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A. V. RUDENKO

SOME UNIFORM ESTIMATES FOR THE TRANSITION DENSITY
OF A BROWNIAN MOTION ON A CARNOT GROUP AND THEIR
APPLICATION TO LOCAL TIMES

For a specific Brownian motion on a Carnot group several estimates for its transition
density are established, which are uniform w.r.t. external parameter. These estimates
can be used for studying functionals of any Brownian motion on a Carnot group. As
an application we show the existence of the renormalized local time for the increments
of Levy area. This result has a lot in common with the well-known existence of the
renormalized self-intersection local time for two-dimensional Brownian motion.

1. INTRODUCTION

For any stochastic process X (t),t € [0,1] in R? it is possible to define its functional,
known as local time (at zero), by taking a limit of

L. = | fo(X(t))dt
/

z|2

in Ly(2) as € — 0+, where f.(z) = (27r5)_d/26_‘27 approximates J-measure at zero. It
is well-known that if X is a d-dimensional Brownian motion then the limit exists only
for d = 1. Similarly self-intersection local time can be defined as a limit of

Ve = 0/ 0/ Fo(X(t) — X (s))dtds

and again it exists in Ly only for d = 1 if X is a d-dimensional Brownian motion. How-
ever, it is well-known that in the case d = 2 the trajectory of Brownian motion has
self-intersections almost surely (and in fact multiple self-intersections, see [4]). This fact
suggests that there may be some meaningful functionals describing self-intersections even
though self-intersection local time does not exists. Such functional, named renormalized
self-intersection local time, can be obtained if we replace 7. with “renormalized” . — E~.
in the definition of self-intersection local time (for proof and more details see [11] and
references therein). This remarkable fact is known to be important for describing the
behaviour of the trajectory of two-dimensional Brownian motion. In particular renor-
malized self-intersection local time appears in the asymptotics of the area of the small
neighbourhood of the trajectory of two-dimensional Brownian motion (see [10]).

But renormalized self-intersection local time does not exist for Brownian motion in
any higher dimensions (results confirming this can be found in [7] or [13]). Let us take
a fractional Brownian motion with Hurst parameter H as another example. It follows
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from results in [13] (see Theorem 6.2 in [13]) that renormalized version of self-intersection
local time exists in Lo for fractional Brownian motion and its self-intersection local time
does not exist in Lo at the same time if and only if H € [%, %) and d > 2.

It was suggested (see [7] and references therein) that it is possible to obtain addi-
tional information about local times utilizing Ito-Wiener expansion, which can be built
for any square integrable functional of Brownian motion. More generally if the process
is Gaussian or a functional of Gaussian, then Ito-Wiener expansion on a Gaussian space
(separable Hilbert space with Gaussian measure) can be used to study local times. Addi-
tionally local time can be redefined to be a limit of approximations in Sobolev-Watanabe
spaces (Sobolev spaces on Gaussian space). There are handful of papers devoted to this
topic, but we only mention [7] and [13] (see bibliography in the latter paper for more
references).

Unfortunately the introduction of Sobolev-Watanabe spaces does not allow us to define
local time or self-intersection local time for Brownian motion in dimension 3 or greater
(even with renormalization). However in [3] another space of functionals on Gaussian
space were introduced with the help of special “smoothing” operators. It turned out
that the renormalized local time for Brownian motion in any dimension exists in such
spaces. Moreover in [14] it was shown that the same is true for any diffusion built as
a solution of stochastic differential equation with smooth coefficients under the condi-
tion of non-degeneracy of the corresponding diffusion matrix. In other words, diffusions
satisfying this condition have, roughly speaking, similar behaviour with regard to local
time existence. But there are a lot of diffusions that do not satisfy the condition of
non-degeneracy of their diffusion matrix, which behaviour is quite different. One class of
such processes is called Brownian motions on a Lie group (the corresponding definition
can be found in [8]).

In this paper we are going to develop several ideas, which can be useful in the in-
vestigation of local times (and self-intersection local times) for a Brownian motion on a
Carnot group (as defined in [2] a Carnot group is a special case of a Lie group on R%).
In particular we show some upper bounds for transition densities of a specific Brownian
motion on a Carnot group, which can be used to estimate expectations of local time
approximations, such as L.. As an application, we establish the existence in Ly of the
renormalized local time of a Levy area of the increments of standard two-dimensional
Brownian motion.

We define Levy area of the increments of two-dimensional Brownian motion as a two-
parameter one-dimensional process:

t t

(1) B (W) = / (W — Whaw? — / (W2 — W2)dw?

)

S S

where (W}, W?) is a two-dimensional Brownian motion. We introduce a definition of local
time for the Levy area of increments of two-dimensional Brownian motion by replacing
X(t) — X(s) with By, in the definition of self-intersection local time. The role of self-
intersections of X is now taken by zeroes of B, ;. We will show that this local time does
not exist in Ly but its renormalized version does. As we will see B, ; can also be defined
as a coordinate of the increments of a specific Brownian motion on a Carnot group, if
subtraction is considered w.r.t. group operation. Therefore bounds for the transition
density of a Brownian motion on a Carnot group are applicable.

It is worth noting why we have chosen to consider Brownian motions on a Carnot
group. The most important reason is that its behaviour can approximate in some sense
the local behaviour of a solution of a large class of stochastic differential equations with
smooth coefficients. This approximation was discovered in [12], where hypoelliptic dif-
ferential operators in the form of sum of squares of smooth vector fields plus a first-order
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term were considered. The authors studied the regularity of such operators comparing
them to the operators of the same kind, built as a sum of squares of vector fields from
some graded Lie algebra. But any Brownian motion on a Carnot group is a Markov
process, such that the generator of its semigroup has the same form as approximating
operators used in [12] (because any Carnot group is a Lie group on whole Euclidean
space, which Lie algebra is stratified and therefore graded). See also [6] for a different
approach and a different proof of such approximation. Additionally, as discussed in [1],
Brownian motion on Carnot group is an important object in the theory of stochastic
flows.

Let us briefly describe the main ideas of this paper. To show the existence of renormal-
ized local time we need to have a good representation for EL., L., —EL., EL.,, where L,
are local time approximations. In [13] one such representation was shown for Gaussian
processes (using Ito-Wiener expansion). We are going to use ideas of [14] because any
Brownian motion on a Carnot group is also a solution of a stochastic differential equation.
We consider two stochastic processes Y7, Yy instead of one process X. Each Y" on its
own is equal in distribution to X, but both together depend smoothly on an external pa-
rameter € [0, 1], such that for » = 0 the processes Y7, Y5 are independent and for r = 1
they are identical. It means that we can write down the difference EL., L., — EL., EL.,
as an integral on the parameter r using the joint density of the processes Y7, Y5:

EL. L., — EL. EL., =

- / / (B foy (X(5)) fea (X (£)) — B for (X(8))E foy (X (£)))dsdt
0 0

Efe (X (8))fe, (X(1) = Efe, (X(5)) Efe, (X (1)) =
= Efe, (Y] () fes (Y2 () = Efe, (Y1 (5)) f2, (Y2 (1)) =

_ / LB f (V7 () foa (Y2 (1)) dr

dr
0

If X is a Brownian motion on a Carnot group then we can choose (Y7,Yy) such that it
is also a Brownian motion on a Carnot group and the derivative w.r.t. r of its density
can be represented using the derivative w.r.t. r of the corresponding generator.

The coefficients of the stochastic differential equation for a Brownian motion on a
Carnot group are such that the corresponding diffusion matrix is, generally speaking, de-
generate (however the Hormander condition is always satisfied, therefore the smooth tran-
sition density exists), therefore the approach of [14], where we had the non-degeneracy of
the diffusion matrix, is not directly applicable. To replicate the argument from [14] we
have to establish some estimates for the transition density of a specific Brownian motion
on a Carnot group that are uniform w.r.t. external parameter. Fortunately we are able
to obtain such estimates from the uniform parabolic Harnack inequality shown in [16],
which can be derived from the “uniform” version of Hormander condition.

It is easy to see that the representation of Lo-norm of L. — EL. shown above contains
some multiple integrals of the derivatives of the joint density of Y7, Yy. We can use upper
bounds for the joint density directly to find some estimates of such integrals, but they
appear to be too weak and not suitable for our purposes. Fortunately, as we discovered
in a similar situation in [14], there is a way to produce more accurate estimates for such
integrals. We can “move” the derivatives (first order differential operators) inside the
integral and apply the upper bounds for the density in a several different ways, which
improves overall estimate. This can be done using integration by parts and expressing
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the derivatives of the transition density w.r.t. starting point in terms of the derivatives
w.r.t. ending point and vice versa. The latter is well-known and easy for Gaussian
density, since in this case the transition density is a function of the difference between
the starting point and the ending point. In the general situation of [14] we had to estimate
additional terms appearing after “moving” the derivatives. The transition density of a
Brownian motion on a Carnot group is a function of the difference w.r.t. Carnot group
addition between the starting point and the ending point. We are able to show that this
allows us to “move” the derivatives and improve our estimates.

