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A. A. POGORUI

SYSTEM OF INTERACTING PARTICLES WITH MARKOVIAN
SWITCHING

Most of the published articles on random motions have been devoted to the study
of the telegraph process or its generalizations that describe the random motion of a
single particle in R™ in a Markov or semi-Markov medium. However, up to our best
knowledge, there are no published papers dealing with the interaction of two or more
particles which move according to the telegraph processes. In this paper, we construct
the system of telegraph processes with interactions, which can be interpreted as a
model of ideal gas. In this model, we investigate the free path times of a family
of particles, before they are collided with any other particle. We also study the
distribution of particles, which is described by telegraph processes with hard collisions
and reflecting boundaries, and investigate its limiting properties.

1. INTRODUCTION

Let {£(t), t > 0} be a Markov process on the phase space {0, 1} with generator matrix

-1 1
Q=) < L ) |
Definition 1.1. S (t) is the telegraph process if

d
aS (t) = v(—l)g(t), v = const > 0,

5(0) = yo.

For a set of real numbers y; < yo < -+ < y,, we consider a family of independent
telegraph processes S; (t), i = 1,2,...,n with S; (0) = y;. It is assumed that all the
processes have the absolute velocity v and the parameter of the switching process A > 0.
Moreover, starting from y;, the process S;(¢t) has equal probabilities of initial directions
of the motion.

Denote, by z(y;,t), the position of the particle ¢ at time ¢, which starts from site y;.
Suppose that the particle z(y;,t) develops as the telegraph process S;(t) up to the hard
collision with another particle. Under the hard collision of two particles, we mean that,
at the time of the collision, the particles change their direction to the opposite, i.e., the
particles exchange the telegraph processes that describe their movement. It is easily
verified that the positions of the particles z(y;,t), ¢ = 1,2,...,n at time ¢ coincide with
the order statistics of S;(t), i = 1,2,...,n as follows:

(1) z(y1,t) = Say(t), x(y2,t) = S(2) (1), -, (Yn, 1) = Sy (1)

Remark 1.1. Tt should be noted that each x(y;,t), ¢ = 1,2,...,n is not a telegraph
process for all ¢ > 0.
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Remark 1.2. Tt follows from the description of x (y;,t) that x (y1,t) < x (y2,t) < -+ <
Z (yn,t) for any ¢ > 0. Such kinds of the model for Wiener processes with coalescence
after the collision are called the Arratia flow, and they were studied in [6]-[8].

Various problems such as the number of particle collisions up to time ¢ in the Arratia
flow are studied in [9].

Below, the explicit form for the distribution of the meeting instant of two telegraph
processes on the line, which started at the same time from different positions on the
line, is obtained. We also study the limiting distribution of the meeting instant of two
telegraph processes on the line under Kac’s condition. It allows us to investigate the
system of telegraph processes with interactions, which can be interpreted as a model of
ideal gas. In this model, we investigate the free path times of a family of particles before
they collide with any other particle. We also study the distribution of particles, which
is described by telegraph processes with hard collisions and reflecting boundaries, and
investigate its limiting properties.

2. DISTRIBUTION OF THE FIRST COLLISION OF TWO TELEGRAPH PARTICLES

Consider two particles 1 and 2 on a line. Each particle can move in two opposite
directions. Starting at x; € R, ¢ = 1,2, particle ¢ moves with the velocity v > 0 in one
of two directions during a random time interval that is exponentially distributed with
parameter A > 0. Then the particle changes its direction and so on. In the sequel, such
particle is said to be a telegraph particle as its motion satisfies the telegraph equation

(1], [2].

Let & (t), & () be independent alternating Markov processes with the phase space {0, 1}
and with the generator matrix Q.

Denote, by x;(t), the position of particle ¢ at a time moment ¢ > 0 up to the first collision
with another particle. It is easily seen that

We assume that z =25 — 21 > 0 andput A( ) —xg( ) —x1 (1)
Denote 7 (t) = (&1 (t), &2 (t)) . Suppose 1 (0) = (k1, k2) and define

T(k1,k2) (Z) =inf {t >0: A(t) = 0}, k‘j € {0,1}

Denote, by [k, k) (t,2) dt = P (7(3, x,) (2) € dt) , the probability density function (pdf)
of T(kl,kg) (Z) .

