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A. LOGACHOV

LARGE DEVIATION PRINCIPLE FOR PROCESSES WITH POISSON
NOISE TERM

Let Un(du,dt) be a centered Poisson measure with the parameter nlIl(du)dt, and
let an(t,w) and fn(u,t,w) be stochastic processes. The large deviation principle

¢ ¢
for the sequence nn(t) = xo + [ an(s)ds + ﬁ J [ fn(u, s)on(du,ds) is proved.
0 nein) o

As examples, the large deviation principles for the normalized integral of a telegraph
signal and for stochastic differential equations with periodic coefficients are obtained.

1. INTRODUCTION

In this paper, we are concerned with the large deviation principle (LDP) for the
sequence of stochastic processes n,,(t), n € N, t € [0, 1] that is defined on the stochastic
basis (2, §, §+, P) and admits the representation

t . t )
M (t) = xo + O/an(s,w)ds + W O//fn(u,s,w)yn(du,ds), (1)

where the martingale Poisson measure oy, (du, dt) with the parameter nIl(du)dt, u € U,
is adapted to the flow of sigma algebras §;; the random process a,(t,w) is measurable
to the flow of sigma algebras §; f.(u,t,w) is a §Fi-predictable random process; and the
positive monotonically increasing function ¢(n) tends to +oo.

We assume that the following conditions are satisfied almost surely 3 A > 1:V n € N,
Vtelo,1]

/ exp{ | fn(u, t, W) (| fr(u, t,w)| > DI(du) < A, % < / P u,t,w)I(du) < X (2)

For simplicity, the symbol w could often be omitted in notations. Sometimes, if it is
obvious, we omit other function arguments too.

In a particular case, the process in (1) can be a solution of the stochastic equation
with random coefficients, i.e.,

an(s,w) = Ap(s,m0(8),w), [fn(u,s,w)=F,(u,s,n,(s),w),

where the random functions A, (s,z,w) and F,(u,s,z,w) are §s measurable and can
depend on the past of the process.

The LDP [1], [2] for a Poisson process in the space of functions without discontinuities
of the second kind with a uniform metric and the Skorohod metric is known for the

cases lim %%) =0 and lim %Z) = k > 0, and, in some topology space, for the case
n—oo n—oo

lim %Z) = 00. The LDP for processes (1) with continuous nonrandom coefficients a(z),

n—oo

f(u,z) is a well-known result, see [3]. When process (1) is a process with independent
increments (i.e., a,(s,w) = a(s), fn(u,s,w) = f(u,s)), the LDP follows from [4], [5]
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for the case nll)rréo T = 0 and from [6] for the case nh_)rrgo L\/%) = k > 0. A stochastic

evolution equation of the jump type is considered in [7] for the case lim % =k>0.
n—oo VT

The LDP for solutions of stochastic differential equations with an integral over the
Poisson measure and the coefficients depending on n was obtained in [8] and [9]. We
note that the conditions for the coefficients in (1) and the methods of proofs in [§],
[9] are different from conditions and methods of this article. Specifically, one of the
basic assumptions in [8] was the nondegenerate diffusion. In our case, the diffusion
is identically zero. Moreover, the coefficients in (1) can be random and, respectively,
measurable functions.

This paper is organized as follows. In Section 2 in Theorem 2.1, we prove the LDP
if the absolutely continuous component and the characteristic of the martingale part in
(1) converge to integrals of deterministic functions with some velocity. In Sections 3
and 4, we give the LDP for a normalized integral of the telegraph signal process and for
solutions of differential equations with periodic coefficients, respectively.

We will use the notation B(X, p) for a Borel o-algebra of sets, where (X, p) is a metric
space.

Recall [10] that the family of probability measures P, on the space (X, p) satisfies the
LDP with the rate functional S(z) and the normalizing function ¥ (n) if ¥(n) — oo as
n — 0o, and the following conditions are satisfied:

i) the set ®(z) = {z : S(x) < ¢} is compact for all ¢ >0 ,
ii) Eﬁ In P, (F) < =S(F) for all closed sets F € B(X, p),
iii) nh_}frnmﬁ In P,(G) > —S(G), for all open sets G € B(X, p),
where S(A4) = inf S(x).

z€A

We will use the following notations for functions z(t) defined on [0, 1]:

DJ0, 1] — the space of right-continuous functions which have limits from the left and
are continuous from the left at ¢t = 1;

AC,,[0,1] — the set of absolutely continuous functions such that z(0) = xo;

C10, 1] — the space of continuous functions;

L5]0, 1] — the space of functions that have a 2-nd power finite integral.
We use the following notations for the sets: I(A) is an indicator of the set A, and A is
the complement of A.