In the second section we describe our main objects and recall some well-known facts
about the transition density of a Brownian motion on a Carnot group. Then we introduce
a uniform Hormander condition and show how to obtain it for a specific Brownian motion
on a Carnot group with the dependency on an external parameter. After that we establish
uniform estimates for the density of a Brownian motion on a Carnot group. In the next
section we describe how to obtain sharp estimates for the integrals of the derivatives of
the density of a Brownian motion on Carnot group. And in the last section we prove
the existence of renormalized local time for the Levy area of the increments of two-
dimensional Brownian motion.

2. BROWNIAN MOTION ON A CARNOT GROUP

Below we give a short description of the notion of Carnot group, Brownian motion
on a Carnot group and related objects. For more details about Carnot groups we refer
to [2]. Brownian motion on a Lie group was introduced in [8].

First we recall a definition of Carnot group from [2].

Definition 1. Lie group G = (R", e) is called a Carnot group if

1. G as a Euclidean space can be split into a direct product of Euclidean spaces
G; of fixed dimensions, say ni,ng,...,n; (assuming Zle n; = n), such that the
following linear isomorphism of G (called dilation)

Ba(v1,v2, ..., v5) = ()\vl,/\zvg, .. .,)\kvk),vi € G;

is a group automorphism of G for all positive A.
2. Let g be a Lie algebra of left-invariant vector fields on G. Fix a coordinate
system z = (z1,...,2,) € G such that TSt g T, define a vector
in GG;. Denote as Ly, ..., L, such left-invariant vector fields on G, i.e. elements
of g, that L;|,—0 = %|x=0~ Then the smallest Lie subalgebra of g containing

Ly,...,Ly, is g.
Note that left-invariance of L; is a commutation with the left-shift

(Lif (y o)) (x) = (Lif)(y ® x).

and that there always exists a unique left-invariant vector field with given value at x = 0.
As shown in [2] such Lie group is also a stratified Lie group. Stratified Lie group is a
Lie group such that

1. it admits stratification — a direct sum decomposition of its Lie algebra g = @le Gi,

such that [g1, gi] = gi41,1 <i <k —1and [g1,g9x] = 0,
2. the smallest Lie subalgebra of g containing ¢; is g.

We note that dim(g;) = n; and Ly~i-:

1ni+1,...,in:1ni is a basis of g;. If L; € g; we

k n
denote d(L;) = I. We also denote d(G) = >_ in; = Y d(L;), which is called homogeneous
i=1 i=1
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dimension of G. We can define a convolution for any measurable non-negative (or square-
integrable) pair of functions f and g on G as

(@) (f *6 g)(z) = / Fu" e 2)g(y)dy
G

It is easy to see that this operation is associative but, generally speaking, not commuta-
tive.

We say that a polynomial @Q(x) on R™ is a homogeneous polynomial on G of ho-
mogeneous degree d = d(Q) if for all real A and = € G the following equality holds:
Q(Bxr(z)) = AQ(z). It is well known that every smooth (meaning infinitely differen-
tiable) function that satisfies such relation for a positive integer d is in fact a polynomial
on G. If we take any homogeneous polynomial @ of homogeneous degree d(Q) then
L;Q is a homogeneous polynomial of homogeneous degree d(L;Q) = d(Q) — d(L;). Note
that zero polynomial is a homogeneous polynomial of any degree and it is the unique
homogeneous polynomial of negative degree.

Below we list several well-known facts about Carnot groups, which are helpful in our
investigation.

1. Vector fields L; are homogeneous with homogeneous degree d(L;). If we consider
L; as a function from G to G, then the homogenuity of L; is defined as follows:

Ba(Li(w)) = XEDLi(Bx())-

In the operator sense it is equivalent to

(Lif (Br()) (@) = MM (Lif) (Ba ()
2. Vector field L; has the following form

" 0
(3) Li = Z Qi (Jf)aixj
Jj=1
in the basis from the definition of G, where the functions a;; are polynomials
homogeneous on G of degree d(L;) — d(L;), and therefore a;; does not depend
on z; if d(L;) > d(L;) and equal to zero if d(L;) < d(L;) (see for example p.35
of 2]).
3. The group operation on G can be represented as
(4) (roy)i =z +yi+ Qi(z,y)
in the basis from the definition of G, where @); are polynomials homogeneous on
G of degree d(L;), and Q; does not depend on x;,y; if d(L;) > d(L;) (see for
example Theorem 1.3.15 of [2]).
4. Any map on G of the form z — r ey, x — y ez or x — =~ preserves Lebesgue
measure.
5. The integral [ L;f(x)dz is equal to 0, as long as L;f exists and is integrable,
G

which enables us to integrate by parts with Lj;.
Denote as X (W) a strong solution of

ni
(5) dX; = Li(X;) 0 dW}; X(0) =

i=1
where W, is a n1-dimensional Wiener process and o before d/W means that corresponding
stochastic integral w.r.t. W is a Stratonovich integral (see [9]). There is a unique strong
solution since in our chosen basis this system of equations is “triangular” (due to (3))
and can be integrated equation by equation in some order. The solution is a Brownian
motion on a Lie group G in the sense of [8] (see proof of Proposition 1 below).
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The definition of Carnot group provides that Ly, ..., Ly, satisfy the Hormander con-
dition and therefore (see for example, Theorem 7.4.20 in [15]) there is a density p(¢, z, -)
of X;(W) for each ¢ > 0 and X (0) = x, which is smooth in all variables for ¢ > 0. In the
following proposition we gathered several important well-known properties of p.

n1

1 2

Denote D = 5 E 1Li.
1=

Proposition 1. 1. For every continuous [ with compact support the function
Y(t, x) = /p(t,x,y)f(y)dy
R’!L

is a solution to the following Cauchy problem

(6) (D — %)w(t,m) =0, (¢, z) € (0,400] x R*;(0+,2) = f(z),z € R"
Moreover
(0~ Dyplep(ta) = 0
ot ’

forallxz,y € G and t > 0.

2. There exists a function p(t,z) on (t,z) € (0,400) x R™, such that p(t,z,y) =
Pty ex).

3. For all 0 < s <t we have p(t,-) = p(s,-) g p(t — s,+)

4. For all A > 0 we have p(A\"%t,x) = AU Ep(t, By (x))

Proof. Below we state several results from [8] that we need. First of all there exists a
unique Markov process on G with the transition function F' such that it is connected
with the operator D by the following formula

(1) Df(x) = lim — / () F (s 2., dy)
G

t—s+t— 5

for any twice continuously differentiable function f (we define the transition function

F(s,z,t, A) as a probability that the process is in the set A at the time ¢ if it started

from z at the time s). Additionally the transition function F is time-homogeneous

and G-invariant. It was also proven that [ f(y)F(s,z,t,dy) is a solution to a Cauchy
G

problem (6).

If we apply Ito formula to f(X) we obtain easily that (7) holds if F is the transition
function of X. Therefore the Markov process built for D is in fact coincides with X .
Since the transition function of X is an integral of the transition density (which exists
because of the Hormander condition as we mentioned above), all our properties follow
except for homogenuity w.r.t. dilations (property 4). But it can be proven if we find
stochastic differential equation for a process Bx(X(A~2t)), use homogenuity of L;, and
notice that resulting equation coincides with (5).

See also Proposition 1.68 on p.56 of [5] for an alternative proof.
O

In the following we will simply write p(¢, ) instead of p(t, z). Note that the solution
of the Cauchy problem (6) can be written as ¢(t,z) = (p(t,-) *¢ f)(z) We emphasize
that according to our definitions p(t, z,y) = p(t,y ' ex) is a density of X; at y if X = ,
which satisfies (D — %)p(, y) =0.

Example 1. Suppose that G is a Heisenberg group, or more precisely that we have
®) n=3,k=2,n =2,ny=1
reoy=(r1+y1, T2+ Y2, T3+ Y3+ T1yY2 — Tay1)
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It is well-known that such operation defines a Carnot group on R? and that vector fields
L; are as follows:

0 0
L= — —z9g—
! (9561 2 31‘3
7] 0
Ly=— —
2 8$2 T 81‘3
0
Ly = —
3 63:3

Solving (5) we can see that p(t,z~!) is a joint density of (W}, W2, By (W)). There-
fore density of B, is an integral of p and if we can estimate p then we can estimate
expectations of functions of B ;.

