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CYINEP®PAKTAJIBHA AITIPOKCUMAIIIS ®YHKIIIA

Methods of superfractal approximation of sets introduced in 2005-2011 by Michael Barnsley, et al. are modified for the
approximation of functions. Nonlinear operators are introduced in the space of bounded functions. The limit behavior of
this operator sequence is investigated in the function space (in a sense of pointwise and uniform convergence). We consider
a nonhyperbolic case in which not all plane maps specifying the operator on the function space are contractive and propose
sufficient conditions for the convergence of approximators and estimates of the errors for this kind of approximation (similar
to the collage theorem for fractal approximation).

Mertozsl cynephpakTalbHON anmpoOKCUMALlMK MHOXECTB, BBeAeHHbIe B 2005-2011 rr. B crarbax Maiikna bapuenn u
., aIANTHPYIOTCS K alnpoKcuManuy GyHKiuil. BBopsTcs HelaMHEeHHbIe onepaTopsl B IPOCTPAHCTBE OTPAaHUYCHHBIX (QyH-
Kuuil. Mcenenyercs npenenbHoe MOBEIESHHE OCIEN0BATENbHOCTH 3TUX ONEPAaTOPOB B MPOCTPAHCTBE (QYHKUUH B CMBICIE
MOTOYEYHOI M PaBHOMEPHOH CXOOMMOCTH. PaccMOTpeH HerunepOoIMYecKHid ciydaid, Korja He BCe OTOOpaKeHHUs IUIO-
CKOCTH, 3aJalollie OIeparop Ha MpoCTpaHCTBE QYHKIMIA, SBISIOTCS CKUMAIOIMMHU. [Ipe/UIOKeHbI JOCTaTOUHbIC YCIOBHS
CXOOUMOCTH HpHGJTI/I)KeHI/Iﬁ U OLCHKU BCJIUMYHUHBI IMOTPEHIHOCTU TaKou almpoKCuMalu (aHanom TCOPEMBI O KOJIIIAXE U3
(pakTaIEHOTO MPHOIIKCHNU ).

1. Beryn. Ilonarts ¢gpakranbHoi iHTEpronsanii GyHKIiH, GppakTanpHOi anpoKcuMallii MHOXKHH, Mip
Ta (yHKHii Oymo BBemeHo HampukiHIi 80-x — mouatrky 90-x pokiB y poborax J[xona laruinco-
Ha, Maiikna bapncii, ApHo JKakeHa, Iletepa Maccomycra Ta iH. [1]. IaTepec mo 1iei TeMaTukw
OyB 3yMOBIJICHHI, 30KpeMa, MOMJIMBICTIO 3aCTOCYBaHb 1O CTHCKY Ta OOpoOKM rpadiuHUX JaHUX
[2]. Ili3Hime ctamu po3miigaTtd riOpuaHi (paKkTaIbHO-BEHBIETHI METOOM CTHCKY HaHUX. [lnTaHHS
3HAXOMKEHHST YMOB 301KHOCTI alTOPHTMIB (ppakTaabHOi ampoKCHUMAIlil Ta OIIHOK MOXHUOKH TaKOTO
HAOJIVDKEHHS JTOC1 3aJIMIIAIOThCA Y LHEHTPI yBaru JOCTKeHb 3 (hpakTaabHOro HaOmmwkeHHS [3, 4].
VY nwmkmi crareit bapuceni, ["atuincona, Opbsina Crenduo Ta iH. 2005-2011 pp. Oyno 3anponoHoBa-
HO HOBI METOJM Tak 3BaHOI cymnepdpakTanbHOi ampokcuMariii MHOXHH Ta Mip [5]. Lli cymepdpak-
TalbHI METOIN Y MOPIBHAHHI 3 KIIACHIHUMHE (hPaKTATHPHIMH METOAAMH XapaKTEPH3YIOThCS OUTBIIIO0
THYYKICTIO MOOYI0BH HAOIMKYHOYOTO 00’€KTa Ta MOXIIMBICTIO JOCATHEHHS KpPAaIoro CTYIEHS Ha-
OmmkeHHs. Y crartsax [6, 7] Oynu cnpobu amantyBatu cynepdpakTalbHI METOOH A0 THTEPIOJLIi
GbyHKITIH.

