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V. A. KUZNETSOV

THE VARIANCE OF THE NUMBER OF WINDINGS OF THE
RANDOM FIELD ALONG THE PLANAR CURVE

This article is devoted to the study of the distribution of a winding number of a
random vector field along the fixed plane curve. For some case of Gaussian homoge-
neous isotropic vector field, an explicit expression for the variance of the number of
windings along the planar curve is given.

1. INTRODUCTION

A considerable attention, in particular, with regard for the study of turbulence, is paid
to the investigation of the topological characteristics of random vector fields. In this work,
we study the distribution of a winding number of a random vector field along the fixed
plane curve. For this, we use an expression of a winding number of a vector field on a
planar closed curve as a sum of indices of the critical points of the field and apply some
results of the book [1] concerning the expectation of the number of points of a random
vector field satisfying certain conditions. All necessary definitions and formulations of
the statements we refer to are given in Section 3. In Section 2, we formulate our main
result, which gives an expression for the expectation of the second moment of the index
of a vector field on a planar closed curve. In Section 5, we apply it to the special case of
a homogeneous isotropic vector field and obtain an explicit expression for the variance
of the index of a curve with respect to this field. The proof of the main result is given in
Section 4.

2. MAIN RESULT

Here, we formulate the main result of the article. For this, we need the definition
of the index of a continuous vector field with respect to the critical point. For reader’s
convenience, the definition of the index and its properties are given in Section 3.

Theorem 2.1. Let f: R2 — R? be a random field on R2, and let T be a fixed piece-
wise smooth simple (i.e., without self-intersections) closed curve in R? that bounds some
domain T.

We assume that the field f satisfies the following conditions:

a) f and g{; are continuous on T with probability 1 and have bounded moments of the
order 4 on T;

b) for all t € T, the density of the distribution ps(x) of the random vector f(t) is
continuous at x = 0;

V) forallt € T = {(t',t?) € T? : t* # 1}, the density of the distribution P (1, 22)
of the random vector f(f) = (f(t'), f(t?)) is continuous at (x1,22) = (0,0);

¢) for allt € T, the conditional density of the distribution p:(z | Vf(t)) of the random
vector f(t) conditioned on V f(t) exists, is bounded, and is continuous at x = 0;

) for allt € T, the conditional density of the distribution p;(i | V f()) of the random
vector f(t) conditioned on V f({) exists, is bounded, and continuous at & = (0,0);
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d) for all t € T, the conditional density of the distribution p:(z | f(t) = x) of Vf(t)
conditioned on f(t) = x is continuous in z and x;

d') for all t € T, the conditional density of the distribution pi(z | f() = &) of Vf({)
conditioned on f(f) = & is continuous in z and Z;

e) the modulus of continuity on T of each of the components f, V [ satisfies the relation
P(w(n) > €) = o(n*), when n | 0 for each € > 0.

Let indr f be the index of a curve I' with respect to the field f. Then the following
relations hold:

E(indr f) = / E{det Vf(t) | f(t) = 0}p:(0)dt

T

E(indr f)? = /]E{det V(") det V() | f(t') = f(£?) = 0} 42)(0)dt" dt*+

T2

/ E{|det V(£)] | f(t) = 0}p:(0)dt

T
where p¢(0) is the density of the distribution of f(t) at 0, and p 42)(0) is the density of
the distribution of the field f(t*,t?) = (f(t1), f(t?)) at 0.

Remark 2.1. The conditions of the theorem are easily checked for Gaussian fields. A
sufficient condition for the continuity of a centered Gaussian field is, for example, its
covariance function being Lipschitz. All the conditional distributions in the Gaussian
case can be obtained from the theorem of normal correlation. So, in this case, the main
point to check is that the corresponding covariance matrix is nondegenerate.

In Section 5, we will consider the following example of a homogeneous isotropic Gauss-
ian vector field f satisfying the conditions of the theorem:

f¢ + v)Wi(dv)
_(fi(w)) _
J(w) = (fz(u)> B f ¢(u +v)Wa(dv) |’

where ¢ € C§°(R?), and Wy and W, are two independent Brownian sheets on R?.

3. PRELIMINARIES
Here, we give some necessary definitions.

Definition 3.1 ([2], §1). Let ® : I' — R? be a continuous vector field on some continuous
curve I' = {(z(¢),y(¥)) | t € [a,b]}. Assume that the vector-valued function ®(t) =
D(x(t),y(t)) is continuous and non-zero on [a,b]. For each t € [a,b], we define an angle
between ®(t) and ®(a), counted from ®(a) counterclockwise. This angle is a multiple-
valued function of . We denote, by 0(t), a continuous branch of this function that becomes
zero at t = a and call it the angle function of the field ® on the curve I'. The increment of
the angle function 6(t) on the whole segment [a, b], counted in the number of the whole
rotations, i.e., the quantity ¥(®,T) = 5 (0(b) — 6(a)) = 50(b), is called the winding
number of the field ® on I

Definition 3.2 ([2], §2). Let ® be a continuous vector field on a closed curve I'" with
values in R? without zero vectors. Divide I' with the points M; and M3 into the parts:
My MsMs and MsM4M;, and each of these parts will be considered to be oriented ac-
cording to the positive direction of the girdle of the closed contour I'. Define the number
of windings of the field ® on I" (or “the index of the curve I" with respect to the field f”)
as the sum of the numbers of windings of ® on the curves My MsMs and MsM4M; (see
Fig. 1).
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FiGURE 1

Definition 3.3 ([2], §3). Assume that the vector field ® is defined on the domain € and
is continuous on this domain, maybe, except for some finite number of points. Those
points where the field is discontinuous, as well as those where the field equals zero, are
called critical points of the field ®. A critical point My is called isolated, if there are no
other critical points in some its neighborhood.

