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ITO-WIENER EXPANSION FOR FUNCTIONALS OF THE
ARRATIA’S FLOW N-POINT MOTION

The structure of square integrable functionals measurable with respect to the n—point
motion of the Arratia flow is studied. Relying on the change of measure technique,
a new construction of multiple stochastic integrals along trajectories of the flow is
presented. The analogue of the It6-Wiener expansion for square integrable functionals
from the Arratia’s flow n—point motion is constructed.

1. INTRODUCTION

The present paper continues the study of orthogonal structure of square integrable
functionals from coalescing stochastic flows undertaken in [1]. The main object of our
considerations is the Arratia flow on the real line. It is a family {z(u,t) : v € R,t > 0}
of random variables such that

1) for every u € R z(u, ) is a continuous square integrable martingale with respect to
the filtration F¥ = o({z(v,s) : v € R, s < t});

2) x(u,0) = u;

3) < x(u,-),z(v,:) > (t) = (t = Tuw)+, where 7, = inf{t > 0: z(u,t) = (v, )}

The Arratia flow was constructed in [2]. Informally, it represents the motion of Brow-
nian particles that start from every point of R and move independently until some of the
particles meet each other. Thereafter these particles coalesce and continue their motion
as one particle. Given u € R™ the R”—valued process z,(t) = (z(u1,t)....,x(un,t)),
t > 0 is called the n—point motion of the Arratia flow starting from w. It is a Feller
process in R™ [3, Prop. 4.2].

Development of stochastic analysis for the Arratia flow was initiated by A. A. Doro-
govtsev in [6] where the stochastic integral with respect to the Arratia flow was built.
It was applied to prove analogues of the Clark representation theorem, the Girsanov
theorem and to define the Fourier-Wiener transform for functionals of the Arratia flow
[7, 8, 9] (a review of the mentioned results is presented in [10, Ch. 7]). Let o, be the
moment when all particles {z(u, ), u € [0,1]} have coalesced into exactly n particles, i.e.

o = inf{t > 0: 2([0, 1], £)| = n}.
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ITO-WIENER EXPANSION FOR THE ARRATIA FLOW 65

Denote the trajectories of the n particles on the interval [0,,,0,-1) by (0}, ...,n7). By
definition [6], the stochastic integral with respect to the Arratia flow is the following sum
of one-dimensional stochastic integrals with respect to individual trajectories

On—1

0 >3 [ wio

n=1[=1

This construction and its applications in [7, 8, 9] rely heavily on the fact that individual
trajectory x(u,-) is a Brownian motion.

For n > 1 the n—point motion (x(u1,-)....,2(un,)) is no longer Gaussian process.
Moreover, the filtration generated by the Arratia flow is an example of a black noise in
the terminology of B. S. Tsirelson [5] (i.e. the Gaussian part of the filtration is trivial).
Understanding such filtration was the main motivation of the research undertaken in
[1]. In this paper we investigate the structure of square integrable random variables
measurable with respect to the finite-point motion x, of the Arratia flow.

Among the main instruments in the description of functionals from the Gaussian noise
are the It6-Wiener expansion and its specification — the Krylov-Veretennikov expansion
[4]. These notions proved to be fruitfull in the study of filtrations with non-trivial
Gaussian parts as well [3]. Consider the Brownian motion {w(t),t > 0}. Let L*(w)
be the space of square integrable random variables measurable with respect to o(w).
The Ito-Wiener expansion is the representation of L?(w) as a Hilbert sum of pairwise
orthogonal subspaces [12]

where I,, : L? (R%) — L*(w) is the operator of n—fold stochastic integration with

symm

respect to w,
oo tn ta
I,a= / / / a(ty, ... ty)dw(ty)...dw(ty,).
o Jo 0

An analogous decomposition holds in a more general case of L?(3), where 3 is a
Gaussian random measure on a certain measure space [11].
In the case of Arratia flow, multiple stochastic integrals

2) /OOO /Ot/ot altr, .. tp)de(ur, tr) .. de(un, )

of different multiplicity are no longer orthogonal (which in turn comes from the random-
ness of the quadratic covariation < x(u,-),z(v,-) >). This obstacle makes integrals (2)
an inappropriate tool in description of functionals from the Arratia flow. For example,
the expansion of a random variable as a series of integrals (2) is nonunique [1, Ex. 1].
Analogous problem for the stopped Brownian motion was treated in [13] and [1]. Let 7
be the moment when the Brownian motion w has reached a level a > 0. Again, multiple
stochastic integrals

3) /OT /Ot/ot alty, ... tp)dw(ty) . .. dw(t,)

of different multiplicity fail to be orthogonal (due to the randomness of the quadratic
variation < w(- A7) >). An application of the Gram-Schmidt orthogonalization proce-
dure to integrals of the kind (3) was studied in [13]. However, the structure of integrals
(3) occured to be too complicated either to find a closed expression for resulting orthog-
onal objects or to calculate the orthogonal expansion for a specific functional via this
procedure. It was noted in [1] that rather to apply classical orthogonalization procedure,
a simple transformation of differentials in (3) leads to orthogonal multiple stochastic in-
tegrals. Moreover, it was shown that thus constructed integrals constitute an analogue of
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the It6-Wiener expansion for the stopped Brownian motion. Namely, stochastic integrals

(4) /OTAn._.AQa(tl,...,tn)(dUJ(tl)—f(w(tl),tl,tn)dtl)“.
(dw(t

nfl) - f(w(tnfl)atn717tn)dtn71)dw(tn)u

with f(y,s,t) = ylogP(V r € [s,t] y + w(r —s) < g(r)), corresponding to different
n are orthogonal, and any square integrable w(- A 7)—measurable random variable can
be represented as a series of integrals (4). Thus, the space L?(w(- A 7)) of all square
integrable functionals of w(- A 7) is the Hilbert sum of pairwise orthogonal subspaces
of multiple stochastic integrals (4). Moreover, the space of n—fold multiple stochastic
integrals (4) is naturally isometric to the space L*(P(r > t,)dt), as the squared norm of
the integral (4) equals

o [2% to
/ / / P(r > ty)a(ty,. .. tn)%dty ... dt,.
0 0 0

As opposed to the Gaussian case, stochastic integrals (4) are no longer polynomials from
the stopped Brownian motion.

In the present paper we adopt the approach of [1] to study the structure of the space
L?(x,) of all square integrable functionals measurable with respect to the n—point motion
x, of the Arratia flow. We find suitable transformations of differentials in (2) that lead
to multiple stochastic integrals with the properties

1) multiple stochastic integrals of different multiplicity are orthogonal in L?(x,,);

2) the space of multiple stochastic integrals of a fixed multiplicity is closed in L?(z,,)
(and in fact is naturally isometric to certain L? space of integrands);

3) the Hilbert sum of all spaces of multiple stochastic integrals coincides with L?(x,);
thus defining an analogue of the It6-Wiener expansion of the space L?(x,).

Next we introduce the notation and briefly describe the construction. In the end of the
Introduction we discuss applications of our results to the description of square integrable
functionals measurable with respect to the whole Arratia flow x.

Notations.

For any metric space X, B(X) denotes the Borel c—field on X.

Following regions will be used:

S"={ueR":u; <...<up}; ST ={ue 8" :uy >0} S " =8I x ... xS,

C™ is the space of all continuous functions w : Ry — R™ equipped with the metric
of uniform convergence on compacts. C"([0,T]) is the space of all continuous functions
f:[0,T] = R™ equipped with the uniform norm.

B™ = B(C™) is the Borel o—field on C™.

w: R4y x C™ — R™ is the canonical process on C", i.e. w(t,w) = w(t).

C" is equipped with the natural filtration (B})¢>0, i.e. B =o(w(s): 0 < s <t).

P is the o—field of progressively measurable sets on Ry x C™. It is a o—field of all
subsets A C Ry x C™, such that for all ¢t > 0

AN[0,4 x " € B([0,1]) x BY

(see, for example, [14, Ch. I, §4]). Progressively measurable processes arise naturally as
integrands in stochastic integrals with respect to the Brownian motion [14, Ch. IV, §2].

