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V. V. FOMICHOV

EVOLUTION OF MOMENTS OF ISOTROPIC BROWNIAN
STOCHASTIC FLOWS

In this paper we consider the asymptotic behaviour of all moments of the interparticle
distance and of all mixed moments of an isotropic Brownian stochastic flow which
serves as a smooth approximation of the Arratia flow.

1. INTRODUCTION

Studying the dynamics of the moments of different physical and chemical parameters
is usually a crucial element of the stochastic analysis of such fields as chemical kinetics,
subsurface solute transport, neural networks modelling, etc. For instance, in [4], [5] some
PDEs are obtained for the first and second unconditional and conditional moments of
solute concentration (see also [1, Chapter 4]). The derivation of moment equations for
n-dimensional Markov processes for any n € N using derivative, or jump, moments is
presented in [12]. Furthermore, relations between the moments of a given distribution
may provide some information about it when its precise form is not known, which is often
the case in real applications of stochastic analysis. For instance, the moments of centered
jointly Gaussian random variables must satisfy the relations implied by the well-known
Wick formula, which allows to establish that the distribution of a given random vector
is not Gaussian and to determine how much it deviates from the Gaussian distribution.
For a more detailed discussion of the moment approach in applications see [12] and the
references in it.

In this paper we are concerned with the asymptotic behaviour of the moments of a
smooth approximation of the Arratia flow. To be more precise, we consider the following
stochastic integral equation:

z(u,t) =u —l—/o /Rgo(x(u, s)—q)W(dg,ds), t>0, wu€R, (1.1)

where W is a Wiener sheet on Rx R, and the function ¢ € C°°(R) has a compact support
(we denote it as ¢ € C§°(R)), is non-negative and such that ¢(q) = ¢(—q), ¢ € R, and
HQPH%AM = [z ¢*(q)dg = 1 (on integration with respect to a Wiener sheet see [13], [7],
[3]). Under these conditions on the function ¢ this equation has a unique solution for
every u € R, and the corresponding family of random mappings z(-,¢t) : R+— R, ¢ > 0,
defines an isotropic Brownian stochastic flow of C*°-diffeomorphisms (see [8]). Moreover,

if for every € > 0 we set
1

¢e(q) = Nad (g) , qER,

and denote by z.(u,t) the solution of the stochastic integral equation
t
ze(u,t) =u +/ / ve(xe(u,s) — @) W(dg,ds), t>0, ueR,
0o Jr
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then for all n € N the n-point motion of the corresponding stochastic flow converges
weakly in C([0;1],R™) as € — 0 to the n-point motion of the Arratia flow (see [2]).

Here we consider the asymptotic behaviour of all moments of the interparticle distance
and of all mixed moments of the stochastic flow generated by the solutions of equation
(1.1). Although we restrict ourselves to this special choice of stochastic flow, our main
results can be easily transferred to a more general case. More precisely, Theorem 2.6
holds for any one-dimensional isotropic Brownian stochastic flow provided its covariance
function b satisfies the following conditions:

b(z) =1« 2=0, (1.2)
. 1=b(z)
Vn eN: 1i_{n 2"b(z) = 0. (1.4)

Note that, due to the non-negative definiteness of b, these conditions are sufficient for
conditions (2.7) and (2.8) to be fulfilled. Moreover, they imply that

s
d
V6 >0: / - 400,
o 1-0(z)
and so, using Feller’s criterion of accessibility, we conclude that the particles of the
stochastic flow do not coalesce with probability one (see [11]). On the other hand, no

additional conditions apart from the covariance function being continuous and equal to
one at the point zero are needed for Theorem 3.3 to hold.