Definition 3.4 ([2], §3). Assume that the vector field ® satisfies the assumptions of the
previous definition. Let M, be an isolated critical point of the field ®. It is easily seen
that the field ® has no zero vectors on any circle of a sufficiently small radius with the
center at the point My. The number of windings of any such circle is called the index of
the critical point M.

It can be shown that this number does not depend on the choice of a circle, and so
the definition is correct.

Definition 3.5 ([2], §3). Let I" be a fixed 2-dimensional piecewise smooth curve. Assume
that the vector field ® on the closed domain © with the boundary I has a finite number of
critical points inside I'. The sum of indices of these points is called the algebraic number
of critical points of the field ® inside Q.

The following result concerning the algebraic number of critical points holds true. It
reduces finding the number of windings of a vector field to computing the sum of the
indices of critical points of this field.

Proposition 3.1 ([2], §3). The algebraic number of critical points of a continuous vector
field ® inside the closed domain with boundary I is equal to the number of windings of
the field ® along T'.

To compute the indices of critical points, we will use the following result that general-
izes the statement that, for any nondegenerate linear vector field ®g(z,y) = (a1x +
b1y, asx + boy), the index ~ of the critical point (0,0) is v = sign A, where A =

ay Qg
det (b1 by )
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Proposition 3.2 (]2
by ®(z,y) = (6(z,y)
¢(0,y0) = (%790)

], §6). Let (x0,y0) be a fized point in R?. Define the field ® : R? — R?
,0(x,y )), where ¢ and 1 are functions differentiable at (xo,yo), and
=0.

— d)/z(anyO) (b/ (xO’yO)
A = det (1/’;(3507?/0) ¢Z(:r07y0)> 70,

then the critical point (xg,yo) of the field is isolated, and its index v equals

¢ (0, y0) %(37073/0))
Y (z0,90)  Yy(T0,%0))

We will also use the following result that concerns the expectation of the number of
critical points of a random vector field that satisfy a certain condition.

~ = sign det <

Proposition 3.3 ([1], p. 284). Let T C RY be a compact set such that its boundary OT
has finite Hausdorff measure Hy_1, and let B C R¥ be an open subset of RE such that
OB has Hausdorff dimension K — 1. Let f = (f1,...,fn) and g = (g1,...,9K) be some
N-parameter random fields on T with values in RN and RE, respectively. We assume
that the following conditions are satisfied:

a) all the components of the random fields f,V f,g are continuous with probability 1
and have finite second moments;

b) for all t € T, the marginal densities pi(x) of f(t) are continuous at x = u;

¢) the conditional densities pi(xz | Vf(t),g(t)) of the field f(t) given g(t) and V f(t)
are bounded and continuous at r = u, uniformly int € T’

d) the conditional densities pi(z | f(t) = x) of det V f(t) given f(t) = = are continuous
in z and x in neighborhoods of 0 and w, respectively, uniformly int € T

e) the conditional densities pi(z | f(t) = x) of g(t) given f(t) = x are continuous for
all z and for x in a neighborhood of u, uniformly int € T;

f) the following restriction on moments holds:

ofi |~
sup max E / (t) < 00;
teT 1<i,j<N ot

g) the modulus of continuity (with respect to the Euclidian norm) of each of the compo-
nents of f, Vf, and g satisfies the inequality

P(w(n) >¢) =o(n™),n 0

for each € > 0.
Then, if N, means the number of points in T, for which f(t) =u € R™ and g(t) € B,
the following relation holds:

EN, — / E{| det V()| Lp(g(t)) | f(t) = ulp(u)dt
T

Remark 3.1. In our considerations (see Section 4), we will apply proposition 3.3 in the
case g(t) = Vf(1).

But the proof of this result in [1] used the existence of the joint distribution of the
random variables f(t),det V f(t), and ¢(t), which does not hold in our situation. However,
the proof can be easily made in the case g(t) = Vf(¢) as well. All the computations
in [1] stay nearly the same. Indeed, let, as in [1], d. : RN — R be a function defined by
§c = C7'1p,., where C, is a volume of B..

Denote, by pi(z, Vy), the joint distribution density of f(¢) and V f(¢) and, by p:(Vy),
the distribution density of V f(t). Let pi(x) be the distribution density of f(t), and
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p+(x|Vy) be the conditional distribution density of f(t) given V f(¢). Then, for example,
the computations at page 272 of [1],

/ / x)| det Vy|pi(z, Vy, v)dzdVydv =

T RN xRN%?xB

/ dt / | det Vylp: (Vy, v)dVydv x / b.(@)pr(x | Vy,v)de
T RN2xB

now appear as follows:

/ / x)| det Vy|pi(z, Vy)dxdVy =

T RN xB

- / dt / | det Vylp(Vy)dVy x / b.(x)pi(x | Vy)da

T B RN

Later, we will search for the explicit expression for the expectation and the variance
of the index of a curve with respect to a random homogeneous isotropic vector field.