Now we are going to construct another Brownian motion on a Carnot group, that
depends on a parameter r € [0,1]. Let {Wi,,,s > 0} and {Wa,.,t > 0} be two
ni-dimensional Brownian motions, that are jointly Gaussian, such that covariation ma-
trix between vectors Wy, s and Wa,, equal to rmin(s,¢)l. It turns out that Y =
(X:(W1,), X, (W3 ,)) is a Brownian motion on the Carnot group G x G (it follows from
the proof of Proposition 2 below). We use the same notation e for group operation on
G x G: if x1,y1,29,y2 € G and 21 = (x1,91), 22 = (z2,y2) € G X G then

Z1 @29 = (1 T2,y ®Y2)

Although Y is essentially different from X defined on G x G for r # 0 (if » = 0 then
Y is the same as X defined on the Carnot group G x G), it has similar properties. Let
pr(t,x, ) be a density of Y;" for each ¢ > 0 and Y{J = x. Denote

n1 n1 n1
1

D7 = NI L S Y LI

i=1 i=1 i=1

If we define
r V 1+7 x r V 1—r x
Vi = 5 (Li+ L)), Vi, = T(Li - LY)

2n1

fori=1,...,ny then D" = (V)2 Note that {V;",i =0,...,2n,} is a set of smooth

i=1
vector fields, satisfying the Hormander condition for r € (0, 1).

Proposition 2. All statements in Proposition 1 remains true for any r € (0,1) if G, D
and p are replaced by G X G, D" and p, respectively.

Proof. By the definition Y7 is a solution of two copies of the equation (5) with W; replaced
by Wi, and Wy, respectively. Applying Ito formula to f(Y;") (see Theorem 17.18
in [9]) we can find an equivalent of (7) for Y"(¢) with D replaced by D". Therefore the
proof of Proposition 1 is applicable with G, D and p replaced by G x G, D" and p,
respectively. a

The most important consequence of the above is that p,.(t,y~!

at y if Yy = z, and it satisfies (D" — %)pr(t,y—l o) =0.

e 1) is a density of V;

3. UNIFORM HORMANDER CONDITION

We have already mentioned that {V;",i = 0,...,2n;} satisfy the Hormander condition
for r € (0,1). But they depend continuously on r and in the limit as r — 14+ we get
degeneration (for r = 1 we have V', = 0 and the Hormander condition is not satisfied).
Therefore a lot of care should be taken in order to obtain estimates for p, that are uniform
w.r.tre (0,1).
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Such estimates can be found under the uniform Hormander condition (w.r.t. external
parameter), that was proposed in [16]. Under this condition the authors proved a uniform
parabolic Harnack inequality. We are going to introduce a change of variables that makes
Hormander condition uniform on r. As a result we will be able to show a variant of
uniform parabolic Harnack inequality for p, which can be used to prove several uniform
estimates for p;..

Define a pair new variables as u = 2 v = 2%. The corresponding change
of variables applies to any differential operator in a standart way. A new operator
D is related to the old as follows D" f(u,v) = D" f(u(x,y),v(x,y)). Such operation

- 2ny
commutes with sum and multiplication of operators and therefore D" = Y~ (V)2 where
i=1
VI f(u,v) = V7 f(u(z,y),v(z,y)). After applying change of variables to the derivatives
w.r.t. x,y we obtain that operator % changes into

1o 19
20u; 21 —710v;’

and operator % changes into

1o 1 0
2 8uz 2\/ 1—7r (9’Ui
Therefore denoting LY = ) a;; (x)a%j we can find fori=1,...,n

j=1

ﬁr“ﬂjz%ﬂ+Wt®+%<vﬂfmﬁ%

Ou;
1+r Z asi(u+ ovT—7) — ai;(u v\/ﬁ))aavj,
v = > u+v\/ﬁ)—a”(u—vm»aauj+
+ zlljzi; aij(u+oV1—7)+ai;(u— m»a(zj

It is easy to see that in the limit as  — 14 each V;" converges to some smooth vector
field. Below we will show that V" satisfy Hormander condition uniformly with respect
to r € (0,1). But first we have to introduce the corresponding definition.

For every multiindex J = (j1, ..., jx) we denote repeated commutation of vector fields
as Vi = Vi, [Vip - Vi1, Vj ] .. ]]. The following definition is taken from [16] (and
simplified, since we have R™ instead of general n-dimensional manifold).

Definition 2 (N.Th. Varopolous, L. Saloff-Coste, T. Coulhon). Smooth vector fields
H7,i=1,...,monR" defined for some set of parameters r are said to satisfy Hormander
condition uniformly with respect to r, if

1. all the coefficients of H; and all their derivatives are bounded on any compact
uniformly with respect to r,

2. for any z € R" there exists a set of multiindices Ji, ..., J,, such that for all r the
matrix M(z) = (Hj (v),...,H} (z)) is non-degenerate and there exists an open
neighbourhood of z such that the coefficients of matrices M (x) and M ~!(x) and
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all their derivatives are bounded in this neighbourhood uniformly with respect to
7.

The following theorem can be found in [16]. It shows that the uniform Hormander
condition provides uniform estimates for solutions of equations similar to (D" — %)w =0.
Compared to the original we have R” instead of smooth connected manifold.

Theorem 1 (N.Th. Varopolous, L. Saloff-Coste, T. Coulhon). Suppose that H},i =

1,...,m are smooth vector fields on R™ satisfying Hormander condition uniformly with

respect to r, h" and H{ is a smooth function and vector field respectively, both bounded
m

with all derivatives uniformly w.r.t. r on any compact and let A" = > (HI')*+ Hp +h".
i=1

Then for any compact K in R™, t1 < ty < t3 < t4, non-negative integer i and multiindex

J = (j1,.-.,71) there exists a constant C' > 0 such that for all values of parameter r, and

every positive function v satisfying (A" — %)1/} =0 on [t1,ts] x R™ we have:

Q up (2 ()12, 2)| < € i (t3.)

where (8%)‘] = %... 9

These inequality is called a parabolic Harnack inequality, and, since we also have
uniformity w.r.t. 7, we call it a uniform parabolic Harnack inequality. To make use of
this theorem we need to check the uniform Hormander condition for V.

Lemma 1. Vector fields f/[,i =1,...,2n1 satisfy Hormander condition uniformly with
respect to r € (0,1).

Proof. We know that L;,i =1,...,n; satisfy the Hormander condition, i.e. there exists
a set of multiindices Ji,...,J, and smooth functions b;;, bi_j1 for i,5 = 1,...,n, such
that
n
0
L; = bjj—
Ji Z t 8.73]‘
j=1
0 =,
ox; B Z bij L,
=1
Let us define more multiindices J;,41, . .., Jon, such that ji1pn 1 = ji1+n1 and Jign ke = Jik

for k > 1. The expanded set of multiindices corresponds to some commutators for
operators V;". Calculating these commutators directly we obtain

Vi=0+ T)\Jil/QQ*IJi\(Li + qu)
and
Vi, = VI=r( )02l (s — Y

for i = 1,...,n, where |J;| is the number of indices in the multiindex J;. We note that
L%, LY can be written as a linear combination of V7, V... After doing that we get for
each r € (0,1)

o o [J5]-1 —|J5l/2yr 1 —(|J;|=1)/2y/r

8%,:;% (@2 (4 )RV e (1) (HE0RYE )

9 - -1 [Jj]—1 —|Jil/2y/T 1 —(|Jj]-1) /27,7

Av; :Zbij ()2 (A + )"V — m(l‘i‘r) ! Vi)
j=1
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Changing variables to u = £H¥, v = 5~ (same as above) we can see that
vy =
" 0
= Z(bij(u +ovV1l—1)+bjj(u—vv1l—r))(1+ r)‘le/QZ_‘le_la——i—
"
Jj=1 J
1< o)
+ bii(u+ V1 —7) — bii(u — vv/1 — 1+ )l il/29=151=1 _—_
mé( ](u v T) j(u v 7"))( T) (9’[)]'
r —
Jign =
- 0
=v1- rZ(bij(u +ovV1l—r)=bjj(u—vv1l—r7))(1+ r)(l‘]f‘_l)/QQ_lJfl_laT—i—
Jj=1 J
= 0
+ > (bijlu+vvV1—r)+bij(u—ovvV1l—r))(l+ r)(“]j‘_l)/22_|‘]j‘_1%,
Jj=1 J
and
a J—
8’&1‘ o

= Z(b;l(u +ov1l—r)+ bi_jl(u — o1 —r)2il=t 1+ 7’)*“’1|/2ij+
j=1

1 O -
+ Z(b;l(u +ovl—r)— bi_jl(u — o1 —7)2il=1 (1 4 )= (1= 2pr

jt+n

V1-— rZ(bZ-_jl(u +ovl—r)— bi_jl(u — o1 —r)2Mil=t1 4 r)_le‘/QVL+
=

_|_

M= 5

Il
-

(bi_jl(u +ovl—r)+ bi_jl(u — o1 —r)2il= (1 4y (im0 2y

j+n

J
We can check that all the coefficients in the above and their derivatives are bounded
on any compact in R?" uniformly with respect to r. Indeed every coefficient satis-
fies this property in an obvious way except those of the form \/fj( flu+vy/1—1)—

flu—vy/1 —1r)) (omitting an additional uniformly bounded multiplier), where f is some
smooth function that does not depend on r. But every such expression can be repre-

1 n ,
sented as [ > v f; (u+ vyy/1 —r)dy. Now it is easy to see that this expression and all

S1i=1
of its derivatives w.r.t. u,v are also bounded on any compact uniformly with respect to
r. Therefore we have the desired uniform Hormander condition. O

As a consequence we can establish something similar to a uniform parabolic Harnack

inequality for the solutions of (D" — 2 )y = 0.