2. ASYMPTOTICS OF THE INTERPARTICLE DISTANCE

As for any one-dimensional isotropic Brownian stochastic flow (see [9]), the distance
between any two particles of the flow converges to zero almost surely:

Vu,v € R : tl}xﬁloo (x(u,t) —z(v,t)) =0 a. s. (2.1)

In our case the behaviour of the stochastic process

& = &(u,v) = z(u,t) —x(v,t), t>0,
can be described in more detail. We prove that for any u,v € R, u > v, the stochastic
process {—1In&;};>o is almost surely of order ¢t as t — +oo and that for any u,v € R,

u # v, and n € N the moment E£}* is of order t"7 as t — +oo.
However, before stating the exact results, for the sake of completeness, we formulate
an elementary proposition that will be often used in this paper.

Proposition 2.1. Let f be a locally (Riemann,) integrable function on [0;+00) such that
t_13+moof(t) =ceRU{—o0,+0c0}.
Then
1t
lim / f(s)ds =c.
0

t—+oo t
Proof. First assume that ¢ € R. Then for arbitrary € > 0 there exist t; > 0 and t5 > 0
such that -
Vit >t |f(t)—c|<§,

I
Vit >ty ’t/o (f(s) —c)ds

Therefore, for any ¢ > max{t;, 2} we have

[ s - < ]1/0“<f<s>—c>ds

t

<<€
9

+ ll/t(f(s) —o)ds

<
tJs,
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b 1 ¢ 9 t—1t1 €
- —c)d - —cds < = =<
D] e o)+ [ —das < S+ 50 <
which proves the desired result for ¢ € R.

Now assume that ¢ = +00. Then for arbitrary M > 0 there exist ¢; > 0, to > 0, and

ts > 0 such that

<

' 1

Vit f(t) > 2M,

I 1
Vit > tg: f/ f(s)ds| < =M,
t—t 3
YVt > t3: 7 ! > —
Therefore, for any ¢t > max{t1,te,t3} we have
[t I I 1 t—t
7/ f(s)ds:f/ f(s)ds—kf/ f(s)ds > —=-M + LooMm > M,
t Jo t Jo t ), 2 t
which proves the desired result for ¢ = 4-oc0.
The proof for ¢ = —oc0 is similar. (|

Besides, to simplify our considerations we will need some notations. Set

8= [ ¢+ aelods, eR
It is easy to see that the function ® has the following properties:
e CP(R),
O(z) =d(—2), z€R,
VzeR: 0<®P(2)<1; P(2)=1<=2=0.

The first two are obvious, and to prove the third, note (see [6, Theorem 188]) that in
Holder’s inequality

B(z) = /R (= + 0)p(a)dg < ¢ /R (2 + q)dq - ¢ /R o2 (q)dg = 1

the sign of equality is possible if and only if the functions ¢(z + -) and ¢(-) are propor-
tional. This is now equivalent to the identity
e(z+4q)=v(q), qeR,

and since the function ¢ has a compact support, it is possible if and only if z = 0.
Note that the functions z — ®(z) and z — 2"®(z), n € N, are bounded, and so,
combining (2.1) and the dominated convergence theorem yields the relations

Ed(xz(u,t) — z(v,t)) = 1, t— +oo, (2.2)

E[(z(u,t) — x(v,t)" ®(z(u,t) — z(v,t))] = 0, t— 400, ne€N. (2.3)
Also, set
o(z) :=v2(1—-®(2)), z€eR.
It follows then from the properties of ® that
o € C1((=00;0]) N C([0; +00)),
o(z) =0(-2), z€eR,
0<0(2)<V2, 2€R; 0(2)=0<=2=0.
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With the help of these functions the joint quadratic variation of {z(u,t)};>¢ and
{z(v,t)}4>0 and the quadratic variation of {{;},>¢ can be written as

@w»ww»n=[;4¢mm@—@wau@—m@w=

:/0 O(x(u,s) — z(v,8))ds, t>0, a.s.

and

() = (x(u,") = x(v,-)), = /O /R lp(a(u,5) — a) — p(a(v,s) - ¢)] dgds =

t

= / 2 —2®(z(u,s) — x(v,s))]ds = / o?(x(u,s) —x(v,s))ds, t>0, a.s.
0 0

Now we can prove the following theorem (note that the right-hand side of the equality
below coincides with the Lyapunov exponent of the stochastic flow).

