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SEMIGROUPS OF m-POINT MOTIONS OF THE ARRATIA FLOW,
AND BINARY FORESTS

We present a core for the generator of the semigroup of an m-point motion of the
Arratia flow. We represent an action of the semigroup on functions from this core in
terms of binary forests.

1. INTRODUCTION

The subject of our investigation is a stochastic flow of coalescing particles. One of the
approaches to the study of flows with singular interaction is to construct and analyze its
discrete-time approximation. In the article [1] Nishchenko developed an approximation
scheme, which is driven by a sequence of smooth Gaussian processes, and obtained condi-
tions under which the discrete time flow approximates Harris flow of Brownian particles
[2]. The approximations were constructed via recurrence equation

() =,
2 (u) = () + %szﬂwzm)),

where {£]/(-), k < n} are independent stationary Gaussian processes with zero mean and
a covariance function I',,. Using these iterations one can build the random processes
{zn(u,t),t € [0,1]} as polygonal lines with edges (%, ap (u)) ,k=0,...,n. Under certain
conditions on the convergence of the covariance functions I';, to the indicator of zero, m-
point motions {z,(u1,-),...,Zn(Um, ) }n>1 converge weakly to m-point motions of the
Arratia flow X (u, ) = (z(u1,),...,2(tm,-)) and the random function z}(-) converges
weakly in D([0,1]) to the value of the Arratia flow x(-,1). Note that estimations that
guarantee weak convergence of the discrete-time flows depend on the convergence rate
of the covariance functions T, [1].

It should be pointed out that there is a disordering in the approximation scheme,
namely, trajectories of the particles intersect one another. Since in the limiting flow the
order between particles does not change, it is natural to suspect that in the approximation
scheme “amount” of disordering tends to zero. An interesting question in this area is
an investigation of the rate of convergence of this “amount”. For example, one of the
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functionals which detect disordering in the discrete time system of particles is

1
o, :/o Wia, (uast)—zn (u1,t) <0} AT

with u; < ug. In the paper [3], we obtained that the rate of decrease to zero of ®,, is
governed by convergence of the covariance functions I',,. This brings up the question:
”does the rate of convergence of an “amount” of disordering depends on the rate of weak
convergence of {z,(u1,),...,Zn(Um, ) }n>1 to an m-point motion of the Arratia flow?”.

The investigation of weak convergence of a discrete-time m-point motion necessitated
us to study functionals of the limiting flow’s trajectories. In this paper we consider the
semigroup of an m-point motion of the Arratia flow and present a system of boundary
value problems for functions

Qm,tf(u) = ]Ef(X(u7 t))a
where f € Co(R™). We rewrite obtained integral representation for @, f in terms of
binary forests that correspond to the order of trajectories’ coalescence.

2. GENERATOR FOR SEMIGROUP OF m-POINT MOTION OF THE ARRATIA FLOW

In this section we consider semigroups of an m-point motions of the Arratia flow and
present a core for its generator. At the informal level, the Arratia flow can be described
as a collection of Brownian particles that start from points at the real line and move
independently until they meet. Upon their meeting, two particles coalesce. Coalescing
stochastic flow was investigated in [2]. We give here a definition of the Arratia flow as it
was given in [4, 5]

Definition 1. The Arratia flow is a family (z(u,t)), v € R, ¢ > 0 of continuous mar-
tingales adapted to a common filtration (F}), satisfying the following conditions:

(i) For each u z(u,-) is an Fi-Brownian motion starting at u.

(ii) For each u, v the joint covariation of (z(u,-)) and (z(v,-)) is given by

d(w(u, ')7 x(vv )>(t) = ]I{ar(u,t)zx(v,t)}dta
where (-, ) is quadratic covariation.
(iii) (z(-,t)) is monotone in u for each t.