Given u € R™, p* denotes the Wiener measure on (C™, B") that corresponds to the
standard n—dimensional Brownian motion starting from u. For every k € {1,...,n}, I}
denotes the operator of stochastic integration with respect to the Brownian motion wy
on (C™, B™, u*):

(5) Tl I2(R, x C", P, dt x u*(dw)) — L2(C™, B", u), T'h :/ h(#)duwn(2).
0
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According to the Clark representation formula [14, Ch.5, Th.(3.5)] each functional g €
L?(C™, B™, u*) is uniquely represented as a sum

g=FE"g+> Tig.
k=1
Denote Q%g = gg, so that Q% : L*(C™, B, u*) — L*(R4 x C™, P, dt x p*(dw)), in such a
way that for each g € L2(C", B", u%),

n
(6) g=E""g+> T}Qpg).
k=1
For all (ky,...,kq) € {1,...,n}%, I, .1, denotes the operator of d—fold stochastic
integration with respect to Brownian motions wg,, ..., wy, on (C™, B"™, u*);

(7)
[ele] to

Lok LQ(Sj‘ﬁ) — LQ(C",B”,M“), I k0 :/ / a(t)dwg, (t1) . . . dwg, (tq).
0 0

Following formulas hold

E’u“[l?l,...,k’dajlli,...,lmb = 6(k1,-~7kd)7(11,~~7lm) /l a(t)b(t)dt;
S(

+

oo t t2
Ilgl,...,kda:/ </ / a(t17"'atd17t)dwk1(tl)"'dwkd1(td1)>dwk‘d(t) =
0 0 0

(3) X
= | B ) 0 = T T, GO, = e

where
a(tl, - ,tdfl,t), tg—1 <°t,
Ovtd—l > 1.

a‘(t)(tlv LI 7td71) = {

Existence of a progressively measurable modification for the process {I}!, kaa (a(t)),t >
0} follows from the existence of a progressively measurable modification for any measur-
able adapted process (see, for example, [15]).

Ky, is the set of all finite sequences of elements 1,...,n, ie. K, = UL {1,...,n}%
the length of a sequence k € K,, is denoted by |k|; K1, = K1 % ... x K,,. With these
notations the It6-Wiener expansion for the n—dimensional Brownian motion is

9) L3(C", B", i) = ®rexc, 1 (LA(SI).

Respectively, operators Q¥ : L*(C™, B", u*) — L? (Sfl) are defined in such a way that
every g € L?(C™, B™, u*) has a unique series representation

(10) 9=">_ IQ).
ke,

Multiple stochastic integrals with respect to x,,.

Given u € 8™, v* denotes the distribution in (C™, B™) of the n—point motion z,, of
the Arratia flow started from w. 7s» is the moment when two of trajectories of x, have
met each other. Measures v* and pu* coincide on the o—field B7_, [16]. In particular,
when n = 1, v* is the distribution of the Brownian motion started from w. Hence, the
It6-Wiener expansion of the space L?(C*, B!, v*) is determined by the multiple stochastic
integrals along the Brownian motion w, i.e.

LA(CL, B v") = Bre, T (LP(SE).



68 G. V. RTABOV

If n > 1, the moment 7g» is v*—a.s. finite and the set {w;(7sn), ..., wn(7sn)} consists
of exactly n — 1 points. Enumerate these points in the ascending order by p?_l, ceey pfl_%
(1~ <. < po_ 1) According to the strong Markov property, the distribution of z,,
after the moment Tsn coincides with the distribution of z,»-1 (to be precise, it coincides
with the distribution of x,n-1 lifted to the space C" by repeating a coordinate j for which
w;(Tsn) = wjt1(Tsn) = p? ). Hence, the space (C™, B", ") is naturally isomorphic to
the space with mixture of measures (C"~! x C",B" "' x B}, P @) () (dw™)).

Consider at first the case n = 2 and a functional f € L?(C? B?,v%). To give an
example of how our construction works, let us describe the orthogonal expansion of f
leaving measurability questions apart. The considerations below are justified in Theorems
2.1, 3.1 and Lemmata 4.1, 4.2.

Due to the isomorphism described above, f = f(w!,w?), where w! refers to the only
trajectory left after the coalescence, and w? refers to the 2-point motion before the
coalescence. For every fixed w?, f(-,w?) € L*(C!, B, @ )) Hence, f(-,w?) possesses
an [t6-Wiener expansion

Z IP Hw 2) 7w2)).

kleky
In this expansion, each kernel a1 is a functional of w? and in fact
Qj1 (t17 ) € L2(C2’ 872—52 ) :U'u)'

By the Theorem 2.1, a1 (t!,-) can be further expanded as a sum of multiple stochastic
integrals with respect to the stopped Brownian motion (27)

ap (t',-) Z N ak1k2( L)

k2eko
Finally, in L?(C?, B2, v%)
(11) f= Y Ahjeane,
(k1,k2)ER 2
where
u 12yt (W) gu,S? 1 2 1
(12) At e g2 (w7, w07) = L™ A Jya™ (a2 () (w7)) (@),
all the summands are pairwise orthogonal. Theorem 2.1 implies that the squared norm
1 u 82
of I, (J5° ag1 y2) equals

(13) /‘kl‘ o) O 2 (' %)% a2 (u, 2 dt dt?,
s

asz(u,t) is the probability that trajectories of a two-dimensional Brownian motion
started from w haven’t met up to the moment t. Azl,lﬁ is the operator of multiple sto-
chastic integration with respect to x,. The index k' defines the multiplicity of integrals
along the only trajectory left after the coalescence and the index k? defines the order
of differentials and the multiplicity of integrals along trajectories before the coalescence.
Respectively, the kernel a1 ;2 is a function of (¢!,¢%), where t/ = (#1,... ,tljkj‘) varies

over the |k’|—dimensional simplex Sfjl. To handle questions like measurability of the
expression in (12), we give following definition. Let (X, B), (€, F) be measurable spaces,
(1“)weq be a regular family of measures on (X, B), that is a mapping (B,w) — u“(B)
of B x  into [0, c0], such that

1) for all w € Q p¥ is a (possibly infinite) measure on (X, B);

2) for every B € B the mapping w — u¥(B) is F—measurable.
For a detailed exposition of the theory of regular measures see [24, Ch. 10].
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Definition 1.1. Assume that for each w € Q, £“ is a measurable function on (X, B). If
there exists measurable mapping h : X x  — R such that

Yw e Q h(,w) =&, u¥ —as.,

then we will say that a family {€“},cq can be realized as a measurable function on X x Q
with respect to the family {u“},eq. When all measures p are equal to some measure p
we will say that a family {€“},cq can be realized as a measurable function with respect
to the measure p.

Section 4 is devoted to two general results on measurable realizations which cover all the
measurability issues of our construction.

In section 3 the described approach will be carried out to define multiple stochastic
integrals with respect to x, that produce an analogue of the It6-Wiener expansion of the
space L2(C™, B™,v*) (Theorem 3.1). The only modification comes from the formula (13).
Consider, for example, n = 3. Then every f € L?(C3,B3,v%) is a functional of (w?,w?),
where w? refers to two trajectories left after the first coalescence, and w? refers to the
3-point motion before the first coalescence. As above, f(-,w?) is expanded into the sum

= Y AL (e w?).

(k1,k2)EK1 X K2

Due to (13) the squared norm of the summand Akl 520kt k2 equals
(14) L o 012,08 P (), e 0 ),
cs JslEt Ik

as: (p?(w?), ‘k2|) u(dw?)). Hence, for
ajp k2(t1, 12, ) to become a square integrable functional from the stopped Brownian mo-
tion, an additional weight a2 (p? (w3),t‘2k2|) is needed. The problem of expanding such
functionals as a series of pairwise orthogonal multiple stochastic integrals is solved in the
Lemma 2.4 for a class of measures » < u* on (C™, BZ). Obtained results are used in the
inductive definition (45) of multiple stochastic integrals with respect to n—point motion
of the Arratia flow.

In Theorem 3.1 it is proved that each f € L?(C", B",v%) is uniquely represented as a
series of pairwise orthogonal multiple stochastic integrals

f= E Azlw,,knakl,...,k”'

(k1,...kn)eEK,

what means that az g2(t',t%,-) € L*(C3, B3

Ts3?

A’,gl’m) xn is an operator of multiple stochastic integration with respect to the trajectories
of x(u,-). It contains |k?| integrals over a region where exactly j particles, integrals are
taken with respect to the trajectories of these particles transformed in the manner of
(4). Differentials are transformed with the help of mappings (25) and (33). The squared
norm of the summand A}:l,_“’kn ag1,. . pn equals

where functions p;2 4 are defined in (41).

Multiple stochastic integrals with respect to x.

Obtained results indicate possible way to define multiple stochastic integrals with
respect to the whole Arratia flow. Recall that o, is the moment when all particles
{z(u,"),u € [0,1]} have coalesced into exactly n particles. Denote p} < ... < p the po-
sitions of n remaining particles at the moment o,,. The strong Markov property of x imply
that L?(Q, F*,P) is naturally isometric to L*(C" x Q, B" x F2 ,vP" @) (dw™)P(dwy,)),
where w” refers to n trajectories left after the moment o, and w, refers to the flow x
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before the moment ¢,,. From the Theorem 3.1 it follows that each o € L?(Q, F*,P) has
a series expansion

(15) a= > ALY (@, (wa).

