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COMMON FIXED POINT THEOREMS AND C-DISTANCE
IN ORDERED CONE METRIC SPACES

TEOPEMM I1PO CIIIVIBHY HEPYXOMY TOYKY TA C-BIZICTAHb
B YIIOPAJAKOBAHUX KOHIYHUX METPUYHUX ITPOCTOPAX

We present a generalization of several fixed and common fixed point theorems on the c-distance in ordered cone metric
spaces. In this way, we improve and generalize various results existing in the literature.

HaBezneHo y3aranbHeHHS JESIKUX TEOPEM PO HEPYXOMY TOUKY Ta CIIUIbHY HEPYXOMY TOUKY AJIS C-BiCTaHi B yIOPSAAKOBAaHUX
KOHIYHHX METPUYHHX NpocTopaxX. TakuM YHHOM, MMOKPAIIEHO Ta y3araJbHEHO PI3HOMAHITHI pe3yibraTy, [0 HaBe[eHI B
JiTEepaTypi.

1. Introduction. Huang and Zhang [18] have introduced the concept of a cone metric space by
replacing the set of real numbers by an ordered Banach space and have showed some fixed point
theorems of contractive type mappings on cone metric spaces. Afterward, several fixed and common
fixed point results in cone metric spaces with related results have been introduced in [2, 4, 5, 8, 10,
14, 16, 17, 20] and the references contained therein. Also, the existence of fixed points in partially
ordered cone metric spaces has been studied in [6, 7, 24].

In 1996, Kada et al. [21] defined the concept of w-distance in complete metric spaces. Later,
many authors proved some fixed point theorems in complete metric spaces (see [3, 22]). Recently,
Saadati et al. [23] introduced a probabilistic version of the w-distance in a Menger probabilistic
metric space. In the sequel, Cho et al. [9] and Wang and Guo [26] defined a concept of the c-distance
in a cone metric space, which is a cone version of the w-distance of Kada et al. [21] and proved
some fixed point theorems in ordered cone metric spaces. Then Sintunavarat et al. [25] generalized
the Banach contraction theorem on c-distance of Cho et al. [9]. Also, Dordevi¢ et al. [12] proved
some fixed point and common fixed point theorems under c-distance for contractive mappings in
tvs-cone metric spaces.

The purpose of this work is to extend and generalize the main results of Cho et al. [9], Sintu-
navarat et al. [25], Huang and Zhang [18] on c-distance in ordered cone metric spaces.

2. Preliminaries.

Definition 2.1 (see [11, 18]). Let E be a real Banach space and let 0 denote the zero element in
FE. A subset P of E is called a cone if the following conditions hold:

(C1) P is nonempty closed and P # {0};

(C2) a,be R, a,b>0and x,y € P imply that ax + by € P;

(C3) if v € P and —x € P, then x = 0.

Given a cone P C E, we define a partial ordering < with respectto Pby x Xy <= y—z € P.
We write ¢ < y if ¢ < y and = # y. Also, we write x < y if and only if y — x € intP, where int P
is interior of P. If intP # &, the cone P is called solid. The cone P is called normal if there exists
a number k£ > 0 such that, for all x,y € F,

0=z =y =zl <klyl.
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The least positive number satisfying the above is called the normal constant of P.

Definition 2.2 (see [18]). Let X be a nonempty set and E be a real Banach space equipped with
the partial ordering =< with respect to the cone P C E. Suppose that a mapping d: X x X — E
satisfies the following conditions:

(CMy) 0 = d(z,y) for all x,y € X and d(z,y) = 0 if and only if v = y;

(CMy) d(x,y) = d(y,x) for all x,y € X

(CM3) d(x,y) X d(x,2) +d(z,y) forall x,y,z € X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 2.3 (see [18]). Let (X, d) be a cone metric space, let {x,} be a sequence in X and
z € X.

(1) {zn} is said to be convergent to x if, for any ¢ € E with 0 < ¢, there exists nyg > 1 such that
d(xn, x) < ¢ for all n > ny and we write lim,,_, d(x,,x) = 0.

(2) {zn} is called a Cauchy sequence if, for any ¢ € E with 0 < c, there exists nyg > 1 such that
d(zp, xm) < c for all m,n > ny and we write limy, 1,00 d(Zy, Tr) = 0.

(3) If every Cauchy sequence in X is convergent, then X is called a complete cone metric space.

Lemma 2.1 (see [18]). Let (X, d) be a cone metric space and P be a normal cone with normal
constant k. Also, let {x,,} and {y,} be sequences in X and x,y € X. Then the following hold:

(1) {zn} converges to x if and only if d(xn,x) — 0 as n — oo.

(2) If {xn} converges to x and {x,} converges to y, then x = y.