Definition 3.6 ([3]). Let U = {U(z) | = € R?} be a vector-valued random field on
R2. For any transformation 7" : R? — R?, we denote, by UT, the random field defined
by UT(z) = U(T(x)). The field U is called homogeneous if the field UT has the same
distribution as U for any shift transformation T : R? — R2, i.e., for any transformation
of the form T'(x) = T, (x) = x+z, where z € R? is a constant vector. The field U is called
invariant with respect to rotations, if the random field GU(GTx), 2 € R? has the same
cos(f) —sin()
sin(f)  cos(0)
random field, which is invariant under rotations, is called polarized. If a polarized vector
field is invariant under reflections as well, it is called isotropic.

distribution as U, for all rotation matrices G = ( ) . A homogeneous

We now describe some properties of such fields, following the article [Zirbel, Woy-
czynisky]. It is easily derived from the conditions of a random field being homogeneous
and isotropic that the covariance matrix of the components of the field has a special form
described by the following result.

Proposition 3.4 ([3]). A matriz-valued function b is a covariance matriz of the compo-
nents of some homogeneous isotropic vector ﬁeld f, if and only if it has the form

bij(2) = dijbn ([[2]]) + B ||2(bL(IIZII) w ([1z[1))-

Moreover, b(0) = by (0)I,b(0) = by (0), and the functions by, by, are of the form
/J (ra)®p(da) + /M%(da),
ro
0 0
J oo
by (r) = / 1£a %) p(da) + / T (ra)®s(da),
0 0

where ®p, Pg are some positive finite masures on [0, 00).
If ®p and ®g have finite fourth moments, then the functions by,by are four times
continuously differentiable, and

1
bL(r) =by — §ﬂLT2 + 0(7‘4),’/“ — 0,
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1
by (r) =bg — 5&\;7‘2 +0(r*),r =0,

where
37, 17,
ﬂng (0% (I)P(d()é)+§ (0% q)s(d()é)
0 0
and
BN = 3/ Dp(da) + /@ Dg(da).
0 0

Remark 3.2. We denote, by J,(x), the Bessel function of the n-th order,
22 J! (x) + xJ! (x) + (2% — n?)J,(z) = 0.
Later, we will use the following properties of these functions that can be found in [4]:
J
Jo(a) = A(e) + 2,

T

Jo(@) = (),

1 o
Jobr) = o / e,

0

4. PROOF OF THE MAIN RESULT

Here, we prove Theorem 2.1.
Let N4 be the number of critical points of f inside T (i.e., points ¢ € T where f(t) = 0)
with the index 1, N_ be the number of critical points inside T" with the index —1:
Ny =#{teT: f(t)=0,ind,f =1}, N_ = #{t € T: f(t) = 0,ind, f = —1}.

It is known that the field f has no critical points with det V f(¢) = 0 with probability
1 (lemma 11.2.11 from [1]).
So, with probability 1, we have

Ny = #{t € T | f(t) = 0,det V£(t) > 0},

N_=#{teT| f(t)=0,det Vf(t) < 0},
and
indrf =N, — N_.
Denote T = {(t',¢%) € T? : t* # *},T9 = {(t',1?) € T : ||t1 — t?|| > 4}. Define

the vector fields f, g on T by f(f) = (f(t"), f(t?)),§(f) = ( 1), Vf(t?)), where t =
(t1,12) € T. We also define a vector field g on T by g(t) = €T. Let

f(t
Fb),t
Blz{@ Z) ER2X2 R4 : gd — bc>0}

B_1{<a b) € R2¥2 > R4 . adbc<0}
c d

Our proof is analogous to that of Theorem 11.5.1 in [1]. We fix 6 > 0 and a pair
- 2

(s1,82), where s; € {1,—1}, and apply Proposition 3.3 to f,§,7¢,B = [] Bs,. The
i=1
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conditions of this proposition are trivially checked in our case. We get

E#{(t*,t%) e T? : f(t') = 0,9(t') € B,,,i = 1,2} =
2

=E#{te T : f(}) = 0,5() € [] B..}

~ [Edecvi@i s | 6@)1F0) = oppst0)ai -
H Bsi
T25 i=1
2
- / E{]det ¥ F(D) [T Lusgmaer 9 5(e1)—s: | F(D) = 0}p;(0)di =
T25 =1

F(D) = 0}pi(0)di.

2
= 5182/E{H det V £ (t") Lsign det ¥ £(+)=s:

TQ‘S i=1

When 6 — 0, we have, with probability 1,

H{(t1,1?) e TS : f(t') =0,g(t") € B,,,i =1,2} —
= #{(t"#?) € T: f(t') = 0,9(t") € Bs,,i = 1,2},

and this convergence is monotone. So, by monotone convergence,

E#{(t',t?) € T2 : f(t') = 0,9(t") € B,,,i = 1,2} —
— E#{(t",*) € T: f(') = 0,9(t) € B,,i = 1,2}.

On the other hand, we have (also by monotone convergence):

2
/E{| det Vf(g)l H ]lsigndet Vf(tt)=s;,i=1,2 | f(f) = 0}p{(0>d£ -
T25 =1
~ 2 ~
5 / E{]det V F()] [T Lusenaer 97(60y—s, | F() = O}pi(0)di
A i=1

Therefore, setting § — 0, we get

E#{(t",¢*) € T: f(t') = 0,9(t") € By,,i = 1,2} =
2
= 5152 E{H det vf(ti)]]-signdetVf(ti):si

i=1

(@) = 0}pi(0)di,

T2

or

s1soB#{(t',¢%) € T : f(t') = 0,9(t") € By, } =

2
= E{H det vf(ti)]]-sign det V f(ti)=s; | f(tN) = 0}pf(0)dt~
=1
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Now, summing over all four sequences (s1, s2) with s; = +1, we get

Y sissB#{(t'¢%) € T f(t') = 0,9(t') € By} =

S1,82:8;==*1

F(E) = 0}pz(0)dt.