(k1yeoiskn)EKL, . m
Denote Ky = [[,,>; K. Due to the orthogonality of summands in (15), for each k € Ky,

k = (ki,ko,...), elements Ai?(w"k)n (aky,... 5, (-,wp)) converge to some element Pya in
L2(Q, F®,P). (Pya)reky is a continuum family of pairwise orthogonal elements, which
may be considered as multiple stochastic integrals of some kernels with respect to x. If
such point of view is possible, obtained multiple stochastic integrals would be natural
candidates to form an analogue of the Ito6-Wiener expansion of L%(Q,F® P). As for
now, the description of Pya and construction of the expansion of L?(Q, F*,P) are open
problems. We leave them for further investigations.

2. STOPPED BROWNIAN MOTION

Let G C R™ be an open connected set and N : G — R"™ be an infinitely differentiable
vector field on G. Given w € C", consider the following integral equation

(16) €)= wlt) + [ New)s, >0

Of course, the solution to (16) may not exist for all ¢ > 0. The precise definition of the

solution and its properties are given below. Though the result seems known we add the

proof because our situation differs from the usual one - we seek for a solution that is an

adapted functional on the space (C™, B™) without referring to any probability measure.
Consider the set

D ={(T,w) € Ry xC": there exists continuous function £ : [0,7] — G,
such that for all ¢ € [0,T] (16) holds}.

Lemma 2.1. 1) Each section Dy, is the interval of the form [0, 7(w)) (D, =0, if 7(w) =0
and D, = Ry, if 7(w) = 00). In particular, D = {(T,w) € Ry x C" : 7(w) > T'}.

2) For each w € C™ there exists unique continuous function {(-,w) : [0,7(w)) — G,
such that for allt € [0,7(w)) (16) holds.

3) D € P, i.e D is a progressively measurable subset of Ry x C™.

4) 7 :C™ = [0,00] is a stopping time.

5) & : D — G is a progressively measurable process.

6) Relatively to Wiener measures u*, u € G, £ is a strong Markov process [17, Ch.
111, §3], i.e. for any B"™—stopping time o < 7, t > 0 and a Borel set A C G,

prEt+o)e A t+o<7|By) =locrn"(§(t) € A, t < T)|y=g(0)-

Proof. 1) and 2). Assume that T' € D,,. Evidently, [0,7] C D,,. There exists continuous
function £ : [0,7] — G, such that for all ¢ € [0,7] (16) holds. We will show that for
§ small enough, & can be uniquely extended to continuous function on [0,T + §] that
satisfies (16) for all ¢ € [0,T + §]. To this end it is enough to prove that there exists
continuous function & : [0,0] — G that satisfies

&1(t) = wi(t) —|—/0 R(&1(s))ds, t €[0,0],

with wy(-) = &(T) + w(- + T) — w(T). The difference &5(t) = &1 (t) — w1 (t) must then be
a solution to the Cauchy problem

{dfg(t) = N(&(t) + wi (8))dt,

a7 £2(0) = 0.
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Denote B(6) a closed ball in R™ with centre 0 and radius ¢. For small enough 4, a compact
set K = {z+wi(t): ¢t €[0,0],x € B(d)} is a subset of G. Hence, C' = supy |VR| < oo,
and for all (¢,21), (t,z2) € [0, 6] x B(5) one has

R(z1 + wi(t) = R(zz +wi(t))] < Cloy — a2l

The existence and uniqueness of a solution to (17) now follows from [18, Ch. 1, Th. 2.3].

3) Given S > 0 let us show that D N ([0,S] x C™) € B([0,5]) x B%. This is exactly
what the progressive measurability means. Denote G° = {z € G : dist(x, dG) > §}. For
all T > 0 and § > 0 the space C"([0,T]; G%) of all continuous functions f : [0,T] — G?
is a closed subset of C™([0,T]). In particular, it is a Polish space. The mapping F79 :
en([0, T} G%) — en([o, T)).

Wﬁﬂ@=ﬂﬂjfwﬂwa6Mﬂ7
0

is injective (see part 1) of the proof). By the Souslin Theorem [24, Th. 6.8.6], the image
FT9(c™([0,T]; G?)) is a Borel set in C*([0,T]). Let As be some dense countable set in
[0,5], such that S € Ag. Then

pn(o,s]xc") =J |J 0,71 x FT (" ((0,T):G%)) € B([0, 5]) x B
6>0T€As
It is enough to take union only in T € Ag, as every solution to (16) can be continued

from a closed interval to an interval with the right end in Ag (see part 1) of the proof).
4) Follows from 3):

{w:7(w) >t} =D; € By
5) By continuity of £ and [14, Ch. 1, Prop. (4.8)], it is enough to prove that &£(T")
is B —measurable on the set {7 > T'} = Dr. Recall mappings F'7*% from part 3) of the
proof. Then, for every Borel set A C G,
{weDr: (T w) e A} = | J{w € Dr: {(T,w) € A and £([0,T],w) C G°} =
6>0
= U{w € Dr : the restriction wjg ] € FTO({f ec™([0,T);G%) : f(T) € A})}.
6>0
By the Souslin Theorem, the latter set belongs to B7.
6) Introduce shift operators 6, ,w = v+ w(-+7r) —w(r). If 7(w) > s, then 7(w) > t+s
if and only if 7(0; ¢(s.)) > t, and in this case
E(s 4 w) = &(+, 05, ¢(5,yw) on [0,1].
Hence, by the strong Markov property of the Wiener process [14, Ch. 3, Cor. (3.6)],
ptEt+o)e At >t+0/BY) =
= 1.,->J/Lu(§(t,90,£(0)u)) S A,T(@U,g(g)w) > t/BZ) =

= 1rson”(§(t) € AT > t)]u—g(o).
O

7 will be referred to as the lifetime of the solution to (16). The main result of this
section is an analogue of the Ito6-Wiener expansion of the space L%(C", B2, u“).
Introduce the function

(18) alt,u) =p“(t>1), ue G, teR.

In the section 3 we will write a ¢ instead of a to indicate its dependence on the domain
G and the vector field N. Note, that a(t,u) =1 for ¢ < 0.



72 G. V. RTABOV

Lemma 2.2. 1) « satisfies the equation

(19) g—?(tw) = %Aua(t, u) + (N(u), Vya(t,u)),t >0, ueG.

In particular, o is infinitely differentiable in Ry x G.
2) The Clark representation formula [14, Ch.5, Th.(3.5)] for 1,5 is

tAT
(20) Lot =altu)+ [ Vaalt—s,&(s)dw(s), p* — as.
0

3) E”“[17>t/82] =lrsinsa(t =t A s, E(EAs)), p* — a.s.

Proof. 1) Consider an open ball B € G and a starting point u € B. Let 75 be the
moment when the process ¢ leaves B. Denote gp(t,u,v) the distribution density of the
pair (7,&(7p)) with respect to dt x o(dv), where o is the surface measure on B. Such
density exists since for all ¢ > 0 the distribution of £(- A 75 A t) is equivalent to the
distribution of the stopped Brownian motion w(- A 75 A t), 74 is the moment when w
leaves B [20, Th. 7. 10], while the distribution density of (755, w(7})) is known explicitly
[21]. From the strong Markov property of £ following representation follows

(21) a(t,u) = /_ /83 a(s,v)gp(t — s,u,v)o(dv)ds, t > 0,u € B.

If one knows that gp(-,v) satisfies (19) in Ry x B, then the representation (21) implies
that a solves (19) as a distribution on Ry x B. Next, according to the hypoellipticity
of the operator $A, + (R(u), V) — % [19, Th. 3.4.1], « is infinitely differentiable on
R4 x B and (19) holds in the usual sense.

Let us check (19) for gg. Denote pp(t,x,y) the transition density of the process £
killed at the moment 75 [19, §5.2]. Due to the Markov property of &,

/tOO/AgB(s,u,v)a(dv)ds =p(rp > t,&(t) € A) =

:/BpB(t,u,y) /OOO/AQB(S»%U)U(dU)deU

Which implies the representation

Opp >
gB(t,u,v) = — W(uu,y)/ 9B(s,y,v)dsdy.
B 0
pB(-,y) satisfies (19) [19, Th. 5.2.8]. Hence, another application of the hypoellipticity of
1AL+ (R(w), V) — % proves (19) for gp.

2) At first we consider the case when G is bounded with an infinitely smooth boundary
and N is a restriction to G of an infinitely differentiable compactly supported vector field
on R™. In this case there exist global solution & of (16). We will understand 7 as the
moment when £ leaves G. In this case a(t,u) = fG pa(t,u, y)dy, where pg is a transition
density of the process £ killed at the moment 7 [19, §5.2]. pg is a Green function of the
parabolic boundary value problem

G (tu) = 5Auf(tu) + (R(w), Vuf(t,)), u€ G,t >0,
ft,u) =0, uedG,t>0.
The explicit construction of the Green function pg [22, §VI.2.1] leads to
O

sup (a(t7 u) + ‘ o (t,u)

t>e

)—)O, u — ug € 0G.
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Recall that G° is the set of points of G whose distance to OG exceeds . Denote 75 =
inf{t > 0:&(t) ¢ G°}. From the Itd’s formula applied to the function a(t — s,&(s A 75)),
0 < s <t—eit follows that u*“—a.s.