2. AUXILIARY RESULTS
We define a metric on the space D[0,1] in the following way:
plz,y) = sup |x(t) —y(t) .
0<t<1
Theorem 2.1. Let the following conditions hold:
1) lim % =0,

n—00

2) there exists a nonrandom function f(t) € L2[0, 1] such that, for all € > 0,
//f u, $)I(du)d /f2 )ds

> 5) —0Q0,
0

3) there exists a nonrandom function a(t) € La[0,1] such that, for all e > 0,

5)2 —00,

t
) 1
lim 2( 1nP< sup

n—oo Y t€[0,1]

t

/tan(s)ds—/a(s)ds >

4) the function fp(u,t) satisfies inequalities (2).

1
lim 2lnP< sup
n—o0 ?(n) t€[0,1]
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Then the family of probability measures P,(A) = P{n,(-) € A}, A € B(D[0,1],p)
satisfies the LDP on the space (D|0,1], p) with the function 1 (n) = ¢*(n) and the rate

functional

1
1 [ (@) —at)? :
S(z) = 5{ ) dt, if z(-) € AC,,[0,1], (3)

~+00, fo() ¢ AC:EO [07 1]

This theorem is proved below after the proof of auxiliary statements.
We will consider the stochastic process

iin(t) = Ful, 8)5p(du, ds).
f np(n / /

Lemma 2.1. Let conditions 1 and 4 of Theorem 2.1 hold. Then, for all
0<wv<t<1, § >0, there exists a constant N(6,t —v): YV n > N(d,t —v)
2 2
- . ©*(n)d
P n(r) — (V)] = 0) <2 - (-
(s, () = 70(0)] > 8) < 2esp{ =

Proof. For all ¢ > 0,

>0)<

ﬁp //fn w, $)7m (du, ds)

< P( sup exp{f//fn w, )i (du ds)}>exp{c§<p( )}>

refv,t]

+P( sup eXp{\/% / / fn(u,s)an(du,ds)}zexp{cw(n)}>=P1+P2.

P(sup [ia(r) — iin(v)] > 8) = P( sup

rev,t) refv,t]

refv,t]

Let us estimate P;. We have

P = sup exp{ //fn (u, 8)0p (du, ds
b (TE [v,t] \F )

o [ [ (s (SL22) B _ g oot ).

Using the inequality % exp |z| > exp(z) —  — 1 and a decomposition of the function

exp(z) in a Taylor series, we obtain

sup n//(exp(cfn(u’s)>—cfn\(/%’ 5) _ 1>H(du)ds <

re(v,t] n
< Tzuvpt]// <C|fn u, s ) (| fn(u, t)] < DIL(du)ds—+

oo

+ sup //( Zf” fgkz_: a 3|f" ) (|fn] > DII(du)ds = Ay + As.

refv,t]
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Now set ¢ = ¢, = Qf((fji). Using conditions 1 and 4 of Theorem 2.1, we obtain the
estimates

[ (e f2(u,s) c 2\ c ©2(n)d6?

A < sup //"”’exp( ") duds<t—vexp( ”)g
T g e = = emm e e )= 6~
¢*(n)o* ¢*( // If’“ ¢*(n)o*

A nl > DII(du)ds < Z———

2= 8/\(t—v) + 24/\2 TZ‘[Lpt Kl > Di(du)ds < @r==75

for sufficiently large n.
Substituting ¢, in (4) and using the above estimates, we have

P < P| sup cxp{ //f” u, §)Up(du, ds)—
! <r€ [v,t] f

] (o550 1 5,

Applying the Doob’s inequality for stochastically continuous martingales to the martin-
gale

exo{ % [ [ st yotan o [ [ (o (2F200) 0ol Yinpa,

we get

2 2
p*(n)d
P < DL
b= eXp{ 6A(t — v)}
Similarly, P, can be estimated. O

Definition. (C-exponential tightness) Definition 3.2.2 and Theorem 3.2.3 in [11], [12].
A sequence of stochastic processes X, (-) from D[0,1] is C-exponentially tight if, for each
4> 0,

1
lim ——— In P( sup | X,( X, (s—)| >96) = —o0.
Ty 0P S X0 (s) — Xu(s)] 2 0

Lemma 2.2. The sequence of stochastic processes {f,(-)} is C'—exponentially tight.