(3) If {zy} converges to x, then {x,} is a Cauchy sequence.

@) If zp, — x and y, — y as n — oo, then d(xn,yn) — d(z,y) as n — oo.

(5) {xn} is a Cauchy sequence if and only if d(zy, Tm) — 0 as n,m — oo.

Lemma 2.2 (see [6, 19]). Let E be a real Banach space with a cone P in E. Then, for all
u,v,w,c € K, the following hold:

D) Ifu 2vandv < w, then u < w.

2)If0 2R u K cforall c € int P, then u = 0.

3) If u X Auwhereuw € P and 0 < A < 1, then u = 0.

(4) Letx,, — 0in E,0 =z, and 0 <K c. Then there exists a positive integer ng such that x,, < c
for each n > nyg.

5) If 0 X u = v and k is a nonnegative real number, then 0 < ku =< kv.

©) If 0 L u, vy, foralln > 1 and u, — u, v, = vasn — oo, then 0 X u < v.

Definition 2.4 (see [9, 26]). Let (X,d) be a cone metric space. A mapping q: X x X — E is
called a c-distance on X if the following are satisfied:

(CD1) 0 = q(x,y) for all x,y € X;

(CDs) q(z, 2) = q(w,y) + aly, 2) for all z,y, 2 € X;

(CD3) foralln > 1 and x € X, if q(x,yn) =< u for some u = uy, then q(x,y) = u whenever
{yn} is a sequence in X converging to a point y € X,

(CDy) for all ¢ € E with 0 < ¢, there exists e € E with 0 < e such that q(z,x) < e and
q(z,y) < e imply d(z,y) < c.

Remark 2.1 (see [9]). Each w-distance ¢ in a metric space (X, d) is a c-distance with £ = R™

and P = [0,00). But the converse does not hold. Thus the c-distance is a generalization of the
w-distance.
Example 2.1 (see [9, 26]). (1) Let E = C{[0,1] with the norm ||z|| = ||z|/oo + ||2/||cc and

consider the cone P = {x € E: z(t) > 0 on [0, 1]}. Also, let X = [0,00) and define a mapping
d: X x X = Ebyd(z,y) = |z — y|¢ for all z,y € X, where 1: [0,1] — R such that ¥(t) = 2°.
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Then (X, d) is a cone metric space. Define a mapping ¢: X x X — E by ¢(x,y) = (x + y)1 for all
x,y € X. Then q is c-distance.

(2) Let (X,d) be a cone metric space and P be a normal cone. Put ¢(x,y) = d(w,y) for all
xz,y € X, where w € X is a fixed point. Then ¢ is a c-distance.

(3) Let (X, d) be a cone metric space and P be a normal cone. Define ¢(x,y) = d(z,y) for all
x,y € X. Then q is a c-distance.

A Let E=R,P={r € E:z>0}and X = [0,00). Define a mapping d: X x X — FE
by d(z,y) = |z — y| for all ,y € X. Then (X,d) is a cone metric space. Define a mapping
q: X x X - E by q(x,y) =y forall z,y € X. Then ¢ is a c-distance.

Remark 2.2 (see [9, 26]). From (2) and (4) in Example 2.1, we have two important results:

(1) For any c-distance ¢, g(x,y) = 0 is not necessarily equivalent to x = y for all z,y € X.

(2) For any c-distance ¢, q(x,y) = q(y, z) does not necessarily hold for all z,y € X.

Lemma 2.3 (see [9, 25, 26]). Let (X,d) be a cone metric space and q be a c-distance on X.
Also, let {x,,} and {yn} be sequences in X and x,y,z € X. Suppose that {uy,} and {v,} are two
sequences in P converging to 0. Then the following hold:

D) If q(zp,y) 2 up and q(xp, 2) < v, for n > 1, then y = z.

) If ¢(xn, yn) = up and q(xy, 2) < vy, for each n > 1, then {y,} converges to z.

(3) If g(zy, ) = up, for all m > n, then {x,} is a Cauchy sequence in X.

@ If q(y, zp) = uy for each n > 1, then {x,} is a Cauchy sequence in X.

Definition 2.5 (see [6, 9]). Let (X,C) be a partially ordered set. Two mappings f,g: X — X
are said to be weakly increasing if fx T gfx and gx T fgx hold for all x € X.

3. Main results. Our first result is the following theorem of Hardy — Rogers type (see [15]) for
any c-distance in a cone metric space without normality condition of cone.

