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BATATOBUMIPHI Y3ATAJILHEHI MOMEHTHI 305PAKEHHS
TA AITIPOKCUMALI TUITY NAJIE JJISI ®YHKIII BATATHOX 3MIHHUX

We propose an approach to the construction of multidimensional Padé type approximants for analytic functions based on
the extension of Dzyadyk’s method of generalized moment representations.

IMpemtoxken Moxxox K HOCTPOSHUIO MHOTOMEPHBIX armmpokcuManyid Tumna [lane aHanuTHdeckux (QyHKIHH, OCHOBAaHHBIH Ha
pacmpocTpaHeHHH MeToa 000OIICHHBIX MOMEHTHBIX TpencTasienuii B. K. [I3sapika.

Y 1981 p. B. K. /I3sauk [ 1] 3anpononyBaB METO y3araTbHCHIX MOMEHTHHX 300paKeHb, ITI0 TO3BOJINB
3 €IMHMX TO3HIIA OyyBaTH Ta AOCIiIHKyBaTH anpokcuMaHTH [1ane 6ararbox BasKITUBUX KIIACIB CIEITi-
anbHUX QyHKIi#. [Tomanpumii po3BUTOK IEOTO METOAY JaB MOXKIIUBICTh 3aCTOCYBATH HOTO TAKOX JIO
BUBYCHHS PI3HOMAHITHHX y3araJlbHEHb alpoKCHUMaHT [lane, Takux sk 6araTOTOYKOBI alpOKCUMAaHTH
[Tane, anpoxcumantu Ilage — Yebumora, cymicui anpokcumantu [lane ta iH. (muB. [2]). ¥ poborax
[3-5] Oyno 3ampoIIOHOBaHO O3HAYEHHS JIBO- Ta TPUBUMIPHUX y3arallbHEHHX MOMEHTHHX 300paKeHb
1 BU3HAYEHO IUISIXU 1X 3aCTOCYBaHHS J0 MOOYI0BH paIliOHANBHUX anpoKCUMaHT tuny [lane dyHKiii
JIBOX Ta TPHOX 3MIHHUX.

VY nmaHiif cTarTi el miaxia MONUPEHO Ha BUMAI0K JTOBUIBLHOI pO3MipHOCTI d > 2.

Hasenemo BinInoBiIHE 03HAYEHHS.

Osnauenns 1. [osopumumemo, wo 015 d-6UMIpHOI YUCLO60T ROCTIO0BHOCI {Sk}kezi cnpas-
021CYEMBCSAL Y3a2aibHeHe MOMeHmHe 300patcents Ha 000YymKy AiHitHux npocmopie & ma % 3a o3na-
YeHOI0 HA Ybomy 000YMKY GiniHIHOW opmoro (., .), akwo y npocmopi X ékazano d-eumipHy nociui-
006HICMb eleMeHmie {xk}kezir a 'y npocmopi % — d-eumipny nocnioognicme enemenmis {y; }jGZi
maki, o

skrj = (T, y5),  k, jeZY. (1

Posrnsinemo opmanbHuil cTenieHeBuit psin 3a d 3MiHHAMHA

fz) = sz, )

kezd
_ Cl k= (ki k k 7d gk _ ki ke kq
ne z=(z1,22,...,2q) € CO k= (ki,ko,... . kq) € 2%, 2° = 2" 25" ... 2;".
BBenemo m1s 3py4nocrti pan nosHadens. IIpu p = 0,1, ..., d no3Hauumo 4epes 2, MHOXHHY

Q= {w C{1,2,....d}: [w| = p}.
BriopsaxyeMo e1eMEHTH KOKHOI 3 MHOKUH w € €,

w={h(w),la(w),....lh(w)}

TaK, 10
1 <h(w) <lh(w) <...<lp(w) <d.