(t—e)ATs
ale,£((t —e) A1s)) = alt,u) + / Vaua(t — s,£(8))dw(s)
0

(22) T

acee [ G- s e
Consider the case 7 > t. Then for small enough ¢ and ¢ one has 75 > ¢t — ¢ and the
left-hand side of (22) transforms into a(e,&(t—¢)). £(t—¢) — £(t) € G, so, by continuity
of ,

a(e,&(t —€)) = a(0,£(t)) =1, e > 0.

Hence, multiplying (22) by 1,5 and taking limits €, — 0 implies the relation

(23) 1rse = Liseo(t, u) + 1T>t/0 Vauo(t —s,&(s))dw(s).

Consider the case 7 < t — . Then for all §, 75 < t — e and the left-hand side of (22) is
a(e,&(7s)). £E(15) = &(7) € OG and, from the boundary conditions, one has

a(e,&(75)) = a(e,&(7)) =0, 6 — 0.
Hence, multiplying (22) by 1,<;—. and taking the limit 6 — 0 one gets

(24) 0=1,ct—calt,u) + lrct—c ; Vua(t — s,&(s))dw(s).
Finally, (23) and (24) imply the relation (20).

According to [23, Ch. 5, Th. 4.20], G can be written as an increasing union of bounded
domains G,, € G with infinitely differentiable boundaries. Denote 7,, = inf{t > 0: {(¢) ¢
Gr}, an(t,u) = p*(1y, > t). As 1, 7 7, it follows that functions «,, converge pointwise
to a. From the representation (21) it follows that all derivatives of «,, also converge to
respective derivatives of «. Hence, (20) holds for any G and X.

The property 3) is an immediate consequence of the Markov property of &.

(Il
Denote 7% the probability on (C™, B™) defined via the density
d,n_t,u B
dlj'u = Oé(t, 'LL) 1]-'r>to

In what follows we introduce a family of transformations of C™ that send 7%% into u*.
Recall the equality D = {(t,w) : 7(w) > t} (Lemma 2.1). Define mappings

d(t,w) = 1ryse(w(-) — /0' Vuloga(t — s,€(s,w))ds),

D(t,w) = (¢, ¢(t,w))
and the set R = ®(D). Next Lemma states measurability properties of ® with respect

to the Borel o—field B(Ry x C™) and the o—field P of progressively measurable sets on
R, x C™ [14, Ch. I, §4].

Lemma 2.3. 1) ® : Ry x C" — Ry x C™ is both B(Ry x C™)/B(R4 x C™)— and
P /P—measurable;

2) D,R € P and ® is a bimeasurable bijection of D onto R when both sets are simul-
taneously equipped either with the Borel or with the progressively measurable o— fields.
In particular, there exists B(Ry x C™)/B(R4 x C™)— and P/P—measurable mapping
U:R, xC" — Ry x C" that coincides with ®~1 on R;

(25)
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3) For each t > 0
7o (e, )7 = s

Proof. 1) To prove P/P—measurability of ® it is enough to check that the restriction
of @ onto [0,T] x C™ is B([0,T]) x B}./P—measurable. As ®([0,T] xC™) C [0,T] x C™,
the needed measurability is equivalent to B([0,T]) x B%/B([0,T]) x B}—measurability,
which immediately follows from the definition.

2) The inclusion D € P was proved in the Lemma 2.1. Let us check that ® is
injective on D. Assume that ®(t,w) = ®(¢,w’), 7(w) > ¢, 7(w') > t'. Then t = ¢/,
p(t,w) = p(t,w'). The last equality means that for all » > 0

(26)  w(r) — /OT Vioga(t — s,&(s,w))ds = W' (1) — /OT Vioga(t — s,&(s,w'))ds.

In particular, w(0) = &’(0) and £(0,w) = £(0,w’). After the moment ¢ the difference
between w and w’ is constant. Consider differences w(r) — w'(r) and &(r,w) — &(r,w’),
r € [0,t]. They are differentiable on [0, ), as it follows from (26) and (16), and

O(w—uw)
or
8(5(7 o‘}) — g(a w/))
or
Combining the relations one has

OE(-,w) —&(-, '
02 2D Ne(rw) (el )
+Vioga(t —r&(r,w)) — Viega(t — r,&(r,w’)).
In the view of the infinite differentiability of o (Lemma 2.2) and N, for all r <¢ —¢

IE(,w) —&(w")
or

By the Gronwall lemma, the difference £(r,w) — £(r,w’) is bounded by a multiple of
£(0,w) — £(0,w’") = 0. Hence, £(r,w) = &(r,w’) and w = w'.

It follows that ® : D — R is a bijection. The Souslin Theorem [24, Th. 6.8.6]
implies that the image under ® of every Borel subset of D is a Borel subset of R. It
remains to check that for every progressively measurable set A C D its image ®(A) is
progressively measurable. Given T > 0 denote ®T the restriction of ® onto [0,7] x
C". The o—field B([0,T]) x B} is naturally isomorphic to the Borel o—filed B([0,T] x
C™([0,T7)). Another application of the Souslin theorem gives the inclusion ®(A) ([0, T] x
Cc) =T (AN([0,T] x C™)) € B([0,T]) x BE.

3) The Clark representation for the density p =
the Lemma 2.2, 2):

=Vloga(t —r&(r,w)) — Vioga(t —r, &(r,w')),

O(w —w')
or

= N(E(r,w)) — N(E(r)) +

< Clg(r,w) = &(r,w)]

d_ﬂ_t,u

_ —1 . .
d = a(t,u) 1,5, was derived in

tAT
p=1+a(t,u)! / Vaua(t — s,£(8))dw(s), p* — a.s.
0
Its conditional expectation with respect to the BZ is given by the Lemma 2.2, 3):
EX" [p/BT] = Lrsinsalt,u) ta(t —t A s, E(tAs)), p — a.s.
According to the Girsanov theorem [14, Ch.8, Th.(1.4)], the process

p(t,w)() = w() - /O alt — 5,6(s,w)) " Val(t — 5,&(s,w))ds

-1 _ ,u

is the Wiener process with respect to 7%*. In other words, 7%% o p(t,) ™1 = u®.
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The Lemma 2.3 makes it possible to define stochastic integrals 7, NG for all k € K,y
and a € L*(8%, a(tq, w)dt), d = |k|, as follows

@) TiNCa = I (1o (o B)(2) ( -/ “(ho @)(t)dwkdw),

where
u ~ ~ a(tl,...7td,1,t), ta—1 <t;
(k) = By G0 @), GO0 ta) = {0 e
s bd—1 Z L.

Composition (ho ®)(t,w) equals I! . (a(t))(p(t w)). Comparing this expression to
(8), one sees that the differentials in the inner d — 1 integral are transformed according
to . Progressive measurability of the integrand in (27) follows from the Lemma 2.3 and

the existence of a progressively measurable modification of {I}! , = (a(t)),t > 0} [15].

Following calculation shows that J," RC s well-defined.

(28) B /0 T Lea(h o @)(t)2dt /0 " W ETE (o ®)(1)2dt =

o0
- / ot u)ER" h(t)2dt = / o(te, u)a(t)2dt.
0 sS4
In the next Theorem we prove that operators jl;“’N’G constitute the Ito-Wiener ex-
pansion of the space L2(C™, B2, u“).

Theorem 2.1. 1) Spaces jﬁ’N’G(LQ(Sfl,a(t|k‘7u)dt)) corresponding to different k € IC,,
are pairwise orthogonal;

2) j,:’N’G is an isometry of L2(Sf|,a(t|k‘,u)dt) into L2(C™, B, u%);

8) LA(C", By u*) = e, i (LS, altyug, wyd)).
Proof. Properties 1) and 2) immediately follow from the calculation (28).

Consider f € L?(C™, B, u*) with E+" f = 0. According to the Clark representation
theorem [14, Ch.5, Th.(3.5)] and (6)

= " QU (1) (1), p — as.
/ Z/ QU f(t)duwy (1), p* — as.,

and
B2 =Y / EF" 1,5, QY f(t)%dt.
j=1"0

Consider the progressively measurable process ((Q f)oW)(#). Next identities follow from
the Lemma 2.3.