Theorem 3.1. Let (X, C) be a partially ordered set and (X, d) be a complete cone metric space.
Suppose that there exist mappings o;: X — [0,1) such that the following condition hold:

ai(fr) < aq(z)

forallx € X andi=1,2,...,5. Also, let q be a c-distance on X and f: X — X be a continuous
and nondecreasing mapping with respect to T satisfying the following conditions:

a(fz, fy) = a1(x)q(z,y) + az(x)q(z, fr) + az(z)q(y, fy) + as(z)q(z, fy) + as(x)q(y, fz),

3.1
a(fy, fz) 2 a1(2)q(y, ) + az(x)q(fz, 2) + as(@)q(fy,y) + cu(z)q(fy, 2) + as(z)q(fz,y)
(3.2)
for all comparable x,y € X such that
(a1 + oo + a3 + 2a4 + 205)(x) < 1. (3.3)

If there exists xqg € X such that xo = fxq, then f has a fixed point. Moreover, if fz = z, then
q(z,2z) =0.

Proof. If frg = x¢, then x is a fixed point of f and the proof is finished. Now, suppose that
fxro # zo. Since f is nondecreasing with respect to C and g C fx(, we obtain by induction that

20 C foo C fPa0 C...C ffag C f"Mlag C ...,
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where z,, = fz,_1 = f"xo. Now, setting x = x,, and y = x,,—1 in (3.1), we have
A(Tn+1,Tn) = q(fTn, fra—1) 2
< a1(xn)q(2n, Tp_1) + a2(xn)q(xn, frn) + asz(@n)q(Tn—1, fTn_1)+
+au(xn)q(Tn, frn—1) + as(xn)q(zn-1, fr,) =
= o1 (fon-1)q(Tn, tn-1) + a2(f2n-1)q(@n, Tnt1) + @3(fTn-1)q(@n-1, 2n)+
+as(fen-1)q(@n, Tn) + as(fon-1)q(@n—1, Tns1) =
= a1(Tn—2)q(@n; Tn-1) + 02(Tn—2)q(Tn, Tnt1) + @3(Tn—2)q(Tn—1, Tn)+
Fas(Tn—2)[q(Tn, Tny1) + @(@Tny1, Tn)] + as(@n—2)[@(Tn-1,2n) + ¢(Tn, Tnt1)] ...
o= ar(0)g(Tn, Tp—1) + (a2 + g + as)(x0)q(n, Tpe1+

+(az + a5)(20)q(Tn—1, Tn) + as(x0)q(Tny1, Tn). (3.4)
Similarly, setting x = z,, and y = x,_1 in (3.2), we get
q(Tn, Tpy1) 2 a1(20)q(Tn—1,70) + (2 + q + a5)q(Tni1, T0)+

+ay(20)q(Tn, Tny1) + (a3 + a5)(20)q(Tn, Tn—1). (3.5)

Thus, adding up (3.4) and (3.5), we obtain
Q(Tny1, Tn) + @(Tn, Try1) 2 (01 + a3 + as)(20)[q(Tn, Tno1) + @(Tn_1, 25)]+

+(a2 + 204 + a5)(20)[¢(Tn+1, Tn) + ¢(Tn, Tnt1)]-

Set v, = q(Tn+1,2n) + q¢(Ty, Tpt1) and then we have
vn X (a1 + as + as)(z0)vn—1 + (a2 4+ 204 + a5) (o) vy

(a1 + a3 + 045)(1’0)
1-— (042 + 204 + a5)(a:0)

procedure, we obtain v,, < A\"vg for all n > 1. Thus it follows that

Thus we get v, <X Av,_1, where A = < 1 by (3.4). By repeating the

q(@n, Tnt1) 2 vn 2 A" [q(@1, 20) + q(20, 21)]. (3.6)
Let m > n, then it follows from (3.6) and A < 1 that
4(@n; Tm) = q(@n, Tpi1) + 4(@pt1, Tngz) + 0+ @ @Tm-1, Tm) =
= (AN e AT g (e, o) + g, 21)] =

)\n
1—-A

< [q(x1,20) + q(z0,21)]-
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Lemma 2.3 implies that {z,} is a Cauchy sequence in X. Since X is complete, there exists a point
' € X such that z, — 2’ as n — oo. The continuity of f implies that z,+1 = fz, — fa2’ as
n — oo and, since the limit of a sequence is unique, we get that fz’ = 2’. Thus 2’ is a fixed point
of f.

Now, suppose that fz = z. Then, by using (3.1), we have

q(z,2) = q(fz, fz) =
= a1(2)q(z,2) + a2(2)q(z, f2) + as(2)q(z, f2) + au(2)q(2, [2) + as(2)q(z, f2) =
= (o1 +az+ a3+ og +as)(2)q(z, 2).

Since (a1 + g + a3 + oy +a5)(2) < (a1 + a2 + a3 + 204 + 2a5)(2) < 1, we get that ¢(z,2) =0
by Lemma 2.2.