Te x came 3po6HMO 3 eneMeHTaMu JomoBHeHHs w = {1,2,...,d} \ w,
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W= {mi(w),ma(w),...,mg—p(w)} € Qi—p,
TaK 1o
I <my(w) <mo(w) < ... <mg—p(w) < d.
Jns koxxHOT MHOXMHU w € €),,p = 0,1, ..., d, BBeIeMO NO3HAYEHHS
0(w) = (01(w), da(w), ..., 0q(w)),
ne
55(w) = 0 npnz:Ew,
1 mpui & w,
e(w) = (e1(w), e2(w), - . ., €4(w)),
ci(w) = —1 mpu Z € w,
1 mpui¢w,
Tax 110
5i(w) = 5’(“’;+ L oo
TTo3HaunmMo Takox
0= (0,0,...,0) € Z4, 1=(1,1,...,1) €24,
Tax 110
1=46(9), 0=90({1,2,...,d}).
Jlnst koxkHUX BekTopiB a,b € Z4 a = (a1, as,...,aq),b = (by,ba,...,bg), uepes a o b nosna-

YHMO MTOKOOPJMHATHUH T0OYTOK BEKTOpiB a Ta b
aob = (albl, agbg, ceey adbd).

ITo3HaUMMO TaKOXK JIs1 KOXKHOTO BCKTOpa a € Zi

A(a):{j:(jl,jg,...,jd)EZi:jie{O,l,...,ai}, i:1,2,...,d}.

3 YpaxyBaHHAM IUX I[MO3HAY€Hb BCTAHOBJICHO HaCTyrIHI/Iﬁ pe3yabTart, o A03BOJILE IJIA pSI,Z[iB

BUDIAAY (2) 3 KoedilieHTaMu, JUIsl SKUX CIPaBIKYIOThCS 300paskeHHs Bursiny (1), Oymysatu ix d-

BAMIpHI anpokcuMmanTu tumy llame. Jlns posmipaOcTeit d = 2 Ta d = 3 BinnoBigHiI pe3ynbTaté 0yia0

BCTAHOBJICHO Y [3 —5]. Omisa pe3yasTariB, M0 CTOCYIOTHCS Pi3HOMAaHITHUX 0araTOBHMIpHHX aHAJIOTIB

anpokcumartiii [1ane, HaBeneHo B [6, c. 323 — 332].
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1168 A.II. TOJIVB, JI. O. YEPHEIIbKA

Teopema 1. Hexaii ons koegiyienmie popmanvrozo cmenenegozo psdy euenady (2) cnpagdicy-
embcst yzacanvhene momenmue 300pascenns euensioy (1). Tooi sxwo oas desxkoeo N = (Ny, Na, . ..
., Ng) € N icuye yzazanvnenuii mnozounen

> ™y 3)

JEA(N)

(N

maxuii, wo ¢y ;é 0, i BUKOHYIOMbC YMOBU BIOPMO2OHANLHOCTE
(T, YN) =0 4

npu k = A(N) \ {N}, mo payionanena gynxyis

[N s0) = ) ©
oe
Qz)= Y (©6)
JEA(N)

||
QM:‘

p
ZQ: H VR D 2 Cow)N+ewpejkreweyr  (7)

keA(N—-§(w)ol)  jeA(d(w)oN+6d(w)ok)

mMamume po36UHEHHS Y Cmenenesull psio, KoeiyicHmu K020 30ieamumymovcst 3 Koegiyicnmamu psioy
(2) oz 6cix k € A(2N) \ { (2]\71, 2Ny, ..., 2Nd) } a omoice, yst payionanvbHa QyHKYis € d-6uUMipHOIO
anpoxcumanmoro muny Ilaoe psdy (2) nopsaoky [ M | N, de M = A(2N) \ Hj_l{Ni’ N;+1,...
, 2N}, A = A(N).
Jlosedennsa. 3adixcyemo neskuii Bexkrop K € Z‘j 3 IOCUTh BEJIMKUMH KoopauHatamu K; € Z,
i =1,2,...,d. JoMmHO)XHMO KOXHy 3 piBHocTei (1) Ha z¥ i mizcymyemo ui piBHOCTI 3a Bcima
k € A(K). 3niBa orpumaemo