Lemma 2.1. Fort > o

_on 1 (% VAvE? — 22)
Va2 — 2

L (2VA02u? = 22) I (2X (t — u))
Vav2u? — 22 (t—u)

—2X ZA
2) Jiom (8:2) = 25 (2 = 20) + e

t
(3) f(0,0) (t>z) = f(1 1) (t z) = ﬁe_2/\t/
z/2v

502 du,

and

(4)
Foo (8 2) = ﬁe—w/ I (2 V4022 = 22) /t—u LAt —u—w)) [ (2\w)
(1,0) (L, 202 o VAUZ — 22 0 (t—u—v) "

dvdu.
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Proof. Let us consider the Laplace transforms of 7, 1,) (2), ki € {0,1}.

(p(khkg) (S,Z) =F [e_ST(kl’k2)(z)i| , S > 0.

By using the renewal theory, we can obtain the following system of integral equations for
these Laplace transforms:

_atax, A [T _esan,
P (s,2) =€ 2 + ), ¢ e (s,2—u)du
A s+2X
—_ T U _ d
o ), € ©(0,0) (8,2 — u) du

_s+2>\z )\ _ 542X s+2X

=e 2v -+ %e 2v Z/ e 20 ¢ (@(171) (S,u) + 90(0,0) (S,U)) du
0

00 (5:2) =A / ~FNug (s 2y du + A / e~ (4N, o (s, 2) du

m (0,1 (5:2) + ¢(10) (5,2))

©(1,1) (8, 2) :)\/ e_(s+2)‘)“g0(071) (s,2)du + )\/ e_(s+2>‘)“go(170) (s,2)du
0 0

A
s+ 2)

A

(90(0,1) (5,2) + @10 (s, Z)) ,

0 _atan,
0 (s,2) = / e 2 (40(0,0) (5,2 +u) + a1 (s 2+ U)) du
0

A SE2A o0 _sk2a
=-—e 2 / e 2 (@(0,0) (s,u) + @11 (Svu)) du.
It is easily seen that

(5) #(0,0) (87 Z) = P(1,1) (S, Z)
Taking into account that

2
(6) ©0,0) (8,2) + @) (8,2) = T (¢0.1) (5,2) + @0 (5,2)),

we have

S+ 2A A2
5y PO.1) (s,2) + s 2n (¢(0,1) (5, 2) + ©1,0) (5,2))

0 s+ 2\ A2
&90(1,0) (5, Z) = T‘P(l,o) (S, Z) - m (90(0,1) (S, Z) + ©(1,0) (532)) .

0
@@(0,1) (5,2) = —

It is well known [3] that ¢(1,0) (s,2) and @(g,1) (s, 2) satisfy the equation

prem el e
det # v)\2 v(s+23) a (s+g():s)+ ) A2 f(Z) =0.

v(s+2X) 9z 2v + v(s+2X)
By calculating the determinant, we get
0? s2 +4Xs
@f(z) - Tf(z) =0.

Solving this equation, we have
f(Z) = Cle\/m i +026_\/m i.
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The constants obtained from the system of integral equations yield

(7) ®o,1) (8, 2) = e~z Vet A

and
2\ — V82 + 4\ .
5) Pl (5,2) = ST T
’ S+2X+ Vs2 4+ 4As
Taking Eqgs.(5) and (6) into account, we have
542\ — /52 +4/\Se_i\/52+74>‘3
22 '

The inverse Laplace transformation of ¢ 1 (s, z) yields the following pdf ([4], p. 239,
formula 88):

9) ©0,0) (5,2) =91 (s,2) =

fo) (t,2) . (ef;—,u\/m’g

I (%\/41)2152 — 22)
Va2 =2

=e NG (2 — 2ut) + 22 e M t>

£

20"
Hence, Eq.(2) is proved, and

I (%\/41)2152 — 22) i@t

P (7 2) €dt) = e M5 (2 — 2ut) dt + 22 e M
( (0,1)( ) ) ( ) \/m

It is easily verified that

0o —2)
(10) exp{—i\/82—|—4)\s} zexp{—zs—i—/ (1—e_sy))\e”1(2/\y)dy}.
2v 2v 0

v Yy
Then the following inverse Laplace transform comes from [12], p.237, no.49:

£_1 (1 n s —/s2+4)\s t) _ 8_2>\t[1 (2)\t)

2\ ’

t
It is easily seen that the following condition holds:

(11) / (1A t)e—”t@dt < +oo.
0

It is well known that the distribution, whose Laplace transform can be represented
as the right-hand side of Eq.(10) under condition (11), belongs to the infinitely divisible
distribution [13]. Therefore, the pdf f(o.1) (¢, 2) is the infinitely divisible density function.
Using [12], p. 237, no. 49, we get

2\ — V24 1 2
£t <S+ A-vs 44 t) — E_l((s+2)\—\/32+4)\s> ,t)

S+ 2\ + V2 +4hs 4)?

