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V. V. FOMICHOV

A NOTE ON WEAK CONVERGENCE OF THE n-POINT MOTIONS
OF HARRIS FLOWS

In this note we extend the main results of [2] and [8], which concern the weak con-
vergence of the n-point motions of smooth Harris flows to those of the Arratia flow,
to the case when the covariance functions of these Harris flows converge pointwise to
a covariance function whose support is of zero Lebesgue measure.

The main aim of this note is to generalize the results of [2] and [8] concerning the
weak convergence of the n-point motions of Harris flows.
We begin by recalling the definition of a Harris flow (e. g., see [3, Definition 1.2]).

Definition 1. A random field {z(u,t), u € R, ¢t > 0} is called a Harris flow with
covariance function I' if it satisfies the following conditions:

(i) for any u € R the stochastic process {x(u,t), ¢t > 0} is a Brownian motion with
respect to the common filtration (F; := o{z(v,s), v € R, 0 < s < t})>0 such
that z(u,0) = u;

(ii) for any w,v € R, if u < v, then z(u,t) < x(v,t) for all t > 0;

(iii) for any u,v € R the joint quadratic variation of the martingales {z(u,t), t > 0}
and {z(v,t), t > 0} is given by

(@(u,-),z(v,-)), = /F(x(u,s) —z(v,8))ds, t>=0.
0

Note that the function I' is necessarily non-negative definite and, in particular, sym-
metric. Besides, without loss of generality we always assume that

ro) =1,

so that the one-point motions of Harris flows we consider are standard Brownian motions.

The existence of random fields satisfying the above conditions (i), (ii) and (iii) under
mild assumptions on the covariance function was proved in [4].

A Harris flow with covariance function I' = 1l is called the Arratia flow (here
Ta(z) = U{z € A} stands for the indicator function of the set A). It is one of the
first examples of Harris flows and was initially constructed in [1] as the weak limit of a
family of coalescing simple random walks. Throughout this paper the Arratia flow will
be denoted by {zo(u,t), u € R, t > 0}.

It is convenient to construct Harris flows with a smooth covariance function as solutions
of stochastic differential or integral equations. To be more precise, let us consider the
following stochastic integral equation:

1) s(wt) =t [ [elous) ~ 9 Widg.ds), t>0.
0 R
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where u € R plays the role of a parameter, W is a Wiener sheet on R x [0; +00) and the
function ¢ € C§°(R,[0; +00)) (i. e. infinitely differentiable and with compact support)
is symmetric and has a unit Lo-norm.

It is known [2] that under these conditions on the function ¢ this equation has a
unique strong solution for every u € R and the random field {z(u,t), u € R, t > 0} is a
Harris flow with covariance function I' given by

I'(z) := /<P(Z+Q)<P(Q) dg, z€R.

Now we can formulate the main results of [2] and [8]. Although these results were
proved for the case of the finite time interval [0; 1], their proofs remain valid for the more
general case of the infinite time interval [0; +00) and it is in this form that we formulate
them below.

Theorem 2. [2, Theorem 3] For € > 0 define
L rq
(2) eela)i= 7o (7) acR,
and let {x.(u,t), uw € R, t = 0} be the Harris flow formed by the solutions of the

stochastic integral equation (1) with @ instead of . Then for any n € N and for any
U, ..., U, € R the weak convergence

(ze(ur, )y Te(Un,y ) — (zo(ut, ), ... 2o(Un, ), € — 0+,
takes place in the space C([0;+00), R™).
Note that in this case for the covariance function I'. of the Harris flow z. we have
VzeR: T.(z) — l(2), &— 0+,
and also
(3) ©? — 6, € — 0+,

in the sense of generalized functions (here and below d, stands for the delta function at
point a € R).

In [8] it was shown that the assertion of this theorem still holds true even if 2
converges to a generalized function distinct from dg.

Theorem 3. [8, p. 1538] For e > 0 define

pe(q) = \\/gcp (q;m) + \\/gw <q;a2> , q€R,

where 0 < o, 8 < 1, a+ B =1, and a1 < az, and let {x(u,t), u € R, t > 0} be the
Harris flow formed by the solutions of the stochastic integral equation (1) with . instead
of ¢. Then for any n € N and for any uq,...,u, € R the weak convergence

(2e(ury )y Te(Un,y ) — (xo(ut, ), 20(Un, ), € — 0+,
takes place in the space C([0; 4+00), R™).