In the paper [6] Y. Le. Jan and O. Raimond constructed a system of n coalescing

particles on a manifold in terms of transition semigroups. Precisely, let (Pt(n), n > 1) be
a compatible family of Feller semigroups on a locally compact separable metric space M,
ie. forall k<n

k
Pt( )f(xla sy xk) = Pt(n)g(yh e 7yn),
where f and g are any continuous functions such that

g(yh cee 7yn) = f(yi17~ .. 7yik)a
with {i1,...,4} C{1,...,n}and (x1,...,25) = Wiy, -, Yi)-
Denote by P((;Ll) ) the law of the Markov process Xt(") associated with Pt(”) starting

from (x1,...,2,). This Markov process will be called the n-point motion of this family
of semigroups. It is defined on the set of cadlag paths on M™. Let 6, = {& € M™, i #

J.x; = x;} and T, = inf{t > O,Xt(n) €n},
Theorem 1 (Theorem 4.1, [6]). There exists a unique compatible family (Pt(n)’c,n >1)
of Markovian semigroups on M such that if X (™ is the associated n-point motion and
Tg =inf{t >0, X" €6,}, then

(i) (Xt(")’c,t < Ty ) is equal in law to (Xt(n),t <Ts.),
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(ii) fort>T¢, X\ €6,
Moreover, this family is constituted of Feller semigroups if condition (c) is satisfied:
(¢) Forallt>0,e>0andze M

lim P(i)’ {Ts, >t} N{d(X¢, Y) > €}) =0,

Jim P

where (X3, Y:) = Xt(2). And for some x and y in M Pgi)y) [T5, < oo] > 0.
In this case the family (Pt(n)’c, n > 1) satisfies
P[22 (0, 2) = Pof*()
and s associated with a coalescence flow.

Applying this theorem with M = R and a family (P®",n > 1) of Feller semigroups,
where P; is the semigroup of a Brownian motion, Y. Le Jan and O. Raimond (exam-
ple 4.4.1, [6]) obtained a family (Q,:,n > 1) of Feller semigroups such that the flow
associated with (Qn ¢, n > 1) is an n-point motion of the Arratia flow.

For u = (u1,..., ) € R™ we will denote by X (u,t) = (x(u1,t),...,2(um,t)) the
m-point of the Arratia flow which starts from the point uq; < us < ... < Up,.

Let us denote A, = {u € R™ 1wy <ug < ... < upl,

0% f
’ 8;10283:]
Recall the definition of a core of a closed linear operator A with domain D(A) [7]. A
subspace D of D(A) is said to be a core for A if the closure of the restriction of A to D is
equal to A. A subspace D C Cj is said to be invariant under semigroup (73) if ;D C D

for all t > 0. It is known ([7]) that the generator of a Feller semigroup is closed. To show
that some set D is a core for A we will use next proposition:

C3(An) ={feC*(A,): f(z)—0 (x) =0, as [|z|| = oo}

Proposition 1 (Proposition 19.9, [7]). If (A, D) is the generator of a Feller semigroup,
then any dense, invariant subspace D C D is a core for A

In the next theorem we present a core for the generator A of the semigroup (@, ¢) of
m-~point motion of the Arratia flow.

Theorem 2. The set of functions
L _Of 4
' 8171'8.13]' &zziaxj {oi=a;}

is a core for a generator A of the semigroup Q. and for any f € Dy,

Dy, ={f € C3(An) € Co(An), (z) =0, 1 # j}

Af(u) = %Af(u), u € Ap,.

Proof. Let D be a domain of the generator A of the semigroup @, ;. First, we show that
D,, C D, i.e. for any function f € D,,
M — Af in Cy(A,,) as t — 0.

By the Ito formula we get

ﬂﬂw»#w+z/ﬁammmw@+
i=170

% Z/O FI(X (u, 5)) d{x(us, ), 2 (uy, ) (s) =

ij=1
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+Z/f (u, s)) dz(u, s) Z/ ds,

where we use condition (ii) from the definition 1. Taking the expectation we obtain:

TELFOC ) = F(] = 5 SOF [ Fi(X () ds =

1 & /t
= a7 Qm,sfz/z, u)ds
%2 J, (u)

For any g € Cy(A,,) using strong continuity of the Feller semigroup (Qm.+)

1/t 1/t
Hz/ mesgds—gH < E/ lg — Qm.sgllds = 0 ast — 0.
0 0

By assumption, f// € Co(A,), so by the same argument,

*Z/Qms u)ds — Af()ast—>0

uniformly in u € A,
To prove the invariance of D,,, under Qp,

(1) Qm,tDm C Dm
we will use mathematical induction. The next lemma gives the base of induction.