2 YL2A(E—v)) L (200) .,
—ew [ DB EA,,

By calculating

,Cil S+2)\—\/82+4)\867ﬁm
s+ 22+ V2 +4)Xs ’

we obtain Eq.(4).
It is easily seen that fi 1) (t,2) is a heavy tail probability density function w.r.t. t.
Indeed, by using the asymptotic expansion for Iy () [5], we have
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(12) lim V2ntl (t) e7" = 1.
t—+oo

Therefore,

I (%\/41}2152 - 22)
VA4v2t2 — 22

It is easily verified that E[7(g1) (z)}a <oofor0<a<i.

For 7(9,1)(2) at time ¢ = 0, particles move in opposite directions to meet each other,
whereas, for 7(o,1)(2) at time ¢ = 1, particles move in opposite directions far away from
each other.

Hence, E7(o,1) (2) < ETq1,0) (2) and f(1,0) (1, 2) is also a heavy tail density function w.r.t.
t.
Let us consider the following so-called Kac’s condition (or the hydrodynamic limit):
denote, by A =e72, v =ce !, as e > 0, i.e., v — +o0, and A — +00, such that % — 2.
It was proved in [1] that, under Kac’s condition, the telegraph process z (t) weakly
converges to the Wiener process w (t) ~ N (0, c?t) .

(:222
Denote f(t,2) = %. It is well known that f(¢,z) is the pdf of a collision
instant of two particles moving according to Wiener paths w(t), where z > 0 is the
distance between starting points of the particles.

E[r0,1) (z)]a > 2z e A

Z
2v

dt = 400, for a >

N =

Lemma 2.2. For each ki,ka € {0,1}, f(r, ko) (t,2) weakly converges to f(t,z) under
Kac’s condition.

Proof. Tt follows from Eqs.(7)-(9) that

il_l;% P(k1,k2) (S, 2) = e—zc\/g.

Passing to the inverse Laplace transform, we have

2_2
cz exp (—%)
t,z) =L ( —ZC\/E> =—
Therefore, under Kac’s conditions, not only the telegraph process weakly converges

to the Wiener process, but the first meeting instant of two telegraph processes weakly
converges to the first meeting instant of the corresponding two Wiener processes.

Remark 2.1. Tt should be noted that, instead of two telegraph processes x(y1,t), (y2, t)
on the line, we can consider the bivariate process 7(15) = (2(y1,1),2(y2,t)) on the plane.
The process 2 (t) is driven by the switching process 7(t). Denote | = {(x,y) : = =
y;x,y € R}. For this case,

Tl ko) (2) = inf{t >0: 2 (t) €1}

3. ESTIMATION OF THE NUMBER OF PARTICLE COLLISIONS

Denote, by N 1) (Z,2), the number of collisions of particles z; (), 7 = 1,2, during the
time (0,t), ¢ > 0, assuming 1 (0) = (0,1).

Consider the renewal function H g 1) (t,2) = EN() (t, 2). By using the Laplace trans-
form for the general renewal function [16], it follows from Eqs. (7)-(8) that the Laplace
transform IAi(Oyl) (s,2) =L (H(OJ) (t,2), s) of Ho,1) (t,2z) w.r.t. t has the form
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k
o (5.2) = -z Vit 220 [g 4 o\ — /62 + 4)s
§,2) =————
o1 s g \s+22+ Vs + dhs
VIR S+ 2X + Vs +4Xs '
25V 82 + 4)s

It is easily verified that

2
o (5 T2AT Vs +4A5> = % + ((; + >\t> Io (27t) + I (2)\t)> e

25v/52 + 4)s
Therefore,
T2 — 2
(13) Hq)(t) e 2§ (2 — 2uu) 4 22\ ( viu? — 27)
4o2y? — 22

<2+e—”<t “)(< )\(t—u))IO(QA(t—u))+)\(t—u)11(2)\(t—u)))>du
v [ e LEARE S

VavZu? = 22
e (o 5)) B - 3) (- 5) 8 (2 (- 5)

b [ GV
Z VAv2yu? — 22

XA+ (A+220E—w) LAt —uw) + At —u) 1 (2A (t —w)))) du.