fzn(s)—ﬁn(k;l)‘z g)g

Proof. Using Lemma 2.1, we obtain

Psw fin(s) = (s 2 9) < Do P(_su

Ose=t k=1 MEiSesE
2 2
©*(n)o*m
<2 —
mexp{ YR\

for all § >0, m € N.
Thus,

1
Tim In P n fn(s—)| > 8) < —
W2y (Oi}glln (8) = Tin(s—) > 0) 51X

for all § >0, m € N.
Passing to the limit m — 400, we have

1
lim In P( su n Nn(s—)| > 6) = —o0
T oy P ()~ n(5) 2 0

for all 6 > 0.
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We now consider the exponential martingale

a(t) exp{('o\(};)/t/c(s)gn(u, 8)n (du, ds)—
0

. / /(exp(ga(n)c(s}gn(u,s))_w(n)e(s%nw, 9 1)H( " ds},
0

where ¢(s) is a nonrandom bounded function.

Lemma 2.3. Let the function g,(u,t) satisfy inequalities (2), sup |c(s)| < é Then
s€[0,t]

Ea?(t) < exp(12X&¢?*(n)t)
for sufficiently large n.
Proof. Applying the It6 formula, we get

Ea’(t) :1+En//a2(s) (exp(W)—l)QH(du)ds.
0

Using inequalities (2), condition 1 of Theorem 2.1, and a decomposition of the function
exp(z) in a Taylor series, we have

, / (exp<sﬁ<">d%n<w> _1>2H(du) - / <,§:1 ¢k<nz!|f%,ks>ak)zn(du) )

> ok =1(n)|gk L (u, s)|eF—1\ 2
= 52/<p2(n)972l(u,8) (Z e ( k)'|(9\n/ﬁ)§c,l )| ) I(|gn(u, )| < DII(du)+
k=1 :

+462/<p2(n) <§1 ‘P;;!(E)gé)(ztf))gj(gn(u@ S 1)I(du) <

< 52/ch(n)gfL(u,s)exp{Q}H(du) +452/¢2(n) exp{|gn(u, $)|}H (|gn(u, s)| > 1)II(du) <

< 1202 (n)A\é?

for sufficiently large n.
Thus,

¢
Bo?(t) <1+ 12(,02(n))\62E/042(s)ds.
0

Applying Gronwall’s inequality [10], we obtain
Ea®(t) < exp(122&%@? (n)t).
([l

Lemma 2.4. Let the conditions of Theorem 2.1 hold, then the family of probability
measures

Py (A) = P{((t1), -, I (tm)) € A},
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AeB(R™), 0= 0 <ty <ty <. <ty <1 satisfies the LDP on the space R™ with the
function 1 (n) = ©*(n) and the mte functional
2 _ )2
Si(z) = — +Z ”’“ L (5)
2 s Sz | ps
0

Proof. We will use the Gartner—Ellis theorem [13] to prove this lemma. To apply the
Gartner-Ellis theorem, we need to find

1 m
lim lnEexp{ 2(n apnn(t }
A o™( )kzz:l kn (tr)

for a € R™.
m
Let us find the upper and lower bounds for Eexp{ 2(n) Z kﬁn(tk)} We have

B = Eexp{gaz(n)éakﬁn(tk)}: Eexp{; arp(n //fn (u, 8)7p (du ds)}

pon{33(350) 2 [ [ i mtanan

k=1 M=k

m

m
Let us denote, by by = > ai, fa.m(u,t) = fo(u,t) > bpl(t € [ti—1,tk))
I=k k=1

and by M(0,t), the sequ_ence of exponential martingales

exp{(p\(};) j / Frn (0, 8) 0y (du, ds)—
R )

Then FEj can be rewritten in the form

B, = EM(0,t, exp{ //<exp< i"m) (n\)/]%"’m—l)ﬂ(du)ds}.

Using a decomposmon of the function exp(z) in a Taylor series, we obtain

N el
2 K= =2 kL

By this inequality,

e £t
0 -

/( ( o m) (n\)/én,m _ 1) (du) <
/

(90 m Z ‘pj Ifi, "’) (du)ds. (6)

<

3
O\S

]
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Let us estimate A,, = f J Z ,(:ﬂf; ’;lﬂ(du)ds.
Condition 1 of Theorem 2, 1 implies that 3 N(a) : V n > N(a), V k the inequality

bk%n) < 1is true. Thus, using condition 4 of Theorem 2.1, we obtain, for n > N(a), the

inequality
J bJ J
Z//(z@ n)| ||f )H(du)dsg
m bk|d d (o]
< Z II(du)ds <
k=1 j=3 :
m bk|3 3 t

fRexp{1}H (| fn| < 1)+ exp{|fu|H (| fa] > 1) |II(du)ds <
<y el [ (e : )

tp—1

< kX::l(e + DA (tg — tg—1) |bkd\</’%3(n) < 4b‘3 \/(?7)/\, (7)

where b = max bk |-
We denote

B = {w: sup f2(s)ds

t€(0,1]