/Oo at,u)EF ((QUf) o ¥)(t)2dt = /OO at,u)E™" QU f(t)2dt =
0 0

:/ EF 1,5, QY% f(t)?dt < co.
0

Hence, (Q%f) o ¥ can be viewed as a measurable mapping of R, into L2(C™, B™, u*).
The It6-Wiener expansion then produces kernels by, ;(t) € L2(Sf|)7 k € KC;, such that for
a.a. t>0
(29) (Qf) oW)(t) = Y Li(bry(1) in LA(C", B", u").

ke,
In fact (10),
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(30) br,j (1) = Qi (((Q5 f) o ¥)(1)).
From the Lemma 4.1 it follows that by ; can be chosen as measurable functions
(t1,... ,t|k|,t) — bk,j(t)(tla . ,t|k‘). Put

a;w-(tl, . ,i|k|,t) = bk’j(t)(tl, e 7t|k|)-

Then
(31) B f2 = Z > / ot u) / by j (t)(s)2dsdt =
j=lkek, !
= a(t Yag(t)?dt.
keic%:/cx/lk i

In particular, a € LQ(Sf‘,a(tW u)dt) and integrals ._75& G

(31) shows that the series >, T ’Gak’j converges in L2(C™, B?, u*). It remains to
show that

ay are well-defined. Also

(32) > T s = [ Qpfdu o
keEK, 0
Denote hy j(w,t) = I} (br,;(t))(w). From (29) it follows that Qf oW = >, . hy ; in
L* (R4 xC™, P, a(t, w)dtx i (dw)). Finally, for each g € L*(Ry xC™, P, 1, ()5 dt X p*(dw))
one has
2 [ Qprwau,) [ aawo) = [ B0 g0 -
= [ Etatwi@;r o w o v =
-y / " au, )hi;(8) (g 0 W) (t)dt =
ke,
=% [ s o 00t = 3 BT s [ a0duy(n
ke, keK, 0

and (32) is verified.
O

Consider the case X = 0. Then the lifetime 7 of the solution to (16) is the moment
when the Brownian motion w has left G, and the process £ in (16) coincides with w up
to the moment 7. To separate this particular case, we will denote 7 by 7¢ and abbreviate
T 0G40 J;’G. Next we generalize Theorem 2.1 to some measures on (C", B} ) that are
absolutely continuous with respect to p*.

Assume that » < p* on B}, with p =

Th.(3.5)] of p be

[14, Ch.5,

p=1+ /TG h(s)dw(s), p* — a.s.,
for some progressively measurable R?l—valued process h. Denote
() = 1+ /O " s duts).
According to the Girsanov theorem [14, Ch.8, Th.(1.4)] the process

tATG(w) S.w
(33) Gt w) = w(t A e (w)) — /0 ZES’W;
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(3

on the probability space (C™, B2, ») is a continuous square integrable martingale with

TG’
G(0) =u and
(34) < gi;gj > (t) = (5i,jt NTG.
Lemma 2.4. Assume that in (33) Zgz’:g = N(w(s)) for some infinitely differentiable

vector field X : G — R™. Denote o the lifetime of the solution to (16) corresponding
to N. Then G is the measurable isomorphism of the space (C", B}, ») onto the space
(C™, B2, ™). In particular, the correspondence f — f oG is an isometry of the space

L2(C™, BY, u*) onto the space L*(C™, B" , ), and operators

TG
ap — (Jk“’N’Gak) oG, kek,,a, € L2(S_|f|,agyg(t‘k|,u)dt)

possess following properties

1) spaces j;’N’G(LQ(Sf‘7OZN’G(t|k|, u)dt)) oG corresponding to different k € K,, are pair-
wise orthogonal;

2) ap, — (j,:’N’Gak) o G is an isometry of LQ(S_Ifl,ozN’C;(tW,u)dt) into L2(C”,BfG, »);
3) L2(C", Bl %) = @rex, (T (LS, an ot w)dt)) © G).

TG

Proof. Denote & the solution to (16) defined up to o. The assumption of the Lemma
imply that

w(t) = G(t,w) —I—/O N(w(s))ds, t < 7¢(w).

Hence, w(t) = £(t,G(-,w)), t < 7¢(w) and 7¢(w) = o(G(-,w)). From (34) it follows that
the distribution of G under the measure s coincides with the distribution of the Brownian
motion stopped at the moment o. That is,

woG t = pu on BY.

G is an isomorphism, as it is »—a.s. invertible. Actually, its inverse is &.

3. n—POINT MOTION OF THE ARRATIA FLOW

The main result of this section is an analogue of the It6-Wiener expansion for the space
L2(C"™, B™,v%), where u € 8", n > 1, v* is the distribution of the n—point motion z, of
the Arratia flow. Denote 7~ the first moment when two of the components of x,, have met
each other (and coalesced) and p"~! € 8”1 is the vector of positions of the remaining
particles (p} ' < ... < p""1 and {x(u1, Tsn), ..., 2(tn,7sn)} = {pP L, ... p"T1}). The
space (C™, B, v") is identified with the space with mixture of measures (C" =t xC", B~ 1 x
stn,Vpnfl(“")(dw"_l)u“(dw")) (see the Introduction). Accordingly, the function f €
L3(C™, B", v*) will be considered as a function of (w"™1,w"), where w"~! refers to the
n— 1 trajectory left after the first coalescence and w™ refers to the trajectories before the
first coalescence. Using this representation, the It6-Wiener expansion will be constructed
inductively.

When n = 1, v% = pu* and the It6-Wiener expansion of L?(C!, B!, v") is determined by
the operators (I}*)rex, of multiple stochastic integration with respect to the Brownian
motion (8). So we set

(35) v v ke K.

Then
Ay LS aty — L3¢, BY, vY)
is the isometry, Ajla L A}b for k # 1, and

L*(CY, B, ") = @per, AL(LA(ST dt)).
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To illuminate the key moments of the inductive construction let us consider some
partial cases. We won’t justify statements concerning measurability as they will be
proved in the general case. When n = 2, u € 82, the only trajectory remained after the
coalescence is the Brownian motion that is independent on the trajectories before the
coalescence. Hence, it is natural to construct the It6-Wiener expansion combining the
usual It6-Wiener expansion for the Brownian motion (via operators I in (7)) with the
one for the two-dimensional Brownian motion stopped when its trajectories meet each

2
other (via operators j,f’s in (27)). Define operators A}, ;. as follows:

(36) Aj jea(w', w?) = (75 alt, ) (W) ().
Then the squared norm of -/4217 420 equals
(37)

/ AR gl @) ) (d Yt (d?) =
= [ [ BT 0l ) P e ) =
c2Jct
:/ ) j]:z’s a(t1,~)(w2)2dt1u"(dw2):/ 1 / jlzg’SZa(tl,-)(w2)2u“(dw2)dt1:
cz Jsl! sPE Jez

1 422 2 2 11
:/|k1|/|k2‘a(t it ) O‘S2(t‘k2|,u)dt dt-.
S) Sy

It follows that A}, ;. is an isometry of LQ(SJ‘fleQl,asz (tfkgl,u)dthtl) into the space
L*(C?, B2, v"). Also, from (37) and properties of operators I} and J," % it follows that
ranges A 4. ([/2(5“c 1] , Q52 (th, u)dt?dt')) corresponding to different indices (k*, k?)
are orthogonal. Hence, operators Azl,k2 may be viewed as analogues of operators of

multiple stochastic integration. They indeed produce the It6-Wiener expansion for the
two-point motion of the Arratia flow in the sense that

1 2
LZ(C2,B2, l/u) = @(kl)kQ)e]Cl’zAZ17k,2 (LQ(SL{C "lk ‘,0132 (tfk2|,u)dt2dt1))

(see Theorem 3.1 for the proof).
Consider u € S3. To construct the It6-Wiener expansion for the 3-point motion x, we
will use the same isomorphism as above

(C*.B%, ™) ~ (€ x C*, B2 x B2, v"" ") (dw?) " (dw?)).

Using operators A, ;. (36), each functional f € L*(C*, B v*) can be written in the
form

(38) FGety= S ALY (@ e w?).

(kY,k2)eKq,2

According to (37) the squared norm of the summand Ai: k2@k1 k2 equals
(39) /C 3 /S oy W (2 (e, 7 (08) 2 (),
+

2 ‘u
what means that agi 32 (¢1,¢%,-) € LQ(C3,Bf’_53,%tIk2\’1 ), where for to = tsz‘ the measure

tzu

is defined via the density

ds'>" o ags(ta, p?(W?)) o 2
duu (w )_ ﬁtz(u) ) /Btz(u) _]E# a83(t27p )
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Hence, to expand further aj1 z2(t',¢2, ) as a series of integrals, Lemma 2.4 have to be
used. Put ps,(u) = ass(tz,u). It will be proved in the Lemma 3.1 that the Clark
representation formula for py, (p?) is

pto(P?) = Br, (u) + /753 VB, (w(r))dw(r), p* — a.s.
0

Also, E*" [py, (p?) /B3] = B, (w(r A Tss)). Consequently, the vector field X in the Lemma
2.4 equals

Ry, (u) = Vlog By, (u).
From the Lemma 2.4 it follows that operators

a/c—>(g7umzc k) oG, k€ Ks,

constitute the Ito-Wiener expansion of the space L?(C3, B2 __, »*2i*), where

Ts3?