Theorem 2.2. With probability one for any u,v € R, u > v,
1 1
t_13+moo n In(z(u,t) — x(v,t)) = —§L’7

where L' 1= HSO/“QLQ(R) > 0.

Proof. The stochastic process {&; = z(u,t) — z(v,t)}+>0 is strictly positive for all £ > 0
with probability one and satisfies the stochastic integral equation

@zw—w+Aa@mm,tzm

where {f;}:>0 is a Wiener process defined on the same probability space (see the proof
of Theorem 3.4). Therefore, It6’s formula yields that

1o 1ol 1 [1o%E)
—In& = -In(u— = dfs — — ds, t>0.
, né; , n(u v)—l—t/o €. Ié] Qt/o e s >
On the one hand, it follows from (2.1) and
2 21—-9
lim T3 g w = — lim @"(2) = —3"(0) = L' (2.4)
z—0+ z z—0+ z z—0+
that )
lim Z (2&) =L a. s,
t—+oo gt
which implies that
1 [ o%(&,
lim f/ g (5‘)ds =L a s (2.5)
totoo t Jo o &2

On the other hand, the martingale

has the quadratic variation
t 2
(m), :/ g (§S)ds, t>0, a.s.,
0 fs
which, due to the boundedness of the function (0; +00) 3 z = 02(2)/2% € (0;+00), can

be estimated in the following way:

(m), <Kt, t>0, a.s.,
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where K := sup,-(c%(z)/z?). So,

1
—m ) <t, t>0, a.s.,
(=),

and from the representation

\/—?mt:ﬁ%ﬁm%, tZO, a. S.,

where {Et}tzo is a standard Wiener process (maybe defined on an extended probability
space), we obtain

——my = 1 < su 1 < max t>0, a.s.
VK P> ogsgt5<¢?m>s ogsstﬁs’ ’ ’

and

—my =8 > inf B > min B,, t>0, a.s.
\/fmt 5<¢%m>f _oggt6<ﬁm>s = o?igtﬁs’ =Y &8
However, the law of the iterated logarithm implies that
~ 1 ~
lim - min 8= lim - max 8, =0 a. s,
t—+oo T 0<s<t t——+oo T 0<s<t

and so,

1
lim -m;=0 a.s. (2.6)

t—+4o0 ¢
Thus, from (2.5) and (2.6) we conclude that for any u,v € R, u > v,
.1 1,
tllgloo gln (x(u,t) — z(v,t)) = —§L a. s.,
and the assertion of the theorem now follows from the strict monotonicity of x(u,t) with
respect to the spatial variable for all ¢ > 0 with probability one. (]

Corollary 2.3. With probability one for any u,v € R, u # v,

lim lln(l — ®(z(u,t) — z(v,t))) = L.

t—+oco t

Proof. This follows immediately from (2.4), Theorem 2.2 and the symmetry of the func-
tion ®. (]

To prove the next theorem we will need a result concerning the evolution of a mass
distribution in an isotropic Brownian stochastic flow.

Theorem 2.4 ([14, Chapter 3, Theorem 2.20]). Let {Fs;}o<s<t<+oo be the isotropic
Brownian stochastic flow generated by a Brownian motion U in C(R,R), i. e. such that

t
Fs,t(u):u—i—/ U(Fsr(u),dr), 0<s<t<+4oo, u€eR

Suppose that its covariance function b has the following properties:

. bo—b(z)
and
16% = (bo = D)[|* < bo - [|bo — b, (2.8)

where by := b(0), b* is the minimal concave majorant of the function by —b on Ry and

[fIl:=sup )If(Z)|~

z€[0;400
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Also, suppose that a probability measure My on R satisfies the condition

Je>0: / =1 Mo (du) < +oc. (2.9)
R

Then for

Di= [ (u=CoPMifdu), ¢ 0.