//fut (du)d <g}

Now, we find the upper bound for F;. Using inequality (7), we obtain

nm 463 ° (n) A
E1 < EM(0,t,, exp{// u)ds+‘f/n£”)}:

o\ﬂ

4633 (n)\ —
tim) ds+ ———— (I(B;) + I1(Bg)).
M0, exp{// s + 2 105 + 1057)
Using condition 4 of Theorem 2.1 and the equality EM(0,t,,) = 1, we get
o f £2(s) 5 ()
2 2 S 2 2 pon
E; < EM(O,tm)eXp{;</ by (n)Tds—i—ebkap (n))—&—\/ﬁ}l(Bfl)-i-
=137,
4b3 3 o
+EM(0,t,,) ex { +Z>\b ) (e — 1)}I(Bg)<
2 2 bS 3 i 2 2 (s)
< exp] meb“p(n) + Z brp”(n)——=ds p+
4b%¢® (n)A

+exp{)\b2<p2(n) + T }EM(O,tm)I(Bfl).
Using the Cauchy—Schwarz inequality, we obtain

EM(0,t,0)1(B5) < (EM?(0, 1) P(B;))"/.
Condition 2 of Theorem 2.1 implies that

P(B;) < exp{~18\0°¢*(n)}, (8)
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for sufficiently large n. Applying Lemma 2.3, we get
EM?(0,t,,) < exp(12Ab%p?(n)). (9)

Using inequalities (8), (9) and condition 1 of Theorem 2.1, we have

46303 (n) A —
exp{Ab%?(n) " “f}’”}EM(O,tmﬂ(Bz) < exp(—\P2(n))
n
for sufficiently large n.
Thus,
2 2 4b3 3 2 2 (s)
Ey < 2exp{ meb“p®(n) + ———— —|— Z bip ds ¢. (10)

Now, we find the lower bound for F;. Using inequalities (6) and (7), we get

E > exp{—mstgo?(n) — ZW\/%R)/\ + ét[ bie*(n )ch@ds}EM(O,tm)I(Bi)

for sufficiently large n.
We now find the lower bound for EM (0, t,,)I(BS). Using inequalities (8), (9) and the
equality EM(0,t,,) = 1, we get

EM(0,t,,)I(B:) = EM(0,t,,) — EM(0,t,,)I(Bg) > 1 — exp{—4\b*p?*(n)}.  (11)

In view of inequality (11), we obtain

B>l B2 (n) — 4b33 +Z b“ Sd (12)
1_§exp —me Sﬁ S

for sufficiently large n.
From inequalities (10), (12) and condition 1 of Theorem 2.1, we have

m

o 5 f2(s) 2 . 1 2 ~
Z / by, 5 ds — meb® < lim 1nEeXp{<p (n)Zaknn(tk)}g
k=1

n—o0o @2 (n)

meb?. (13)

Inequality (13) holds for all € > 0. Therefore, passing to the limit e — 0, we get

¢
lim LlnEeXp wz(n)ia in(tk) i k b2 fQ(S
n—oo @Q(n) — klinitk i, 2
m m 2t 2
Let us find the Legendre transform for the function A(a) = > (Z al> ! 2(3) ds,
k=1 \l=k tre—1

a€ R'nL

A*(z) = sup (Zam —;<§al>2j fz(s)ds).
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m m m 2 tr
Denote F(a) = 3_ arwr — 3 (Z al> Il —fzés) ds.
I

k=1 k=1 \i=k tho1
We find the supremum of the function F'(a) by elementary calculations:

Ay = Ly oo
2 [ f2(s)ds *=22 f (s
0

2

O

Lemma 2.5. Let the conditions of Theorem 2.1 hold. Then the family of probability
measures P{n,(-) € A}, A € B(DI[0,1],p) satisfies the LDP on the space (DI0,1], p)
with the function 1(n) = ¢*(n) and the rate functional

O\»—A

Sa(x) = 2 )dt if (-) € AGy[0,1],
+oo, ifx(-) ¢ ACy[0,1].