Lemma 1. For m = 2 relation (1) holds.

Proof. Let f be any function of class Dy. Note that 2-point motion of the Arratia flow
can be represented via two independent Brownian motions {w(u1,t)}i>0, {w(uz,t)}i>o0,
w(u, 0) = u; :

t),

t

x(ula t) = w(ulv )]I{t<7'} + ’U)(’U,Q, )]I{t>7'}a
where 7 = inf{t : w(uy,t) = w(usg,t)}.
We will use the transition density for non-intersecting Brownian motions obtained by
Karlin and McGregor [8]:

P{w'(t) € dyy,...,w™(t) € dym, w'(s) < ... <w™(s), 0 < s <t} =
= det (p¢(ui, y;))i=1,...m Y1 - . . Ay,

z(ug,t) = w(us,

j=1,....m
where (wh(t),...,w™(t))¢>0 is a Brownian motion that starts at (z1,...,2m), 71 < T2 <
_u—w)?
. < T, and pe(u,y) = \/;We 5

So we get

QQ tf(u17u2 Ef( (ulv )7w(u2a ))H{t<‘r} +Ef( (u27 )aw(u%t))(l - H{t<‘r}) =

//MU? (Y1, 92) = f (Y2, 42))

+Af(y1,y2)pt(u2,yg)dy2,

The second summand in the obtained expression belongs to Dy since it does not
depend on u;. To check that the first summand belongs to Dy, we note, that under
assumption of f, the function

+o0o
g(u1,uz,y1) = / (f(y1,92) — f(y2,92))

Y1

pe(u,y1)  pe(u,y2)

dys dy1+
pe(uz,y1)  pi(uz, y2) b2

pe(ui,y1)  pe(ui,y2)

d
pt(uz,yl) pt(U27y2) b2
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is differentiable with respect to u1,us and

0? 92
8ulau2/Rg(uhuz,yl)dyl:/Raulawg(ul,uz,yl)dyl:
+oo

:/R/ (f(y1,92) = f(y2,92))

Y1
where we use

pe(ur, y1) 25 pe(ur, yo

ug

Pe(ug, y1) P72

)y2*u1

T | dys dy,
Pt(u27y2)y2tw‘ y2 @

O Jg(u) g(w)| _|¢'(w) g'(u)|
du |g(v) gw)|  |g(v) g(v)
From this expression and properties of Gaussian distribution one can see that
82
— dy; € Cy(Az) .
Du.0s /Rg(ul,uz,yl) y1 € Co(Az2)

Yyi—ui
Notice that pt(u1,y1)y1£u2 pt(m’m)yzfuz

pe(ug, y1) 252 pe(uz, y2) 25
32
Bu1 0y /Rg(ulau%yl)dyl =0.
U2=u1
Thus we obtain that Q2 f € Dy whenever f € Dy. The lemma 1 is proved. O

= 0 when u; = ug, so we get

Y2 —uUl ‘

Suppose now that property (1) holds for m — 1 and prove it for m. For any function
[ €D
@ Qe f(u) =Ef (X (u, ) Mrspy + Ef(X(u, ) U<y =
= ]Ef(w(ula t)v cee aw(umv t))]l{7'>t} + Ef(X(U, t))]l{rgt}v
where {w(u1,t)}i>0,- .-, {w(tm,t) >0 are independent Brownian motions such that
w(u;,0) = u;, and
7 =inf{t: X(u,t) € A} < inf{t : (w(uy,t),...,w(um,t)) € 0A,}.