U

It follows from Eq.(13) that, by putting A = 72, v = ce ™!, we have
Hpy (t,z2)=0 (1) =0 (\f)\) =0(v) ase—0.

For y, y* such as y < y* and a fixed T > 0, denote T = inf {T;t: = (y,t) — x (y*,t) = 0} .
Almost in the same way, we can show that, for all k1, ks € {0,1},

Hpy hy) (1,2) =0 (1) =0 (ﬁ) =0 (v) ase —0.
Lemma 3.1. There exist C > 0 such that, for any two points y,y* (y < y*),
ET<Cy " —vy).

Proof.
T (022 — 22
Er = / e |5 (5 — 20t) + 220 L e )|t
T 1, (A /40212 — 52
§i+2z)\/ tl(” Y Z)dt
2v £ VA4v2tZ — 22

_z n z
T

(Io ()\\/ 4T2p2% — z2> - 1) < Cz,
v

_ Ig(2T))
where C' = =5~
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Now

T
E7(1,0) Z/ tfao) (t, 2)dt

/2v

:m/T te_Q/\t/t N (pva? - 22)
z/2v z/2v \/411 u? — 22

t—u _ _
" / L 2A(t—u—r)) I (2Xr) drdudt < C-.
0 (t—u—r) r

where ' = 2 j‘ te—2M ft 11(2)\u) ft u 11(2;\(7; UT)T)) I1(2/\T)d’f‘dudt

4. FREE PATH TIMES OF A FAMILY OF PARTICLES

Since we consider the model of an ideal gas, it is natural to assume that the number

of particles is very large. As an example, we consider a model with an infinite number
of particles, and study the free path of the particles before collisions.
Consider the segment [0, S] C R and an increasing sequence of different points {y,; n > 1}
from this segment. As above, we consider a family of independent telegraph processes
Sk(t), k > 1 and trajectories x(yx,t) of particles, which satisfy Eq. (1).

Introduce the following random times:

=T>0,

7 =inf{T;t: (z (yg,t) — x (yx—1,t)) =0}, k>2.
The random variable 7 is the duration of the free motion of the particle with number k
up to the collision with a particle starting with a smaller number or till T' (finite) if none
collision occurs.

Lemma 4.1. Suppose {y,; n>1} C [0,5], 0 < S < +o0o is a sequence of different
points. Then

ZTk < 400 a.s.
k=1

Proof. Consider the following random times
n =T,
T = inf{T5t: (Sk (t) — Sk-1(t)) =0}, k=>2.
It is easily seen that 7, < 7, for all k > 1.

Hence, if we show that 21?;1 T, < 400 a.s., we prove the lemma. Since 7 > 0, it is
sufficient to prove that

oo
Z ET, < +o0.
k=1
Consider the set of numbers y; < y2 < -+ < y,. It follows from Lemma 2.1 that there
exists C' > 0 such that, for any k > 2,
BT, < C(yk — yr—1) -

Hence, we have

(14) nll_{réOZETk <C hm Z (Y — Yr—1) = CZ(yk —yk-1) < CS.
k=2 k=2

Therefore, it follows from Eq.(14) that .-, 7 converges almost surely. This con-
cludes the proof.
Note that Lemma 4.1 for Wiener particles was proved in [8].
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Let us denote, by Nk, k... ko) (Y15 Y2, -5 0n), ki € {01}, 41 < g2 < --- < Yn,
the number of collisions of particles z (y;,t), ¢ = 1,2,...,n during time (0,¢), t > 0
assuming 7 (0) = (k1, ko, ..., kn) -

Then it is easily seen that

H(k’l,kz,.“,kn) (taylv yQa"'vyn) = EN(khkg,A..,kn) (tayla y27"'>yn)
n—1
= Z H(qu,ki+1) (tﬂ y’L"rl - yl)?
i=1
where H, k.. (t,yi+1 — ¥:) can be calculated similarly to Eq. (13).