(14)

Proof. From Lemma 2.1, it follows that the sequence of stochastic processes {7, (-)} is
exponentially tight. In Lemma 2.2, we proved that this sequence is C-exponentially tight.
Therefore, from Theorem 4.30 [12] and Lemma 2.4, we obtain

Ui 1’(tk 71’75;@ 1))
So(x) = sup S1((z(t1),...,z(tm))) = su + ,
@)= s Sil(a(t) () {tke‘%o}<2ff2 > T o )

where Tj is a dense subset of [0, 1].
From conditions 2 and 4 of Theorem 2.1, it follows that % < f%(s) < X almost
everywhere. Therefore,

m

1 2 ( z(ty) — x(th—1))?
— sup}( P— +Z )Ssz(!E)S

= by —tp—1

(sﬂ(m—o ™ (w(t) - x(tk—1>>2), (15)

_|_
t1 —0 PR tp —tp—1

{t€To}
From Theorem 7 in [14], we get

m

sup (xi(ltl_) 6 0 + Z (x(tk) — x(tk_l))2>< 00

{tx€To} P ty — tk—1

only for z(-) € ACy[0, 1], whose derivative belongs to the space L]0, 1]. Therefore, from
(15), we have Sa(x) = 400 for functions z(-) ¢ ACyl0, 1].
Let x(-) € ACy[0,1], #(-) € L2[0,1]. Then

tr ] 2
S o ZM

{tk€To} . 9 f f2

tp—1

The inequality
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holds for all a,b, ¢ > 0, d > 0. Thus,

Sa(z) = ( lim o sup
max(ty—tr—1)— {tkeTg}k 19 f2
tkfl
From Theorem 5 in [14], it follows that almost all points of [0,1] are the Lebesgue points
of the functions %(-) and f2(-). If we choose the set Ty C [0,1] as the set of Lebesgue

points of the functions 2(-) and f2(-), then we have

1
1- - 22 52 te d —0 16
(tk*tirfll)ﬂo tr — th_1 / |x (S) T (k 1)| s , ( )
ty
1
lim - - 2 b 1)|ds = 0 .
(tk—tr—1)—0 tktk—lt/ |f ( ) (k 1 | ( )
k—1

for {tx} € To.
Thus, from (16), (17) and the fact that ; < f2(-) < X almost everywhere, we obtain

tr

1
0< lim /
(te—tr_1)—=0 T — tp—1
t

P2(tp_1)  %(s)

Pl s |*

- f2 (tr—1) —3°(s)) = () (f*(te—1) — F(s))
B (tr— llfkml)—)O ty — tk 1 ‘ fQ(tk—l)fQ(S) s =
aanamm(/ )= [ O~ o)
< qpm ) / 1F2(te1) — 2(s)|ds = 0. (18)
(th—tr_1)—=0 T —tp—1

Using (16)—(18), we obtain

(t;c%k_lt:f 3'3(5)d5)2(tk —tg-1)

—1

So(z) = lim sup 1
max(ty—tr—1)—0 {t;VGTo} 2

tr
1
=1 Fr—— | f3(s)ds
te—1

1~ 2 (tg1) (b — ti
= lim sup — (b 12)( k= teo) =
max(ty—tk— 1)H0{tkeTo}2 2 (tk—1)

1 T
= lim sup — ( -
max(t—tr—1)—0 {tp€To} 2 ];t f2(tk71) f2(8)
k—1
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Proof of Theorem 2.1. We consider a sequence of stochastic processes

t

n(t) = xo + /a(s)ds + 7 (t). (19)

0

We now use Theorem 3.1 in [10] (contraction principle) in order to find the rate
functional for sequence (19). We define an operator A,, : z(-) — y(-) that has the form

t

y(t) = zo + /a(s)ds + x(t)

0

as a continuous mapping of (D[0, 1], p) in (D0, 1], p).
There exists an inverse operator A;ol, which is given by

z(t) = — o — /ta
0

Therefore, sequence (19) has the rate functional

f (y(t)—a(t))? t) a(t)) dt, if y() € AC,, [O’ 1]’
+oo lf y( ) ¢ ACq[0,1].

S3(y) = m;Ai&f):y Sz(x) =

From condition 3 of Theorem 2.1, it follows that

1
lim ——In P(p(nn,Nn) >¢€) =
A 25y PP i) > )
. t
= lim 2lnP( sup / /a ds>5):—oo
n—o0 @?(n) tel0,1] /
for all € > 0.