Theorem 3.1 is proved.

Corollary 3.1 ([25], Theorem 3.1). Let (X,C) be a partially ordered set and (X,d) be a com-
plete cone metric space. Suppose that there exist mappings c;: X — [0,1) such that the following
condition hold.:

ai(fr) < a;(z)

forallx € X and i =1,2,3. Also, let q be a c-distance on X and f: X — X be a continuous and
nondecreasing mapping with respect to T satisfying the following condition:

q(fz, fy) = ar(z)g(e,y) + as(x)q(z, fr) + as(x)q(y, fy)
forall x,y € X with y C x such that
(o1 + a2 + as)(x) < 1.
If there exists xg € X such that xo T fxq, then f has a fixed point. Moreover, if fz = z, then
q(z,2z) =0.
Theorem 3.2. Let (X,C) be a partially ordered set, (X,d) be a complete cone metric space

and q be a c-distance on X. Suppose that there exists a continuous and nondecreasing mapping
f: X — X with respect to T such that the following conditions hold:

a(fz, fy) 2 arq(z, y) + azq(z, fz) + asq(y, fy) + cuq(z, fy) + asqly, fz),
q(fy, fr) 2 anqy, x) + ozq(fz, @) + asq(fy, y) + cuq(fy, z) + asq(fz,y)
for all comparable x,y € X, where «; are nonnegative coefficients for i = 1,2,...,5 with
a1+ oo+ as+2(as +as) < 1.

If there exists xo € X such that xo T fxq, then f has a fixed point. Moreover, if fz = z, then
q(z,2z) = 0.
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Proof. We can prove this result by applying Theorem 3.1 with o;(z) = o; fori =1,2,...,5.

Corollary 3.2 ([9], Theorem 3.1). Let (X, ) be a partially ordered set, (X, d) be a complete cone
metric space and q be a c-distance on X. Suppose that there exists a continuous and nondecreasing
mapping f: X — X with respect to = such that the following condition hold:

q(fz, fy) = arq(z,y) + aoq(z, fr) + asq(y, fy)

for all x,y € X with y C x, where o; are nonnegative coefficients for i = 1,2, 3 with
o]+ oo +az < 1.

If there exists xo € X such that xo T fxq, then [ has a fixed point. Moreover, if fz = z, then
q(z,2z) =0.

Our second result is the following theorem of Hardy — Rogers type (see [15]) for any c-distance
in a cone metric space with a normal cone.

Theorem 3.3. Let (X,C) be a partially ordered set, P be a normal cone and (X, d) be a com-
plete cone metric space. Suppose that there exist mappings c;: X — [0,1) such that the following
condition hold:

ai(fr) < a;(z)

forallx € X andi=1,2,...,5. Also, let q be a c-distance on X and f: X — X be a nondecreas-
ing mapping with respect to C satisfying the following conditions:

q(fz, fy) 2 aa(x)q(z,y) + az(x)q(z, fr) + az3(x)q(y, fy) + aa(@)q(z, fy) + as(x)q(y, fz),

qa(fy, fr) 2 ar(2)q(y, z) + a2(z)q(fz,2) + as(2)q(fy,y) + as(@)q(fy, @) + as(x)q(fz,y)
for all comparable x,y € X such that
(041 + ag + as + 2ay4 + 2045)(37) < 1.

If there exists xo € X such that vo T fxo and inf{|q(z,y)| + ||¢(z, fz)]|: x € X} > 0 for all
y € X with y # fy, then f has a fixed point. Moreover, if fz = z, then q(z,z) = 0.

Proof. If frg = x¢, then x is a fixed point of f and the proof is finished. Now, suppose that
fxo # xo. As in the proof of Theorem 3.1, we have

20 C fog C fPog C...C fMag C f"Mag C ...,

where x,, = fz,—1 = f"xo. Moreover, {z, } converges to a point 2’ € X and

)\n
1—-A

q(Tn, Tm) =2 [q(x1,20) + q(x0,21)]

(041 + a3 + a5)(a:0)
1-— (042 + 204 + 045)(.%'0)

for all positive numbers with m > n > 1, where A = < 1. By (CDsy), it

follows that
)\n
1—-A

Q(Imx/) = [Q(xlvxo) +Q($0’$1)]
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for all n > 1. Since P is a normal cone with normal constant k&, we get

n

nym Sk
g, o)l < bz

Ma(x1,0) + q(zo, 21)||

for all m > n > 1. In particular, we obtain

An
loConnell < 8 (12 ) later0) + ateo, )] 6)
for all n > 1. Also, we get
, v
latan )1 <k (o) oG, 20) +aCeo,21) 68)

for all n > 1. Suppose that 2’ # fa’. Then, by the hypothesis, (3.7) and (3.8), we have
0 < inf{llg(z,2")|| + lla(z, f2)||: € X} <
< inf{[lg(zn, ")l + la(zn, fon)l: n > 1} =

= inf{|l¢(zn, 2")|| + lg(@n, Tns1)[: 0 = 1} <

n

) AT A
< inf {k (1 — /\> lg(x1, z0) + q(zo, z1)|| + & <1 — )\> llg(x1, z0) + q(xo, z1)||: 2 > 1} =0

which is a contradiction. Hence 2/ = fa’.