R
where
M; = Moo Fy !, t>0,

and

Ct = / th(du), t> 0,
R

there exist functions | and m such that
1
I(t) < —ED; < m(t), t>0,
(t) < ED: < (t)

and

tll+mool(t) =,

tlg-noc m(t> = €7 Moo

where loo and me, are strictly positive constants depending only on the function b, and
the constant c is given by

c:/R/R|u—v|M0(du)Mo(dv).

Remark 2.5. The constants [, and m, are defined by the equalities

L m,<nmwm*<%wg
oo T b
us 2 ¥
_Vgnm—w
Moo =\~ —,

@ Y

where 7 < 1/2by can be taken arbitrarily close to v/2bg (certainly, with a change of the
functions [ and m).

Theorem 2.6. For any u,v € R and n € NU {0}

. 1 2n+1 _ on n
tl}gloo o (x(u,t) — z(v,t)) =2"-2n+ 1! (u—v) (2.10)
and
L9n. Ny — im — — nt2
e 2" 2n+2) - Ju—v| < t—li—&-moo 75(2n+1)/2E ((u,t) — x(v,t)) <

< dm B e t) - 2w, )" <2 2n+ 2N Ju— o] (2.11)

with the constants c. and c* given by

2
«=—=1—||F-(1-9)|) >0,
e = —=(1=|F ~(1-)])
where F is the minimal concave majorant of the function 1 — ® on Ry, and
2

NG

¢ =
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Proof. Set
h(t) == E (z(u,t) — z(v,t))"™, meN.
Then, using Itd’s formula and Fubini’s theorem, we get

Bmio(t) = E (2(u, t) — 2(v, )™ = (u —v)" T2 +

+(m+2)(m+ 1)/0 E[(z(u,s) — x(v,s))" (1 — ®(z(u, s) — x(v,s)))] ds =
=(u—v)""? 4+ (m m t m(8)ds—
= (=)™ (m +2(m+1) [ h5)d

¢
—(m+2)(m+1) / E|[(z(u,s) — x(v,s))" ®(x(u,s) — z(v, s))] ds,
0
and so, (2.3) implies that
¢
hnsa(t) = (m+ 2(m -+ 1) [ hn(s)ds +0(0), ¢ o0, (2.12)
0
Obviously, we have
hi(t) =u—w,
i. e. for n = 0 relation (2.10) is true. Assume that it is true for n = k > 0. Then for

n =k + 1 using I’Hopital’s rule we get

t
o hopgs(t) _ Jo hakya(s)ds
Jm =y =@k +3)(2k+2) . lim S =
=2-(2k+3)- lim M=2k+1-(2k+3)”-(u—v)
t——4o00 tk v ?

and the principle of mathematical induction implies the first part.
To prove the second part we will apply Theorem 2.4. To verify the conditions note
that (2.4) implies (2.7), and (2.8) takes the form

IF—(1-®)| <1.
However, it is easy to see that now we can construct a function F of the form
F(z) = min{1;az}, 2z >0,
where the coefficient a > 0 is sufficiently large, such that
1-®(z) < F(2), z>0,

and so,
[F-(1-@) <[F-(1-2)<1
(the last inequality follows from (2.4) and the continuity of ®). Finally, if we set