Note that in this case for the covariance function I', of the Harris flow z. we have
VzeR: T.(z) — \/aﬂ-ll{_b}(z)+ll{0}(z)+ \/ozﬂ~ll{+b}(z), e — 0+,
where b := as — a1, and also
(4) %02 — a§a1 + 66(127 g — 0+7

in the sense of generalized functions.
Here we show that the proof presented in [8] can be extended to the case when the
right-hand side of (4) is replaced by a discrete probability measure on the real line
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satisfying some mild conditions. To be more precise, let v be an arbitrary finite singular
measure on the real line having at least one atom, i. e. such that

v (A) >0,
where
vVii=rv U

and

A={7=(q1,0) ER’ | q1 = ¢}

Suppose that the function ¢ considered above is additionally non-decreasing on (—oo; 0]
and is non-increasing on [0; +00) and that ¢, is defined by (2). Let us set

Ye(2) = cs/cpg(z —q)v(dg), z€eR,

R

where the constant ¢, > 0 is chosen to be such that

]!1/;5(2) dz=1.

It is clear that
—1/2

ce = // ®.(q1 — g2) v*(dq1dg) ,
RQ

where
B.(2) = / ez + Q)pela)da, zER,
R

and also
e € C°(R).
For € > 0 let {z-(u,t), u € R, t > 0} be the Harris flow formed by the solutions of the

stochastic integral equation (1) with . instead of ¢. The covariance functions of these
Harris flows are given by

Ie(z) := /wa(z +q)e(q)dq, z€eR.

The main result of this note is the following theorem.
Theorem 4. For any n € N and for any u1,...,u, € R the weak convergence
(2e(ury )y Te(Un,y ) — (xo(ut, ), s 20(Un, ), € — 0+,
takes place in the space C(|0; +00), R™).

Following [8] we divide the proof into several lemmas. We repeat the considerations
of [8], where necessary, as concisely as possible and omit the proofs which are similar to
those of that paper. The main difference lies in the proof of Lemma 10, since the idea
used in the proof of its analogue [8, Lemma 6] cannot be applied to our case. Our proof
of Lemma 10 is based on additional Lemmas 6 and 9.
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Before proceeding to the proof of the main result, however, we prove an analogue of
relations (3) and (4). To formulate it, let vy be a discrete probability measure on the
real line defined by

> (v({ax}))?

k:ar€A

Yv{ar}))? 7

k

where {ay, k > 1} are the atoms of the measure v and B(R) is the Borel o-field of the
real line.

V()(A) =

A€ BR),

Proposition 5. For every function f € C§°(R) we have

ti [ )2 dz = [ (o).

e—0+4

Proof. By Fubini’s theorem we have

i [ ()02 dz =
R

e—0+

e—0+

= tim | [[ | [ 1o - a)pate - a2 dz | 2 (dnnd)
R2 R

However, by the dominated convergence theorem
-1

1
. 2 : _ 2 =
a2 = | [f (i o0 ) amt | =gy
R2

Moreover, since for any q1, g2 € R we have

/f(Z)ws(z —q)pe(z = @2) dz| < [ fllo - Peltr = g2) <[ flloo < +00,
R

where
£l = max|£(2)]

by the same theorem

Egrg+/f(2)we(z —q1)pe(z — q2) dz = f(q1){q1 = g2}
R

It remains to note that

ﬁ / / F(@)Iar = g2} v* (dqydgs) = / £(2) vo(d). 0
R2 R

Now let us set
A, ={7=(q1.¢2) ER’ | —q2 =2}, z€R.
Then it is easy to see that for every z € R we have
lim T =TI
Jim Te(z) =To(2),

where the function I'y is given by
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Moreover, the set
(5) D = {Z eR | F()(Z) > 0}
is countable, since the family {A,, z € R} is a partition of R? and v?(R?) < +oo0.

Lemma 6. The following assertions hold true:

(6) lim Ty(z) =0,
|z| =400
(7) Vd>0: supTg(z) <1.
|z>0

Proof. To prove (6) note that for any € > 0
1
0<Ty(z) < m // (2 +q1 — go) Vz(dchd(&)
R2

and that by the dominated convergence theorem the last expression converges to zero as
|z] = +oo.
Now suppose that (7) is false, i. e. that there exists some g > 0 such that

(8) sup To(z) =1.

