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ON LIE IDEALS AND GENERALIZED JORDAN LEFT DERIVATIONS
OF PRIME RINGS

IJEAJIN JII TA Y3ATAJIBHEHI ) KOPJAHOBI JIIBI ITOXIIHI
MNPOCTHUX KIJIELIb

Let R be a prime ring with characteristic different from 2 and U be a Lie ideal of R. In this paper, we initiate the study
of generalized Jordan left derivations on Lie ideals of R and prove that every generalized Jordan left derivation on U is
a generalized left derivation on U. Further, it is shown that generalized Jordan left biderivation associated with the left
biderivation on U is either U C Z(R) or a right bicentralizer on U.

Hexait R — mpocre Kilblle 3 XapaKTepPHCTHKOW, BiaMiHHOIO Bix 2, a U — imean JIi mporo kimbus. Y i ctarTi mMu
MOYMHAEMO TOCTIKCHHS y3arajJbHECHHUX XOPAaHOBUX JIBUX MOXimHHX Ha igeanax JIi kijgpis R 1 moBOmMMO, IO Oyib-
sIKa y3araJbHEHa JKOpIIaHOBa JiiBa moxinHa Ha U € y3aralpHEHOH JiBO noxigHor Ha U. Kpim Toro, BCTaHOBIEHO, IO
y3araJbHeHa OpIaHoBa JiBa MOABINHA MOXiNHa, acoLiiioBaHa 3 JIiBOKO moaBiitHOO moxiguowo Ha U, € abo U C Z(R), abo
IIpaBHM IOJBIHHUM IieHTpaaiizepom Ha U.

1. Introduction. Throughout the present paper R will denote an associative ring with center Z(R).
A ring R is n-torsion free, where n > 1 is an integer, in case nx = 0, implies x = 0 for all x € R.
As usual we write [z, y| for xy — yz and make use of commutator identities [xy, z] = x[y, 2] + [z, 2]y
and [z,yz] = ylz, z] + [z,y]z for all z,y,z € R. Recall that a ring R is prime if for any a,b €
R, aRb = {0} implies that either « = 0 or b = 0. An additive subgroup U of R is said to be a Lie
ideal of R if [U,R] C U. A Lie ideal U of R is said to be square closed if u?> € U for all u € U.
A Lie ideal U is called noncommutative if [U, U] # 0. An additive mapping 6: R — R is called a
derivation (resp. Jordan derivation) if §(zy) = d(x)y + x6(y) (resp. 6(z?) = §(x)x + 26(x)) holds
for all x,y € R. An additive mapping f: R — R is called a generalized derivation if there exists a
derivation §: R — R such that f(zy) = f(z)y + xd(y) holds for all z,y € R. An additive mapping
d: R — R is said to be a left derivation (resp. Jordan left derivation) if d(zy) = xd(y)+yd(x) (resp.
d(z?) = 2zd(x)) holds for all z,y € R. Clearly, every left derivation on a ring R is a Jordan left
derivation but the converse need not be true in general (see, for example, [17], Example 1.1). In [3],
Ashraf and the first author proved that if R is a prime ring with characteristic different from 2 and
d: R — R is an additive mapping such that d(u?) = 2ud(u) for all u in a square closed Lie ideal
U of R, then d(uv) = ud(v) + vd(u) for all u,v € U. During the last twenty five years, there has
been ongoing interest concerning the relationship between left derivation and Jordan left derivation
on prime and semiprime rings (cf. [1-4, 8, 9, 12, 16, 17] and reference therein).