1
MO = 5(5u + 61))7

where J, is the Dirac measure at a point @ € R, then condition (2.9) is also fulfilled.
Thus, by Theorem 2.4, we have

| S (1 JF-a-wy_ 1 :
§|U—”| : \/; (\@ - 7) < t_l%oo ME(JC(UJ) —z(v,1))” <
8 1

1 1
< i — — 2 Zy—uloal2
< tilgrnoo 4\/EE(ac(u,t) z(v,t))° < 5 lu—v| -1/ by

Recalling that v can be chosen arbitrarily close to v/2, we get

1
—ha(t) < ¢ -2 |u—v|

Vit

1 _
e 2lu—v| < lim —ho(t) < lim
t——+oo

t——+o0 \/z



EVOLUTION OF MOMENTS OF ISOTROPIC BROWNIAN STOCHASTIC FLOWS 21

with the constants ¢, and c¢* defined above, i. e. for n = 0 relation (2.11) is true.
Assuming that it is true for n = k£ > 0 we obtain that for arbitrary constants
c1 < ey 282k 21 Ju — o
and
co > 28 2k +2)I1 - Ju — v
there exists ¢y > 0 such that for any t > ¢ the inequalities

hari2(t) _ e

€< 12k+1)/2 =

hold. Hence, for any ¢t > to we have
t t
/ h2k+2(5)d8 = E(t) +/ h2k+2(5)d5 Z
0 to

_ 2¢1 2k+3)/2
S 5(8) + 2L p2kt3)/2 _ _
zo)+ g5 0 )

_ 2c1
— o(t L4(2k43)/2 4
o(t) + %13 , — o0,

and
t

t
h2k+2(5)d8 = E(t) +/ h2k+2(5)d5 S

0 to
B 2co : 2k+3)/2
< 5(t _292 (4 (2k43)/2 _ t( _
<o) + 5o - O
202
—5(t _f2 4ek+3)/2 '
o(t) + %13 , — 400

So, using (2.12) we get

. 2k+4
2e1 - (2k+4) < lim s B (2(u, ) — 2(v, 1)) <

totoot

— 1 2k+4
< - — < 9y - .
< tl}rgloo eT=E Y E (x(u,t) — z(v,t)) <2cq- (2k+4)
Recalling that the constants ¢; and ¢y can be taken arbitrarily close to their bounds, we
conclude that (2.11) is also true for n = k + 1. Applying the principle of mathematical

induction completes the proof. ([

3. ASYMPTOTICS OF THE MIXED MOMENTS

In this section we prove that for any n € N and wuq,...,u2, € R the mixed mo-
ment E[z(ug,t)...z(uan,t)] is of order t" as ¢ — +oo and that for any n € N and
Uy,. .., Uzn—1 € R the mixed moment E [z(u1,t) ... 2 (usn_1,t)] is 6(t""2) as t — +oo.

We will need some additional notations. For n € N denote by C™ the space C([0; 1], R™)
and define the norm

[ flln = [nax | max Ifx(®)],

where f: (f1,..., fn) € C™. Note that C™ with the metric induced by this norm is a
complete separable metric space.
Also, for any u € R set

T(u,t) := z(u,t) —u, t>0,
and for any 7' > 0 and u € R set
1
ﬁ(

1
Tr(u,t) = —=T(u, Tt) =

z(u, z(u, Tt) —u), 0<t<1.
T (w.Tt) )
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Finally, Zr will stand for the random element (Zr(u1,-),...,Zr(tns,)) in the space C™
for arbitrary uq,...,u, € R.

Lemma 3.1. The following propositions are true:

(i) Vu,veR Ve>0: limp o P{maxo<i<i [Tr(u,t) —Tr(v,t)| > e} =0;

(i) P{Vu,v e R: limp_ 4o maxo<i<i [Tr(u,t) —Tr(v,t)] =0} = 1;

(iii) YR >0: Wmr_ o0 SUP, e[ pim) B (Maxoci<t [Tr(u,t) — Fr (v, 1)])° = 0.