Corollary 1. For any fived compact K in R*", 0 < s < t and positive integers a,b and
multiindices Jy = (J11, ..., J1a), Jo = (Joi,. .., Jop) with values 1,2,...,n there exists a
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constant C > 0 such that the following inequality holds for allr € [0,1] and every positive
solution ¥ of (D" — )¢ =0 on (0,+00) x R?"

0 0 0 0
10 su — 4+ = Ji 2 PNz s, x, < C(l=r —b/2 inf t,$7
(10) Lo (35 ay) (35 8y) U(s,z,y)| <C(1—r1) (m,y)EKrw( y)
where K, = {(z,y) : (%er’ 2\93/%) € K} and (é% o B%J)Jl = (6;?711 N 32/(?/11 ) (6w611a B
3y‘a,1a) ((8% + 6%)“72 is defined similarly).

Proof. We can apply change of variables as above (u = £, v = 2%) to any positive

solution ¢ of (D" — %)w = 0. As a result we obtain positive solution v of (D" — %)1& =0.
Then, due to Lemma 1, Theorem 1 provides that for any fixed compact K in R?",
0 < s < t and multiindices Ji, J5 there exists a constant C > 0 such that

AN . 7
(u,SSEKl(% (%) 1/)(57U7U)| < C(uvlqngKw(tvuav)

where constant C' does not depend on choice of r and .

Then we change variables back to x,y in the inequality, noting that the derivative aiu,-
transforms to

0 0
8901- + 8yi’
and 3%1_ transforms to
0 0
=~ o)

We obtain the inequality (10) and the corollary is proven. ([

Note that all the proofs in this section do not use left-invariance or homogeneuity of
L; or any other property related to the Carnot group structure. It means that all the
results in this section are true if Ly,...,L,, is simply a set of smooth vector fields on
R™ satisfying the Hormander condition.

4. UNIFORM DENSITY ESTIMATES

We are going to show several estimates for p,., which depend explicitly on r. We
sometimes write p,(t,z,y) instead of p,(t,2) if z = (z,y).

We start with a uniform bound for the derivatives of p,., that plays a key role in the
estimates of the next section. Non-uniform version of this estimate can be obtained from
Theorems IV.4.2 and IV.4.3 of [16] (see also Theorem 3 below).

Theorem 2. For any non-negative integers a,b and any positive number v > 1 there
exists a constant C > 0, such that for allt > 0, z,y € G, r € (0,1) and multiindices
J= N1, J16), Ja = (Jo1, ..o, Jop) with values 1,2,...,n we have

(1) [LS, .. L5 LY LY pe(ta,y)| < CYE(L = )T @2y (vt 2 y)

Joy

a

b

where d =Y d(Ly,)+ >, d(Ly,).
1=0 1=0

Proof. We use Corollary 1 for a set of positive solutions (¢, z,y) = py(t,z ¢ z,w e y)

of (D" — %W = 0, where z,w € G. We choose compact K as [0,1]*", s = 1 and

t =~ > 1 and obtain, after combining several estimates with different multiindices and

setting x = y = 0 in supremum and infimum,

7] 0

()" () e (1,2 02,0 0 )zl < COL= 1)~ 2,2, w)

for all r € (0,1) and z,w € G.
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Let us notice that

Ry, 1) = ()7 fla o y)lymo

dy
is a left-invariant differential operator on G, which is equal to ( I)Jl at x = 0. On
the other hand, the product Lj ...L7 is also left- 1nvar1ant and its value at = = 0
can be represented as a weighted sum of the products of 52-,i = 1,...,n (each weight

depends only on the group structure and J;). Therefore thlb product is a weighted sum
of operators R with several different multiindices J;. Note that the number of the

elements in each J; is always less or equal a. Consequently we obtain the following
inequality

|L§11 Tt ?langl e LngpT(17 z, y))l g C(l - T)i(a+b)/2pr(73 &€, y)

Now recall that p,(¢,z,y) = p(1, Be-1/2(x), Bi-1/2(y)) and

L2 (B o () = 40202 pg (@),

After simple transformations we obtain (11). O

It is well-known (see for example [16]) that the density of a Brownian motion on a
Carnot group has Gaussian-like upper and lower bounds. Instead of standart Euclidean
norm those bounds contain the so-called homogeneous norm, which can be defined us-
ing the Carnot-Caratheodory distance that correspond to Li,...,L,,. The following
definition is taken from [16].

Definition 3. Let Cp, be a set of absolutely continuous paths ¢ : [0, 1] — G satisfying

=Y ai(t)Li(p(1))
i=1

almost everywhere on t € [0, 1] w.r.t. Lebesgue measure for some measurable functions
a;. Then

pla,y) = / Za 0)Y2dt

wECL,so(O) z,p(1)=y
is called a Carnot-Caratheodory distance that corresponds to Li,..., L,,.

In our case, when all L; are left-invariant and homogeneous vector fields on the Carnot
group G, p is also left-invariant and homogeneous, i.e. p(z @ z,z ¢ y) = p(x,y) and
p(Ba(x), Br(y)) = Ap(z,y). We will denote N(x) = p(z,0), which can be called homoge-
neous norm on G, since it is homogeneous w.r.t. dilations and satisfies triangle inequality
w.r.t addition on G (due to the homogenuity and left-invariance of p).

Suppose there is another set of smooth vector fields L;,i = 1,...,nq, such that

L= nz bi;Li
j=1

with smooth bounded functions b;;, and p is a Carnot-Caratheodory distance that corre-
spond to L;. Let ¢, a; be as in the definition of p and let ¢ and @; be the corresponding

ny
functions in the definition of p. Then we can choose ¢ = ¢ with a;(t) = > b;;(p(t))a;(t)
i=1
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and therefore

1 ni
12) p(, / )Y 2dt <
(12) pla.y) = wECL,SO(O) Lw(l) y z;

ni ni
< in / SO bisle(t)ai(t))2dt <
1

P€CL,p(0)=z,p(1)=y
j=1 i=

ni
: 2/ \1/2
< o inf / B a0)' s < ol
for all x,y € G with some constant C' > 0, which depends only on the supremum of the
norm of the matrix B = {b;;|i,7 =1,...,n1}.

Similarly we can define a Carnot-Caratheodory distance p,.(z,y) that correspond to
Vi,..., Vg, forxz,y € G xG and denote N,(z) = p,(,0), which is also a homogeneous
norm on G x G (in the same sense as above).

Theorem 3. There exist constants C; > 0,Cy > 0, 0 < v1 < 1 < o such that for all
zeG,re(0,1) andt > 0:

NZ(z,y) N2(z,y)

(13) Cuh (VB e < (1) < Cohn(VE) L
where Ay (a) is a volume of {(x,y) : Ny(x,y) < a}.

Proof. The following result can be found in Theorems IV.4.2 and IV.4.3 of [16]. There
exist constants C7; > 0,Cy > 0, 0 < 1 < 1 < 79 such that for all z € G and ¢t > 0:

N2(z)

(14) CIAWD e T < plt,x) < Coh(VE) Lo st

where A(a) is a volume of {z : N(z) < a}. We notice that constants in the inequality (14)
apparently depend only on the constants appearing in a Harnack inequality for operator
D, as it follows from the proof of Theorems IV.4.2 and IV .4.3 of [16]. Therefore, provided
that we have uniform Harnack inequality, we can obtain uniform version of (14).

As before, we define u = %er’ v = 2% and p,(t,u,v) = p.(t,x(u,v),y(u,v)).

Denote as G2 a stratified Lie group, which is an image of G x G under transformation
(z,y) = (u,v). The function p appears in (14) as a heat kernel corresponding to D on
G (in terms of [16], where it is defined as kernel of corresponding semigroup). We know
that p, is a heat kernel corresponding to D" on G x G and since change of variables does
not change the action of the semigroup (for example the integral of the heat kernel is
still equal to 1), then (1 — 7)™/22"p, is a heat kernel corresponding to D" on G2 (the
multiplier is equal to the Jacobian determinant).