Following [18], an additive mapping 7: R — R is called left (resp. right) centralizer of R if
T(xy) = T(x)y (resp. T'(zy) = 2T (y)) holds for all z,y € R. An additive mapping 7: R — R
is called Jordan left (resp. Jordan right) centralizer of R if T'(x?) = T(z)x (resp. T'(x?) = T (x))
holds for all x € R. Obviously, every left centralizer is a Jordan left centralizer. The converse is in
general not true. In [18], Zalar proved that every Jordan left centralizer on a 2-torsion free semiprime
ring is a left centralizer. According [2], an additive mapping F': R — R is called a generalized left
derivation (resp. generalized Jordan left derivation) if there exists a Jordan left derivation d: R — R
such that F(zy) = xF(y) + yd(z) (resp. F(x?) = zF(x) + xd(x)) holds for all z,y € R. It
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is easy to see that F': R — R is a generalized left derivation if and only if F' is of the form of
F =d+ T, where d is a left derivation and T is a right centralizer on R. The concept of generalized
left derivations cover the concept of left derivations. Moreover, a generalized left derivation with
d = 0 includes the concept of right centralizer. Since the sum of two generalized left derivations is
a generalized left derivation, every map of the form F(z) = za + d(x), where a is a fixed element
of R and d is a left derivation of R, is a generalized left derivation. Notice that for any generalized
left derivation F, the mapping H: R — R such that H(x) = F(x) + xza or H(x) = F(x) — za,
where a is a fixed element of R, is also a generalized left derivation on R. It is obvious to see that
every generalized left derivation is a generalized Jordan left derivation. But the converse need not be
true in general (see Example 1.1 of [2]). It is shown in [2] that if R is a 2-torsion free prime ring,
then every generalized Jordan left derivation on R is generalized left derivation. Recently, Shakir [1]
obtained the above mentioned result for semeprime ring. In Section 3, our objective is to prove that
the conclusion of the result obtained by Ashraf and Shakir [2] remains true in the case when the ring
is prime and underlying subset of R is a Lie ideal.

Let S be a subring of a ring R. A mapping B: R x R — R is said to be symmetric if B(x,y) =
= B(y,x) for all z,y € R. Following [7], a biadditive map B: S x.S — R is called a biderivation on
S if it is a derivation in each argument, i.e., for each = € S, the map y — B(x,y) and y — B(y, x)
are derivations of S into R. Typical examples are mappings of the form (z,y) — A[z,y], where
A is an element of the center of R. The concept of biderivation was introduced by Maska [13].
Further, Bresar [7] showed that every biderivation B of a noncommutative prime ring R is of the
form B(z,y) = Alz, y] for some A € C, the extended centroid of R.

According [1], a biadditive mapping B: R x R — R is called a left biderivation (resp. Jordan
left biderivation) if B(xy, z) = xB(y, 2) + yB(x, 2) (resp. B(z?, 2) = 22B(x, 2)) and B(x,yz) =
= yB(z, z) + 2B(x,y) (resp. B(z,2%) = 22B(z, 1)) hold for all z,y, 2 € R. A biadditive mapping
G: R x R — R is called generalized left biderivation (resp. generalized Jordan left biderivation) if
there exists a left biderivation (resp. Jordan left biderivation) B: R x R — R such that G(zy, z) =
= 2G(y, 2) +yB(x, 2) (resp. G(22,2) = 2G(x, 2) +xB(x, 2)) and G(x,yz) = yG(z, 2) +2B(x,y)
(resp. G(z,2%) = 2G(z,2) + 2B(z, 2)) hold for all z,y,2 € R. A biadditive map 7: R x R — R
is called a left (resp. right) bicentralizer if 7 (zy,z) = T (x,z)y and T (x,yz) = T (z,y)z (resp.
T(zy,z) = 2T (y,2) and T (x,yz) = yT (x,2)) for all z,y,2 € R. A biadditive mapping 7 : R x
x R — R is called a Jordan left (resp. right) bicentralizer if 7 (22, 2) = T (x,2)x and T (z, 2%) =
= T (x,2)z (resp. T (2%, 2) = 2T (x,2) and T (w, 2%) = 2T (x, 2)) for all z,z € R. The map T is
said to be a bicentralizer if it is both a left and a right bicentralizer on R. This type of mappings
obviously extend the concepts of centralizers. In [14], Muthana presented an algebraic study of left
bicentralizers in prime rings. The last section of this paper deals with the study of generalized left
biderivations of a prime ring R of charR # 2 under the appropriate restriction on a Lie ideal U of
R. The result of this section generalize the result obtained in [1] (Theorem 5.1).