E 3k+J =z E spzX =

keA(K k—jeA(K)

d—1
> > > 512 b — Eieg(2), )

P=0wEp ke[, [6: (@)5i,ji+0: (@) Ki—di(w)]
e
EkJ (Z) = Z ek,jzk.
keZi\A(K)

(N)

JIoMHO)XMMO Teriep OTpuUMaHi piBHOCTI Ha G i mizcymyemo no j € A(N). Ha ocHosi (8)

OACPIKUMO
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d—1
Z)CJgN) 233 f(2) =) ) > skz* o — By j(z) p =

JeA(N P=0wEp ke[ T4, [6;(@)gi.ji+0: (@) K; —8; (w)]

d—1
=2z N{ f(z) Z cl(\lf_)jzj—z Z Z chN)zN_jx
)

jeAN p=0 weN, jeA(N)

X Z Ska — EK,N (Z),

ke [ [5u(@s i +5:(@) i, (0)

1=

Ie

EK,N(Z) = Z EKVNzk.
keZI \A(K)

Jlyis Toro 1mo6 OTpUMATH OCTATOYHUEN BUIISL YUCeIbHHUKA (7), BAKOPUCTAEMO HACTYIIHY JIEMY.
Jdema 1. Jna oosinenux N, K € N dosinonoi nocrioosnocmi {sy,}32, 0osinbrozo nabopy uucen

N . . . .
{C;- )}é\[:o ma oosinvrozo z € C maroms Micye maki monodIcHocmi.

N j—1 N-1 k

N—j k k )
g cjz g spz" = z CN—jSk—j;
j=1 k=0 k=0  j=0
N K K N

N—j k N k
g cjz I g SpEt =z E z E CjSk-
j=0 k—=j k=0  j=0

s noBeneHHs JeMH JOCUTh BUKOPUCTATH €JIEMEHTApHI 3aMiHM 3MIHHUX IIIJICYMOBYBAaHHS Ta
3MiHY TOPSIZIKY TiJICyMOBYBaHHSL.

BpaxoBytoun nemy 1 i BuGuparoun koopanHatd Bekropa K N10ocuTh BETHKUMU, IEPEKOHYEMOCS B
cnpaBeanuBocTi Gopmymnu (7).

Sk iy Bumankax d = 2,3 [3-5], Teopemy | MOXHA OEIIO y3araabHUTH, SKIIO BUOMpATH
y3arajJbHeHHH MHOTOYIeH YN 3 YMOB OiOpTOTOHANBHOCTI BUIIAAY (4) IO €NIeMEHTIB Ty He UL
k € AN) \ {N}, a mnas k € N, ne SN — nAeska MiIMHOXKHHA 3 7%, mo MicTHTb piBHO

d . . .
H~ 1(NZ- + 1) — 1 enemenris. 106 chopmyinoBaTH BiAMOBiJHE TBEPHKCHHS, PO3IISIHEMO JIESKY
1= co .
HernepepBHO AudepeHiHoBHY QyHKITiF0
P(x): RL - R,
III0 Ma€ Taki BIaCTHBOCTI:
1) muoxuna Zg = {x € R%|Pn(x) < 0} € obmexenoro B RY;

d
2) MOTYXHICTh MHOXUHU Dg () {X € Z‘i|azi >N;,1=1,2,... ,d} JIOpiBHIOE Hi:l(Ni +1)—-1;
3) wia Beix ¢ =1,2,...,d ICHYIOTh OJHO3HAYHO BU3HAYCHI (PYHKIIT
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1170 A.II. TOJIVB, JI. O. YEPHEIIbKA

i = @i(T1,To, . X1, Ty 1, - )
TSt
— d-1
(T1, 2, .- Tim1, Tig1, - -, @q) € Dj := {(®1, @2, ..., Ti—1, Tig1, ..., 2q) € RY | Tz € Ry
taki, mo P(x1,xe,...,24) < 0};