Let N, and A, be the functions analogous to N, and A, after change of variables, i.e.
N, is a homogeneous norm on G2 (built using V") and A,(a) = A({z : N,(z) < a}).
Since we have uniform Harnack inequality for D" the uniform version of (14) holds for
D" on G2. Tt means that we have the following inequality

N2 (u,v) N2(u,v)

Cih, (Vi)™ te” T < (1—r)"?p,(t,u,0) < Coly (V) e 5

with some constants C; > 0,C5 > 0, 0 < 71 < 1 < 72 that do not depend on r. We
notice that, as it is easy to see from the definition of Carnot-Caratheodory distance,
N, changes to N, under the transformation (x,y) — (u,v) (i.e. N.(u,v) = N.(z,y)).
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Moreover we can see that

Ar(a) = / dudv = 27"(1 —r)"/? / dedy = 27"(1 —r)""2A,(a)
N(uw)<a N(z,y)<a

and consequently, after going back to the variables z,y in the inequality above, we

obtain (13).

|

It is obvious that standard multidimensional Gaussian density multiplied by any poly-
nomial is bounded by a constant multiplied by a density of independent Gaussian vari-
ables with a fixed variance greater than 1. We are going to show the similar fact for p
and p,.

Lemma 2. For any positive integer M there are constants C > 0 and v > 1, such that
forallr € (0,1),t>0, 2,y € G andi=1,...,n, we have the following inequalities
|2} p(t, )] CEMAEDPp(qt, )

(15) |
|2Mpe(t, 2, y)| KCEMUED2p, (vt 2,y)

Proof. We are going to use the notation and facts from the proof of Theorem 3. It is
shown in [16] that K = {A(z) = 1} is a compact. We obtain from (14) that

N2(2)

2 p(1, )] < |2 [C2A(1) e 7 <

N2(y) N2(x)

<sup(fyle” ™2 )CoA(1) e e <
yeG

N2 () _ 2 2
< sup sup (Ba(y)il™Me™ o5 )ChOTAG Z2)A) P22 2) =
yEK NeRy 4! 4t

) ) _ _ 2 -~ 2
— sup sup (Jyi| M (4y,) CEOMP2NUEOM N o 0TI ( f D2)A () T p(22 ) <
yEK AeR, 94! 4!

2
< UnCp(Z2,2)
71

where C' is a constant that depend only on C4,Cs,v1,72,%, M and

2 _
Un = A Z2)AL) " sup Jy M
At yeK

is another constant depending on 71, ¥, %, M and additionally on N. Using homogeneuity
we obtain (15) for p.

To prove it for p, we have to repeat the same argument using uniform bound (13) for
pr (in place of (14)). From above arguments we conclude that (15) holds for p,, but with

additional constant
2
Ar(y/52)
V2 s a

|M
Ar(l) N, (z,y)=1

VN, =

To finish the proof we need to show that for any i, M and a > 1 both sup |z;|™ and
Ni(z,y)=1
2:%‘;; are bounded uniformly w.r.t r € (0, 1).
We notice that p, is defined using operators V", which are linear combinations of
L?, LY with coefficients bounded uniformly w.r.t » € (0,1). For any fixed r € [0,1) the

reverse transformation exists. Therefore using the definition of p, we can prove (as we
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mentioned earlier, see (12)) that Ny(z) < CN,(z) for all z € G, where C is a fixed
constant that does not depend on r. It means that

sup oM < sup [V
Ny (z,y)=1 No(z,y)<C

is bounded uniformly w.r.t r € (0,1).
From the definition of A, and since homogeneuity holds for NV,., we see that

Ar(a) = / dzdy = / dady = >4 / dzdy
N(z,y)<a N(B1/a(®),B1/q(y)))<1 N(z,y)<1

Ar(a) _ 2d(G)

As a result, A

does not depend on r and Lemma is proved.

—

O

The following inequality can be derived from (13) if we find an exact behaviour of A,..
But it is also possible to obtain it using uniform Harnack inequality and homogeneuity.

Lemma 3. There is a constant C > 0, such that for allr € (0,1), t >0 and z,y € G:
(16) pe(t.@y) < Ot 421 — )70/

Proof. We use change of variables as before and apply Theorem 1 to solutions (¢, u, v) =
pr(t,zou,wev) of (D" — Z)yp = 0.
We choose compact K as [0,1]?", s=1,t =+ > 1 and |J;| = |Jo| = 0 and get
sup pr(l,zeu,wev)) <C inf p(v,zeu,wev)<
(u,v)EK (u,v)EK
< C/ﬁ,«('y, zeu,wev)dudv < C / Dr(7, 2z @ u, w @ v)dudv
K R2n

for all » € (0,1) and z,w € G. Changing variables back and setting © = y = 0 in the
supremum we obtain
pr(l,z,w) < C(1 — r)_"/2

The result follows by homogeneuity of p,.. (I

Sometimes there is a need to estimate the supremum of p w.r.t. one fixed coordinate,
using the integral w.r.t. the same coordinate (it appears to be very useful in the proof
of Theorem 4 below).

Lemma 4. There are constants C > 0 and v > 1, such that for allt > 0, x € G and all

positive integers | satisfying d(L;) =k (i.e. | is one of the numbers ng_1 +1,...,ny):
(17) p(t,x) < Ct=F/2 /p(vt,R(l,:v,w))dw
R

where R(l, x,w) is a function with values in R™ such that (R(l, z,w)); = w and (R(l, z,w));
x; for all i # 1.

Proof. We can use Harnack inequality, cited above (Theorem 1), since p(t,y e x) is a
solution of (D — 2)1 = 0 on (0, +00) x R™ with respect to the variables ¢,z for all y, by
Proposition 1.

Choose [0,1]™ as a compact K. There exist constants C > 0 and v > 1 such that for

all y

sup p(l,yexz)<C inf p(y,yexz)<C inf /p(%y°R(l,a:,w))dw
z€[0,1]" z€[0,1]™ xG[O,l]n[O .
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After setting z = 0 under supremum and infimum we obtain for all y

y+1

p(ly) <C / p(7, R(L, y,w))dw < C / p(y, R(L, y, w))duw
R

Yi
since y @ R(1,0,w) = R(l,y,w + y;) (note that it is not true if d(L;) < k) due to the
general form (4) of the group operation on a Carnot group. Lemma is proved, because,
according to Proposition 1, we have homogenuity of p: p(t,z) = p(1, Bi-1/2(z)) and
(Bt_1/2 (1‘))1 = tik/2l‘l. [l

Note that the integral on the right hand side of (17) is also a density of a Brownian
motion on a Carnot group (it is easy to see from the general form of addition on G that
dropping coordinate ! produces another Carnot group one dimension lower, if d(L;) = k).
Therefore (17) can be iterated.

We can also show a uniform version of (17) using Corollary 1.

Lemma 5. There are constants C > 0 and v > 1, such that for allt > 0, r € (0,1),
x € G and all positive integers | satisfying d(L;) = k:

(18) pr(t,z,y) S C(L—r)7 /2 H2 /pr(%R(Lm,w),y)dw
R
Proof. The proof is analogous to the proof of Lemma 4, except that we have to use a

uniform version of Harnack inequality given in Corollary 1. We obtain

sup pr(lyzrex,z00y) < C  inf p.(lyzyex,200y) <

(zy)€Ky (zy) €Ky
J pr(v, 21 @ R(l, z,w), 22 @ y)dw
. (R(l,z,w),y)EK,
<C f
(rvzlll)IEKr J dw

(R(l,z,w),y)EK
where K, = {(z,y) : (%3, ;°=%) € [0,1]"}. Note that Il dw = 2y/1 —r and

(R(1,0,w),0) €K,
therefore we can finish the proof as in Lemma 4. O

5. ESTIMATES FOR CONVOLUTIONS OF DERIVATIVES ON A CARNOT GROUP

In our investigation we are going to estimate the integrals of the derivatives of p,.. For
this we need the ability to “move” the derivatives inside the integrals. We have already
mentioned the possibility of integrating by parts with L;. Now our next step is to find
a formula that will allow us to express the action of L; on the variable x of f(y~' e x)
using the same action on the variable y. The similar ideas can be found in [5] on p.22
and p.26.

Lemma 6. For any smooth function f: G — R
Lz = Z Cz] Lyf( )
j=1
LY f(y = Gy ea)Lif(y e w)
j=1
where ¢;j, and &; are homogeneous polynomials on G of homogeneous degree d(c;;) =

n
d(é;;) = d(L;) — d(L;), such that l; citCy = 0;; t.e. matriz &; is an inverse of c;;.
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Proof. We recall that

0
Lif(z) = 3y¢f<x *y)ly=o

Denote as {R;,i = 1,...,n} a set of right-invariant differential operators on G such that
9 .01
Rif(a) = 5 e a)lymo

Clearly R;, as well as L;, forms basis in each tangent space (for R; it follows from the
fact that R;f(z) = L;g(x~!), where g(x) = f(z~1)). Therefore we can express R; using
L; and vice versa as follows:

Coefficients in such representation are determined uniquely as smooth functions on G.
Uniqueness means that applying dilations can not change coeflicients, and therefore both
ci; and ¢;; are homogeneous functions and hence homogeneous polynomials of homoge-
neous degree d(L;) — d(L;) (both L; and R; are homogeneous of order d(L;) as can be
easily seen from the definition). We also note that obviously ¢;; is an inverse matrix of
Cij-

Now we can finish the proof:

Lifly " ea) = (Lif)(y " ex) =) cyly e a)(Rif)(y " oa) =

k
=3 oty et e eolhieo = 3o~ e )5 (e ) el =

The second formula can be proved in the same way (or we can recall that &; is an inverse
matrix of ¢;;). O

Using Lemma 6 we are able to show some additional properties of p,..