2. Preliminaries. We collect some known results and review a few important facts about the left
Martindale ring of quotients that will be needed in the subsequent discussions of a ring, Q;(R) will
denote the left Martindale ring of quotients of a prime ring R. This ring was introduced by Martindale
in [13] as a tool in the study of prime rings satisfying generalized polynomial identities (e.f. [6]). The
center of Q;(R), will be denoted by C, and called the extended centroid of R. It is well known that
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C is a field. Also, it is easily seen that C' is the centralizer of R in Q;(R). In particular, Z(R) = C.
The subring of @;(R) generated by R and C' is called the central closure of R and will be denoted
by Rc. Another subring of Q;(R) is Qs(R) = {q € Qi(R)|¢I C R for some nonzero ideal I of R}.
This ring is known as the symmetric Martindale ring of quotients. It is easy to verify that R C R¢c C
C Qs(R) € Qi(R). Note that aRb = {0} with a,b € Q;(R) implies that a = 0 or b = 0. Whence
we can see that Ro, Q;(R) and Qs(R) are prime rings.

Remark 2.1. Let U be a square closed Lie ideal of R. Notice that 2y +yz = (v +vy)? — 2% — 32
for all z,y € U. Since 22 € U for all x € U, xy + yx € U for all z,y € U. Hence, by definition
of Lie ideal, we find that 2zy € U for all z,y € U. Therefore, for all » € R, we get 2r[z,y] =
= 2[z,ry] — 2[z,r]ly € U and 2[z,ylr = 2[x,yr] — 2[y,r] € U, so that 2R[U,U] C U and
2[U,UIR C U.

This remark will be freely used in the whole paper without specific mention.

We begin with the following lemmas which are essential for developing the proof of our results.

Lemma 2.1 ([5], Lemma 4). Let R be a prime ring of characteristic different from 2 and U ¢
¢ Z(R) be a Lie ideal of R and if aUb = {0}, then a = 0 or b = 0.

Lemma 2.2 ([3], Theorem 4). Let R be a prime ring of characteristic different from 2 and U be
a square closed Lie ideal of R. If d: R — R is an additive mapping such that d(z*) = 2zd(z) for
all x € U, then d(xy) = zd(y) + yd(z) for all x,y € U.

Lemma 2.3 ([1], Proposition 2.10). Let R be a prime ring and F: R — R¢ be an additive
mapping satisfying F(rs) = rF(s) for all r,s € R. Then there exists q € Qi(Rc) such that
F(r)y=rqforallr € R.

Lemma 2.4 ([10], Lemma 3.3). Let R be a 2-torsion free semiprime ring and U be a nonzero
Lie ideal of R. If [U,U] C Z(R), then U C Z(R).

Lemma 2.5 ([15], Lemma 2.7). Let G1,Go, ..., G, be additive groups, R a 2-torsion free semi-
prime ring and U ¢ Z(R) be a Lie ideal of R. Suppose that mappings S: G1xGaX...xG, — Rand
T: Gy xGox...xG, — R are additive in each argument. If S(a1,az, ..., an)xT (a1, a2, ...,a,) =
=0forallx € U, a; € Gy, i=1,2,...,n,then S(a,ay,...,an)xT (b1, ba,...,b,) = 0 for all
xeUayb €Gi=1,2,...,n.

3. Generalized Jordan left derivation on prime ring. We begin with the following lemmas
which are essential for developing the proof of our results.

Lemma 3.1. Let R be a 2-torsion free ring and U be a square closed Lie ideal of R. Suppose
that F': R — R be a generalized Jordan left derivation with associated Jordan left derivation
d: R— RonU. Then

(i) F(zy+yzx) =aF(y) +yF(z)+ zd(y) + yd(z) forall z,y e U,

(i) F(zyz) = zyF(z) 4 2zyd(z) + 22d(y) — yad(z) forall z,y € U,

(iii) F(xyz+zyx) = xyF(2)+2yF(x)+2xyd(2)+2z2yd(x)+xzd(y)+22d(y) —yxd(2) —yzd(z)
forall xz,y, z € U.