ATg3 (w )
G () = wW¥(- A 7o (w?)) — /O R, (3 (r))dr.

Accordingly, functions a1 g2 (t',#2,-) can be expanded further:

u,N,2 G )
(40) gt g2 (t17t2, ) — Z (jk3 k2] g1 g2 o (tl,t2, )) ° gt‘k'z"

k3eks

Equations (38),(40) suggest that for the case n = 3, u € 8% operators A, ;. ., have to
be defined as

3 u,Ntz 5 ,G P
Afr g2, ksa(w W) = AZlSI‘:?)(Jks o a(tlvt2>')(gt'k2(Ws))>(w2)~

In our main result (Theorem 3.1) we prove that these operators indeed lead to the
1t6-Wiener expansion for the 3-point motion x,. Let us calculate the squared norm of
Al g2 o @

/ Azl)kQ,ksa(wQ,w3)2u”2(“3)(dw2)u“(dw3) =
cs Jez
u,Ntzz ,G 2 b s
= [ LA (e 2@ @) ) @ e ) =

uNQ .G
[ Tl 2@ ) s (P e () =
c3JSY

’U,NfQ

2 G 2 2
:/‘9‘“'%2‘5&2’“2‘( ) ij W2 (112, (GN R (W) 2 12 (dw) dt dit? =
I

N /SW\ %2153 a(t', 8,8 BtQ ( Jow t\ 2\’83(t?’€3\7u)dt1dt2dt3'
+

In the last equality Lemma 2.4 was used. Comparing this formula to (39) note that the
density as: (t|2k2‘ ,u) have changed to 5t\2k2\ (u>aNt|2k2\ S8 (tf’k3|7 u). Relying on this observa-
tion we introduce functions p, . ¢, (u), that will appear as densities in the general case.

Simultaneously, functions B, .+, ,(w), e, 4, (u) are defined.
pr, (1) = ag2(u, ta), u € S%;

(41) 5752 »»»»» tn—1 (u) = Euuth ,,,,, tn—1 (pn—1)7 Ntz ..... tn—1 (u) = VIOg 6t2 ..... tn_1(u)7
Pta,...tn (U’) =Ry, oy, .S (tmu>6t2, (2. 1(”)’ u € Sn>
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where ta,...,t,—1 > 0 and ay ¢ is defined in (18). Given u € §™ and positive to, ..., tp_1,
consider the measure ‘2 ~tn=1% on (C*, BY ) defined via the density
dot2rtnt L Pt (P (W)

(W) =

dut Bta,.ostn_r (1)

As it is seen from the case n = 3, the orthogonal structure of the space L?(C", Br..
st tn=15u) iy needed.

Lemma 3.1. 1) The Clark representation formula for py,. . 4, _,(p"71) is

TSN

pt2,~~-,tn—1(pn71) = /8t27---7tn—1(u) + vﬂt27~--,tn,—1(w(r))dw(r)a :U'u — a.s.
0

2) Eﬂu [th ,,,,, tn—l(pnil)/B:}] = /BtQ ----- tn—l(w(r A TS"))? ,uu — a.s.
3) The mapping

gtz,...,tn71(w”) — UJ"( A Tsn (wn)) —/O th, tn— 1(wn(r))dr

t

is the measurable isomorphism of the space (C”,Bfg,% 2stn=13U) onto the space (C™,

n u Y
S g M ). In particular, operators
to,..., ty_1°

n
Uty ot 1S

(42) a — (7" T a)o gttt ke Ky,a€ LSy an,, | sn(tp, u)dt)

possess following properties

n

Ny ty_ ,S
: Y7 a) o Glentne1 s an zsometry of the space

3.1) each operator a — (J,

LQ(‘S‘_‘f‘,osz2 »»»»» tn 175"(t|k\ u)dt) into the space L*(C™, stn, """ tn—1u);
3.2) spaces jk tn-1S (L2(8f‘,am2 ''''' o 80tk w)dt)) o Gr2tn=t corresponding
to different k € ICy, are pairwise orthogonal;
3.8) L2(C™, Br,,, , setar-tn-1iv) —
Wiy e 1S k
= Brer, (T @RS o, s g wdh) 0 G,

Proof. During the proof we omit indices t3,...,t,—1 and put G = S™. The function
B(u) = E*"p(p"~1) is harmonic in G [25, Th.11.1.17]. Denote G°® the set of points
of G whose distance to dG exceeds 0. From the 1t6’s formula applied to the function
B(w(t A Tgs)) it follows that p*—a.s.

Bluw(t A ras)) = Blu) + / B () du(r).

Letting ¢ — oo and § — 0, part 1) follows.
Part 2) follows from the Markov property of the Wiener process:

E*" [p(pn_l)/B:L] = 1Tc<rp(pn_1) + 1TG>TEHU (p(pn_l))‘v:w(r) = B(W(r A TG))-

Finally, part 3) is an immediate application of the Lemma 2.4 and formulas from first
two parts.

O
Corollary 3.1. There exist operators
toyentn15U | 12/0n jan  te,..., 1 k
(43) R LCN B ot 5 DS, s (g w)dt),
such that each g € L*(C™, stn, 20tn=10) has q series representation

Reg,t n— S seenyln—15U
g:Z(j: et (Rt gy Gl

ke,
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n
TSN )

Sn (tlk‘ 5 u)dt)) o gtz""’t"71 with the

In fact, ’RZ“"“’t"’“u is a composition of the orthogonal projection of L*(C™,B

. wRey g 8" k
%tz,...,tn,l,u) onto jk to tn—1 (L2(S_‘;_‘7aNt2

. u,N
inverse ([,

Now we are in a position to describe the inductive construction.
Induction base. For every u € R and k € K1 set
Ap =1,

where I}' are operators of multiple stochastic integration with respect to the Brownian
motion w on (Ct,BY) (8).

Induction hypothesis. For everyv € S and (kl, ey k”fl) € Ki,....n—1 an operator

1 n—1
Ve s LRSI )t dt Yy — LA B )

»»»» |k2‘7--<7t‘k",1‘

(H1) A7y pn1 is the dsometry;
1 n—1
(H2) spaces A}, kn_l(L2(SL:c Al l,th Yt (v)dtt...dt")) corresponding to
B2p7 et
different (k',... k"~1) € K1,...n—1 are patrwise orthogonal;

(H3) LQ(Cn_l,Bn_l,l/U) —
A (LASE s (w)dt e,

K217 k=1

..... n—1

respectively, projections

Pgl’m’kn_l . L2(C"71,B”71,I/”) N L2(Sf1|7...’|k7L71‘7Pt2 - (U)dtl dt™)

are defined in such a way that for each g € L*(C"~ 1, B"~1,v") an equality holds

9= E Zl,...,knflpl:l,...,knflg;
(kY. k= 1)EKT, . n—1

(H4) for any (k',...,k"™1) € K1, n—1 and bounded Borel function with compact support

.....

function on C"~1 x S"~1 w.r.t. the family {v'},csn—1 (Definition 1.1);
(H5) for any (k',..., k") € K1, n-1 and bounded Borel function g : C"~' — R, a
SR

X

.....

S" 1 w.r.t the family {p, p-1 (v)dtt . dt" Y egn-1 (Definition 1.1).
\

B2

1 n
Induction step. Consider (k',....k™) € Ki, . .. For every a € LZ(SK€ a7

ptlsz‘,m,t{;M(u)dtz"'dtn) denote Ta the result of application an operator (42) to the

last |k™| coordinates, that is
u,N 2 n—1 7571/

"""" N T AN Lt N N1 (¢

(44) Ta(t',.. " LWy =g "' a1 (W),
pn@ for u € 8™ by the rule

2
2y b1
Nexzt, define operators Ajy

n—1 n

(45) A e w0y = A (Tal W) @),

In the Theorem 3.1 we will show that operators (45) also satisfy conditions (H1)-
(H5). It gives possibility to define operators A}, ;. with properties (H1)-(H5) for
alln > 1, u € 8", (k',...,k") € K1 n. From the induction base and the induction
step it is seen that A%ﬁ,‘..,kn are operators of the multiple stochastic integration with
respect to finite-point motion of the Arratia flow. Thus, properties (H1)-(H3) state
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that these operators constitute an analogue of the It6-Wiener expansion. Technical
properties (H4)-(H5) are called to justify measurability issues. Indeed, due to the
complicated expression in (45), its measurability in (w™~!,w™) is not obvious. To prove
it we will need measurability properties of operators in (5),(6),(7),(10), (44), (42), (43).