121260

It means, in particular, that we can find some z; > §g such that

1
Fo(zl) > 5

Since the function I'y is non-negative definite and T'o(0) = 1, we have (e. g., see [6,

p. 22])
Vez,yeR: |To(z) —To(y) < 2¢/1—To(z —vy),
and, in particular, for any z € R
(9) |F0(Zl + Z) — Fo(Z1)| <2¢v1— Fo(z)
Using (8) and (9) and the symmetry of I'g we can choose zo > J§p such that

1
|F0(Zl —+ ZQ) — F0(21)| < F()(Zl) — 5

and so

1
Fo(zl + 2’2) > 5

Proceeding further in this way we obtain a sequence {z,}22; such that

Zn > 507 n 2 17

To(z14+ ...+ 2n) >

)

[N

which contradicts (6). O
Now fix arbitrary n € N and u1,...,u, € R, u; < ... < u,, and consider the family

{Ze = (z(u1,+), .-, xe(tn, ), € > 0}
of random elements in the space C([0; +00), R™) endowed with the distance

noo g gpax [filt) —gi(t)]

)= o :
i=1 k=1 281+ Org?gk |f2(t) - gz(t)|

F=(f1,..., fn) € C([0; +00), R™),
g=(91,--.,9n) € C([0; +00),R™).

p(f,

)
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Since all stochastic processes {zc(u;,t), t > 0}, 1 < i < n, are Wiener processes, thus
having the same distribution in the complete separable metnc space C([0; +00),R), using
Prohorov’s theorem one can easily show that the family {Z., £ > 0} is weakly relatively
compact. Let & = (x(u1,-),...,2(un,-)) be one of its limit points (as € — 0+).

Lemma 7. The n-dimensional stochastic process {Z(t), t > 0} is a martingale (with
respect to its own filtration).

Proof. The proof of this lemma is identical to that of [8, Lemma 2] and is therefore
omitted. O

Lemma 8. With probability one for any i,j € {1,...,n} we have
t

0 < (@ (ui, ), 2wy, ), = (@(ui, ) 2wy, 0)) < jffb( (uiyr) = (uj,r)) dr

0<s<t< +oo.

Proof. Fix arbitrary 4,57 € {1,...,n}, i # j, and in the space C([0; +00), R"*1) consider
the random elements

fgj) = (ze(u1, )y - Te(Up, -),ng))7 >0,

where
H(ij)( t) = (xe(ui, ), Is(“j? ')>t’ t=0.

As in the proof of [8, Lemma 3] one can show that the family {x(” , € > 0} is weakly
relatively compact and that, if

f(ij) My 70 oo,

in the space C([0;+00), R"1) for some sequence {e,}2°; strictly decreasing to zero,
with £09) .= (z(uy,-), ..., 2z(uy,,-),0%)), then

0D (t) = (w(ui, ), w(uj,-)),, t=0.

Now, since the set

(F= (frr o ) € OO0 +00), BT [0 (6= faga (5) < / s(fi(r)— () dr},

where 0 < s <t < +oc0 and

1
hs(z) == m // Ds(z+q1 — q2) VQ(dqldQQ), z € R,
Rz

with & > 0, is closed and

(@zé//@@+m—@w%mmﬁ<m@,zeK
R2
for € < §, we obtain that

P{0 <0 (t) 9(”) /hg x(u;,r) — x(uj,r))dr p >

> 11_>m P 0<0”)() 9&?)(8) </h(;(xen(ui,r)—xgn(uj,r))dr =1
S
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Thus, for every § > 0 with probability one
t
0<9WMw—mm@)</ﬁdﬂmﬂﬁ—meﬂMn 0<s<t<+4oo, s,teqQ,

and so with probability one
¢
0 <0 (1) — 019 (s) < /Fo(x(ui,r) —x(uj,r))dr, 0<s<t<4o0.

The lemma is proved. O

Lemma 9. With probability one for any i,j € {1,...,n} we have

tl}g{loo(x(ui,t) —x(uj,t)) =0.

Proof. Let us fix arbitrary 4,5 € {1,...,n}, i > j. The proof of the existence of the limit

lim (x(us,t) — x(uj,t))

t——+oo

is similar to the proof of [7, Lemma 1]. Namely, we note (e. g., see [5, Theorem 18.4])
that with probability one the following representation takes place:

(10) w(ui, ) — x(uy, ) = (u; —ug) + B(7(t), t=0,

where {8(t), t > 0} is a standard Wiener process (maybe defined on an extended prob-
ability space) and

(11) T(t) = (@(ug, -) — x(uy,-)), = 2t — 2 (x(uy, -), x(u;,-)),, t=0.
Then
x(u;,t) —x(uj,t) >0, t=0,
implies that
T(t) <7, t>0,
where
T:=inf{t >0 B(t) = —(u; —u;)} < +oo a.s.
Therefore, there exists the limit