Moreover, suppose that fz = z. Then, we have ¢(z,z) = 0 by the final part of the proof of
Theorem 3.1.

Theorem 3.3 is proved.

Corollary 3.3 ([25], Theorem 3.2). Let (X,C) be a partially ordered set, P be a normal cone
and (X, d) be a complete cone metric space. Suppose that there exist mappings o;: X — [0,1) such
that the following condition hold.:

ai(fr) < a;(z)

forall x € X and i = 1,2,3. Also, let q be a c-distance on X and f: X — X be a nondecreasing
mapping with respect to C satisfying the following condition:

a(fz, fy) 2 an(z)q(z, y) + az(z)q(z, f2) + as(x)q(y, fy)
for all x,y € X with y C x such that
(a1 + ao + 043)(1') < 1.

If there exists xy € X such that xo T fxo and inf{|q(z,y)| + ||¢(z, fz)]|: x € X} > 0 for all
y € X with y # fy, then f has a fixed point. Moreover, if fz = z, then q(z,z) = 0.
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Theorem 3.4. Let (X, ) be a partially ordered set, P be a normal cone, (X, d) be a complete
cone metric space and q be a c-distance on X. Suppose that there exists a nondecreasing mapping
[ X — X with respect to T such that the following conditions hold:

q(fz, fy) 2 arq(z, y) + aeq(z, fz) + asq(y, fy) + cuq(z, fy) + asqly, fz),
a(fy, fx) 2 onqy, x) + o2q(fz, @) + asq(fy, y) + cuq(fy, z) + asq(fz,y)
for all comparable x,y € X, where o; are nonnegative coefficients for 1 = 1,2, ...,5 with
a1+ ag+as+2(ag + as) < 1.

If there exists xy € X such that xo T fxo and inf{|q(z,y)| + ||¢(z, fz)||: x € X} > 0 for all
y € X with y # fy, then f has a fixed point. Moreover, if fz = z, then q(z,z) = 0.
Proof. We can prove this result by applying Theorem 3.3 with o;(z) = o; fori =1,2,...,5.
Corollary 3.4 ([9], Theorem 3.2). Let (X,C) be a partially ordered set, P be a normal cone,
(X,d) be a complete cone metric space and q be a c-distance on X. Suppose that there exists a
nondecreasing mapping f: X — X with respect to T such that the following condition hold:

Q(fmv fy) = alQ(l.a y) + QQQ('%") fl') + a3Q(y7 fy)
for all x,y € X with y C x, where o; are nonnegative coefficients for i = 1,2, 3 with
o]+ oo +ag < 1.

If there exists xo € X such that xy T fxo and inf{||q(z,y)|| + ||¢(z, fx)||: x € X} > 0 for all
y € X with y # fy, then f has a fixed point. Moreover, if fz = z, then q(z,z) = 0.

Our third result include two mappings and the existence of their common fixed point for any
c-distance in a cone metric space without the normality condition of the cone.

Theorem 3.5. Let (X,C) be a partially ordered set and (X, d) be a complete cone metric space.
Suppose that there exist mappings o;: X — [0,1) such that the following conditions hold:

ai(fr) < ai(z), ai(gr) < aiz)

forall x € X and i = 1,2,...,5. Also, let q be a c-distance on X and f,g: X — X be two
continuous and weakly increasing mappings with respect to T satisfying the following conditions:

q(fx,gy) = a1(z)q(z,y) + az(x)q(z, fr) + as(x)q(y, gy) + asa(z)q(z, gy) + as(x)q(y, fr),
(3.9)

q(gy, fx) = a1(x)q(y, x) + az(z)q(fr,z) + asz(x)q(gy, y) + as(x)q(gy, ) + as(x)q(fz,y)
(3.10)

for all comparable x,y € X such that
(a1+a2+a3+2a4+2a5)(:c) < 1. (3.11)
Then f and g have a common fixed point. Moreover, if fz = gz = z, then q(z,z) = 0.
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Proof. Let x( be an arbitrary point in X. We construct the sequence {z,,} in X as follows:

Tont1 = [Ton ,  To2ng2 = GTon+1
for all n > 0. Since f and g are weakly increasing mappings, there exist 1, x2, x3 € X such that
z1 = fro Cgfro=gr1 =122 , w2=gz1 C fgr1 = fr2=us.
Continuing in this manner, it follows that there exist x9,+1 € X and 2,42 € X such that
Tont1 = fron © 9fTon = gTont1 = Tans2,

Tont2 = 9Tan+1 & fGTont1 = fTont2 = Tont3

foralln > 0. Thusa; Cao E--- C oy Cayyy T ... foralln > 1, that is, {x,} is a nondecreasing
sequence. Since xa, C 29,41 for all n > 1, by using (3.9) for x = x9, and y = 2,41, we have

q(Tont1, Tant2) = q(fr2n, gT2n41) =
2 a1 (w20)q(Tan, Tant1) + @2(@20)q(T2n, fr20) + @3(220)q(T2n+1, 9T20+1)+
+au(2n)q(T2n, 9Tan+1) + a5(22n)q(T2n41, fo2n) =
= (a1 + a2)(972n-1)q(T2n, Tont1) + a3(9T2n—1)q(T2n11, T2nr2)+
+a4(gron—1)q(Ton, Tant2) + a5(9T20—1)q(T2n41, T2ns1) =
= (a1 + a2)(x2n-1)q(T2n, Tany1) + a3(T2n-1)q(T2n11, Tant2)+
+aa(T2n-1)[q(T2n, T2n+1) + @(T2n+1, Tany2) |+
+as5(r2n-1)[q(T2nt1, T2nt2) + @(T2n42, Tant1)] =
= (a1 + a2 + aa)(fr2n-2)q(2n, Tant1) + a5 (fT20—2)q(T2n+2, Tont1)+
(a3 + ag + a5)(fron—2)q(T2nt1, Tany2) = -+

- =2 (a1 4+ o + o) (20)q(z2n, Tont1)+
+(ag + a4 + a5)(20)q(T2n+1, T2n+2) + a5(20)q(T2n+2, T2n+1)-
Similarly, by using (3.10) for x = x9, and y = x2,+1, we get
q(T2n+2, Tont1) 2 (o1 + a2 + aa)(20)q(T2n+1, T2n) + a5(20)q(Tont1, Tons2)+

+(ag + au + as5)(20)q(T2n+2, T2n+1)-

Thus, adding up two previous relations, we obtain
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q(x2n+2, Tont1) + q(Tont1, Tont2) = (a1 + ag + aq)(xo)[q(x2n+1, Ton) + ¢(X2n, T2nt1)]+
+(az + ag + 205) (20) [¢(T2n42, Tont1) + ¢(T2n41, Tong2))-

Setting v, = q(T2n+1, Ton) + ¢(T2n, Tont1) and u, = q(ron+2, Ton+1) + ¢(X2n+1, T2n+2), it follows
that

Up = (a1 + a2 + aq)(xo)vn + (a3 + ayg + 2a5) (o) uy,.
Thus we have
Up 3 AUp, (3.12)
(a1 + ag + ay4) (o)

1 — (a3 + oy + 205) (o)
T = Xopyo and y = w941, We have

where A\ = € [0,1) by (3.11). By a similar procedure, starting with

Untl = Alp. (3.13)
From (3.12) and (3.13), we get that
2 2
Upgl S A0, Up X A Up—1

for all n > 1. Therefore, {u,} and {v,} are two sequences converging to 0. Also, we obtain
q($2n7$2n+1) = v, and Q(x2n+17$2n+2) = uy and so Q(J:naxn—i-l) = Up + Un.

On the other hand, it is easy to show that, if {u,,} and {v,} are two sequences in E converging
to 0, then {u, + v,} is a sequence converging to 0 (see [9, 12]). Lemma 2.3 implies that {z,} is
a Cauchy sequence in X. Since X is complete, there exists a point 2 € X such that z, — 2’ as
n — oo. The continuity of f and g implies that 9,11 = fxo, — f2’ and xop10 = groni1 — g’
as n — oo. Since the limit of a sequence is unique, we get fo’ = 2’ and g2’ = 2/. Thus 2’ is a
common fixed point of f and g.

Suppose that z € X is another point satisfying fz = gz = z. Then (3.9) implies that

q(z,2) = q(fz,92) =
= a1(2)q(z, 2) + a2(2)q(2, f2) + as(2)a(z, 92) + au(2)q(z, 92) + as(2)q(z, f2z) =
=< (o1 + a2+ a3+ as+ as5)(2)q(z, 2).

Since (o +az+az+ou+as)(z) < (a1 +azt+az+204+205)(2) and (a1 +as+az+2a442a5)(2) <
1 for all z € X, by (3.9), we get ¢(z,z) = 0 by Lemma 2.2.