4) pu koxxHOMY ¢ = 1,2,...,d

0i(x1, 22, ..., Tie1, Tig1,s .-, Zq) = Nj

JUTS BCIX 3HAYEHD (X1, T2, ..., Ti—1,Tit1,.-.,Zq) € D;.
3a cxeMOI0 JIOBENICHHSI TeOpeMH | B IIbOMY BHIAAKY MOXKHA BCTAHOBUTH TAKUH PE3y/bTar.
Teopema 1’. Hexail 3a yMoe meopemu 1 ons desikoco N € N icuye ysacanvnenuti mnozounen
(N

suensaoy (3) maxuil, wo cy ;é 0, i euxonyromocs ymosu 6iopmozonansnocmi (4) npu k € {k €
Zi. k + N € Zs}. Tooi payionanena gyuryis euensndy (5), de Q(z) mae suenso (6), a

d—1 P
=> > = >

p:O UJEQp r=1 0<k,y, . (w)\ ni(w)717i:172*“"d7p
®(k)<0
x Z C§(w)oN+e(w)ojSk+e(w)oj>
JEA(d(w)oN+d(w)ok)

Mamume po36UHEHHs Y cmenenesuti pso, KoeiyieHmu K020 30icamumymvcs 3 Koegiyicnmamu paoy
(2) ons 6cix k € Do N7, a omace, ya payionanvna Qynkyis € d-6UMIPHOIO ANPOKCUMAHMOINO MUNY

Made pady (2) nopaoky [M|N), de M = Do NZL\ {x € Z4: z; > Nyyi = 1,2,...,d}, a
AN = A(N).

V BumaKy, Ko JiHiitHi mpoctopu 2 Ta % € HOpMOBaHUMH, OiniHiitHa Bpopma (., .) € pO3aiTbHO
HEIepPEPBHOIO (IUB., HanpuKiam, [7, ¢. 63]) 1 y mpocropi 2~ 3aaaHO MOMAPHO KOMYTYIOYi MiX COO0I0
obMeskeHi miHilHI oneparopu A;: 2 — 2 ,i=1,2,...,d, TaKi, 110

Airy = Txte,,s 1=1,2,...,d,

st koxkroro k € Z4 | ne

e =(0,0,...,0,1,0,...,0) =1 —86({i}), i=1,2,....d,

a 'y mpoctopi % icHyroTh 0OMe:xeHi HiHilHi onepatopu A7 : % — %1 =1,2,...,d, cupskeHi Bia-
noBigHO 10 omeparopiB A;,i = 1,2,...,d, BigHocHO OimiuiiiHoi dpopmu (.,.) (muB. [2, c. 18]), 3a
yMOB Teopemu | matume micue Taka GpopMyra A TOXHOKH anmpOKCHMAIlii:
1
f(z) = [ A N]§(z) = x
T Q)

d
HZzN Hﬁzr(Ar)xO,YN +ZZH wa) Z 25

=1 r=1 p= OMGQPT 1 kEﬂ'(N)(w)
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X Z C6(w)oN+e(w)ojSk+e(w)oj (
JEA(d(@)oN+6(w)ok)
e
7N(w) = ( <N’<w>,w§N><w>,...,wgm(w)),
a

(N) [0, N; — 1] npH i & w,
™o (w) =
[N; +1,00] mpui€ w.

3a ymoB Teopemu 1’ ust Gpopmyna HaGupae BUIISLY

1
z)— M N]¢(2z) = X
f(z) =[] N]f(2) 0]
d d R d—1 D
STIEH0 | CRISEES b ol | ey >
=1 r=1 p= OUJGQP r=1 0<k7ni(w)\ m(w) ™ 1,i=1,2,...,d—p,
<I>(k)>0
X > €8 (w)oN-+e(w)oj Sk-+e(w)oj
JEA(8(@)oN+6(w)ok)

1171

3aysascenns. Yepes }/%\Z(A) MO3HAYEHO PE30JIbBEHTHY (QYHKILIO omeparopa A : I/%\Z(A) = (I -