. . =
tLIEIOOT(t) (T(400) T

and so, due to the continuity of S,
i (s 1) — (g, 1)) = (s = u5) + B(r(+00).
Now suppose that

T(+00) < 7,

lim (x(u;,t) — x(uj,t)) > 0.

t——+oo

Then there exists dyp > 0 (depending on w) such that

x(u;,t) — x(uj, t) > dp, t=0.
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So using Lemma 8 (with s = 0) and Lemma 6 we obtain that
T(t) =2t—2 <‘T(u’ia ')a I‘(Uj, )>t z
¢
> 2t — 2/1"0(:1:(%, s) —x(uj,s))ds =
0

t

= 2/ 1 —To(x(us, s) — x(uy,s))| ds >

0
>2(1— sup I'o(2)) -t = +o0, t— +o00,
[2|=00
which contradicts the almost sure finiteness of 7. O

Lemma 10. With probability one for any i,j € {1,...,n} we have
A{t 20| 2(us, t) — x(u;, t) € D\{0}}) =0,
where X is the one-dimensional Lebesgue measure and D is defined in (5).
Proof. Let us fix i,j € {1,...,n}, i > j, and z € (0;u; — u;) and set
o, =sup{t > 0| z(u;,t) — z(u;,t) > z}.

From Lemma 9 it follows that o, is finite almost surely. Also let 7, be the restriction of
the (random) mapping 7: [0; +00) — [0;4+00) defined in (11) to the set [0;0,] and 7,1
be its inverse. Then using (10) we get

A({t 2 0] 2(us, 1) — 2(u5,8) € D (1 [25-450)}) =
=M{0<t <ox | B(r(t) € Dij(2)}) = M7z (Ciy(2))),
where
D;j(z) == DNz — (u; — u;); +00)
and
Cij(z) ={t > 0| B(t) € D;j(2)}.
Moreover, since the stochastic process {x(u;,t) — xz(u;,t), t > 0} is a non-negative
(continuous) martingale, we have
r, = inf{z(u;,t) — z(u;,t) | 0 <t <o, } >0,

and so by Lemma 6
ps:=1— sup [y(z') > 0.

|2/ |>7s

Thus, we obtain that for any s,t € [0;0.], s < t, we have

9> 7(t) — 7(s) S 1
t—s t—s

/[1 —To(x(us,r) — x(uj,r))] dr = 2p..

Therefore, for any s,t € [0;7(0.)], s < t,
—1(p) _ -1
1 s i) _ 2

z R
2 t—s S 2,
This implies that the function 7, is absolutely continuous and so it maps the sets of zero
Lebesgue measure to the sets with the same property. Thus, from

A(Cij(2)) =0



12 V. V. FOMICHOV

it follows that
A{t = 0] z(u;,t) — x(uj,t) € DN [z;400)}) = 0.

Finally, since z € (0;u; —u;) was arbitrary and x(u;, ) —x(u;,-) > 0, we can conclude
that

A{t 2 0] x(us,t) —x(uj,t) € D\{0}}) =

=\ U{t 0| z(ui, t) — z(uj,t) € DN[1/k;+00)} | =0.

k>1

The assertion of the lemma now follows trivially. O

To finish the proof of Theorem 4 (obviously, it is enough to consider the case when
up < ... < uy) suppose that (x(uy,-),...,x(u,,")) is one of the weak limits (as ¢ — 0+)
of the family {Z. = (zc(u1,-),...,2c(upn,)), € > 0}. Then for any i,5 € {1,...,n},
i > j, the stochastic process {z(u;,t) — z(u;,t), t > 0} is a non-negative martingale
and so does not leave zero after hitting it. Since both x(u;,-) and z(u;,-) are standard
Brownian motions, this implies that

t

(s, ), 2y, ), > /H{x(ui,s) — a(uy,s)}ds, 30,

0
However, from Lemma 8 (with s = 0) and Lemma 10 it follows that

t

(r(ug, ), x(uy, 7)), < [ Wa(ug,s) = x(uy,8)}ds, t=0.
[

Hence
t

(s, ), 2, ), = /]I{J;(ui,s) — a(uy,8)}ds, 30,
0

Thus, we conclude that any weak limit (as € — 04) of the family {Z., € > 0} coincides
in distribution with the n-point motion of the Arratia flow, which means that this family
converges weakly to the latter.
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