Theorem 3.5 is proved.

Corollary 3.5 ([25], Theorem 3.3). Let (X,C) be a partially ordered set and (X, d) be a com-
plete cone metric space. Suppose that there exist mappings c;: X — [0,1) such that the following
conditions hold:

oi(fz) < oi(), ai(gz) < ai()
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forallx € X and i =1,2,3. Also, let q be a c-distance on X and f,g: X — X be two continuous
and weakly increasing mappings with respect to T satisfying the following conditions:

q(fz, gy) = on(z)q(z,y) + az(x)q(x, fz) + as(x)q(y, gy),

a(9z, fy) 2 a1 (z)q(z,y) + aa(2)q(z, 97) + as(x)a(y, fy)
for all x,y € X with y C x such that
(a1 +ag + az)(z) < 1.

Then f and g have a common fixed point. Moreover, if fz = gz = z, then q(z,z) = 0.

Theorem 3.6. Let (X,C) be a partially ordered set, (X,d) be a complete cone metric space
and q be a c-distance on X. Suppose that there exist two continuous and weakly increasing mappings
f,9: X — X with respect to T such that the following conditions hold.

q(fz,9y) = caaq(z,y) + aaq(z, fz) + asq(y, gy) + aaq(x, gy) + asq(y, fz),

q(gy, fr) 2 a1q(y, ) + aoq(fr, ) + as3q(gy, y) + cuq(gy, ) + asq(fz,y)

for all comparable x,y € X, where o; are nonnegative coefficients for © = 1,2, ...,5 with
a1+a2+a3+2(a4+a5) < 1.

Then f and g have a common fixed point. Moreover, if fz = gz = z, then q(z, z) = 0.
Proof. We can prove this result by applying Theorem 3.5 with o;(z) = o; fori =1,2,...,5.
Corollary 3.6 ([9], Theorem 3.3). Let (X,C) be a partially ordered set, (X,d) be a complete
cone metric space and q be a c-distance on X. Suppose that there exist two continuous and weakly
increasing mappings f,qg: X — X with respect to T such that the following conditions hold:

q(fz,gy) = a1q(z,y) + azq(z, fr) + azq(y, gy),

q(gz, fy) = aaq(x,y) + coq(z, gz) + azq(y, fy)

for all comparable x,y € X, where o; are nonnegative coefficients for i = 1,2, 3 with
a] +as +ag < 1.

Then f and g have a common fixed point. Moreover, if fz = gz = z, then q(z,z) = 0.

Our next result include two mappings and the existence of their common fixed point for any
c-distance in a cone metric space with the normal cone.

Theorem 3.7. Let (X, ) be a partially ordered set, P be a normal cone and (X, d) be a com-
plete cone metric space. Suppose that there exist mappings c;: X — [0, 1) such that the following
conditions hold:

ai(fz) < ai(x), ai(ge) < oi(w)

forallx € X andi=1,2,...,5. Also, let q be a c-distance on X and f,g: X — X be two weakly
increasing mappings with respect to T satisfying the following conditions:
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q(fr,gy) = caa(z)q(x,y) + az(x)q(z, fz) + as(x)q(y, gy) + cu(z)q(z, gy) + as(x)q(y, fz),

q(gy, fr) 2 ar(z)q(y, z) + az(x)q(fr, ) + as(z)q(gy, y) + csa(z)q(gy, ¥) + as(z)q(fz,y)
for all comparable x,y € X such that
(041 + oo + ag + 204 + 2045)(1’) < 1.

int{llg(x. y)ll + la(a, fo)]): = € X} > 0 and inf{ gz, )| + la(e, g2)]|: = € X} > 0 for al
y € X withy # fy and y # gy, respectively, then f and g have a common fixed point. Moreover, if
fz=g9z= 2z then q(z,z) = 0.

Proof. The proof is similar to Theorem 3.3. One can prove this theorem by using the proof of
Theorems 3.3 and 3.6.

Corollary 3.7 ([25], Theorem 3.4). Let (X,C) be a partially ordered set, P be a normal cone
and (X, d) be a complete cone metric space. Suppose that there exist mappings o;: X — [0,1) such
that the following conditions hold:

ai(fz) < ai(x), ai(ge) < oi(w)

forall x € X and i = 1,2,3. Also, let q be a c-distance on X and f,g: X — X be two weakly
increasing mappings with respect to T satisfying the following conditions:

q(fz,gy) 2 n(x)q(z,y) + as(z)q(z, fr) + as(x)q(y, 9y),
a(gz, fy) 2 ar(@)q(@,y) + az(zx)q(z, g) + as(x)q(y, fy)
for all comparable x,y € X such that
(o1 + g + as) (@) < 1.

int{llg(x y)ll + la(e, fo)]|: = € X} > 0 and inf{ gz, )| + lg(e, go)]|: = € X} > 0 for al
y € X withy # fy and y # gy, respectively, then f and g have a common fixed point. Moreover, if
fz=g9z= 2z then q(z,z) = 0.