Using the Karlin—-McGregor formula for the transition density for non-intersecting Brow-
nian motions we get:

Ef(w(ulat)v"'7w(umvt))]l{t<'r} = /"'/f(y)det(pt(uivyj)); m dy.

seeey MM

1.,
1
Y1<...<Ym

Using properties of Gaussian distribution, as in case m = 2, one can check that under
the assumption on f, the last integral as function of uq, ..., u,, belongs to the class D,,.
Tt is more difficult to check that the second summand in (2) is in D,,. Using the strong
Markov property for the m-point motion of the Arratia flow we can write:

Ef(X (u, ) gr<py = EE(f(X (u, ) Mip<qy | Frrtm) =

=E ]I{'rgt} Qm,t—‘rf(X(ua T)) =E ]I{Tgt} Qm,t—‘rf(w(ula T)a s 7w(um> T))a
where F;' " = o{x(uy, s), ..., 2(um,s),s < t}.
We will now prove that the obtained expression is a solution to some boundary value
problem and then establish properties of this solution depending on boundary condition.
Denote

(3) S ={u € 0A,, : u; = ujp1}-

Define functions m; : A,, — A,,_1 by the rule:

(4) Ti(Ur, Uy e ooy Um) = (Uty ey Uiy Ui 2y e vy Uy
and functions w[l : A1 — A, by the rule

(5) Wfl(ulw-wum—l) = (uh--~7ui7ui7ui+17~-~7um71)-
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For any function ¢ € C?(9A,) let ¢; be a restriction of ¢ on S, i.e. ; = p|gm. Define
a set of functions on 0A,,

D(0A,,) = {p € C?(0A,,) s piom; * € Dypyi=1,...,m}.
We will denote by A the interior of a set A.

Lemma 2. Let F' be a solution to a boundary value problem:

(6) %F(u, 5) = —%AF(U, s) in A x [0, 1)
(7) llin F(u,s)=0
(8) F(u,s) = @(u), ue dA,,

F e (A x (0,1)).
Let {ws(u;, t),t > s}, be independent Brownian motions, ws(u;,s) = u;,u € Ay,
Denote
T=1nf{t > s: (ws(u1,t),...,ws(um,t)) € 0A,}.
Then for ¢ € C2(0A,,) and t > s
flu) = Ellysyo(wolur, 7),. .. s wo(tm, 7)) = F(u,0).

Proof. It is easy to see that the Green function G to the problem (6)-(8) can be obtained
by the method of images [9] and that G € C*°(A,,). Since F(u,s) = ¢(u), u € A,
and ¢ € CZ(0A,,), solution to (6)—(8) belongs to C?(A,,). Applying the Ito formula
to F(w(s), s) and using Doob’s optional sampling theorem with bounded stopping time
tAT
Fws(ui, t AT), .oy Ws (U, tAT),EAT) = F(u, s)+
tAT

Jrz:/ Fl(ws(u1, 7 A7), oo yws (U, 7 AT), 7 AT)dw(ug, r)+

tAT

+ Fl o (ws(ur,r), .. ws(um, ), r)dr+

+= Z/ Fll(ws(u1,7), ..., ws(wm,r),r)dr.

Since F' satisfies (6) we get
Fws(ui, t A7),y Ws (U, t AT), EAT) = Fu, )+

m tAT
+Z/ Fl(ws(u1,7), ..., ws(wm,7), r)dw(u;, ).
i=1v$

Taking the expectation:
F(u,s) =EF(ws(u, t AT), ..., ws(Um, t AT), T AT).
Conditions (7), (8) imply that
F(u,0) = E F(wo(ui,t A7), ..., wo(um,t AT), t AT) o+
+E F(wo(u, t A7), ooy wo(um, t AT), E AT) 7y =
= Ep(wo(u1,7), ..., wo(tm, 7)) Le>ry
[

The next lemma gives some properties of a solution to the boundary value problem

(6)-(8)-
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Lemma 3. Let ¢ be some function of class D(OA,,) and let F be a solution to the
problem (6)—(8). Then F(-,0) belongs to the set Dy,.