Lemma 7. 1. Forallt >0, z,y € G and 0 < r < 1 the function p,.(t,x,y) is jointly
continuous w.r.t. (r,t,x,y).
2. For allt > 0, z,y € G and 0 < r < 1 the function p.(t,x,y) is continuously
differentiable w.r.t. r and

d
(19) %pr(tvxvy) -

¢ -
= / / (s, (z1) ez, (20) "  ay) Z L' L72py(t — s, 21, 22)dz1dzads
0 R2n =1

3. There exist C > 0 and v > 1 such that for allt >0, r € (0,1) and x,y € G

d _
(20) |%p?”(t7xay)| < C(l - T) lpr(7t3x5 y)
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Proof. Fix 0 < r < r+ 4§ < 1. Using Ito formula and taking mathematical expectation
we obtain for every smooth bounded function f

t

BF(0Y,) = 10.Yn) + B [ (D7 4+ 5 f(5.Y:.)ds
0

Suppose that g(¢,z) = (pr+s(t, -)*axch)(z) for some continuous function h with compact
support. We know that g is a solution of the following Cauchy problem: (D"+9— %)g =0,
9(0,2) = h(z) (see Proposition 2), but also that g is a smooth bounded function on
(0, +00) x R?™. Tts smoothness is a consequence of Hormander theorem and boundedness
follow from boundedness of h. Moreover the result of the action of any number of L7*, L7
(where z = (z1,22),z; € G) on g(t,x) is also a bounded function and can be represented
as the integral of the action of the same operators on p,., for example

L7 g = (L' prys)(t,-) *axa h)

It follows from the left-invariance of L; and estimates from Theorem 2. Note that we
can freely exchange the integral on G x G with any derivatives w.r.t. =1, 2o or ¢, since
the function p, is smooth and h has a compact support.

Now we can put f(s,z) = g(t — s,z) for s € [0,¢]. Setting Y, o = = and rewriting
mathematical expectation of Y, s using its density p,(s,y~! @ ) we obtain:

/ pe(t,y~t @ 2)h(y)dy = g(t,2)+

R2n

0
)g(t — s,y)dyds

[ [ptatenm - 5

0 R2n

Note that (D" — £)g = (D" — D"*9)g. After calculating the difference D"*% — D" and
replacing g with the integral of p,;5 we get

(prts — pr)(t,y ' @ 2)h(y)dy =
R2n

t n
=0 [ [ prlsyten) Yo LI L st~ 52 e () dedyds

0 R4n i=1

In order to proceed we need to swap the integrals w.r.t. z and s on the right hand side
(the integrals w.r.t. z and y can be swapped freely due to the estimates from Theorem 2),
and this would be possible, if we show that the function under the integral is absolutely
integrable, i.e. that

ni

(21) / / / pr(s,y™ @)Y LY L¥p st — 5,27 " ey)dy|dzds < 400

0 R2n 2n 1=1
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If we try to estimate the integral w.r.t. y, z directly using Theorem 2 we obtain

ni

[ st o) YL L st~ 52 e yldzdy <

R4n i=1

<O - (r+8) 7 (t—s)" / Pr(5, 57 @ 2)pras(y(t — ), 21 o y)dydz =
R47L

=C(1—(r+6) t—st / pr(s,y ' ex)dy =
R2’ﬂ

—C(—(r+08)(t—s)"

Unfortunately this estimate is not integrable w.r.t. s and (21) does not follow. This is
why we need Lemma 6 which we apply now to “move” L; on p,:

ny
/ pr(s,y o) Z LI LPp,is(t — 5,27 e y)dy =

R2n i=1
ny n n
T —1
= / E E Z] .931 L 1 E Z] .IQ L'z)pr(say Ol‘)'
Rr2n =1 j=1 Jj=1

Prys(t — 8,27 e y)dy

where we used the fact that [ L, f(z)dz = 0 for any smooth f if L; f is integrable. Now
R2n
application of Theorem 2 together with Lemma 2 gives us the following estimate

n
/ / pr(s,y o) ZL?lL%&Pm-é(t — s,z Ley)dy|dz <C(1—7r)"ts!

R2n [R2n i=1

To see that note that multiplier ¢(#(£i)—d(Li))/2

Lemma 2 compensates multiplier ¢t~%Z3)/2 that appears from estimating L;p, using
Theorem 2.

Since the function min(s™!, (t — s)™1') < 2¢t7! is clearly integrable w.r.t. s we ob-
tain (21). Now we can swap the integrals w.r.t. z and s and since h is any continuous
function with compact support we can drop the integral by h(z)dz to get

that comes from estimating ¢;;p, using

ni

¢
(Pris —pr)(t,z o) = 5/ / pr(s,y~ ' o) ZL?ILiyzer(f — 5,2 " ey)dyds

0 R2n 1=1

where y = (y1,42),y: € G.
We can find an upper bound for the function on the right hand side, using the same
ideas as above, and additionally Lemma 3 (the difference is that there is no integral w.r.t.
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z):
n1

/ pr(s,y~ o) Y LI L¥p st — 5,27 e y)|dy <
RQn

i=1

SCA-(r+0)H(t—s)" / Pr(s,y~ " @ @)prys(y(t —5), 27 e y)dy <
]RZTL

<O = (r+8)) /27N (1 = 5) MO/ / pr(s.y e a)dy =
R2n
— C«(l _ (r + 5))—n/2—1(t _ S)—d(G)/2—1

1

Moving L; onto p,(s,y~"' @ z) as before we also obtain

ni

/ pr(s,y™" ow) Y LY L¥p, st — 5,27 ey)dy| < C(1 —r) /27 s O/271

2n i=1

Joining estimates together we can see that

t

ni
J1 [ ot ea) > prnipste s ey s <
0 kan i=1

< C(]. _ T)_n/2_1t_d(G)/2_1

! o ) is bounded uniformly w.r.t. all variables away from t = 0

ie. 6 Ypris —pr)(t, 2~
and r = 1.

Therefore for any r € (0,1) and ¢t > 0 the function p, is continuous in r uniformly
w.r.t. other variables. It means that p, (¢, z,y) is jointly continuous for all t > 0, z,y € G
and 0 < r < 1w.rt. (r,t,x,y), since we already know that it is jointly continuous w.r.t.
(t,z,y).

Now we can apply the same bounds again and use theorem of bounded convergence
to see that 6~ (p,1s — pr)(t, 2~ @) converges to the right hand side of (19) as § — 0+.
It means that p,. is differentiable w.r.t.  and we obtain (19). We can estimate the right

hand side of (19) using Lemma 6, Theorem 2 and Lemma 2 again:

[ st o)LLt = sz ey <
i=1
<C(1l- r)*l(t — 5)71 / pr(s,yfl o x)p(y(t — s), 2 le y)dy =
RQn
=01 =)t —s)"p(s+y(t—s), 2 ex) < C’(l )t =) p(yt, 27 e )

R2n

ny
/ pr(s,y tex) Y LY LYEp.(t—s,27 " ey)dy| <

2n i=1
SCA—=r)"tsTip(yt, 27 o)

Combining these two inequalities we get (20).
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6. RENORMALIZED LOCAL TIME FOR THE LEVY AREA OF THE INCREMENTS OF
TWO-DIMENSIONAL BROWNIAN MOTION

Theorem 4. Define

1 ¢t
(22) %z//ﬁ (Bo)dsdt
0 0

where

(23) fo(a) = (2me) 265

The family ~. is unbounded in Lo(SY), but there exists a limit of v — Eve in La(2) as
e — 0+.

The main idea of the proof is that Levy area can be described as a coordinate of a
Brownian motion X on a Carnot group G (see (8)). Therefore we can use the density of
X and Y (i.e. p and p, for the case described in (8)) to study expectations of ~..