Theorem 3.8. Let (X, ) be a partially ordered set, P be a normal cone, (X,d) be a complete
cone metric space and q be a c-distance on X. Suppose that there exist two weakly increasing
mappings f,q: X — X with respect to T such that the following conditions hold:

a(fz, gy) = enq(z,y) + a2q(z, fz) + asq(y, gy) + aaq(z, gy) + asq(y, f2),
a(gy, fz) 2 cnqy, =) + azq(z, gz) + asq(y, fy) + aaq(gy, ) + asq(fz, y)
for all comparable x,y € X, where o; are nonnegative coefficients for « = 1,2, ...,5 with
a1+ ag +az+2(ag + as) < 1.

If inf{||q(z,y)|| + |l¢(z, fz)||: © € X} > 0 and inf{||q(z,v)| + ||¢(z,g2)|: € X} > 0 for
all y € X with y # fy and with y # gy, respectively, then f and g have a common fixed point.
Moreover, if fz = gz = z, then q(z,z) = 0.

ISSN 1027-3190. Ykp. mam. scyph., 2013, m. 65, Ne 12



COMMON FIXED POINT THEOREMS AND C-DISTANCE IN ORDERED CONE METRIC SPACES 1679

Proof. We can prove this result by applying Theorem 3.7 with o;(z) = o; fori =1,2,...,5.

Corollary 3.8 ([9], Theorem 3.4). Let (X,C) be a partially ordered set, P be a normal cone,
(X,d) be a complete cone metric space and q be a c-distance on X. Suppose that there exist two
weakly increasing mappings f,qg: X — X with respect to T such that the following conditions hold:

q(fr,gy) = cauq(x,y) + azq(z, fr) + asq(y, gy),

q(gz, fy) = aaq(x,y) + aq(z, gz) + azq(y, fy)

for all comparable x,y € X, where o; are nonnegative coefficients for i = 1,2, 3 with
a] 4+ as +ag < 1.

int{la@@, )| + o, f)l: @ € X} > 0 and inf{lg(a,y)] + [q(e,go)|: @ € X} > 0 for all
y € X withy # fy and y # gy, respectively, then f and g have a common fixed point. Moreover, if
fz=g9z= 2z then q(z,z) = 0.

Example 3.1. Let E = Rand P = {z € E: x > 0}. Let X = [0, 1] and define a mapping
d: X x X - Ebyd(z,y) = |z —y| for all z,y € X. Then (X, d) is a cone metric space. Define a
function ¢: X x X — E by q(x,y) = d(z,y) for all z,y € X. Then ¢ is a c-distance (by Example

2.1). Let an order relation C be defined by v C y <= x < y. Also, let a mapping f: X — X

2 . z+1 T
be defined by f(z) = R for all z € X. Define the mappings o (z) = 1 ay(z) = 3 and
as = ag = a5 = 0 for all z € X. Observe that:

2
M an(fa) = <“”1+1> <16t <
2

r+1

= «a(x) for all z € X.

[\

@) au(fz) = ;3—2 < % < % = ay(z) forall z € X.
(3) ai(fr) =0<0=q4(x) forallz € X and i = 2,3, 5.

1 2 2 1
(4)(a1+a2+a3+2a4+2a5)(:v):x+ + 2 Tt < 1forall x € X.

4 8 4
(5) For all comparable x,y € X, we get

z2 q? T+ yllx—y T +vy z+1
afe fu) = |5 - L] < BRIV (TR (TP g <

< ai(z)q(r,y) + aa(w)q(z, fr) + as(x)q(y, fy)+

+aou(x)q(z, fy) + as(x)q(y, fx).

(6) Similarly, we have
q(fy, fr) < a1(2)q(y, ©) + az(x)q(fr, 2) + as(x)q(fy, y)+

+as(r)q(fy, =) + as(x)q(fr,y)

for all comparable z,y € X.

Moreover, f is a nondecreasing and continuous mapping with respect to = . Hence all the
conditions of Theorem 3.1 are satisfied. Thus f has a fixed point z = 0 and ¢(0,0) = 0.

Remark 3.1. There exist many examples on fixed point results under c-distance in cone metric
spaces (see, for example, [9, 12, 25, 26]). Also, most of the examples in [1, 6, 24] can be easily
translated into the c-distance on ordered cone metric spaces with ¢(x,y) = d(z,y).
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