—2A)" Y ne I+ 2 — 2 — ToTOXHMIA oneparop.
Po3misiHemo Ternep BUMAIO0K, KOJIK BCi oneparopu A;, ¢ = 1,2, ..., d, 306iratorscs:

A=Ay =...= Ay = A

Toni HaOmKyBaHa (GYHKINS MAaTHME BUTIST

d
= <H §21 (A)CU07 y0> .
=1

Jlema 2. J[na ¢ghyuxyiti euenaoy (9) € cnpageonusum 306pasicents

f(z)— s — ) sz 1 l+1H s — 2t)9

s<t
S<t s,t#1

BcraHoBneHO Takuil pe3ynbrar.

oe

= (Rz(A)z0,90)-
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1172 A.II. TOJIVB, JI. O. YEPHEIIbKA

Jlemy HEBa)KKO BCTAHOBUTH METOAOM iHIYKITii.

[IpunycTumMo Temnep, 110 IpU [EOMY Omeparop A € orepaTopoM MHOKEHHS Ha HE3aJIeKHY 3MIHHY Y
npocropi Lo ([0, 1], dp): ne p — Hecnaana GyHKIis, M0 Mae HECKIHYCHHY KUJIbKICTh TOYOK 3pOCTAHHSI
Ha [0, 1]:

(Ap)(t) = top(t).
Hexaii Takox N = (N, N,...,N) € N% Toxi ana toro mo6 noGymysaru 3a Teopemamu 1, 1/
d-BuMipHi anpokcuManTy tumy [laxe dyukuii f(z) Bursimy (10) 3

1
dp(t)
g(Z) - / 1 o Zt7
0
HEOOXiIHO MOOYyBaTH MHOTOUYWICHU

Yat)= S ™l e il = ji+ o+ ... + jas (1)
JEA(N)

IUISL IKUX BUKOHYIOTBCSI YMOBH 010pTOTOHAJIBHOCTI
1
/}mkummw_o (12)
0
npu k € A(N) \ {IN}. Lle piBHO3Ha4HO TOMY, IO
1
/ YN ()du(t) = 0 (13)
0
mpu j =0,1,...,dN — 1.
3 (13) BumuBae, mo noniHoM YN (f) MOBHHEH 30iraTHCs 3 TOYHICTIO O CTAJIOr0 MHOMKHHKA 3
oproHopmoBauuM Ha [0, 1] 3 miporo dyu(t) anrebpaigHUM MHOTOYICHOM

dN
Pan(t) = > pi™4. (14)
=0

ITpu upomy ymoBa (12) Gyne BukonyBatucs He jmme it k € A(N) \ {N}, ai g k € {k €
Zﬂlr . |k| < 2dN — 1}, a tomy 3a pynkuito O(x1, xe, ..., z4), mwo dirypye B GpopmyinoBaHHi TeOpeMu
1/, moTpiOHO B3ATH PyHKIIIIO

O(x1,22,...,24) = |X| —2dN + 1.
[Mpu upomy dyHKUIT @; Rifl — R MatuMyTh BUTTISA

(pi(l‘l,l‘g,...,$i,1,$i+1,...,l‘d) ZQdelfSUl — X2 — ... —TLj—1 — Tj41 — ... — X(q-

(dN) (N)

PieHicts (11) mo3Bomnse 3a xoedinieHTaMu p; 7 =0,1,..., dN, Bu3Ha4aTH KOeQillieHTH G

j € A(N), ane 3pobuth 11e MOKHa Oe3miudro criocobamu. J{iist BU3HAYEHOCTI OyIeMO BBaXKATH, IO

CJgN) _ cl((N)’

akuo [j| = [k].
BcraHoBneHO Takuii TOTIOMIXKHUEA pe3ysIbTarT.