The key instrument in deducing the existence of measurable realizations will be the
Lemma 4.2. It states that under rather general assumptions on spaces (X,Bx, u*),
(Y, By, v*), and operators

AY  L2(X, By, u*) — L*(Y, By, v*),

the existence of measurable realizations for “test” families of the kind {A%fy} auto-
matically implies the existence of measurable realizations for all families { A% f(-,w)},
such that for each w A% f(-,w) is well-defined. Accordingly, properties (H4)-(H5) are

n—1
immediately strengthened. For example, given measurable a : Sf LV N R,
£:Q — 8" ! such that

Yw e Q a(-,w) € L2(Sf1|""’|knil‘,p 2 no1 (E(w))dtt .. .at"Th),

B2t
a family {Ai(lw) pn—1(a(-,w))}weq can be realized as a measurable function on €™~ x
w.r.t. the family {v¢“)}, cq. For the proof note that

1) there exists a sequence of bounded Borel functions with compact support (f,,) on

1 n—1
Sf ol l, which is total in L? relatively to any Radon measure (see the proof of the
Lemma 3.2 for an example of such sequence);

2) there exists a sequence of bounded Borel functions (g,) on C"~!, which is total in
L? relatively to any probability measure (see the proof of the Lemma 3.2 below for an
example of such sequence);

.....

function on C"~! x Q w.r.t. the family {4} cq.

Consequently, the Lemma 4.2 gives the needed result.

In the case n = 1, operators A} coincide with the operators I}* and evidently satisfy
(H1)-(H3). In the next Lemma we state some measurability properties of operators
(5),(6),(7),(10). Additionally, properties (H4)-(H5) for operators A} are proved.

Lemma 3.2. Let k,ky,...,kq € {1,...,n}.
1) Given a measurable function a: 8¢ x R™ — R, such that

Yu € R"  a(-,u) € L*(SY),

a family {Iy! . (a(-,u))}uern can be realized as a measurable function on C" X R™ w.r.t.

the family {u"}uern .
2) Given a measurable function g : C™ x R™ — R, such that

VueR" g(u) € L2(C",B", 1),

a family {Q%, . ,(9(suw))}uern can be realized as a measurable function on 8¢ x R"

w.r.t. the Lebesgue measure on Si.
3) Given a P x B(R™)—measurable a : Ry x C" x R™ — R such that

Yu € R a(-,u) € L*(Ry x C",P,dt x u*(dw™)),

a family {Z;'(a(-, u)) buern can be realized as o measurable function on C™ x R™ w.r.t. the

family {1 }uern.
4) Given a measurable g : C™ x R™ — R such that

VueR" g(u) € L2(C",B", 1),
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a family { Q4 (g(-,u)) buern can be realized as a P x B(R™)—measurable function on Ry X
C™ x R™ w.r.t. the family {dt X p*}ycrr of measures on Ry x C™.

Proof. Consider translations 6,(w) = u + w, so that pu* = p®o ;. If a : S = R
is a bounded Borel function with compact support, then I/ ~ , a = (I,gh.__’kda) 00_u,
u*—a.s. Hence, (I,glquda)(w” — u) is the needed measurable realization of the family
{1}, k,0}uern. With the help of the Lemma 4.2 we will generalize obtained result to
any function a : Sﬁir x R™ — R. The space Si is locally compact and separable. Hence,
there exists a sequence (By)g>1 of open relatively compact balls, that is a base of the
topology of Sffr. Let (K, )n>1 be a ring generated by these balls, i.e. a smallest family of
sets that contains all By and is closed under taking differences and finite unions. Let us
show that the sequence f,, = 1x, is total in L? relatively to any Radon measure - on Si.
Denote L the closure of the linear span of functions f, in LQ(Si, 7). Cousider any open
relatively compact set G C S¢. By definition of a Radon measure, 7(G) < co. Let H be a
set of all bounded Borel functions on G. Extend each function f € H to a Borel function
f on S¢ letting f = 0 outside G. Denote M = {1, : K,, C G}. Note that M is closed
under pointwise multiplication and the o—field generated by {K,, : K, C G} coincides
with the Borel o—field B(G). Consider the set H; = {f € # : f € L}. By the monotone
class theorem [14, Ch. 0, Th. (2.2)], H; contains all bounded Borel functions on G.
Hence, £ contains all bounded Borel functions with compact support. Usual truncation
arguments imply that £ = L?(S¢,7).

The same considerations work in the case of the space C" : separability of C™ implies
that its Borel o—field is generated by a sequence of open balls (i.e. by the countable base
of topology of C"). If (A,)n>1 is the countable ring generated by these balls, then the
sequence h, = 14, is total in L? relatively to any probability measure on C". Presented
constructions justify the applicability of the Lemma 4.2, that leads to the needed result.

Due to the Lemma 4.2 and constructions above, it is enough to prove 2) for a bounded
Borel function g : C® — R. Consider correspondence u — ¢(- + u) as a measurable
mapping of R™ into L2(C™, B, u°). Respectively, u — Q%l,-««J%{ (g(- +u)) is a measurable
mapping of R™ into LQ(Sﬁ). Using the Lemma 4.1, it can be realized as a measurable
function hg, .k, : Sfﬁ x R™ — R. Then

g(+u) = Z 11817...,kd(h7€1,m7kd('7u))'

(k1,....ka)EXR
It follows that in L?(C™, B", u“)

g= Y Bkweg o)) obu= > Ik, (k)

(K1seeska) EX, (K1yeeska) EKR

i.e. hg, .. .k, is a measurable realization of the family {Qzl,.._,kdg}ueR"-

Proofs of properties 3) and 4) follow the same scheme. The only distinction is that
they deal with the space L?(Ry x C",P,dt x p*(dw™)) and one needs a sequence of
P—measurable functions that are total in all such spaces. We assert that one can take
functions of the kind a(t,w™) = 1y, 4,1(t)§(to, w™) with rational 0 < to < t; and By, —
measurable function (%o, -). Indeed, any predictable B"—adapted process from L?(R x
C, P, dt x p*(dw™)) is a L2(R, x C", P, dt x u*(dw™))—limit of elementary processes, i.e.
sums of the functions of the kind a(t,w") = 1p,,¢,)(t)€(to,w™) [14, Ch. 4, §5]. It remains
to check that any process h € L?(Ry x C",P,dt x u*(dw™)) is indistinguishable from
a predictable one. Let M(t) be a stochastic integral of h with respect to the Brownian
motion wy (t,w™) = wi(t) on (C™, B™, u*), that is

M(t) = /0 h(s)dw ().
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As follows from [14, Ch. 5, Th. (3.5)], there exists predictable process h € L2(Ry x
C",P,dt x p*(dw™)), such that

M(t) = /O B(s)dws ()

Then [, (h(s) — h(s))dw; (s) = 0. The L2—norm of the left-hand side is the norm of the
difference h — h in L2(Ry x C", P, dt x p*(dw™)). Hence, h = h. O

In the next Lemma measurability properties of operators (42), (43) are stated. Its
proof reduces to the multiple applications of Lemmata 3.2 and 4.2.

Lemma 3.3. 1) Given a measurable function a : Sf‘ X R?:Q x 8™ — R, such that
k
Vtz,.. tn—1,U a( tg,...,tn_l,u) GLQ(SL_‘,O[NQ _____ tn_l,sn(t|k‘,u)dt),
,S™ .
a family {(J, T (aly by ey tymg,w))) 0 Getn=t Yy can be realized as

a measumble function on C™ x Riﬁ X 8™ w.r.t. the family {st2-tn-viu}, .
2) Given a measurable function g : C™ X R”_2 x 8™ = R, such that

Vio,...,th_1,u g( to, ... tn—1, )ELQ(Cn B

Tsn ,

u Ntz ,,,,, t

..,tn,l;u)
)

a family {’R2 B gty b, W) g tn_1u can be realized as a measurable
function on SL‘ R 2 x 8™ w.r.t. the family {o,, st w)dty ey, ity u-

Remark 3.1. Together with the Lemma 4.2, this result imply that Ta is a measur-
able function. From (41) it follows that 7 is the isometry of the space L? (Sfll"“’lkn‘,
De2 n(u)dt'...dt") into the space LQ(Slk L C" pp po1 (PP w™)

""" th—1>

B2yt k2 n—1,
dtt . dtv Tt (dw™)).
Theorem 3.1.

Ay LASET (w)dt' ...dt") — L2(C™, B, v")

\k2 \k"\

are well-defined operators and all the hypotheses (H1)-(H5) hold for a family (A}l ;)

Proof. The property (H4) of {A}, ;. 1}sesn—1 and Lemma 4.2 imply that A}, .a
is a measurable function of (w"~!,w™). Also, when a is a bounded function of compact
support, the property (H4) for {Az17___7kna}ue5n immediately follows.