5. RANDOM MOTION WITH REFLECTING BOUNDARIES

Consider a set of real numbers {y;;4 =1,...,n} C (0,b), where b > 0and y; < yo < -+- <
Yn- Let Sy (t),S2(t),..., Sy (t) be independent telegraph processes. It is assumed that
all processes have absolute velocity v and parameter of switching process A and, starting
from y;, the process S;(t) has equal probabilities of initial directions of the motion. We
suppose that 0 and b are two reflecting boundaries such that if a process reaches boundary
0 or b, then it changes the velocity direction to the opposite one. Consider the family
of particles with trajectories x(y1,t), x(y2,%), ..., x(yn,t), where every z(y;,t) coincides
respectively with processes S;(t) before particle ¢ has first hard collision with another
particle or equivalently to the first intersection of the process S;(t) with another process.
After the first hard collision of the particle x (y;,t) with another particle, say x (y;,t),
they will switch the telegraph processes that describe their trajectories so, S; (¢) will
coincide with the trajectory of x (y;,t) and so on.

It is easily seen that the trajectories of the particles = (yg,t), k = 1,2,..., coincides
with the order statistics of S;(¢), ¢ =1,2,..., as follows:

(15) T (yl;t) = S(l) (t) » L (y27t) = S(2) (t) gy L (ynvt) = S(n) (t) :

Let us introduce the distribution functions Fy, (z) = P {z (y,,t) < 2} . Denote, by M,gl),
1 =1,2,...,CF different k-element subsets of the set M = {1,2,...,n}. It follows from
Eqgs. (15) that

n CF
F (@) =Pla@.0) <2y =33 [ PSty<a) [ PS;(t) > ).
k=ri=1en® jem\mP

For some particular cases, we have

Fy (@)= P(z(y,t) <z)=1-[[P(Si(t) > ),

i=1

By (@)= Pla(yurt)<2) =3 [[ P(Si#t)<2)P(Sk(t)>a)

k=1i=1,i#k
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Let us study the limiting distribution of Sk (t), k =1,...,n as t — +00. Denote, by
N (t), the number of Poisson events that have occurred in the interval (0,¢), and let
sj, j > 0, be instants, at which Poisson events occur, and sp = 0. We assume that the
instants s; denote the times of a change of the direction of Sj ().

Lemma 5.1. Suppose that f (x) is an integrable function on [0,b]. Then

P [ rsom = [ rer)

Proof In the sequel, we will use the well-known strong law of large numbers for a Poisson
process

(16) P(lim N;T):A):l

T— 400
Since, during the time sj41 — s;, the particle covers the distance of (s;y1 — s;j)v, the
number [W] is equal to the double number of passages of the segment [0, b] by
the particle.

Hence,
SJ+1
T1—1>I—OI—IOOT/ f Sk - T1—1>I-|r-looT Z/ dt
14 (sj+1
- ; J
(17) = o7 ; ([2} / flo d“”)“

where r; = [ " vt g (Sk(t))dt, u;, ¥; are independent random variables, and wu; is uni-
formly distributed on [0, 2b], and ¥; has the following pdf:

A e _2) 7t
g(t): —e v (1—@ K ) I{ogtg2b}~

v
Therefore,
Er; :E/ f(Skt)dt = / dx/ dp/ dtf(Sk(t))e™ v
u; 2bv 1—6 g
2b z+2b
2b 2b >
(18) + / dx/ dpf (Sp(z+p))e” ™
2b 1 —€e v

_ze
1_67% / f(z dl‘Jr)\b/ [z
The strong law of large numbers for {ri, i>1} ylelds
lim iZﬁ Er; a.s.
N <

Since ; = sj41 — 55, 7 = 1,2,..., are independent exponentially distributed random
variables, we have the strong law of large numbers takes the form
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1 & (s; —sj_1)v (s; —sj_1)v
li = J 251 Y o [t A k.
Nt N ; { 2 2
> 2(n+1)Ab e’u
_2nb _2n v
(19) = ZTL (6 v —€ v ) = TV
n=1 I—e v

Combining Egs. (16)-(19), we get

T N(T) s
R ECIOUER I CEe DY ( f(Sk(t))>

j=1 Si-1
1 b
=— | f(z)dz a.s.
b Jo
This concludes the proof.
Therefore, the limiting distribution of Sy (t) as ¢ — +oo for all K = 1,...,n is the

uniform distribution on [0, b] .