Hence, from Theorem 4.2.13 in [13], it follows that the sequence {n,(-)} satisfies the
same LDP as the sequence {7j,(+)}. O

3. LDP FOR THE NORMALIZED INTEGRAL OF THE TELEGRAPH SIGNAL PROCESS

In this section, we will use Theorem 2.1 in order to obtain the LDP for the normalized
integral of the telegraph signal process.

Lemma 3.1. Let the following conditions hold:

1) stochastic processes &,(t), m € N are almost surely continuous,

2) the family of probability measures P,(A) = P{¢,(-) € A}, A € B(D[0,1],p)
satisfies the LDP on the space (D|0, 1], p) with the normalizing function ¥(n) and some
rate functional S(x).

Then the family of probability measures P,(B) = P{¢,(-) € B}, B € B(CI0,1],p)
satisfies the LDP on the space (C[0,1], p) with the normalizing function ¥(n) and the
rate functional S(x).

Proof. Tt follows obviously from the facts that the stochastic processes &, (t) are almost
surely continuous and (C[0, 1], p) is a closed subspace. O
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Theorem 3.1. Let a positive monotonically increasing function p(n) tend to 400 and
satisfy the condition lim % = 0. Let the sequence of processes (,(t), n € N be defined

n—oo

on a stochastic basis (Q,§, T, P), and let it have the form

ity = 2 [y

ds, teo,1],
where the Poisson process v(nt) with parameter Ant is adapted to the flow of sigma
algebras 5.

Then the family of probability measures P,(B) = P{¢,(-) € B}, B € B(C|0,1],p)
satisfies the LDP on the space (C[0,1], p) with the function (n) = p?(n) and the rate
functional

%j‘ t)2dt, if z(-) € ACy[0,1],
0
+oo, ifz(-) ¢ ACo0,1].

Sy(z) = (20)

Proof. Let us consider a sequence of stochastic processes

0, (t) = 2\/7:&@(?1) ((—1)V<”f> —1+ 2)\n/t(—1)”("s)ds).

0

Using the It6 formula on %’j(ﬁ?, we have that the process 6, (t) can be written as

0,(t) = /t W) di(ns),
0

where D(nt) = v(nt) — Ant.
¢
The process v(nt) could be represented as [ [ v, (du, ds), where the martingale Poisson
0

measure Uy, (du, dt) has parameter nIl(du)dt and [II(du) = \. For this reason,

0,(t) = — r@ // 1Y) 5, (du, dt).

Therefore, the conditions of Theorem 2.1 hold with the functions f2(t) = f2(t) = 1,
a(t) = 0, and the family of probability measures P,(A) = P{#,(-) € A}, where A €
B(D[0, 1], p) satisfies the LDP on the space (D0, 1], p) with the function ¥ (n) = ¢?(n)
and the rate functional(20).

Let us prove that the family of probability measures P{(,(:) € A} satisfies the same
LDP on the space (D0, 1], p).

We have )
Iim ——InP =
Ay 1 P (PG, On) > 0)
— Tm llnP< Sup | — (= 1)) — 1)'> 5) —
n—oo p%(n) te[0,1]| 2V Anp(n) ,
for all 6 > 0.

Hence, from Theorem 4.2.13 in [13], it follows that the family of probability measures
P{(,(-) € A} satisfies the LDP on the space (D]0,1],p) with the rate functional(20).
The processes (,(t) are almost surely continuous for all n. Thus, from Lemma 3.1, it
follows that the family of probability measures P{(,(-) € A} satisfies the same LDP on
the space (C10, 1], p). O
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4. LDP FOR SOLUTIONS OF DIFFERENTIAL EQUATIONS WITH PERIODIC COEFFICIENTS

In this section, we will use theorem 2.1 in order to obtain the LDP for solutions of
differential equations with periodic coefficients. A similar result for diffusion processes
is obtained in [15]. The theorem on the LDP for solutions of differential equations with
periodic coefficients, which contain an integral over the Poisson measure is obtained in
[8], but with a nondegenerate diffusion.

We will consider the stochastic processes 1, (t), n € N, t € [0, 1], which are defined on
the stochastic basis (2, §, ¢, P) and can be represented as

t

1 / N
m(t) = o + / () + s / / £ (1,7 (2)70(8)) (s, ds),

where the martingale Poisson measure 2, (du, dt) with the parameter nIl(du)dt, u € U
is adapted to the flow of sigma algebras §:; the nonrandom functions a(z) and f (x) =
J f*(u, z)II(du) are continuously differentiable and periodic with period 1; and the pos-
itive monotonically increasing function ¢(n) tends to +oo.