Proof. The Green function for the boundary value problem (6)—(8) is the Karlin-McGregor

determinant

G(z,y,s,r) = det(pr—s(xi, ;) i=1,...m.-
Jj=1 m

Then the solution to the problem (6)—(8) has the form [9]

geeey

(| B
F(ua 8) = - / / 7()0(y)7 G(”v Y, S, T) das, dT,
; s Ji, 2 ON, v
where % is the operator of differentiation along the outward normal to K; = {u €
00, © Uy = Uip1,uj < Ujt1,] # i} and Sy is a surface measure. Since for y € K,

[ 9 90
ONy, — (ayi+1 ayi)’ we get

1%t B, a1
F(u,s) == — — G(u,y,s,r)dS, dr =
(u,9) 2;/5 /Kiga(y)<8yi+1 5?}2‘)\@ (1,9, 5,7) dSy

18t 0 d
-1

= - p(m; v ( — )G U TRER o | P dv dr
2 12_;/5 /Aml ( ’ ) 8yi+1 yi ( )Z}HU:lbmjy-ﬁyy;)z:vmq
Denote

) 0 0

G (u,v,s,r :( — )Gu, S, . ,
( ) Oyiy1 Oy (wy,5,7) R S

where u = (u1, ..., upm) € Ay, and v = (v1, ..., Um—1) € Ay—1. One can obtain the explicit
formula for G®:

prfs(ula Ul) e prfs(um; Ul)
. prfs(ulavi) cee prfs(umvvi)
GO (u,v,8,7) = 2 |pr—s(u1, v;) =Y Pr—s (U, v;) L=t
pT—S(u17 Ui+1) .. pr—s(umv vi-‘rl)
prfs(ulyvmfl) ce prfs(umfumfl)

Representation for a solution to boundary value problem via functions G allows to

check that F(u,0) € D(A,,). Condition ¢(r; 'v) € Cy(A,,) and smoothness of Gaussian

distribution make it possible to differentiate the integral in the representation for the
2

solution and F(-,s) € C3(A,,). Property #gﬂjﬂ{ukﬂ“} = 0 follows from the same

property for functions G(®). O

Lemma 3 completes the proof of invariance of the set D, under semigroup @, if we
note that

ElfrcnyQmt—r f(w(ug, 7). ooy w(um, 7)) = Ellcpnp(w(ur, 7), . ., w(tm, 7)),

where ¢ is defined on 0A,, and by inductive hypothesis ¢ € D(0A,,).
The proof of density of the set D,, in Cy(A,,) is easy and omitted. O
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3. THE ACTION OF THE SEMIGROUP @, IN TERMS OF BINARY FORESTS

In the previous section we described the core D,, for the generator of the semigroup
Qm.t, and obtained the action of the generator on functions from D,,. The function
Qm.if(u), f € Dy, satisfies Kolmogorov forward equation (Theorem 19.6 [7]):

%Qm,tf(u) =AQm . f(u), u€ A, t>0.

Taking into consideration the action of Q,,,; on f at points of boundary of the set A,
we get

Qmif(w) =Ef(x(ur,t),...,x(ui,t), x(ui, t), 2(wige, t), ..., (U, t)) =
=Ef owi_l(x(ul,t), v (g, t), x(wiga, ), o (U, b)) =
*Qmp 1th7T ( U )

for u € K]" = {u € 0A,, : u; = Uiq1,uj < ujq1,t # j} (recall that m;, 77;1 were defined
in the previous section in (4), (5)). Therefore, we obtain an iterative scheme of boundary

value problems:

0 O Qe (1) = S AQuuef ()0 € At 0,
(10) Qmof(u) = f(u)
(11) Qm,tf(u) = (Qm—l,tf © ﬂ-z‘_l)(ﬂ-’iu)’u € Kz'mv Qm,tf(') € Dm'

A solution to the boundary value problem (9)—(11) we will represent as a sum in which
each summand is indexed by a binary forest.