Proof. Clearly, (i) is implied by (i), and (i) follows from the relations

< T — =
0 = Olgtagxl |IT(uvt) JiT('U,t)|

1 1
— — - —_(u—w)| <
[nax \/T(x(u,Tt) (v, Tt)) \/T(u v)| <
1 1
< — max |z(u,t) — z(v,t)| + —= |u — v|

= T 0<t<T VT
and (2.1) together with the monotonicity of x(u,t) with respect to the spatial variable
for all ¢ > 0 with probability one.
To prove (ii7) note that from Doob’s inequality we get the estimate

E (0127?5){1 [Zr (u,t) — xT(v,t)|> <A4E (Tr(u,1) — Zp(v, 1)) =

=4 (Ez7(u, 1) + Ez7.(v,1) — 2EZp(u, 1)Tr (v, 1)) =

1 4 [T
=8(1—- =Ez(v,T)Z(v,T) | = —/ Eo?(x(u,s) — z(v, s))ds.
T T Jo
Using monotonicity again, we obtain that with probability one

o(x(u,t) — z(v,t)) < o*(z(u,t) —z(v,t)) < o*(x(R,t) — x(—R,t)), t>0,

where
c*(z):= sup o(2), zeRy,
z'€[—2z;z]
and so, we can write
2 4 T
T —T < = *2 — (- . .
E (0%1%}{1 [T (u,t) xT(v,t)|) < T/o Eo**(x(R,s) — z(—R,s))ds (3.1)

Combining (3.1) and
Eo*?(z(R,t) — x(—R,t)) — 0*2(0) =0, t— +oo,
which is implied by the dominated convergence theorem, yields the required result. [l

Lemma 3.2. Let sp be the distribution of Tr in C™, 3z, be the distribution of the
random element W = (w(-),...,w(-)) in C", where {w(t)}ieo:1) is a standard Wiener
process. Then »p converges weakly to s, as T — 400.

Proof. Because of the scaling invariance of the Wiener process the marginal distributions
of every measure s coincide with the distribution of a standard Wiener process. Hence,
the family of probability measures {3 }r~o is weakly compact. Therefore, it is enough
to show that for any sequence {T}}%2, of positive real numbers, for which

lim T = 400

k— o0
and the weak limit

lim s, =: 2
k—o0

exists, the equality
=y,
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holds. To do this, note that by Lemma 3.1 for any € > 0 and 4,j € {1,...,n} we have

0= / I max [£:(t) = f3()] > e}(df) <

—

< lim A max |fi(t) = f(8)] > e}sen (df) =

k—ooJCOn 0<t<1
= lim P{ Jnax, [Z7, (ui, t) — ZTp, (uj,t)] > e} =0,

k—o0
where II{A} stands for the indicator function of a set A. This implies that
»({feC" | fi=...=fu})=1
To finish the proof note that the marginal distributions of s also coincide with the
distribution of a standard Wiener process. ([l

Theorem 3.3. The following propositions are true:

. 1
Vn>1 VYuy,...,us_1 €R: tilgloo pro E[z(uy,t)...x(ugp—1,t)] =0, (3.2)
1
Yn>1 Yui,...,us, € R: thgl —Ez(ui,t) ... z(un,t)] = (2n — 1)L (3.3)
—+00

Proof. Note that for every p > 0 we have

sup/ Hﬂm%T(df) = supE {max max xT(ul,t)|p] <
n >0

1<i<n 0<t<1
< E O =n-E b
mp Z o, wr (w0 | =B s (0| <+
where {w(t)};eq0,1) is a standard Wiener process. So, for any s > 0

TEIBOOE [Zr(u1,$)...Tr(ugn—1,8)] =

~ lim So(fr - fano1)ser(df) =

T—+o0 C2n—1

= /Czni1 ds(f1-... .fzn_1)%w(df) — E(w<8))2n—1 —0

and

TEIEOO E [Z7(u1,$) ... Tr(uan, )] =

= lim Os(f1--..- f2n)%T(df) =

T—+o00 o2n

= [ bulfie fon) 2w (df) = B (w(s))* = (2n — 1! 5",
C n
where J; is the delta function at the point s. On the other hand, for any s > 0