2
= Z /E{H[det Vf(ti)]lsigndct V1 (t)=s:]
i=1

3820 L::tl ~
$1,82:8 T

On the left-hand side, we have

E Z 51 so#{(t1,t2) € T: f(t') = 0,signdet Vf(t') = s;} =

S1,82:8;==+1
=E{(Ny(Ny —1)+ N_(N_ —-1)—2N,N_} =E(Ny — N_)> —E(Ny + N_).
On the right-hand side, we get

(@) = 0}p(0)di =

2
Z /E{H[det vf(ti)]lsigndct Vf(ti):si]
+1= =1

§1,82:8;=

2

— [E([]iec Vs | 70 = 0}pi(0)d.

i=1

So, we get E(Ny — N_)2 —E(N; + N_) = [E{_]Z[ [det V()] | f(f) = 0}p;(0)di. The
T =1

similar application of Proposition 3.3 to the fields f,g on T gives

EN, = /E‘H det Vf(t)|]1detVf(t)>0 | f(t) = 0}ps(0)dt,

T
EN_ = / E{| det V£(t) Lo 9020 | £(£) = 0pe(0)dt,
T
E(N, + N_) = / E{|det V£(8)] | £(£) = 0}pe(0)dt.

T
Finally, we get

E(indr f) = E(N; — N_) = / E{det V(1) | £(£) = 0}, (0)dt
T
and

E(indrf)? = E(N; — N_)? =

- / B{[Jldet V£(t)] | F() = 0}p(0)dF + / E{| det V(1)] | £(t) = 0}pr(0)dt.
T =1 T

This proves our statement.

5. EXAMPLES

As an application of the obtained result, we consider the case of a homogeneous
isotropic two-dimensional Gaussian vector field. To simplify our calculations, we will
consider only the case br,(r) = by(r) or, in terms of Proposition 3.4, ®p = $g. So, the
correlation function of the components of such a field has the form

bij(z) = 6ijbn(||2]), z € R2.



WINDINGS OF THE RANDOM FIELD ALONG THE CURVE 41

The above-mentioned field

where ¢(z) = h(||z]]),z € R?, and h € C§°(R) is an even function, gives an example of
such a field.

Theorem 5.1. Let f be a centered Gaussian isotropic vector field on R? with the com-
ponents correlation function b;j(z) = 6;;bn(||2]]), where by : [0,+00) = R has the form

ra

by (r) = / I (ra)®(da) + / Jl(m)@(da) - / Jo(ra)®(da),
0 0 0

D is a positive finite measure on [0,00) with the finite fourth moment, and ® # cdy, i.e.,
® is not concentrated on {0}. Then the variance of the number of windings of f along
the closed piecewise smooth curve I' that bounds an open domain T equals

E(indp f)2 ==

20 (11 — 2] b (et — bl — 22 L e
-/ =\ o @7 b (et gz U ) ppeas (O)dede

— b (0)p(0)S(T),
where S(T') is an area of T. Here p(s1 42y(0) = (27r)2(bN(0)2—1bN(Ht1—t2||)2)’ and
p:(0) = p(0) = m foranyteT.
Remark 5.1. It is easily seen that, for any homogeneous Gaussian vector field f and the
curve I satisfying the conditions of Theorem 2.1, E(indr f) = 0. To see this, it is sufficient

to prove that E{det Vf(t) | f(t) = 0} = 0. Set b;;(t,s) = b;;(s —t) = E(f;(t)f;(s)). We
have

B(detV£(1) | £(0) = 0} =BG

ofs
Oto

o

_Ofi )00
Oto

(t) ot,

()5~ (1) =

_ 0bya (0) Ob12
o 6t18t2 8t28t1
Remark 5.2. Tt can be shown that the given above example of the field

| é(u+v)Wi(dv)
_ (i) _ g
ftw)= (f2<u>> =\ o+ opwatan) |-

2

where ¢(z) = h(||z||),r € R?, satisfies the conditions of the theorem 5.1. Indeed, for the
Fourier transform

(0) = 0.

T

b(k) ! /b(z)e_““dz

of the function

R2
b(z) = b (|)#]]) = / S(w)d(u + 2)du
R2

we get )
b(k) = 5-d(k)”.

As ¢(+) € S(R2), we also get ¢(-) € S(IR?), where we denote by S(R2) the Schwartz space.
It is clear (as ¢(x) = h(]|z||)) that ¢(k) depends only on the ||k||. Thus, the same is true
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for b(k), that is, b(k) = a(||k|)). So, we obtain (using integration in polar coordinates and
the third property of the Bessel functions, mentioned in remark 3.2):

1 [ . 1 . -
bl =b(:) = 5 [ b=k = 5 [ a(lkle™=ak = [ aata)alz])da,
R2 R2 0
Therefore, the function by (r) has the desired form

oo

b (r) = / Jo(ra)®(da),

0

and the measure ®(da) = aa(a)da has all the moments, not only the fourth, as the
function a(«) is rapidly decreasing when o — oo.