We are going to investigate the convergence of v. — Ev. by studying

E(Ve, = Be,)(Ver — EVey) = EveyVey — Ee, B,

This comes down to deriving a suitable representation for
Ef(BS1,t1 (W))g(BSmtz (W)) - Ef(BS1,t1 (W))Eg(Bszﬂfz (W))

Lemma 8. There exists functions q and g, forr € [0, 1], continuous w.r.t. (s1,t1,S2,t2,Z,y)
in all points where s1,t1, S2,ta are pairwise distinct, satisfying

(24) Ef(BShtl (W))g(3327t2 (W)) - Ef( S1, tl éz,tz (W)) =
// (51,11, 52,12, ,) (g (y)drdy

and

(25)  Ef(Buyoy (Wi )g(Bay s (Wa,) //%wmh%wwwvmmmmw
R R

We have
1

d
(26) I=q —qo = / pdr
0
Suppose that we have p and p, for the case described in (8). The following represen-
tations holds for q and q,:

1. If sy <ty < 89 < tg, then ¢ =0.
2. IfSl < 89 <t < tg, then

q1(s1,t1, 82, t2, 2,y) = /P(52 — 51,20 (ug, ug, )" ")
R7

o -p(ty — s2,2)p(ta — t1, (v1,va, y)*1 o 2)dzduy dugdvydvy

qo(s1,t1, 82, t2,2,y) = /P(tl — 51, (u1,ug, 2) 1)
R4
- p(te — s2, (v1,v9, y)fl)duldUdeldvg
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There is a constant C > 0, such that for all s1 < so <t; <ty and x,y € G

min(sy — s1,t2 — t1,t1 — S2)
81,t1,827t2,$7 <C
(28) ul )< (52 = s1)(t2 — t1)(t1 — s2)

Qo(s1,t1,82,t2,2,y) < C(t1 — 51) " (t2 — 52) 7"
3. If so < 51 <ty <tay, then for r € (0,1)

(29) qT(817t1a327t27x7y):

= /p($1 — so,u” p,(t1 — s1, (21, 20,y) "L w ™)
RlO
p(ta — t1, (v1,v9,2) " @ u @ w)dudwdvydvadz dzs

The derivative d—drqr exists and

d
(30) %qr(sl,tl,s%tg,x,y) =

1, d 4
= /p(81—52»u l)apr(tl—sh(zhzmy) Lwh:
Rw

pta —t1, (v1,v2,2) " @ u @ w)dudwdvy dvadzydzy

There is a constant C' > 0, such that for all so < s1 < t; < ta, r € (0,1) and
z,y € G we have

(31) qr(s1,t1,82,t2,2,y) < C(t1 —s1) *(ta —t1 + V1 —7(t; — s1) + 51 — 82) "

Proof. Note that both
Xe(W) = (W}, W, Boa(W))
and
Ye = (Xe(Wi,r), Xe(Wa,y))

has independent equally distributed increments w.r.t group addition on G and G x G
respectively, so we can represent joint density of their values at several points in time,
using only p and p,. More precisely we have that Xs; = (Xs)~' e X; is independent
from all X,,,u < s and has the same distribution as X;_, started at Xq = 0. This is
well-known and also follows from the properties of p stated in Proposition 1. The same is
true for the process Y, because p, has similar properties due to Proposition 2. It is easy
to check that the third coordinate of X, (W) is B, (W) (it was defined to be exactly
that) using the explicit form of e from (8).

Formula (26) follows from the definition of ¢ and g, because for r = 0 the Brownian
motions Wi, and Ws, are independent and for » = 1 they are equal. The second
part (26) is true if the derivative g, exists for all 7 € (0,1) (and g, is continuous on
r € [0,1]). We will only show it for one of the cases below, since in two other cases g, is
not needed.

If 51 < t1 < 52 <ty then X, 4, (W) and X, 4,(W) are independent and therefore
Bs, 1, (W) and Bs, +,(W) are independent. It follows that

Ef(Bshtl (W))g(BSz,tz (W)) = Ef(BS1,t1 (W))Eg(Bsz,tz (W))

ie. ¢ =0.
Suppose that s1 < sp < t; < to. In this case increments X, 5,(W), X, + (W) and
X4, .4,(W) can be used to represent

BSl,tl (W> = <X81,82 (W) i XSz,tl (W))?)
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and
38271‘/2 (W) = (XS271‘/1 (W) i Xt1,t2 (W))3

Using densities of these independent increments to calculate mathematical expectation
and changing variables in the integral to separate the integral by f(x)dz and g(y)dy we
obtain (27):

Ef(B317t1 (W))Q(Bszh (W)) =

= /p(SQ - sl,ufl)p(tl - 52,271)17(51 —t1, vil)f((u ®2)3)g((z ®v)3)dzdudv =
RQ
= /P(Sz — s, zeu p(ty — s2, 27 p(s1 — t1, 07" ®2) f(uz)g(vs)dzdudv
Rg
The representation of ¢y is shown similarly.

To show (28) we notice that gy can be estimated using Lemma 4 to find supremum
w.r.t. x and y:

q < Oty — s1) Hta — s2) " /p(W(tl — 1), (u1, ug, ug) ")
RG
p(y(ta — 82), (v1,v2,v3) 1) dus dugduzdv, dvadvs =
== C(tl - 81)71(152 — 52)71

Then we do the same for ¢; and obtain

@1 < Cls2—s1) (ta—t1)~" /P(Sz — 51,2 @ (ur,ug, uz) )
RQ
p(ty — s2, 27 p(ty — t1, (v1,v2,v3) " @ 2)dzduy duydugdvy dvydvs =
= C(SQ — 81)_1(t2 — tl)_l
But this is not enough, so we use change of variables z — z ® (u1, ug, z) and then apply
Lemma 4 again:

Q= /p(Sz — s1,2)p(t1 — s2, (u1,ug, x) "t @27 1)
]R7
p(ta — t1, (vi,v2,y) 7" @ 2 @ (u, uz, x))dzdus dusdvy dvy <

<Clta—t1)! /p(82 — s1,2)p(t1 — s2, (w1, uz,2) "' @27 1)
RS
pty —t1, (v1,v2,v3) " @ 2 @ (uy, up, z))dzduy dusdv, dvadvs =

=C(ty — tl)_1 /p(52 — 81, 2)p(t; — sa, (ul,ug,w)_l ° z_l)dzduldug <
RE)

<Oty —s2) Hta —t1) 7"
Similarly with the change of variables z — (v1,v2,y) ® 2
Q= /p(Sz — 51, (1,02, ) @ 2@ (u1,uz, )" )p(ty — 52,27 " @ (v1,v2,) )

R7
p(tg — tl, z)dzduldugdvldvg < C(SQ — 81)_1(t1 — 82)_1
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Joining all estimates together gives us (28). We notice that continuity of each ¢; and go
follows from these estimates and continuity of p.

Finally let us assume that so < s1 < t1 < to. To show (29) we note that increments
of Y on (s2,s1), (s1,t1) and (¢1,t2) determine By, ¢, (W1 ) and Bs, +,(Wa,):

BS1,t1 (Wlﬂ“) = (Xsl,tl (WL”‘))3

BS2¢2 (WQJ”) = (X82731 (WQ,T) hd XSl,tl (WQJ“) hd Xt17t2 (W277"))3

Therefore we can write the expectation as an integral of densities p,.(s1 — $2,-), pr(t1 —
s1,+), pr(ta —t1,-). We can see that X, 5, (W1,) and Xy, ¢+, (W1 ) are not needed to
represent By, ;, (Wi,) and B, +,(Wa2,) and we can integrate the first and the last p,
using

/pr(t, ety de = p(t,y ™)

G
which is true since p(t,y~1) is a density of X, (W) (if Xo = 0) and p,(t,z"1,y7!) is a
density of V}(W) = (X¢(W1,), Xe(Wa,)). We obtain:

Ef(BShh (Wl,r))g(BSmtz (WQ,T)) =

= /pr(sl —sg, 27 uTpe(ts — 51,27 w Y-
R18
pe(te =ty ) f(23)g((u @ w e v)3)dadydzdudvdw =

= /p(sl - SQau_l)pT(tl - 817Z_1aw_1)'
R12

plty —t1, v 1) f(23)g9((u @ w e v)3)dzdudvdw =

_ /p<s1 —spu Yyt — 51, 2w ).
RIQ

p(ty —t1,v" " euew)f(z3)g(v3)dzdudvdw

Separating the integrals by f(z)dz and g(y)dy leads to (29).

Now we have to prove that the derivative d% of ¢, exists and can be swapped with
all integrals. For this we need to make sure that ¢, is always finite (where defined, i.e.
for s < 81 < t1 < ta), so we have to show (31) first. But then the rest (also including
continuity of ¢) follows from Lemma 7 since estimate (20) provides the possibility of
passing to the limit under the integral.