I{to po6OTY HpPHUCBSYECHO MUTAHHAM cynepdpakTaibHOi anmpokcumanii QyHKIid. BBogsTecs He-
JiHIKMHI omepaTopu y mpocTopi oOMexxeHnX QyHKUid. JocmiIKyeTbes rpaHMYHa MOBEIiHKa MOCIHi-
JIOBHOCTI IIMX OMEPATOpiB Y MPOCTOPi (YHKII y CEHCI MOTOYKOBOI Ta piBHOMIpHOI 301kHOCTI. Ha
BIIMiHY BiJ 3BHUYaifHOTO (PpakTaabrHOTO HAONMKEHHS ISl TIOCIIJOBHICTh ONEPATOPiB HE € TOCIiIOB-
HICTIO iTepalliii OHOTO OIepaTopa, TOMY 3aCTOCYBaHHS METOJIB CTHCKYIOUMX Y 3PEHITOK CTHUCKY-
I04MX BioOpa)keHb METPUYHHUX MPOCTOPIB, METPHYHUX TEOPEM MPO HEPYXOMi TOUKU € OOMEKEHHM.
VY crarTi npuAiIeHO yBary HETinepOONiYHOMY BHIIAIKY, KOJH HE BCi BiIOOpa)KeHHS IUIOUIMHH, IO
3aJ1al0Th OIIEPaTop Ha MPOCTOpi (PYHKITIN, € CTUCKYIOUUMH. 3alIPOITOHOBAHO JOCTATHI YMOBH 301KHO-
CT1 HaOJM)KEHb Ta OI[IHKYM BEIMYWHH IMOXUOKHM TaKoi ampOKCHMAIil (aHAJIOTH TEOPEMH PO KOJIax 3
(pakTaIbHOrO HAOIKCHHS).

2. MoroukoBa cynepdppakraibHa anpokcumanis ¢pyHkuiii. [TozHaunmo yepes B(I) OGanaxiB
npoctip oomexennx Ha [ GyHKUiH 3i cranapTHOW HOPMOW ||f|lec = sup;|f|, f € B(I). Hexaii
nauo Biapizok I = [a,b] C R; Q :={1,...,m}*®, m € N. Badikcyemo:
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CYIEP®PAKTAJIBHA AITPOKCUMALILS ®YHKIIIA 1281

1. HaGip TO4OK, sIKi yTBOPIOIOTE PO30HUTTA BiApizka [ : a = g < 1 < ... < z, = b. [lo3Haunmo

I == [xi—1,m), i = 1,...,n—1; I, :== [xy—1, 2] (Tak 3BaHi pezionu). OueBunHo, mwo I; C I,
i=1,....nyU  In=LLNL=2mpul <i#j<n.
2. Habopu To40K «j, (i, i = 1,...,n, Takux, mo a < o; < f; < b. Hosnaunmo I} := [oy, f5;)
abo (ay, Bil, i =1,...,n — 1; I, := [, By] (Tak 3BaHi domenu).
3. Habip romeomopdismis ¢;: I] — I;, i =1,...,n.
4. Habip Bimobpaxens ¢;;: I xR = R, i=1,...,n,j=1,...,m, Takux, mo
i (x, y) — iz, )| < dijly — /'], vel, yy eR, dj>0, (D
sup|vij(z,y)| < +o00, y€eR. )
z€l]
[To3naunmo J; := maxi<j<mdi; > 0,i=1,...,n.

Osnauenns 1. @Ppaxmanvui onepamopu Pioa— Baiipakmapesuua T;: B(I) — B(I),j =1,...
<+, T, 3A0AI0OMbC MAKUM HUHOM:

(Tj(f))(a:) = wij(cpi_l(x),fo gpi_l(a:)), zel, i=1,....,n,

v feB(I),xel, fog:=f(g).
Osnauenns 2. [Tocnioosnicms cynepdpaxmanvuux onepamopie TH*) : Q x B(I) — B(I), k >
> 1, 3a0amo max:

(TWG, ) (@) = TH G, f2) = (Tj, 0... 0 Ty (f)) (2),
oej=(j1,j2,...) €Q, feB(I),xel.