Properties (H1), (H2) follow from the next calculation.

/ At gera@" w2 D (ot () =
n Ccn—1
Lo A a2 @ )
/ ) o Ta(tl,...,t"_l,w"))gp -1 (" Hw™)dtt ... dt" "t (dw™) =
Sk Ik lwcn Ik2 \k" L

,,,,,

Next we prove that the Hilbert sum of all the spaces
1
AZI k"(LQ(S-‘f [y [E™ ‘,pz n ( )dtldtn))

K277 |k |

coincides with L?(C™, B",v%). Consider f € L*(C", B™,v*). As
]Eu f2 / / n)2yp"’1(w”)(dwnfl)’uu(dwn) < oo,
n Jgn—1
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it follows that f has a version such that f(-,w™) € L2(C"~1, B~ 1, vP" @) for all w.
The inductive assumption imply that f(-,w™) has a series representation

n—1
(46) f('7wn) = Z -Ap . (;:n )1(ak1, kn_l('vwn)),
(kY,....kn=1)eky .. I

where for each w”,

n—1
Uy (™) € LS P w))dE L dt Y.

[K2]7 \k" L

Note that ag,,.., ,(w") = P} ;jjff(f(.,m)). Property (H5) of {AY, ..} and
Lemma 4.2 imply that it is possible to choose functions ay, .. .k measurable in all

n—1
arguments. For fixed (¢!,...,t"71),
n—1
akl,,..,kn,l(tly---,tn ,) ELQ(CH B;Ly” \k2\ b pn— 1\)

as the calculation below shows.

= 1 -1 2
& f a Z /n /s\kl Jkn—1 kl"“’k"*(t PPN ’wn)

(k1 km=1) €KL, aer YET IS T

P2 et (PPN w™)dt AT (dw™) =

K277 =1

= 7L u
Z /Slrkl ..... |km—1] /6 |k2 ‘knl 1‘( )

(kL. k"~ 1)EKL, .. n1
/ oy o (B oo B )2 2 = Y (g g,
From the Lemma 3.1 it follows that each aj1  xn-1 can be represented as a sum
g gnr (B ) =

47 uRy oL 8" 2 -1
U0 S (g B T (@ ) 0 G
knek,
1 n—1 Bk oot o1 1 n—1
Here, api . pn(th,...,t"7,:) = Ryn (a1, gn-1(t',...,t"7",-)) (Corollary
3.1) is measurable in all arguments by the Lemma 3.3. In fact,
gt pn ELQ(SW [ K™ "ptlg - ,l"knl(u)dtl"'dtn)a

as follows from the identity

]EV“’ 2 _
‘f $|k1 ..... |km—1) S\kn\

5 g1 (u)OZN 1 S (t‘k"|’ )akl kn(t s ) dtl d "

2
|k2 ‘kn 1 oyt no

and the definition of functions p (41). Hence, A}y ,.ak1,  n are well-defined and the

series
N Ajen @1 kn

(K1,....km)ERL, .. \n
converges. It remains to check that its sum equals f.
n—1 n
Denote fi1, gn-1(w" ! w") = Ap . (;:n)l(a,kl k-1 (w™) (W), It follows from
(47) and the definition of Z (44), that
g (8T = Y T e ()

knelky,
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n—1

2 - .
in L?(C", Br..., Pl t\k"*l\’u). A straightforward calculation implies that

fur g1 = E Afr gn@r1 g

kneky

Hence, the needed conclusion will follow from

f= > Frt oo 1,

(k' km~1)EK1, . n—1

which in turn is a consequence of (46).
A property (H5) for {A}, ;. }uesn follows from the identity

2, 74..,15"7"17 U n—1(,n
(48) Pl () = RS T (PR (£ w™)),

obtained during the proof.
O

Remark 3.2. Theorems 2.1 and 3.1 not only state the existence of analogues of the Ito-
Wiener expansion for stopped Brownian motion and for n—point motions of the Arratia
flow, but also reduce the calculation of these analogues to the calculation of the It6-
Wiener expansion in the Gaussian case, as follows from (48), (30).

4. TWO RESULTS ON MEASURABLE REALIZATIONS

The first result is a variant of a measurable selection theorem and seems to be known.
Still, we were not able to find a correct reference, so we provide a proof here. In the
first Lemma we consider the space LY of all measurable functions on the measure space
(X, B, u) equipped with the distance do(&1,&2) = E# min(|§ — &2, 1).

Lemma 4.1. Let (Q, F) be a measurable space. For any measurable mappingn : @ — L°
with separable range n(Q) C L°, a family {n(w)}wen can be realized as a measurable
function on X x Q w.r.t. the measure p.

Proof. Let ({,)n>1 be a dense sequence in n(€2). Then for each k > 0

(@) c [Jal,
n>1
where A = B(£,,27F)\ Ui<men BEms 27%) and B(&,r) is an open ball in (LY, dy).
Define ny(z,w) = 2,5, f”(x)ln(w)eAi’“" Each 7y, is a measurable function on X' x Q.

From inequality

sup dO(W(W)7 nk('v w)) < 2_k'
weN

it follows that for each w € Q ni(-,w) = N(w) a.s., k — oco. Hence,

5 limg 00 Mg (2, w), the limit exists
iz, w) = .
0, otherwise

is a measurable realization of {n(w)}weq. O

The main distinction of the next Lemma from usual measurable selection theorems is
that it describes measurable realizations for families of measurable functions with values
in different measure spaces.
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Lemma 4.2. Let (X,Bx), (V,By), (2, F) be measurable spaces, (u*)weq, (V*)wen be
regular families of measures on (X,Bx), (¥, By), respectively. For each w € ) let

AY L2(XaBXan) — Lz(yvb,y’yw)

be a bounded linear operator. Assume that

1) there exist sequences of measurable functions f, : X — R, k, : Y — R such that for
every w € ) the sequence (fn)n>1 is total in L*(X, Bx, u®) and the sequence (kp)n>1 is
total in L*(Y, By, v¥);

2) for each n > 1 a family {A% f,}weq can be realized as a measurable function on
YV x Q w.r.t. the family {v¥}ueq-

Then given a measurable g : X x Q — R such that Vw € Q g(-,w) € L*(X, By, u*),
a family {A“(g(-,w))}}weq can be realized as a measurable function on Y X Q w.r.t. the

family {v*}weq.

Proof. At first we construct a suitable family of orthonormal bases in L?(X, By, u®). We
apply the Gram—Schmidt orthonormalization procedure to a sequence (fy)n>1, whose
existence is stipulated in the conditions of the Lemma, i.e. put

—1/2
e1(z,w) = (/X ffd;ﬂ) i@y, p2apesoys

n(,0) = ( | frae —Z}_ji( / fnek<-,w>dw>2)1/2<fn<x>—

n—1

=S Faek i en N, st g, i
k=1

As a result we obtain functions e,, of the form
(49) en(z,w) =Y enr(w) fil@),
k=1

such that for each w a set {e,(-,w), [} en(z,w)?p?(dz) > 0} is an orthonormal basis in
L2(X, ng, ,U/w).

The same considerations with (kj,),>1 imply that there exists a sequence of measurable
functions j, : ¥ x @ — R, such that for each w a set {j,.(-,w), [;, Jn(y,w)?v¥(dy) > 0} is
an orthonormal basis in L2(Y, By, *).

Consider a measurable g : X x @ — R such that Yw € Q g(-,w) € L*(X,Bx, u®).
Then in L?(Y, By, v¥),

o0

A(gw)) = ( / g<~,w>en<-,w)duw)Men(-,w))

n=1

From (49) and the assumption of the Lemma, each family {A“(e,(-,w))}wen can be
realized as a measurable function on ) x €. Integrating A% (g(-,w)) with jx(-,w) gives

/ A (gl )d = 3 ([ stwrentran)( / A (enCs i) ).

n=1

Consequently, the mapping w — fy A“(g(+,w)) (-, w)dv* is measurable. Define

(9, 0) = Z ( /y A%g(»w))jk(o,w)dW)jk@,w).
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For each | > 1 define

miw) = minn>1: ([ At ) <27,

k>n

Every function h,, (.)(y,w) is measurable and

Hence,

Vw{|"4w(g('7w)) - hnl(w)('ywﬂ > l/l} < 12271.
for each w,
hnz(w)('vw) — A (g(-,w)), v¥ —as.

and the function

il( ) lim;_ o h’nl(w)(va)v the limit exists
) w = .
Y 0, otherwise

is a mesurable realization of {A“(g(-,w))}weq- O
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11.

12.

13.

14.

15.

16.
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