Proof. (i) Since F is a generalized Jordan left derivation on U, we have F(2?) = F(x)+zd(z)
for all z € U. Compute W = F((x + y)?) in two different ways. On one hand we find that
W =F((z +y)?) = aF(z) + 2F(y) + yF(z) + yF(y) + zd(x) + zd(y) + yd(z) + yd(y) for all
x,y € U. On the other hand

F((z+y)") = F(a® +y* + 2y + yo) =
=zF(x) +xd(x) + yF(y) + yd(y) + F(zy + yz) forall z,y e U.
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Comparing two expressions, we obtain the required result.
(ii) Replacing y by zy + yz in (i), we get

F(z(zy + yx) + (xy + yx)z) = 2 F (zy + yx) + (xy + yx)F(z)+
+ad(zy + yx) + (xy + yx)d(z) forall z,y € U.
Since d: R — R is a Jordan left derivation, linearizing d(z?) = 2xd(x), we find that
d(xy + yz) = zd(y) + yd(x) + zd(y) + yd(x) forall xz,yeU,
and hence,
F(xz(zy + yz) + (zy + yz)z) = 22F (y) + 2zyF (x) + 4xyd(x) + 322d(y)+
+yzd(z) + yxF(z) forall z,yeU. 3.1
On the other hand, we have
F(z(zy + yx) + (zy + yz)x) = F(2%y + y2?) + 2F (zyz) =
= 22F(y) + yzF(x) + 3yzd(z) + 2°d(y) + 2F (zyz) forall z,y e U. (3.2)
Combining (3.1) and (3.2) and using the fact that R is 2-torsion free, we obtain
F(xyx) = 2yF(x) + 2%d(y) + 2zyd(x) — yxd(z) forall x,y € U.
(ii1) Replace x by x + z in (ii), to get
F((z + 2)y(x + 2)) = xyF(z) + 2y F(2) + 2yF(z) + 2yF(2) + 2xyd(z)+
+2xyd(z) + 2zyd(z) + 22yd(z) + x2d(y)+
tzzd(y) + zxd(y) + 22d(y) — yrd(z) — yrd(z)—
—yzd(z) —yzd(z) forall =z,y,z€U. (3.3)
On the other hand, we have
F((x + 2)y(xz + 2)) = F(zyx) + F(2yz) + F(zyz + zyz) =
= 2yF(x) + 2?d(y) + 2eyd(z) — yad(z) + 2yF(2)+
+22d(y) + 2zyd(z) — yzd(z) + F(xyz + zyz). 34
Now, comparing (3.3) and (3.4), we get (iii).
Lemma 3.2. Let R be a prime ring of characteristic different from 2 and U be a noncommuta-

tive square closed Lie ideal of R. If T: R — R is an additive mapping which satisfies the condition
T(2%) = T(z)z for all x € U, then T(zy) = T(x)y for all x,y € U.
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Proof. We have
T(x?) =T(x)x forall z€U. (3.5)

Linearizing (3.5), we get

T(xy+yz)=T(z)y+T(y)xr forall z,yel. (3.6)
Replacing y by zy + yx in (3.6), we obtain

T(x(zy +yz) + (zy +yz)z) = T(x)zy + T(x)yz + T(x)yzr + T(y)z®> forall z,y e U. (3.7)
On the other hand
T(x(zy +yz) + (zy +yo)z) = T(2eyz) + T(a?y + ya?) =
= 2T (zyx) + T(x)zy + T(y)xz* forall xz,y € U. (3.8)
Now, comparing (3.7) and (3.8), we have

T(zyx) =T(x)yx forall z,yeU. (3.9)
Again, replace x by x + z in (3.9), to get

T(zyz + zyx) = T(x)yz + T(2)yxr forall z,y,z€ U. (3.10)

Let us consider
W =T(xyzyx + yxrzay) forall z,y,z € U. (3.11)

This can be rewritten as W = T'(z(yzy)z) + T'(y(xzx)y) for all z,y,z € U. Using (3.9) in the
above relation, we obtain

W =T(x)yzyx + T(y)rzzy forall z,y,z € U. (3.12)

Again, we can write W = T'((zy)z(yz) + (yz)z(xy)) for all z,y,z € U, and hence by application
of (3.10), we find that

W =T(xy)zyx + T (yzx)zzy forall z,y,z € U. (3.13)

Equating (3.12) and (3.13), we get {T'(zy) — T(z)y}zyx + {T'(yx) — T(y)z}zzy = 0 for all
x,y,z € U. Now, we introduce a biadditive mapping B(z,y) = T(xy) — T'(z)y for all z,y € U.
Using this in the above relation, we obtain B(z,y)zyx + B(y,x)zzxy = 0 for all z,y,z € U.
Using relation (3.6), we can say that B(x,y) = —B(y,x). Hence we get B(x,y)z[zr,y] = 0 for
all z,y,z € U. Hence, by Lemma 2.5, we have B(z,y)z[u,v] = 0 for all z,y, z,u,v € U, that is,
B(z,y)Ulu,v] = {0} for all z,y,u,v € U. Since U is a noncommutative Lie ideal of R and by
Lemma 2.1, we find B(z,y) =0 for all x,y € U i.e., T(xy) = T(x)y for all z,y € U.