Mae wmicie 300paxeHHs:

TOG, f,2) = o, (07" @), Vg, (07 0 05t (@), .

...wikjk(goi_kl o...onpi_ll(a;),fogoi_klo...ogoi_ll(:c))...)),
ne j € Q, f € B(I), x € I, a nociosricts HomepiB it = il(x), i? = i2(z), * = 3(x), ...
BH3HAYAETHCS 3 YMOB

rely, ') elp, ¢p'own'(x) €y,

3ayBaxnmo, o 7 ¥) (7, f,z) 3anexurs numie Bix k MepUIMX KOMIOHEHT j. 3pyYHO BBaXKaTH, IO

(TOG, ) (@) = TO®G, f,z) == f(x).

Osnauenns 3. Cynepgpaxmanvhy @ynxyiio g; I = R, 5 € Q, 3a0amo makum uurom:
gi(z) == lim (TW(, (),  feB), wel 3)
k—o00

Teepmxennsi 1. Ilpunycmumo, wo suxonano ymoeu 1 —4 ma ona eécix x € I uucnosuii pso
o0
k=1

30ieaembcA.

T00i onepamopu T*®) . Q x B(I) — B(I) eusnaueno kopexmuo, moomo T (4, B(I)) c B(I),
7 € Q, a maxooic hyuryiio g;f : I — R suznaueno xopexmuo, moomo nomoukoea epanuys (3) icnye
npu ecix x € I, j € Q ma ne 3anexcums 6io f € B(I).
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Joeedenna. Mae micuie 300pakeHHS
TG, f0) = TW (G, TS5, f,), ), 5)
e S: Q — Q —3cyB, S(jl,jg, ...) = (j2,J3, - . .). Kpim Toro,

( fx) — (J g,7)| < dil(a:),jl . "dik(a:),jk |f—glo 90;1@%@ ©...0 801_1%1,)@) (6)

Ymosu (1) Ta (2) rapantyiors, mo 7 *) (4, B(I)) < B(I). Mdiicno, 3uavenns |v;;(x,y)| <
< |ij(z, y0)| + dijly — yo| obMmexene no x € I, |y| < C, Tobro Tj(B(I)) C B(I). Bpaxosyrwouu
(5), orpumyemo 7TW®) (5, B(I)) ¢ T*-Y (4, B(I)) c ... c B(I).

Buxopucrosyroun (5) Ta (6), MmaeMo

k+p—1
TEDG, fa) = TG L)) < 01T o) = TOG, f.0)] = (7
=k
k+p—1
- Z ’T(Z)(JaT(l)(Sljaf7)ax) - T(l)(],f,a:)\ <
1=k
k+p—1
S ey ity TS, 1)~ flogly o0 pnly (@) < (8)
1=k

< T( oo 0; =0, k— oo, 9
max |IT(f) ~ ] Z 1 s )

3 ormsny Ha yMoBy (4). Omixe, unciosa nocminossicts 7 (4, f, x), k > 1, byHnamenTansna, ToMy
Ma€ TPaHHMIIO.
3 (6) BUILTHBAE

3HOBY 3 orvIsiy Ha yMOBY (4). OTke, TpaHHUIIS HE 3aJEKUTH Bif f.