We will use the notation

1
a(x)
1 bf IiEha
e
S Fayde S Fayde

Theorem 4.1. Let the following conditions hold:
1.1) lim €% =0, 1.2) lim 20 =0, 1.9) lim 0L —q,

exist A > 1 such that_ ~

2.1) 1f2(u,2)] + | 7(2)] + 17/ (@)] + lae)| + 1o/ (@)] < A,

22) 1 < [ (1)1 (du)
for all u, x.

Then the family of probability measures P,(A) = P{n,(-) € A}, A € B(D[0,1],p)
satisfies the LDP on the space (DI[0,1], p) with the function ¥(n) = p?(n) and the rate
functional

Ss(a) = { 2] (EM) —v)%dt, i 2() € AC[0.1]

+oo, ifxz(-) ¢ AC,,[0,1].

Proof. From the fact that the function f (x) is periodic and continuous, it follows that
the integral

/ £ (7 () (£))TT(du)

is bounded.
Therefore, from condition 2.1 we have that the integral

/exp{lf(u,V(H)nn(t))l}f(lf(%V(H)nn(t))l > I(du)

is bounded.

Hence, we will assume that A is chosen in such way that the integrals above are less
than .
Thus, conditions 1 and 4 of Theorem 2.1 are satisfied, and it is sufficient to prove that

/ (a(y(n)1n(5)) — v)ds

0

1
lim 2lnP< sup
n—o0 p%(n) te[0,1]

> 5): —00, (21)
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lim o) 1nP<sup /(/]&UV n)nn (8 )_Q>d3>
n—>oogp tEOl]

Let us prove (21). We use the notation

From the definition of constant v, it follows that

1
O/ 01 (z)dz = 0. (23)
0/91 s)dsdr.

Applying the It6 formula to the function Hi(y(n)n,(t)), we have

We denote

o\

Y(M)na(t) r y(n)zo r t y(m)na(r)

/01(5)dsdr: / /Hl(s)dsdr—i—v(n)/( / 01(s)ds>a(7(n)nn(r))dr+

0 0 0 0 0 0

+n/t/[H1 <’Y(Tl)7]n(7") + 7(n)f(u’V(H)nn(r)))—BH(W(N)%(T))—
0

Vnp(n)
(R (1)

_V(n)f(uﬁ(”)nn(r)) 91(S)d5:| II(du)dr+

Vnp(n)

" / [ | (30matry 4 2L 3 g (o) ). 20
0

Vnp(n)
Applying Taylor’s formula to the function H; (7( Y (1) + ’W(")n”(m> we get

Vne(n)
() f(u, y () (1))
Vnp(n)

m, (wn)nn(r) ¥

Y(n)nn (1)

L) (A (n)m(r) / el(s)ds+91(7(n)nn(r))72(”)102(“’7(")""(7”))

Vnp(n) 2ne?(n)
Using Taylor’s formula with the remainder term in the Lagrange form, we obtain

3(n) f3 (u, y(n)nu(r ,
joutu )] < 3(/2;;,((”))” D sup 0} ().

)= H (y(n)a () +

+ pn(u, 7).

From condition 2.1, it follows that

T3(n) £2(w, y(n)n, (r
()] < 22 gg;;@;,;;j) (1) (25)

for all u, 7.
Hence,
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Y(n)nn(r)

v() f (v (n)na(r)) _
— o) / 0, (s)ds} II(du)dr =

n)/ n)nn(r —vdr—i—n//pnur (du)d (26)

Applying Taylor’s formula to the function H; (’y(n)n (r)+ A’(n)f(uv(n)n"())) again, we

Vne(n)
get
(v + L) 1,301, )+
y(n)mn(r)
+’Y(n)f(\1/i;7’;((7;))nn () / 01(s)ds + pn(u,r). (27)

0
From condition 2.1 and Taylor’s formula with the remainder term in the Lagrange form,

it follows that
N2 (n) f2 (w, y(n)na(r))

0 <
|pn(u,r)| — TL(,OQ(TL) ’ (28)
for all u, 7.
Thus, from (24), (26), and (27), we obtain
t 252 (n) Y()nn(t) r 252(n) y(n)zo r
_ _ e _ e _
O/(a('y(n)nn(r)) v)dr = () 0/ O/Ol(s)dsdr 2n) 0/ 0/01(s)dsdr

/( / )d‘s’)a( (n)nn(r))dr—

7(”)”71(7'

f / / ( / )ds>f( ()1 () (s, ) —
Z / /p

—11()—12—13()—14()—15()—16()- (29)

Let us estimate the absolute values of terms on the right-hand side of equality (29).