By similar arguments as the above with necessary variations, we can prove the following lemma.

Lemma 3.3. Let R be a prime ring of characteristic different from 2 and U be a noncommuta-
tive square closed Lie ideal of R. If T: R — R is an additive mapping which satisfies the condition
T(2%) = 2T () for all x € U, then T (zy) = 2T (y) for all x, y € U.
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Theorem 3.1. Let R be a prime ring of characteristic different from 2 and U be a noncom-
mutative square closed Lie ideal of R. If R admits a generalized left derivation F': R — R with
associated Jordan left derivation d: R — R on U, then d = 0 on R.

Proof- Since F' is a generalized left derivation on U, we have F'(zy) = zF(y) + yd(x) for all
x,y € U. Replacing = by 22 in the above expression, we get F(2%y) = 22F(y) + yd(z?) for all
x,y € U. Since d: R — R is a Jordan left derivation, we find that

F(z%y) = 2®F(y) + 2yzd(x) forall z,y e U. (3.14)
On the other hand,

F(2%y) = F(x(zy)) = 2F(zy) + zyd(z) = 2*F(y) + 2zyd(z). (3.15)

Combining (3.14) and (3.15) and using the fact that char R # 2, we obtain [z, y|d(z) = 0 for all
x,y € U. Now, replacing y by 2yz, we find that [z,y]zd(x) = 0 for all x,y,z € U. Hence, by
Lemma 2.1, for each z € U either [z,y] = 0 or d(z) = 0. Now, for each x € U, let A = {z €
€U |[z,y =0for ally € U} and A’ = {x € U | d(z) = 0}. Moreover, U is the set-theoretic
union of A and A’. But a group cannot be the set-theoretic union of two proper subgroups. Hence,
by Brauer’s trick, we have either U = A or U = A’. In the former case, we have [z,y] = 0 for all
x,y € U, a contradiction. In the latter case, we have d(x) = 0 for all x € U. Now, replace = by
2r[t,x] and using char R # 2, to get rd([t,z]) + [t,x]d(r) = 0 for all ¢,z € U and r € R. This
implies that [¢,z]d(r) = 0 for all ¢t,x € U and r € R. Again, replacing x by 22y and using the fact
that char R # 2, we get [t,z]yd(r) = 0 for all t,z,y € U and r € R, that is, [t,z]Ud(r) = {0}
for all t,x € U and r € R, thus by the application of Lemma 2.1 yields that either d(r) = 0 for all
r € Ror[t,z] =0 forall t,z € U. Hence, d = 0 on R, since U is noncommutative Lie ideal of R.

Theorem 3.2. Let R be a prime ring of characteristic different from 2 and U be a noncom-
mutative square closed Lie ideal of R. Suppose F': R — R is a generalized left derivation with
associated Jordan left derivation d: R — R on U. Then every generalized Jordan left derivation on
U is a generalized left derivation on U.

Proof. 1f associated Jordan left derivation d = 0, then F' is a Jordan right centralizer on U.
Therefore, in view of Lemma 3.2, F' is a right centralizer on U. Hence for d = 0, it is generalized
left derivation on U.

Suppose that associated Jordan left derivation d # 0 on U. Thus, in view of Lemma 2.2, d is a
left derivation on U. Since F, d and T are additive maps on U, we write T' = F' — d. Then we find
that

T(z%) = (F — d)(2?) = F(2?) — d(2*) = 2F(z) + zd(2) — zd(x) — zd(z) =
=zF(z) —xzd(z) = x(F(x) —d(z)) = 2T(z) forall =ze€U.

This implies that T'(z2) = 2T'(x) for all z € U, that is, T is a Jordan right centralizer on U. Thus, by
Lemma 3.3, one can conclude that 7" is a right centralizer on U. Therefore, we prove that F' can be
written as F' = d + T, where d is a left derivation and 7T is a right centralizer on U. This completes
the proof of the theorem.