ISSN 1027-3190. Ykp. mam. sxcypn., 2014, m. 66, Ne 9



BATATOBUMIPHI Y3ATAJIbHEHI MOMEHTHI 305PAXKEHH S TA ATIPOKCUMALIIT TUTTY TIAJIE . .. 1173

Jlema 3. Hexau N € N,0 < j < dN. Tooi kinekicms eexmopie k € Z makux, wo k; < N,
i=1,2,...,d, ilk| =7 ()opzsmoe
(7] )
(N) <d> (_1>r(d+j —r(N+1)-1)!
r (=D —r(N+1)!

r=0
Moeeoenna. Po3rinsHeMo MHOTOUYJICH
=D
keA(N)
OueBHuaHO, 110
d N d
. 1— ZlN—I-l
II( ) -T2
, . 1—2
i=1 \k=0 i=1

SIKIIO MOKJIACTH 21 = 22 = ... = 24 = Z, TO OTPUMAEMO

(1 _ ZN—i-l

( Z’}/j Z .

BpaxoByrouu posknaau

Ta

1 o~ (d+ Kk —1)!
1 2) kZ:O (d— 1)lk! &,

OTpUMAEMO TBEPIKCHHS JICMU.

3 jgemu 3 BUIUIMBAE, 10 KOCQIIi€HTH chN), j€ A(N), MHOTOWICHIB YN TOBHHHI BHOMpATHCS
TaKUM YMHOM, 1100
(dN) (dN)
GNP Pjs) .
j ,Y|<jflv> Z[N‘%J d 1y (d+j| —r(N +1) — 1)!
r=0 \r (d—l)!(]j\—r(N—i—l))!

Ha ocHOBi HaBeneHUX MipKyBaHb 3 BUKOPUCTAHHAM T€OPeMH 1’ OTpEMaeMO Takuii pe3yJibTar.
Teopema 2. [Ilpu rxooxcnomy N € N payionanvna ¢hyuryis

(15)

P(z)

[ [N )j(2) = 0()

oe
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1174 A.II. TOJIVB, JI. O. YEPHEIIbKA

d—1 P
HOEDIDIN | EXiy >

p=0wey r=1 0k, () SN—1,i=1,2,....d—p,
|k|<2dN—1
X E : C5(w)oN+e(w)ojSd—p b
JEA(8(@)oN+8(w)ok) X dmitlkl= 32 i,

j
mMamume po36UHEHHs Yy cmenenesuti pso, KoeiyieHmu K020 30icamumymvcs 3 Koepiyicnmamu paoy
Tetinopa — Maxnopena ons ¢ynxyii' f(z) euensaoy (10) ona ecix k € {k € Z1: [k| < 2dN — 1}, a
omoice, ysi payionanvha Gyukyis € d-eumipnoio anpoxcumanmoio muny Ilade gynxyii’ (10) nopsaoky
[A | N], oe M = {kEZi: k| <2dN — 1}, a 4/ = A(N).
3asnaunmo, 1o, skmo du(t) = V(1 — t)?dt,v,0 > —1, to ¢ynkuis (10) Oymxe yacTHHHHM
BHTIAAKOM d-BuMipHOi QyHKIii Jlaypigemmm

1
N = (N, N,...,N), koepiyiecumu N oGuucnoomses sa Gopmynamu (15), a s = / tRdu(t),
0

a b ... (b
FD(a,bl,...,bd;C;Zl,...,Zd): Z ( )lk‘( 1)k1 (d)kd’zlkl-'-zdkd
" C|k|k1!.../€d!
kezq
mpua=v+1,bp=by=...=bg=1,c=p+v+2 (mus. [8 9, c. 33]).

IIpu upomy mMHoOrousnenu (14) OyayTh 3cyHEHHMH MHOTOWIEHaMH Sk00i, OpTOHOPMOBAaHUMH Ha
[0, 1] 3 Baroro t¥(1 — ¢)?, i ixHi KoedinieHTH MOKHA 3anKcaTd B ssBHOMY BHDiL (auB. [10, c. 5817)
a OTXKe, 32 TEOPEeMOIO 2 MU OTPUMAEMO SIBHHW BHUIVISL d-BUMIpHUX anpokcuMariii tumy [lane Bigmo-
BiTHUX (PYHKITiH.
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