To prove (31) we use Lemma 4 once again

gr < Cta —t1) 7" /p(Sl — so,u” N )pr(ts — s1, (21, 22,y) " HLw )
Rll
-ty —t1, (v1,v2,v3) " @ u @ w)dudwdv,dvadvsdz dze =

=C(ta—t1)7" /]9(51 — so,u” )t — 51, (21, 20,y) " w ™ dudwdzy dzs =
RS

=C(ty —t1)~" /p(t1 — 51, (21, 22,y) " dz1dzs <
R3
< é(tz —t1) (= s1) 7t
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1

If we change variables u — (v1,v2,2) @ u ® w™! we can show that

Gr = /p(sl —sp,weu ! e (v, v, @) pr(ty — 51, (21, 22,y) L w )
R10
- p(te — t1,u)dudwdv dvadzidzs <

< O(sp—s9)7 ! /p(81 — so,weu”" o (v1,v9,v3) )t — s1, (21, 22,y) " w )
Rll
- p(te — t1, u)dudwdv dvadvsdzidze =
=C(s1 —s2)7" /P(tl — 81, (21, 22,y) " Ndz1dza < C(s1 — s2) H(t1 — 1) 7"
R2

One more version of this estimate can be obtained if we change variables (in the for-
mula (29)) in the following way w — u~! e (v1,v2,2) @ w and use uniform bound (18).
We get

Gr = /p(sl — sg,u” )pr(ty — 51, (21, 22,y) " w ™ e (vg,v0,2) " @ u)-
RlO
- p(ta — t1, w)dudwdvy dvedzidzs <

<Oty —s1) H(1—r)"/? /P(S1—82»U_1)Pr(t1—81, (21, 22,y) ", w o (vy,v2,03) L ou):
R10
- p(te — t1, w)dudwdvy dvedvsdzidze =

=C(ty—s1) ' (1 —r)" 12 /p(h — 51, (21, 20,9) Vdzidze < C(t1 — s1) 7 2(1 —7)~V/?
]RZ
As a result we obtain
¢r < C(max(s; — sa,ta — t1, V1 —r(t; — 81)))_1(t1 —51)7 1<
< é(t2 —t1+V1—r(t1—s1)+s1— 59) Mty — 1)t

and Lemma is proved. O

Proof of Theorem 4. First we will show that ~. is unbounded in Ls. It is enough to prove
that Ey. — +o0o as € — 04. We have, by the definition of p, that

Eﬁzjjgﬂwww—awmww

We introduce a change of variable x — f;_(z) and obtain, using homogeneous properties
of p, that

1t

E%//¥ﬁ&ﬁmmﬁwﬂﬁﬁ

0 0
t

:j//ﬁ—ﬁ*mﬂwa%Mmewﬁ
0 0 G
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We know that f. converges to dg and since p is smooth we can write

51_1>151+ fe(x3)p(1, (z1, 22, ¥3))dx3 = p(1, (21, 72,0))
R

Applying Fatou lemma we get

lim Ev. >
e—0+

t

1
20/0// lim (/(t—s)_lf(t_s)_zg(xg)p(l,x)dxg)dxld:vzdsdt:

e—0+
R2 R

1t
= //(t - 3)_1d8dt/p(17 (21,22,0))dx1dre = +00
00

R2

Now we are going to prove the main part of the Theorem 4. To do that it is enough
to show, that Ev., 7., — E7e, E7., converges as (e1,£2) — 0+. This statement in turn
can be proved using properties of the kernel K (x,y), x,y € G, defined as follows:

EveyYey = EvVey Eey, = /fsl(m)fEQ(y)K(xﬁy)dmdy
GZ

It is enough to show that K is bounded and continuous function of (z,y).
From the definition of ¢ (see formula (24)) we see that

1t 1 ts
K(xay):////Q(Slvt1782at2,wvy)dSth2d51dtl
0000

as long as we can change order of the integrals w.r.t. z,y and the integrals w.r.t.
tq,ts9, S1, S2. And the latter is true if ¢ is bounded by the integrable function of sq, t1, s3, to.
It is easy to see that both boundedness and continuity of K also follows (continuity can
be obtained using continuity of ¢ shown in Lemma 8).

So the proof is now reduced to finding an integrable estimate of q. We split the
domain of integration in the integral into six subdomains depending on the order of
S1, 82, t1,ta (we can ignore sets of zero Lebesgue measure). It is enough to consider only
three subdomains where we have to > t; since the rest can be treated similarly due to
symmetry. Using Lemma 8 we can write a representation for ¢ in each case.

If {0 < s1 <t1 <82 <ty <1} then g =0, so there is nothing to prove here. Suppose
that {0 < s1 < 89 < t1 <ty < 1}. We recall the inequality (28) and notice that both

min(sy — s1,t2 — t1,t1 — S2)
(s2 — s1)(ta — t1)(t1 — s2)

and
1

(t1 — s1)(t2 — s2)
are integrable over the domain {0 < s1 < s < t; < t3 < 1} and so ¢ is bounded by the
integrable function.
Now we consider the third domain: Q = {0 < s < 81 <3 <t <1}
Here estimates for ¢; and gy are not enough and we are going to consider ¢, (this is
why we needed to investigate Y; and p, in the first place). It is enough to find upper
bound for d%qr which is integrable over @ x {r € (0,1)}.
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It follows from (19) and (30) that

ty
d _
%qr(sl,thSZ,tQ,fE,y) = / /p(sl — S2,U 1)'

s1 R16
) _ -1 -1 -1 -1 — arb _ )
pT(tl T,CL i (21’2273/) 7b o w )ZLszpT(T 515a7b)
i=1
-p(ta — t1, (v1,v2, x)*l o u o w)dudwdv dvadzidzodadbdT

We have already derived some bounds for this representation in order to prove its validity,
but unfortunately having the inequalities (20) and (31) is not enough to find integrable
bound for d%qr, since it only gives us the following bound:

d
(32) \%qr\ < C(l — ’I“)_l(tl — 51)_1(t2 —t1 +vV1— ’I“(tl — 51) + 51 — 82)_1

We are going to use Lemma 6 again, taking advantage of the additional integrals in
the representation of g,.. We can move Li? onto p(s1 — s2,-) to find another upper bound:

ny tl

d
%qr(817t17827t2a$7y) = _Z /p(sl - SQ,’LU.U_l i (vhUan))'

i=1 $1 R16

S e ew LY p(t = Toa e (21, 20,) " b e w ) Lep, (T — s1,a,b).
j=1

- p(te — t1, u)dudwdvy dvadzydzodadbdT =

ni n 1 n

:ZZ//Zéjl(w‘ufl‘(U1,U2’$))Llp(51*Sz,w'ufl‘(vla”%x))‘

i=1j=17 gis =1
. éij(b_l L4 w_l)pr(tl - Taa_l L4 (217 ZQ,:U)_l, b_l L4 w_l)L?p’r(T — 51,4, b)
- p(te — t1, u)dudwdvy dvadzy dzadadbdT

Note that L;¢;; = 0 since it is a homogeneous polynomial of homogeneous degree
—d(L;)/2. Tt is possible to estimate the integral w.r.t. a,b as in the proof of (20):

\/@j(b_l ew Np.(ty —Tya ' @ (21,22,y) 1,0 @w™ )L, (T — s1,a,b)dadb| <
R6
SO —r) 2ty = s) "2 (y(t = 51), (21, 22,9) L w ™)

where we used that d(L;) = 1 (&; gives multiplier (¢t; — T)@(E)=dL)/2 < (3 —
51)4L3)/2=1/2) " After that we apply an analog of Theorem 2 for p (it can be shown in a
same way as for p, with a constant that clearly does not depend on ), then Lemma 2
and Lemma 4 to obtain

d n
|%qr| <O —r)~ /2 Z(tl — 51)WED2=1 (g — gp)~UEa)/271

j=1
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Analogously moving L? onto p(ty — t1,-) we show that
ty

n1

d _
%q’r‘(shthSQatQam?y) :Z//p(81_827u 1)'

=17 pls
pr(ts = Toa™ b ) LELYp, (T — 51, (21, 22,9) " @ a,w™" @ b)-
-p(te — t1, (v1, v, :v)fl o u o w)dudwdvy dvadz; dzodadbdT =

ni tl

:Z//P(81—52,U71)'

i=1 51 R16

pr(ty —T,a” 1,071 Zcij(wfl 0 b)Lip, (T — 51, (21, 20,y) L @a,w ! e b)-
j=1

- Lip(ty — t1, (v1, v, z)! o u o w)dudwdv, dvodzy dzydadbdT

and estimating as before obtain
d n
|%Q’r| < C(l _ 7,)71/2 Z(tl _ Sl)d(L]‘)/Qfl(t2 _ tl)fd(Lj)/Qfl
j=1

Joining two last estimates we get

d
‘%Qﬁ <C(- T)_l/Q((tl - 31)_1/2(t2 —t1+ 81— 82)_3/2+

+ (ty — t1 + 51— 89)7?)
Now if we consider two cases: to — t1 + 51 — 82 > /1 — r(t; — s1) and the opposite
then in the first case the estimate above can be used to show that
d _ _ _
—qr| <C(1—71) 3/4(t1 —51) 2ty —ty + 51 — 52) 3/2 €

‘dr
< é(l — T)_3/4(t1 — 51)_1/2(t2 —t1+v1— T(tl — 81) + 81 — 82)_3/2

and in the second the initial estimate (32) gives us

d
] < C=1)2( — 1) <

< é(l — T)_3/4(t1 — 81)_1/2(t2 — tl + V 1-— ’l"(tl — 81) + 81 — 82)_3/2
As a result we obtain that on the whole @ the following inequality holds

d
|%qT| SO =734ty — s1) V2 (tg —t1 + VI — 1ty — 51) + 51 — 59) /2

which is finally integrable w.r.t. s1, $2,t1,t2,7 over @ X (0, 1).
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