Proof of Theorem 5.1: First, we check that our field satisfies the conditions of Theo-
rem 2.1. Let us check condition e) on the modulus of continuity of the field and its
derivatives. In our case, we can state even more: the modulus of continuity of each of
the components f, Vf satisfies the relation P(w(n) > €) = o(n”) when 5 | 0 for any
€ > 0 and for each N > 0. To prove this, we need the following statement.

Proposition 5.1. Let h be a centered Gaussian random vector field on a closed domain
T C R2 such that its covariance function K(t,s) = Ef(t)f(s) is twice continuously
differentiable on T x T. Then the field h has a continuous modification, and its modulus
of continuity w(n) satisfies the condition

P(w(n) > €) = o(n™),n 40
for each € > 0 and each N > 0.

This statement is, in fact, proved on page 268 of [1]. The proof is based on the
application of the Borell-Tsirelson inequality (Theorem 2.1.1 in [1]) to the field H on
T x T defined by H(s,t) = h(t) — h(s).

It is easily seen that, with our assumptions, the correlation functions of all the fields
g{; are twice continuously differentiable on T x T' (as the function by is four times
continuously differentiable); so, we can apply our proposition 5.1 to them. Thus, we get
that the fields considered are indeed continuous with probability 1, and their moduli of
continuity satisfy the conditions of Theorem 2.1.

For jointly Gaussian random variables, the theorem of normal correlation implies that
all the conditional distributions are Gaussian. So, to check the other conditions of our
theorem, we have to prove the nondegeneracy of the correlation matrix of the variables in
question. This is the statement of the following proposition, for which we have a rather
long proof included in Propositions 5.3-5.10.

Proposition 5.2. In the assumptions of Theorem 5.1, for any two points t' # t2, the

joint distribution of Gaussian variables fi(t’), gt];"' (tY,4,7,k,1,m = 1,2, is nondegenerate.

In our case, for any two points ¢! # ¢2, the random vectors

0 0
(fl(tj)7i(tl)vj7lam:1a2) and (fQ(t])aﬁ(tl)7jalvm:172)
otL, ot
are independent and identically distributed. So, it suffices to check that the correlation
matrix of the random variables

fl(tj)a atfl; (tl)ajalam =12
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is nondegenerate. This can be done by explicitly computing the correlation matrix of
these Gaussian variables. As our field is isotropic, it suffices to perform these computa-

tions for the particular case
1 0 2 r
t‘@7 "=10):

where 7 > 0. We have the following auxiliary propositions. We omit some of the proofs,
as they include only standard technical considerations.

Proposition 5.3. The correlation matriz of the random variables

fl(tj) ol (tl)v j)lam = 1a27

> otl,
where
H:(&, ﬂ:(@, r>0,
s equal to
bn(0) by (r) 0 Bbx(r) 0 0
bn(r)  by(0) —2a) 0 0 0
2
2
0 0 0 0 N Ben(r) s
0 0 0 0 — % () /. By

Proposition 5.4. The determinant of the correlation matriz of the random variables

fl(tj)7 gtfl:l (tl)7jalam = 1a2

s equal to
(Bt (0) — Wiy (r)? + b (B (r) + b () + b () () %

X (Bnbn (0) = biy ()% + b (r)b (1) — Bnba (1) — by (0)b% (7)) %
X (Bnr = by (r)(Byr + by (1) =

:%mmmmwww+mm%mf4MMM+M@%WWX
X ((Bar)? = b (r)?),

(
(

where r = ||t — 2||.
Proposition 5.5. For any x > 0, we have

|J{ ()] < %, and | J1(2)] < £.
The inequality |Ji(x)| < % can be proved using standard methods. The inequality
|J1(z)| < § is an easy consequence (as .J1(0) = 0).

Proposition 5.6. For any x > 0, we have

(5 = HH) 1+ @) > (e,
and
1

(5 + Ji@) (1 = Jo(@)) > Ji(x)*.
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Proof. We put

£() = (3 — @)1+ (@) = S (2
and
o) = (5 + R @)1~ Jo(a)) — i (@)

The plots of the corresponding functions look like
y=f(x)

VA /TN / N\
L [N \

[N/

0.6

0.2 /
0.1

0.6

/N

0.1 /
0

-0.1

0 5 10 15 20
X

For x € [0.5,20], it is seen from the plots (and, of course, can be verified strictly) that
f(x) > 0 and g(z) > 0. So, we need to verify our inequalities for small values of z (i.e.,
0 <z < 0.5) and for the large ones (say, for = > 20).

Performing the symbolic differentiation with the computer algebra system Maxima,
we obtain f(0) = f'(0) = 0, f*)(x) > 0 on [0,1], g(0) = g™V(0) = g?(0) = ¢®)(0) =
g™®(0) = ¢g®(0) = 0 and ¢ (x) > 0 on [0,0.8] (of course, all of these can be proved
strictly). The plots of the corresponding derivatives look like
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y=r?(x)

0.4

0.2

-0.4

0.1

0.08

0.06

0.04

0.02

-0.02

-0.04

X

So, we conclude that f(z) > 0 on (0,1] and g(z) > 0 on (0, 0.8].
For values of x larger than 20, we can use the following proposition.