From (23) and the fact that the function 6;(z) is continuous and periodic with period 1,
it follows that there exists the constant A > 1 such as

r A
sup/@l(x)dx < 5 (30)
0

(u, 7))y (du, dr) =

Using (30), we have that, almost surely,

y()na(t) r

_ 2¢%(n) adsdr|< A
nOl ="y / (eyisir|< ZEE swp o), 3
’y(n)mo r
2¢%(n) @*(n)A
2| = 72(n) / 0/91(8>de7"§ ~(n) |0 (32)
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From (30) and condition 2.1, it follows that, almost surely,

Y(r)nn (r

/t< d5>a Y(n)mn(r))dr| <

0 0

|13(t)

We will use the notation

B.={w: sup [n.(t)| >c}
te[0,1]

for ¢ > A+ |zo].
Using Lemma 2.1 and the fact that sup la(z)| < A, we have

P(B)<P<

/f u, Y(n)nn(8)) o (du, ds)

t€[01] \fSD ZeA —|x0|)§
Szexp{_wz(n)(c)\ 7|IO|) } (34)

6
>5},

We denote

v (n)nn(r)
Ds = {w :
t€[0 117

f / / ( / ) (011 (1) Pt )
where 6 > 0.

Using Lemma 2.1, conditions 1.2 and 1.3 and inequality (30), we obtain

P(Ds) < 2exp{—w}. (35)

6A%0*(n)
Gs = {w : > (5}
te 0 1]
In view of Lemma 2.1, conditions 1.2 and 1.3, and (28), we obtain

P(Gy) < zexp{—wgf(;} (36)

Let

Pn(u, 7)oy (du, dr)

for all ¢ > 0 and sufficiently large n.
It follows from (25) that, almost surely,

120 Z //pnur (du)d gg// (v (n)ma () T(dw) < 5, (37)
0

for all § > 0 and sufficiently large n.
We now denote

HY ={w: sup [L(t)] > 6}, Hy ={w: sup |I| >3}, HY = {w: st]|13(t)| > 0},
telo,1

te[0,1] te(0,1
H] ={w: sup | =qw: | -
1= {ws sup [I5(t)] > 6}, Ac = Jw: sup | [ (a(y(n)nn(s)) —v)ds|> e ;.

tG[ tG[O,l] 0

From (29), estimates (31)-(37), and condition 1.3, it follows that
P(A;) < P(A.NB,) + P(B,) <
€/6 e/6 e/6 e/6 a5
< P((H”UH,””UH3’"" UH,”" UD,;sUG.5) N B.) + P(B.) <
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P(Sar 28 (F =) (S 2 5)
+2€Xp{—ryz(n)(ezn)}—l—Qexp{—W}%—QeXp{—@Q(n)(c _;‘ — l@o])” }:

IN

216222 ( 2162%2p2%(n 6
2 2 2 2.2 2 2
77 (n)e 77 (n)e*c ©*(n)(c — A — |zo|)
= 2expd — 1 ¢ L ioepd - T VEL L gepd — <
eXp{ 216)2¢2(n) }+ eXp{ 216222 (n) [ TP ) =
2 oy 2
§6exp{¢ (n)(c 6;\ o) } (38)

for all ¢ > X\ + |zo| and sufficiently large n.
Using (38), we obtain

o1 (c = A= |xo))?
| —1 < -
A nP(A;) < o (39)

for all ¢ > X+ |zo].

Inequality (39) holds for all ¢ > A + |x¢|. Hence, passing to the limit ¢ — +o00, we get
(21).
To prove (22), we apply the Itd formula to the function Ha(vy(n)n,(t)), where

) = Z / 02 (s)dsdr, 92(x):1_ffx).

As an illustration of Theorem 4.1, we give an example. Let
t

(u) -
n d 7d )
/5—|—sm 22 Py(s)) | /A // /5 + cos( 27m2/377n( ))V o)

0

where the function /(u) is such that [1?(u)II(du) =1 and I*(u) < A. The conditions of
Theorem 4.1 hold with p(n) = n'/%, y(n) = n?/3. In that case, the normalizing function

¥(n) = n'/2, the constants ¢ = 1/5, v = 2—\1/6 and the rate functional
1
5[ (a(4) — if (-
Ss(z) = 5{(95(@ 2f) dt, if z(-) € ACy[0,1],

too, if 2(-) & ACo[0,1].

The author is grateful to the reviewer for the interest in this research and the stimu-
lating discussions.
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