T1—1>I-{-loo E [ET (ul, S) e fT(Uanl, S)} =

: 1 _ _
= T1—1>r£oo Tl E[Z(u1,Ts)...T(uzp-1,T8)] =

1 1
— "1 E [Z(u,t) . .. F(tan_1,t
S 2 t_g_noo t’ﬂ—% [x(uh ) LL‘(UQ 1 )]
and
TETOO E [Zr(u1,$)...Tr(ugn, 8)] =

= lim inE [Z(u1,Ts)...T(uzn, Ts)] =

T—400
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1
—s". lim tTLE [j(uht) . .E(U2nat)] :

t——+oo

Thus, we obtain that

. 1 _ _
VYn>1 Yup,...,usp_1 €ER: t—l)HJpoo pres E[z(u1,t)...T(ugn-1,t)] =0 (3.4)
and
1
Yn>1 Vuq,...,uz, €R: . lir+n t—E [T(u1,t) ... T(ugn, t)] = (2n — . (3.5)
— o0 T

To prove (3.2) and (3.3) we will use the principle of mathematical induction. Note
that for any u,v € R we have

1
—Ex(u,t) = LN 0, t— +oo0,

Vit Vi
and 1 1 U
EE [x(u, t)z(v,t)] = ;E [T(u, )T (v, t)] + - =
= %/0 E®(z(u,s) — x(v,s))ds + % =1, t— +oo,

i. e. for n =1 both (3.2) and (3.3) are true. Assume that they are true for n = k > 1.
Then for n = k& + 1 we have

(1) = Bl 1) Tluzess, 0] =

1
= 7 E[(@(u1,t) —u1) ... (2(uzks1,t) — ugps1)] =
thts
1 1
=0T (E [x(ul, t) ce x(’Lsz+1, t)] + 5(tk+2 )) =
thts
1
= —1E[z(u,t).. . x(ugpsr, )] +0(1), t— +o0,
thtz
and so,
1 _ _
WE [1‘(U1, t) N $(U2k+2, t)] =
= tkﬁE [(a:(ul, t) — ul) N ($<UQk+2, t) — u2k+2)} =
1 _ 1
= i (Bl ) a(usies, 0] +(44E)) =
= tkﬁE [z(u1,t) ... x(uggs2,t)] +0(1), t— +oo,
which implies that (3.2) and (3.3) are also true for n = k + 1. Applying the principle of
mathematical induction yields the desired result. O

Although Theorem 3.3 establishes the exact asymptotic behaviour of all even mo-
ments, the result concerning the odd moments is not the best possible. This is shown
by Proposition 3.10. Its proof is based on the following theorem, which itself can be of
interest.

Theorem 3.4. For any u,v € R and t > 0 the equalities

E (Z(u,t)|Z(u, s) — T(v,5),0 < s <) = % (Z(u,t) —T(v,t)), (3.6)
E (T(U,t)\f(ua 5) - T(U7 5)70 <s< t) = 7% (f(uvt) - j(vvt)) (37)

hold almost surely.

For the proof of this theorem we need the following two results.
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Theorem 3.5 ([10, Chapter 5, Theorem 5.12]). Suppose that the martingale m =
(mt7ft)tE[O'T] has continuous trajectories and its quadratic variation can be represented
in the form

¢
<m>t:/ a’ds, 0<t<T,
0

where the nonanticipative function a; = a(w,t) is such that a(w,t) > 0 almost everywhere
on Q x [0; T] with respect to the measure P @ A, where X is the one-dimensional Lebesgue
measure. Then, on the initial probability space, there exists a standard Wiener process
6= (5tv]:t)te[0;T] such that with probability one

t
mt:moJr/ asdfs, 0<t<T.
0

Remark 3.6. The Wiener process {3 }+cjo;7] in Theorem 3.5 can be defined as

t
dmg
ﬂt:/ Ms  g<t<T.
0

Qs

Lemma 3.7. Let the stochastic process 1 = (1, Ft)iejoyr) be a strong solution of the
stochastic integral equation

t
m:no+/ b(ns)dBs, 0<t<T,
0

where 3 = (B¢, Fi)tejoyr) is a standard Wiener process and the function b is such that

b <C-(1+u]), uweR,

T2 _
P{/0 b (nt)dt<+oo}—1,

b(ne) >0

almost everywhere on ) x [0; T] with respect to the measure P ® X, where X is the one-
dimensional Lebesgue measure.