Proposition 5.7. For any x > 20, we have
|Jo(x)| < 0.3, |J;(x)] < 0.3, J1(2)* < 0.05

Using this proposition, we obtain, for x > 20,
(% — [J{(2))(1 = |Jo(2)]) — Ji(z)* > 0.2 x 0.7 — 0.05 > 0.
Therefore, for x > 20, we have f(z) > 0 and g(x) > 0. O
Proposition 5.8. For any a > 0,5 > 0, we have the following inequalities:

507 + %) = 20B3(a) 11 (5) — Jo(@) B4 (5)

— o(B)a T} (@) — 0T (@) ~ BL(5) + 20 To(8) + 55 o(a) > 0
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and
5 (07 + 57) = 208, ()1 (8) — Jol@) 524 (6)

— o(B)a T} (@) + 0T} (@) + BI{(5) — 50*To(B) — 587 o(0) > 0

Proof. We can rewrite our first inequality in the form
1 1
025 — Jo(B)J3 (@) — Ji @) + 5 Jo(B))+
+ 635~ Jol@) 3 (8) = JL(B) + 5 Jo(@)) -
—2a8J1(a)J1(8) > 0.
We put

b= —2J1(a)J1(B),

1

e =5 — Jo(@){(8) ~ Ji(8) + 3 Jo(a).

It is sufficient to prove that the quadratic form axz? + bry + cy? has no zeros, except
2 =y = 0. To do this, we will show that b?> — 4ac < 0. We have from Proposition 5.6:

(5 = J1(@)(1 + Jo(a)) > Ji(a)?, and (5 — J{(8))(1 + Jo(B)) > J1(B)*.
Muliplying these inequalities, we get

(5~ JH())(5 — HENA+ To(@) (1 + Jo(8) > Ja(a) i (5)”

After some technical manipulations, we get exactly b? — 4ac < 0. So, the first inequality
from our proposition is proved. The second one is proved in the same way, using the
inequalities

(5 + J1(a) (L = Jo(a)) > Ji(@)?, and (5 + J1(8))(1 = Jo(B)) > J1(B)?,
from the same proposition 5.6. (Il
Proposition 5.9. For any r > 0, the following inequality holds:
B (0) = biy (1) + b ()b (r)] > b (0)b () + Bb ()]

Proof. We have by ( - f aJi(ra)®(da). Therefore,
0

:O/O/aﬁJl ra)Ji(rB)®(da)®(dB).

Using the equality 0% (r) = — T)BQJO rB)®(df), we obtain
0
b ()bl (r / §2Jo(ra) J} (13)®(da) B(d5) =

M\H

,710000 ra) 52 r o 7 r3)al ] (ra o
— QO/O/JO )B2 T (rB)®(do) P(dB) — O/O/JO( B)a2 L (ra)®(da)B(dB).
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o0 (o)
As for the term Byby(0), we get from By = 3 [ a?®(da) and by (0) = [ ®(dB) that
0 0

o0

by (0) = 5 [ a*@(da)(ds) = / I a(do)a(as).

In the same way, we get

b O () = — [ AR g aayaa).

0
So, we need to prove the following inequality:

% / @ ;5 ®(da)®(df) — / / aBJy(ra).Ji(rB)®(de)®(dB)—

0

oo

l\.’)\r—\
\

1
2

/ Jo(ra) B2 J; (rB)®(da) ®(df3) — Jo(rB)a? J| (ra)®(da)®(dB)| >
0 0

0

[ [ a¥Jj(ra) +52J ("8) 5 der
g/o { ! B0 (da) B(d) +
5 [ [atneaecaes + / / B2Jy(ra) ®(da) B(dB)|.
0 0

It suffices to prove that, for every «a, 8 > 0, the two following inequalities hold:

{;((f + %) = 2281 (ra)Jy (rB)—
fJO(roz)ﬁ%]{(rﬁ) — Jo(rﬂ)OzQJ{(ra) — OzQJ{(roz)} +

+ {—oﬂJ{(roz) — B2J(rB) + %az,]o(rﬁ) + ;ﬂ2Jo(7‘oz)} > 0.

We can put r = 1, as the multiplication by r? and setting & = ra, B = rf3 reduce our
inequality to the case r = 1. So, we need to prove that

{302+ - 2080 () 00)-
 To(@)BAI(B) — Jo(B)a? T () a?J{(a)} :

+ {—aQJ{(a) — B2J1(B) + %QQJO(B) + ;ﬁzJo(oz)} > 0.

These are exactly the inequalites from Proposition 5.8. g

Proposition 5.10. For any r >0, By - r > |bly(7)].

Proof. We have By = 3 f a?®(da) and by (r)

—a ZOJl (ra)®(da).

So, it suffices to prove that lay (ra)| < a?r, or |Jy(ra)| < Lar, which is known from
Proposition 5.5. 0
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Using Proposition 5.10 with propositions 5.9 and 5.4 proves Proposition 5.2.
The latter allows to check the conditions ¥, ¢’,d’ of Theorem 2.1 for our case.
We now apply Theorem 2.1. It suffices to prove that

E(det Vf(t") det Vf(£%) | f(t') = f(t*) = 0) =
_ 20 =21 [ o (et = 2DbN A = 21D 1 e
- ||t1 _ t2H { bN(0)2 _ bN(Htl _ t2||)2 + b (It t ”)}

and E(|det Vf(t)| | f(t) =0) = By, where 8y is defined in Proposition 3.4.

