) is easily obtained, so we prove (ii). We always fix any f € (C°)" and
T > 0. To prove the uniqueness of the martingale problem, it is enough to show that
exp(—(X¢, Vr—if)), 0 <t < T, is a Q,-martingale (because this implies the uniqueness



84 SEIJI HIRABA
in the sense of finite dimensional distributions, and the separability of Mg, yields the
uniqueness in the sense of distributions on D). By Lemma 4.1, we have
0;Vif is continuous in ¢ under the norm || - || = || - /g0|loo-

Moreover, by Assumption 5.1, we see that

I'Vif € Cp is continuous in ¢ under the norm || - /g1 co
and v; = v] = Vy_f (0 <t <T) is the unique solution to the equation;

(Ot +A—-T)vy, =0 and wvr=f.

Let ®(v) = e~v. It is not difficult to check that (X, Q) has the same semimartingale
representation as (X;,P,) in Theorem 2.4. Hence, by using the above results and It6’s
formula, we can show that the following quantity is a Q,-martingale:

q>(<)~(t,vt>)—@((XO,UO»—/Ot@/((j(’s’vs»()z&asvs+Avs>ds
- / (R, ) (Ko o0 ds
_/;/Mi [B((X, +0,0) = (Ko 2)) = ¥ (Ko 2)) 0, v2)| Ndsd)
= exp[—(Xp, v)] —exp[—<5(’o,vo>]+/0t (X, D05 + Avy) exp[—(X, v,)]ds
_ /0 t (X5, D) exp[—(Xs, vs)]ds — /0 t (Xs, T0,) expl (X, v,)]ds

= eXp[— <5(:t7 Ut>] - eXp[_ <5(:07 U0>] + /0 <)?S7 (89 +A- F)Us> exp[_<)’587 Us>]d3

= exp[— (X, Vit f)] — exp[=(Xo, Vi f)].
Therefore, we have the desired result. O

Corollary 5.1 (Martingale Problem for Examples). Let u € Mg,. The martingale prob-
lems for (Lo, Do, 1) with the motion processes of Example 3.1 are well-posed.

Proof. Tt is enough to show that the conditions of Assumption 5.1 are fulfilled. Fix
fe(C®),and let h =1— e~/ (then h € C). It is shown in §3 that T,C® C D,
and sup, [|T;gollgo < 00. We shall show that V,f := —log(1l — T;h) € D, that is, AV, f is
well-defined, and AV} f is continuous in ¢ under the norm || -||g, = || /golloc (= 1| -/91lo0)
in each example. In the following, we use notations (1) T3, (2) TP, (3) T, (4) T, for
T;, and similarly for V4, A.

(1) Brownian motion on R¢ (go = g1 = g, with p > d, and D, = C?).

For simplicity, we consider the case of d = 1. Since (T3h)" = T;(h'), we have

(5.1) (Vif) = eI (Tih) = I T (W)
(Vi)' = 2V (T, (W))? + VI T, (0").

Hence, V;f € C7, and it is easy to see that AV, f = (V;f)"/2 is continuous under || - |, .
(2) Absorbing Brownian motion on (0,00) (go = gp,0 with p > 1, and D, = C7 ;).
In this case, T h = T;h, and the above yields the desired result.
(3) a-stable motion on R? (g0 = g1 = g, with d < p < d+ a, and D, = C?).
As in (1), for simplicity, we consider the case d = 1 (the case d > 2 is essentially
the same). We have (5.1) and, thus, V;*f € C7. By h € C, it is easy to see that
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(Ah) = A*(R'). For 8,V,~ f = e I T A, this result yields
@VEf) = (Ve TP A+ TP A% (1))
@V = evtaf{(Vf‘f)’ (V) TP A% + T A% (1))
(V' TE AR + (V2 f) TFAY (W) + TtaAa(h”)}.

Hence, by |A“h|,|A> ()], |A*(R")| < Cg, with some constant C' > 0, we have O,V f €
C}. Furthermore, since sup, [|Tyg,4, < 0o, we can show that sup, [|A* (9, V> f)llg, < o0
by the same way as in the proof of A"‘Cg C Cp in §3. Thus, in this case, it easily follows
that

t
AT =V fla, = | [ A%V sl < t = tolsup [ 4@Vl
to S

Therefore, we have the continuity of A*V,*f.
(4) Absorbing a-stable motion on (0, 00) (go = gp,0 with 1 < p < 14a, and Dy, = C3 ).
Note that T, "“h = T2h, A=%h = A*h and V,“ f = V2 f. By computing (V,”* )",
we see that V' f € CS,0~ Moreover, the continuity of A=*V,®f follows in the same
way as above. a
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