Then for any square-integrable martingale m = (my, Fi)iepo;1) the stochastic process
{m{ = E(m¢|F")}icior), where F' == o(n5,0 < s < t), has the following properties:

and

1) (m}, F{)ieosr s a square-integrable martingale;
2) (m{, Fi')epo;r) has a continuous modification;
3) the continuous modification of (m{, F{')ic(o,r) permits P-a. s. the representation

¢
m?:mg+/0E<§s<m,B>s|f;’>d,Bs, 0<t<T.

The proof is similar to that of [10, Chapter 5, Theorem 5.16] and [10, Chapter 8,
Theorem 8.1] and therefore omitted.

Remark 3.8. Theorem 3.5 and Lemma 3.7 can be easily extended to the case of the
infinite time interval [0; +00) (in Lemma 3.7 square-integrability only on finite intervals
should be used in both places). It is in this form that we will use them in the proof of
Theorem 3.4.

Proof of Theorem 3.4. If w = v, then equalities (3.6) and (3.7) are obvious. Therefore,
we assume that v # v. Then the diffeomorphic property of the stochastic flow implies
that with probability one

& =x(u,t) —x(v,t) £0, t>0,
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and so, with probability one
U(ft) > O, t Z 0.
Thus, by Theorem 3.5, we can write

t
&= (u—v) —|—/ o(&)dBs, t>0, a.s.,
0

_ [t dgs
ﬂt*/o U(fs)’ tZO

where

Then

So,

1
t 702(58) t
<§(U7 ')7ﬂ>t = /O 20‘(53) ds = %/O J(gs)dS, t>0, a.s.

Thus, using Lemma 3.7, we get
E (Z(u,t)|T(u, s) — T(v,5),0 < s < t) =
E (Z(u,t)|x(u,s) — z(v,5),0 < s <t) =E (T(u,t)|:,0 < s < t) =

:/' ( mmo<r<s>#g—§/dd@mm::

1
= 5(@ —(u—v)) = i(f(u,t) —z(v,t)), t>0, a.s.,
which proves (3.6). Equality (3.7) is a direct consequence of equality (3.6).

Corollary 3.9. For any u,v € R we have

lim E[z(u,t)®(z(u,t) — z(v,t))] = %(u + ).

t——+oo
Proof. Using Theorem 3.4, we get the equalities
E [Z(u, t)®(x(u,t) — z(v,t))] =
=E[®(x(u,t) — z(v,t))E(Z(u,t)|T(u, s) — T(v,5),0 < s < t)] =

= %E [(Z(u,t) —Z(v,t)) D(x(u,t) — z(v,t))] =
= SB[, 1) — a0, 1)) Bl 1)  2(v,1))] -
—%(u —0)E®(x(u,t) — z(v,t)),

and so,

E [z(u,t)®(x(u,t) — z(v,t))] =
= SB[, 1) — (0, 1)) Bla(u, 1) — a(v,1))] +

1
+§(u +0)E®(z(u,t) — z(v,1)).
Applying (2.2) and (2.3) completes the proof.
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Proposition 3.10. For any u,v € R we have

lim 1E [2%(u, )z (v, t)] = u+ 2v.

t—+oo t

Proof. Using Itd’s formula and Fubini’s theorem, we get
¢
E [2%(u,t)z(v,t)] = vv + ot + 2/ E [z(u, s)®(x(u, s) — z(v, s))] ds,
0
which together with (3.8) yields the desired result. O
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