Lemma 5.2. Suppose that the initial distribution of a telegraph particle with reflecting
boundaries 0 and b is uniform on [0,b]. Then it remains uniform for all t > 0.

Proof Denote, by p(t,x | yx), the probability density of the process position Sy (t) at
time ¢. It was shown in [15] that, for z € [0, 5],

12 > A TNYk
p(t,z|yx) = 7 + ¢ Z { [cosh (Ont) + e—smhﬁnt } Cos ( b ) cos

n

n=1

where

2,2 1/2
0, = ()\2 - ﬂb;) nz) .

It is easily seen that, for any ¢ > 0 and z € [0,d],

1 [t 1
p(t,x)=g p(tvwlyk)dykzg.
0

Now let us consider the system of processes Sy (t) with the limiting distribution of
the respective processes Sy (t), k = 1,2,...,n. According to Lemmas 5.1 and 5.2, the
processes Sy (t), k = 1,2,...n, are independent and have the uniform distribution on
[0,0] for each t > 0.

In this case, we denote, by x (t), k = 1,2,...,n, the positions of particles at time
t > 0. It is easy to see that, for every ¢ > 0, the processes xy (t) are the order statistics
of Sk (t), k=1,2,...,n, namely

I (t) = ?(1) (t) , L2 (t) = E(g) (t) yeeey Ly (t) = g(n) (t) .

Consider the function

G e
f

It is easily verified that the distributions 7y (-) of the positions of particles zy (t), k €
{1,2,...,n} are as follows:
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g (x) = P (z (1) <) = ) (k,n—k+1),
where
() p—1 n—k
t" 1 =) dt

L (kn—k+1)=2 .
e { ) St — )" Fa

Let us study the number of collisions C3.... ») (0,t) of particles z (t), k = 1,2,...,n
during the time interval (0,t). It is easy to see that C(i o, . ,)(0,f) is a number of
intersections of Sk (t), k =1,2,...,n, for each t > 0.

Denote, by I(x) (0,t), k # [, the number of intersection of the processes Sy (t) and
S (t) during the time interval (0,¢) . Then it is easily verified that

C((1,2,...,71) (O7t) = Z I(k:,l) (O7t)
1<k<I<n
Therefore, let us analyze the distribution of I(4 ) (0,t), k # 1.

Since Sy, (t) and S; (t) have the uniform distribution on [0,b], the probability of their
intersections Iy, ;) (t,t + At) during (¢,¢ 4 At) satisfies the following inequalities for = €

(a,b):

%P (|Sk (1) = Si (t)| < 2Atw) e < P (Nggoyy (8t + At) > 1)
(20) < P (|Sk(t) = Si(t)] < 2Atw) .

By using

P ([Sk (t) = Si (t)] < 2Atv) = O (At)

and

iP (|Sk (t) = Si (t)| < 2A0t0) e 221 = O (A,
we get
(21) P (I (tt+ At) > 1) =0 (At).

It is easily verified that, for n > 2,
P (I (8t + At) =n) < P (|Sk (t) — Si (t)| < 24t0) (1 - e*Mt)Q("*”
+P ({Sk (t), 51 (t) € 0,220} U {Sk (1), 51 (1) € [b— 280, B]}) (1 — e>24) "D

VVANA) (20tw)?
b2

(22) < (AL 49 (ALY,

In view of Egs. (21) and (22), we conclude that

P (Igy (5t + At) =1) = O (At).

Therefore, for x € (a,b),
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(23)
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1 _ _
O(at) = P (|Sk (1) = Si (t)| < 2Atw) e72241
< Elgy (tt+ At) < P ([Sk(t) = Si (t)] < 2Atw)
4 Aty 2(n—1) 2Atv (n—1)
A A
+ = ;n(o\ t) + = — (A
- 4Abt” +o(At).

It is easily seen the additive property of El(y ) (t1,t2): for any s € (t1,t2),

El gy (t1,t2) = Elgyy (t1,8) + Elgyy (s, t2) -

Hence, there exists a constant ¢ > 0 such that

EI(kJ) (O,t) =ct.

This implies that

n(n—1)

EC(l,Q,...,n) (Oat) = 2

ct.

Relations (20) and (23) yield the following estimation for the factor c:

ce< v
C —_
- b
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