Let us define a class of forests 1}, k < m with m leaves and k roots. Denote by U;"
a set of vertices:

Ul = {ugk) u(Qk),...,u,(fk),u(lk—'_l),...,u,(f’:_-’il),...,ugm),...,uﬁfl"),u(j) €A}

Edges of a forest will be defined via a set of mappings
Gi={0;:{1,2,...,5} = {1,2,...,j — 1}, o, is a surjection }.
For any mapping o; € G; there exists a unique pair
(I, l2) = (l1(0), 12(05)) € {1,2,...,j}

such that o;(l1) = 0;(l2), 11 < la.
For a fixed set of mappings {0y, Om—1, ..., 0k+1}, Where o; € G; define edges

M R (G Ty« e Oh1) = {(ug“,ug@?))), i=k+1,...,m, j= 12}
Let us define a set of binary forests as
T = {(U, R (Om, - 0kt1)), 05 € Gj}.
We assign time t; to the set of vertices {u(J) ué ), cee (j)} for every j € {k,...,m}.

We say that the edges ( (n) u( (]))) and ( (n )7u((7 ())) intersect if i < j, on(i) >
on(j) and denote by ¢(T) the number of intersection of edges in a forest T € T;". We
assign a weight to any edge of a forest T' € T}, which depends on connected vertices

and corresponding moments of time

g(uy)7 . (]))7 Listi— ) = DPti—tis (ug'i)’ uffiizjl)))

fOI‘j = ll,lg, where [; < ZQ, Ui(ll) = 0};([2), and

(u! OB

i—1
g 9 0’ ( )) t’utl 1) ptifti,l(u;)»u . ))
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t5
t4
t3
t2
FIGURE 1. An example of T € T.
f N N I h 1 _(u ;usz
or j # li,j # l2, where p,(u1, uz) = VonsC s
Denote by |T'| a product of weights of all edges in a forest T € T;"
k Gy
1T =T (™, .. 0™ t,, ... H Hg l(J),t“tz 1)-
i=k+17=1
For any forest T' € T{™ we put into correspondence a set of indexes (imm—1,4m—2,- -, ik),

where each index i; is a coordinate of a vector u) such that o;41(l1) = oj11(l2)

ij,11 # la. Define an action of a forest T' € T} on a function f : A, — R by the rule:

fr=fomtyom!

Now we are ready to represent the action of the semigroup of m-point motions in terms
of binary forests. Denote by G,, the Green function of the boundary value problem

(9)—(11).
Theorem 3. Let f be a function of class D,,. Then

Qucf(u / )G (1,1, £,0) dy +

+ Z E(T / / / (u(m_l)’y,tm7170)-
Tn 1

TeTm

m—1

AT (g ™ )| ™Y dy di o+

+ > / /tm 1/ /m 2/ —1)"D fr(y) G (™, y, b2, 0)-

Ter™

m—2

T (u, w1 gy (m=2) Jbtm—1,tm—2) |dydu(m 2 dum™= dty o dty 1 + .

3 (-1 E<T)//tw /t// - [ e a® o

TeT

. |T(u,u(m*1), cou® W ,t1)| dy du . du™ Y dty L .

Proof. Let us write the solution to boundary value problem via the Green function:

Qe f(u / F)Gon sy, £,0) dy+
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m—1 t
1 » o 9 |
iy o L) (=2— — LG (1, 0, tn 1, t) —= dSy 1.
2 i—1 /o /K"' Omtim-af o U)(avi+1 avi) (v ' )\/5 '

Denoting by

s, t) = (5o —

Ovip1 Oy

V1=Y1,--,Vi=Yi
Vit1=Yiyee Um=Ym—1

)Gm(u,v,s,t)

we get

Qe f(u / )G,y £, 0)dy+

m—1 t
1 - i
+§ Z / / Qm_lvtmﬂf O Ty l(ﬂiy)ng)(uvyvtm—lﬁt)dydtm—l'
i=1 /0 JAm_1

Since Gy, (u,v,t,s) = det(pt_s(ui,vj))z 1,...,m we have

j=1,..., m
pt—s(uly yl) s pt—s(u’nu yl)
) Di— s(ulv yz) LR ptfs(uma yz)