As immediate consequences of the above theorems, we have the following corollaries.
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Corollary 3.1. Let R be a prime ring of characteristic different from 2 and U be a square closed
Lie ideal of R. If R admits a nonzero Jordan left derivation d: R — R, then U is a commutative Lie
ideal.

Corollary 3.2. Let R be a noncommutative prime ring of characteristic different from 2. If
R admits a generalized Jordan left derivation F': R — R with associated Jordan left derivation
d: R — R, then F(z) = xzq for all x € R and q € Q;(Rc¢).

Proof. Since R is a noncommutative prime ring of characteristic different from two and F' be
a generalized Jordan left derivation with associated Jordan left derivation d on R. Thus in view of
Theorems 3.2 and 3.1, we have d = 0 on R. Thus, we obtained F(z?) = zF(x) for all z € R
that is, F' is Jordan right centralizer and therefore, in view of Lemma 3.3, F' is right centralizer on
R ie., F(xy) = xF(y) for all z,y € R. Hence by Lemma 2.3, there exists ¢ € Q;(R¢) such that
F(x) = zq forall x € R.

In conclusion, it is tempting to conjecture as follows:
Conjecture 3.1. Let R be a 2-torsion free semiprime ring and U be a Lie ideal of R. If
F: R — R is a generalized Jordan left derivation on U, then F' is a generalized left derivation on U.

4. Generalized left biderivation on prime ring. Over the last few decades, several authors
have investigated the relationship between the commutativity of a ring R and certain specific types
of derivations of R. A classical result due to Posner who proved that if a prime ring R admits a
nonzero derivation d such that [d(x),z] € Z(R) for all z € R, then R is commutative. Then many
authors generalized this result in the setting of left ideal, Lie ideal etc. in prime and semiprime ring.
In [8], Bresar and Vukman shown that a prime ring must be commutative if it admits a nonzero
left derivation. In [1], Shakir obtained that every generalized left biderivation G: R x R — R with
associated left biderivation B: Rx R — R on a prime ring of char R # 2 is either a right bicentralizer
on R or R is commutative. In this section, our goal is to extend the above mentioned result in the
setting of generalized left biderivation on Lie ideal. The main result stated as follows:

Theorem 4.1. Let R be prime ring of charR # 2 and U be a square closed Lie ideal of R.
Suppose R admit biadditive maps G, B: R x R — R such that G(xy,z) = xG(y,z) + yB(z, z) for
all z,y, z € U, where B(xy, z) = ©B(y, z) + yB(x, z) for all x, y, z € U. Then either U C Z(R)
or G is right bicentralizer on U.

Proof. We are given that GG is a generalized left biderivation, we have

G(zy,z) = 2G(y,2) + yB(x,z) for all xz,y,z€ U. 4.1
Replacing y by 2yw in (4.1) and using the fact that char R # 2, we find that
G(z(yw), z) = zG(yw, z) + ywB(x, z) =
=2yG(w, z) + xwB(y,z) + ywB(x,z) for all x,y,z,w e U. 4.2)

On the other hand, we obtain

G((zy)w, z) = 2yG(w, 2) + wB(xy, z) =

=2yG(w, z) + weB(y,z) + wyB(x,z) for all x,y,z,w e U. 4.3)
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Now, combining (4.2) and (4.3), we have
[z,w]B(y, z) + [y, w]B(z,z) =0 for all =z,y,z,weU. (4.4)
Replace y by w in (4.4), to get
[z,w]B(w,z) =0 for all z,z,welU.
Again, replacing w by 2wt and using char R # 2 in the above relation, we obtain
[z,w]tB(w,z) =0 for all x,z w,telU.

Then, by Lemma 2.1, we get for each w € U, either [z,w] = 0 or B(w,z) = 0 for all z,z € U.
Let

A={weUllz,w]=0for allz € U} and A ={w e U|B(w,z)=0 for all 2 € U}.

Then obviously, A and A’ are the additive subgroups of U and A U A’ = U. Therefore, by
Brauer’s trick, we have either U = A or A’ = U. If U = A, then [z, w] = 0 for all z,w € U, then
by Lemma 2.4, U C Z(R) and if B(w, z) = 0 for all w, z € U, then G is a right bicentralizer on U.

Hence, we get the required result.
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