Denote, by (X;;,Y;;), a conditional distribution (gfj (th), g{l (t2)) given f(t') = f(t?) =

0. It follows from the theorem of normal correlation that (X”,Y ) is again a Gaussian

9
vector. We put u;jx = E(g{k( )a{f ()] f(tY) = f(#?) = 0).
Note that the following three lemmas (Lemma 5.1,5.2, 5.3) hold for any centered

homogeneous Gaussian vector field.

Lemma 5.1. The following relation holds:

E(det Vf(t')det Vf(t*) | f(t') = f(t?) = 0) =
1 L
=3 Z (=1 s i 53—k 3—it
ij kl=1,2

+E(det V(") f(t') = f(1?) = 0)E(det Vf () | f(t') = f(t?) = 0).
Proof. In our notation, we have
E(det Vf(t") det V(%) | f(t') = f(*) = 0) =
= E{(X11X22 — X12X01)(Y11 Y22 — Y12Yo1)} =
=EX11X22Y11Y22 — EX32X01 Y11 Y22 — EXy1 XooY12Yo1 + EX12X01Y12Y01.
The application of Wick’s formula ([1], Lemma 11.6.1) gives:
E(det Vf(t") det Vf(£%) | f(t") = f(t*) = 0) =
= EX11 X22EY11Yos — EX12X01EY11 Y22 — EXy1 X0oEY12Y01 + EX 12 X901 EY12Y0 +
E(det V f(t1)[f(t1)=F(t?)=0)E(det V f(t2)| f(t')=£(t*)=0)
+EX11Y11EX22Yos + EX11Y22EX20Y11 — EX10Y11EX01 Yoy — EX19Y22E X5, Y11 —
—EX11Y12EX22Yo1 — EX11 Y21 EX00 Y10 + EX19Y10EX01Yo1 + EX12Y21EX91 Y70 =
=E(det V(') | f(t') = f(?) = 0) x E(det Vf(£*) | f(t') = f(t*) = 0)+

+ u1111U2222 + U1212U2121 — U1121U2212 — U1222U2111—

— U1112U2221 — U1211U2122 + U1122U2211 + U1221U2112-

Denote, by K, the covariance matrix K = cov(fi(t!), fo(t}), f1(t?), f2(t2)).

Lemma 5.2.

by,
of. . 0f b

_ i1 J (42 b, b, —1 2

Uijkl = ]E(atk( )8712(]5 ) + (0 0 Gt BT,f) K 86L =
0

_ 8fl 1 8f] 2 b, Obso _1 aabtllj
- E(atk (t >87tl<t ) + (ém I ) K, 8;;]
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Here, K 1_21 is a submatrix of K !, formed with the intersection of its two last rows
and two first columns, and b;; = b;; (2 — t') = Ef; (') f;(t?).

Proof. Here, we calculate the conditional expectation
E{X:Xe | Y1 =Y =Y3=Y, =0}

for jointly Gaussian centered random variables X, X5, Y7, Y5, Y3, Y. We can write:
4 4
XlzzaiYé—FXu_, X2=ZBZ'1/%+X2J_,
i=1 i=1

where X1,, X5, are independent of Y7, Y5, Y3, Yy.
Denote Xiu = Xi — XiLvi = 1,2,0 = COU(Yl,}/é,i/g,,Y4).

Then
E{X1Xs|Y1 =Y2 =Y3 =Y, =0} = EX1 Xp — EXy, Xy,
But
EY; X,\ ©
- EY, X
EX1,Xa, = EX1, Xz = ; aBYiX> = | gy | o
= EY X
a1 ]EX1Y1
_ (6%} o 1 EX1Y2
where a = as | Asa=C EX,Y; | we get the statement. (|
o EX. Yy

Lemma 5.3.

E(det Vf(t') | f(t') = f(t*) = 0) =

_ b11 b1 -1 ot o b11 b1 —1 ot
= ( ot ol ) Koo | dba ( o oh ) Koo | s |-

oty Oto

Here, K5, is a submatrix of the matrix K ~' formed by the intersection of its two last
rows and two last columns.

Proof.

E(det Vf(t') | f(t!) = f(t*) = 0) =

o250k ) 05 0%: o
B E( Oty Ot (tl) Oty Otq (tl) | f(tl) = f(tz) = O) =
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_ o 0f0f
~Eonan )
— (BGHAE) BFEEALE) BEEEAE) B LE) K
SO oo
2 1 2
ELA@) | Foon
ES2 (1) (1)
+ (B @AM) EFEOA() EFENAW) BILE)LE) K
ESE () fu(t)
E9L () fa(t!) | _
EZL (1) £, ()
ESE () f2(#2)
_ L 0f0f
~E o o
0
0
_(o 0 EZL(t)f1(t) E%ﬁ<t1)fz(t2>)f<_l ESLE () fi(#2) | ~
ESE (1) fo(1?)
0f10f2
_ 67287151(151)
0
0
+<0 0 ESL(Y £ (1) E%—Q(tl)h(tz’))f{_l ESE () f(2) | T

of1 %(tl) _E(aﬁ 0fs

(8t1 Ota Ota 8t1( )+
4 (BFEIAEN o (BEADAE))
Eon (1) 1a(t)) 72 \EGE () 1a()
e R Ky ESE () A7) _
BG0A0)) T \EGAE)
— Obio Obis
B (_8t18t2 (O) + 8t28t1 (0) +
_ 9byy .
! 2
by, .
% Dby o by by _
= ( 8t121 6,5122) K. 21 (%) _ ((%11 8t12> K221 (%}Z) '

O

In the following lemmas, we substantially use the form b;;(z) = 0;;bn5(||2]]) of the
covariance function of the components. The proofs of these statements are made by
direct computations with the use of above-mentioned expressions from [3]. We denote

r = |[t! — #?||. As the considered random field is isotropic, the value of the expression
E{det Vf(t')det Vf(t?) | f(t') = f(t*) = 0} depends only on r = |[t! — ¢?||. So, in
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() o)

and this will not influence the final result.