Teepaaxennst 2 (AHajor TeopeMu Mpo KoJax). VY npunyujennax nonepeonHb020 meepoiceHHs Ma-
omb micye maxi HepiBHOCMI:

1) onsecix f € B(I),z€1,5 €

|f = gj|(2) < |T5(f) = fl(2)+
+ ity gy - dir@) gy T (F) = F10 @5y 0 0 @il (@)
2) onaecix fe B(I),ze€l,jeQmak>1

‘ ( s .Z‘ Zdl(l‘)jl"' ),jl‘le+1(f)_flosoﬁ(lx)o"-ocpi_léx)(x)' (10)

Joeedenna. 2). Ilepeiinemo B (7) Ta (8) 1o rpaHuIli mpu p — o0.
1). 3amummnocs noknacta k = 0 y gactuHi 2.
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3. PiBHomipHa cynepdpakTanbHa anpokcuManis GyHkuiii. Y 1poMy IMyHKTi OyaeMo IpUITyc-
KaTH BUKOHAHHS YMOB | —4 Ta BUKOPHCTOBYBATH [103HAYEHHSIMH 3 HONEPEAHBOTO MYHKTY.

Posrstnemo juis dikcosanoro j € Q rpammuny noseninky 7% (4,-) : B(I) — B(I), k >
> 1, y npocropi (B(I), ||||oc), TOOTO mocmiaumMo MUTaHHS MPO PIBHOMIPHICTH 1O = € [ 301XKHOCTI
T®) (4, f, ) n0 MOTOYKOBOI rpaHmIi g;‘(a;) mpu k — 00.

BBeneMo Mo3Ha4YCHHS 1711 MHOKHH

L= i o Ty 0y Ty N7 (1) ) €

(il,...,ik) S {1,...,n}k,

AKi € mpoMikkamu (260 TOuKamu), KO I]

iy 7 9, @ TAKOXK YHCen

k)
AK) = max Oiy ... 0; >A( L= max diyiy ... .d; 5, >0, k>1.
1<y i <n: B L T TN e T Ik = -
Il #O Il #0

1] B0

Teepmkennsi 3. 1) Onepamop T (34, ) oic y npocmopi (B(I), ||-||s0) Henepepsno.
2) Axwo A®) < 1, mo onepamop T*) (4, -) y npocmopi (B(I), ||||oc) € cmuckyrouun.
/loseedenna. 3 HEpiBHOCTI (6), MepexoasIn A0 CyIpeMyMiB 1o x € I, MmaeMo

HT(k)(j’f) _ T(k)(jag))H < supdii(g) gy - - .dik(x)Jk |f —g|o (‘Oz’_k%x) 0...0 @5%@(95) =

0 zel

= (dunedigsw 1 = gl) < A% 7 - gl

1<t1,.0<n: r
iy..i, 79 Ltk
Orxe, oneparop 7 *)(j,-) y npocropi B(I) 3anoBonbasie ymoBy Jlinmmrs 31 cramoro A,
TBepmkenns 4. [lpunycmumo, wo pso ¢yuxyin (4) sdicacmuvcs pisnomipno no x € I. Todi
g; € B(I) ma ons dosinenux § € Q, f € B(I) npu k — oo gynxyii T*) (4, f) s36icaompes 0o g5y
npocmopi (B(I), |[[|sc)-
Ipu yvomy ynryis g;f 3A0080JIbHAE MOMONICHICHb

T®G, g) =95,  F€Q k>1.
Josedenna. 3 (7) ta (9), nepexonsuu 10 CynpeMyMiB 1o x € I, MaeMo

< - ; ... y
< g I ) fHOOleéII)ZZ;(Szl(x) by = 0, k= oo,

qepes piBHOMIpHY 361kHiCTb psiny (4). Omxe, mocaigosricts dyskmiit 7 %) (4, 1), k> 1, dynnamen-
TanbHa y B(I), Tomy mae rpannuo, a came g5 € B(I).

JI1st BCTaHOBJICHHS TOTOXHOCTI JOCHTH HEPEUTH y PIBHOCTI (5) IO TpaHUI B CEHCI MPOCTOPY
B(I) npu p — 00, BUKOPHCTOBYIOUH HemepepBHicTh oneparopa 7 (¥ (4, -) y B(I).

Hacnioox 1. 1) Icuye ckinuenna epanuys limg_, o VAK) =: D > 0.
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2) /lna euxoHawHs NpunyujeHHs meepodxcents 4 oOocmamHbo, W00 BUKOHYBANACH YMOBA

- AR < ~+00. To0i, kpim moeo, D < 1.