GO (u,y,5,) = 2|pros(un, ya) =8 oo Pros(um, ya) =2 | =
prfs(ul7vz+1) prfs(uma’uz#l)
pt—s(“la?Jm—l) pt—s(umvym—l)

ptfs(ulyyi) DPt— s(ulgayz)

— Z (_1)l1+l2+1

Uy —Yi Uty —Yi

pt—s(ullayi) t—s pt—s(ulgvyz) t—s

det (Pt s(ug, yk))]ilulz =

1<z
uy., — Uy
= Z (71)l1+12+1pt—s(ul1ayi)pt—s(ulgvyi)% det (ps—s (s, Yr)) j#1, 1o
1 <lo =9 k#i
Let us check that
(12) GDuytis)= S [Tyt

TET™_, jim_1=i

where the last sum is taken over forests T C T)"_,, such that i = 0y, (I1) = o (l2), 11 #
5. Denote

G2 = {0 € G : om(lh) = o (l2) = i}.
Then
> T (u,y,t,8)| =

TET™ | im—1=i

m—

—
=3 Y vy ) pes (g ) =D T sy, v0)) =

li<lz geglite J#l,l2

U, — Up
= Z ptfs(ullayi)ptfs(ulzvyi)ﬁ Z H ptfs(uj,yo(j))(_l)a(T)'
li<ls segll 2t j#IL e

Note that
Z H pt—s(uja ya(j))(il)E(T) = (71)l1+l2+1 det(pt—s(ujv yk))j#h,lza
seghitzi 11l ki

so the equality (12) holds.
Hence, we can write the solution to the boundary value problem (9)—(11) in the form:

Qs f (1 / F@)Gon (11,9, £,0) dy+
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+ > / / DD Q- Loy ™ )T (g, )| dy ™ it

TeTm 7n 1
We replace Q-1+, _, fr(y™ =) with the solution of the corresponding boundary value
problem in the obtained formula and note that for 7€ 77 |, Ty € Ty
TUTy €Ty, (fr)r = from, [TITh| = [T UT;
so we get

Quif(u / £ ()G (11, £, 0)dy+

A

TETm 1 nL—l

| T (u, y(m_l) t, bt 1)\dydy(m_1)dtm,1+

ol A A A

TeET™ nz 1

m—2

|T(ua ?J(m_l) ) y(m_Z) ) ta tm—l ) tm—Z) Idy(m_Z)dy(m_l)dtm—thm—l .
We continue this iterative scheme by replacing Q. f,k = 1,...,m — 1 with the
solutions of the corresponding boundary value problems. The theorem is proved.

/ D)t ()Gt (57, 1, 0)-

O

REFERENCES

1. I.I. Nishchenko, Discrete time approximation of coalescing stochastic flows on the real line,
Theory of Stochastic Processes 17(33) (2011), no. 1, 70-78.

2. T.E. Harris, Coalescing and mnoncoalescing stochastic flows in Ry, Stoch. Process and Their
Applic. 17 (1984), 187-210

3. E.V. Glinyanaya, Disordering asymptotics in the discrete approximation of an Arratia flow,
Theory of Stochastic Processes 18(34) (2012), no. 2, 39-49.

4. A.A. Dorogovtsev and I.I. Nischenko, An analysis of stochastic flows, Communications on

Stochastic Analysis, 8 (2014), no. 3, 331-342

A. Shamov, Short-time asymptotics of one-dimensional Harris flows, Communications on Sto-

chastic Analysis, 5 (2011), no. 3, 527-539

Y. Le Jan and O. Raimond, Flows, coalescence and noise, Ann. Probab. 32 (2004), 1247-1315.

O. Kallenberg, Foundation of Modern Probability, second ed., Springer, New York, 2001.

S. Karlin and J.G. McGregor, Coincidence probabilities, Pacific J.Math. 9 (1959), 1141-1164.

A.D. Polyanin, Handbook of linear partial differential equations for engineers and scientists,

CRC press, 2001.

o

© o NP

INSTITUTE OF MATHEMATICS OF UKRAINIAN ACADEMY OF SCIENCES
E-mail address: glinkate@gmail.com