Lemmas 5.4-5.8 we put

Lemma 5.4.

E(afz tl % 82bN(7‘) s labN(’l“)}.

Oty ot or? + M or
Lemma 5.5. The matriz K = cov(f1(t'), f2(t1), f1(t?), f2(t?)) has the form

bN(O) 0 bN(T’) 0
0  by(0) 0  by(r)
bN(’I“) 0 bN(O) 0
0 bN(’I“) 0 bN<0)

Lemma 5.6. Matrices K,5', K" are of the form

_ b (0) _

1 N 1

=— 7 I K —
22 lN(O)Q zN( )2 ’ 12

where I is a 2 X 2 unit matrix.

(t%)) = —6i;0m {5k1

K =

bN(0)2 — bN(T)2 ’

Lemma 5.7. The following relations hold:

0 0
—b11(r,0) =—=—baa(r,0) = by (r),

oty oty
0 0 0
%bll("’7 O) —aitlb12(r, O) = 67t2b12('r7 O) =
0 0 0
= aitlbgl(r, 0) —872‘/_2[721(7', 0) = 87_t2b22(7", 0) = 0

Lemma 5.8.

B 9%bn (1) b (r) abn(r)\” 10bn(r)
wigkt = 010k {5k1 l oz * bn(0)% — by (r)? ( or > ] +5k27“8r}'

The proof of this lemma is based on Lemmas 5.2, 5.4, 5.6, and 5.7.
Lemma 5.9.
E(det Vf(t) | f(t') = f(t*) = 0) = 0.

The proof of this lemma is based on Lemmas 5.3, 5.6, and 5.7. Note that, although
Lemmas 5.6 and 5.7 are proved for the special case

() e-()

the result of Lemma 5.9 holds for any two points ¢! # t2. The same is true for the next
lemma.

Lemma 5.10.
E(det Vf(t') det Vf(t?) | f(t") = f(t?) = 0) =

_ 2 (e = eI fon (It — Dby (1t — 1D (1 = 2]
[ — 22| bn(0)? — b ([[tt —#2])? N '

This lemma is proved with the use of the Lemmas 5.1, 5.8, and 5.9.
We now calculate E{|det V f(¢)| | f(t) = 0}.
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Lemma 5.11.
E

Ofi NOfi o
atk (t)aitj(t) - 5%36k:l/8N>

where By = —b(0), as in Proposition 3.4
Lemma 5.12.
E{ldet Vf(#) | f(t) =0} = BN
Proof. 1t is easily seen that all af’ *(t) are independent of f(t). So, det V f(¢) has the form

&1&2 — €384, where & € N(0 BN) i =1,2,3,4 are jointly independent Gaussian random
variables (as can be seen from Lemma 5.11), and

E{|det VF(#)[ | f(£) = 0} = E[det Vf(#)] = E|¢182 — 384l
Setting n; = ﬁgi, we get for the jointly independent standard Gaussian random vari-
ables n;,1 =1,2,3,4:

El&1&e — &38| = BNE[min2 — 1314l
and taking
m + N2 — 12 M3 + N4 —

Cl \/» 7< \/g 74-3_ \/> aC - \/i )

we get, for the jointly independent standard Gaussian random variables (;,¢ = 1,2, 3,4:

1
Elninz — nana| = §E|C12 +G -G - C§|'

So, we get
1 T +w2+1‘,2+w2
Bl + G = Gl = [ lod+ od =} - afl—ge T dandoadaydos -
V2
= (21 =11 €08 p1, x4 = 11 8N P1, T = 12 COS 2, Ty = rosin¢a) =
// [} —r3le” A riradridry =
2 2 oo o0
r r
=(u= 5177} = 52) = 2// lu 7v|67(“+“)dudv =2.
0 0
O
Thus, Theorem 5.1 is completely proved. ([

Theorem 5.2. Let {f;}o>0 be a family of random isotropic Gaussian vector fields on
R?, defined by

[ ¢o(t +v)Wi(dv)
f (t) — f170'(t) — R2

7 f27<7(t) f (ba (t + ’U)WQ (d’U) ’

where ¢y (z,y) = o2¢(ox,0y), ¢ € CF(R?) is a nonnegative function with the property
f ¢2 Ydu = 1, Wy and Wy are two independent Brownian sheets on R2. Then the

vamance of the winding number of the curve

={(nl)1ewer)

is constant (i.e., it does not depend on o).
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Proof. Consider a random field f7(t) = f(ot). It is clear that the number of windings
of the field f7 along the curve %1" coincides (with probability 1) with the number of
windings of the field f along I': indr f = indlpfa. On the other hand, the fields f° and
fo have the same distribution (since these fields are Gaussian and centered, this can be
easily checked by comparing the correlation functions). This implies that the random
variables indr f and ind ir f» have the same distribution. So, E(indr f,)? is constant. [
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