3) Vmosa Z:il AP < 100 pisHOCUNbHA YMO8I, Wo icHye makutl Homep ko, wo Alko) <1 4
makoac ymosi, wo icnye makuii nomep ki, o A®) < 1 npu scix k > ky.

4) 3a ymosu infy>q AW®) < 1 icuye makuii nomep ki, wo eci onepamopu T*) (7,), k> ki, e
emuckyouumu y npocmopi (B(1), ||-||cc)-

5) Axwo D < 1, mo Zoo AP < 4o,

k=1

Jlosedenns. 1. Ockinbku, sk jerko Gaunty, unciosa nocuizosuicts AK) | k> 1, CyOMyIIBTH-
wrikarueaa: AR+ < A(k)A(l), TO 32 BIJIOMOIO BIACTHUBICTIO TAKHMX ITOCIIIOBHOCTEH iCHY€E TpaHUIIS
limy oo VAR,

2. OckinbKH HaBelIECHUW YUCIOBUI pAl Makopye psaa GyHKUiH (4), TO OCTaHHIHM 30iraeTscst piB-
HOMIPHO, ¥ TIPUITYIIEHHS TBEpKeHHA 4 BUKOHAHO. 3a CTAaHIAPTHOIO 03HAKOKO 301)KHOCTI YHCIOBOTO
pany rpanuusg D He Moxe OyTH cTporo Ouibmoro 3a 1.

3) OueBuHO, IO 3 MEPIIOi YMOBU BUIUIMBAE TPETS, a 3 TPETHOI Apyra. IMIuTiKaIis, Mo 3aIuim-
J1ach, TEX BHILIABAE 3 BIACTHBOCTI cyOMymsTHIUTiIKaTHBHOCTI: siKmo AF0) < 1, 1o

oo ko—1 ko—1

1+§1A 2%2%A5k0+”)<z )Y A <o

4. Hacnigok myHKTY 3 Ta TBep/KeHHS 3 (IIYHKT 2).

5. 3HOBY 03HaKa 301KHOCTI YKCIOBOTO PSIY.

Teopema 6 (Ananor Teopemu npo xonax). Hexau eukonano ymosu 1-4 ma infy>, AR <1,
Bubepemo ko max, wood Ak0) < 1. Tooi marome micye maxi HepIGHOCMI:

1) ons ecix f € B(I) ma j € Q

1f = ghlloo < 1T (F) = Flloo + D AW T3 () = flloo <

k=1

ko—1
< <1+ZA( ) masx [73(f) = fllos

2) onsecix f€ B(I),5 € Qmak>1

H'T(k)( )= gjlleo < ZAjl JlH Tjia (F) = Flloo =

1 k+ko—1
< - O _
< A ZZ;; AD max | T(f) = flle-
Josedenna. 2. 3 (10), mepexonsdau 10 cynpemyMiB o r € I, MmaemMo
TG 1) = gilleo < supzch cee ity sup [T () = fI <

el
TEL =k il()...id(z)
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A T () = flloe < 32 AOIT L () = e

NE

<
=k 1=k
Kpim Ttoro,
o] oo k+ko—1 00 k+ko—1
STAD =3 3T AGRH) < S (AT $ AW,
I=k s=0 I=k s=0 1=k

1. 3amummnock noknactu k = (0 y HEpiBHOCTI 3 IMyHKTY 2.

HepiBHicTb 3 MyHKTY 1 MOXXHA pO3IVISAATH K OLIHKY ITOXUOKH PIBHOMIPHOTO HAOMMKEHHS JaHOI
obmexenoi Qynkuil f cynepdpaxranbanmu pynkuismu g;(-) = g; (-5 {1, i, i}y j:l)? SIKI 3aJ1e-
’KaTb BiJ BUOOPY MpOMIXKKIB I] Ta BiToOpaXeHb ¢;, 1);; 3 ASIKOTO HAMepes 3a1aHOro Kiacy BapiaHTiB
TaKoro BUOOPY.
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