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O C*-AJITEBPE, NOPOXIEHHOV ONTIEPATOPOM BEPITMAHA,
KAPJIEMAHOBCKHUM CABUI'OM BTOPOI'O ITOPAAKA
N KYCOYHO-HENIPEPBIBHBIMU KO®OUITNEHTAMUAU

We study the C*-algebra generated by the Bergman operator with piecewise continuous coefficients in the Hilbert space
L, and extended by the Carleman rotation by an angle 7. As a result, we obtain an efficient criterion for the operators

from the indicated C* -algebra to be Fredholm operators.

Buguaethess C*-anre6pa, NOpPOJKeHa JIiFOYMMHU y TinbGepToBOMY TpocTopi L, omepaTopoM Beprmana, omepatopamu
MHOXEHHSI Ha KyCOYHO-HellepepBHi (pyHKIIT Ta KapJeMaHOBCbKUM 3CYBOM JIPyroro Nnopsiky (II0BOPOTOM Ha KyT T). Sk
pe3ynbTaT ofiepsKaHo eheKTUBHUIA KpUTEPiil (hpeIroNbMOBOCTI onepaTopis po3risuyToi C™ -anre6pu.

Beepenme. Ilycte D — eguHUYHBIN KPYTI KOMIUIEKCHOM MIIOCKOCTH. B rmin6epToBOM mpocTpaH-
ctBe L, (D) BBEEM CleyIolue OnepaTophbl:

1 f©
B = — —_dD
(Bf)(2) nJD s

— u3BecTHBIN onepatop beprmana;
WhH(2) = Wef)(2)= f(=2)

— YHWUTApHbII ONEPATOp, MOPOKAECHHbIA TOBOPOTOM g(Z) = —7Z BTOPOTO TOPSIIKA EUHUYHOTO KPY-
ra, g€ G, G — KOHeuHasi TpyMa BTOPOro MOPS/IKA, IOPOXK/ICHHAS TTOBOPOTOM EIMHMIHOTO KPyra
Ha yroi T.
E: £ E:
WUsyuaercs C*-amre6pa R =C (A,Wg), spastoumasics pacumpenem C*-anre6pel A ome-
paTopos Busa

A = a(x)I+b(z)B+ L,

rae L — KoMmmakTHbIN omepatop; a(z), b(z) — KycOouHO-HempephIBHBIE B Kpyre D QyHKIWH,
uMerone Ha quHMM ¢ pa3pbIBBl NMEPBOTO pOfa, C TMOMOLIBIO omepaTopoB casura Wg =
={W,: g€ G}.

JIuaus pa3pbiBoB ¢ pa3buBaeT Kpyr D Ha YeThIpe YaCTH M CTPOWTCS CIEAYIOIIUM 0Opa3oM.
Ilycte /1 — Ayra oKpy>KHOCTH, COeMHsOmasl Toukn —1 m + 1, ;mexarias BHyTpu Kpyra, oopa-
3YIOLL[asi C eAMHUYHON OKPY>KHOCTBIO B Touke {—1} yrom m/3. Ilycts, nanee, ¢, = g(¢1). Torma

0= 0, Ul Ul-L+1].
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O C"-AJITEBPE, IIOPOXIEHHOU OIIEPATOPOM BEPTMAHA, KAPJIEMAHOBCKHM COBUI'OM ... 1245

Anre6pa onepaTopoB 6e3 ciapura 20 OMUCHIBAETCS C TIOMOILBIO pe3ynbTaToB pabots! [1]. Ipu-
MEHSIs JIOKaJIbHO-TPAaeKTOPHbINA MeTof [2] (1osiHOoe u3noxkeHue cM. B [3]), cTpouM anredpy CUMBOJIOB
¥ ycTaHaBIMBaeM 3((eKTUBHbIA KPUTEPHil (DPEIroNbLMOBOCTH ONEPATOPOB U3 onuchbiBaeMoil C™-
anreOphbl CO CABUTaMHU.

1. Anredpa 6e3 casura. [Ijisi onucanusi ajareGpbl A = 2A/3 (3 — wpean BceX KOMITAKTHBIX

OTepaTopoB) BOCMOJIBL3YEMCSl JIOKAIBHBIM MPUHIUNOM [4—6] 1 pe3ynbratom pabote! [1]. Yepes
t
A~ B 00603HaYal0TCS JIOKAJILHO SKBUBAJICHTHBIE B TOUuke ¢ omepatopel A m B [4]. LenTpansb-

HOVl KOMMYTAaTHUBHOM NOAAaNredpoii anredopul A sBasercst anre6pa Z= {al +3:aeC(D) } , u30-
mopduas anrebpe C(D). O6osznauum uepes J(zp) MaKCHUMAJIbHBIA Heasn anreGpbl Z = C(D),
COOTBETCTBYIOMMIT TOUKe zo € D, a uepe3 J (z9) = J(29 )91 JBYCTOPOHHUI 3aMKHYTBII Hfieas ajl-
reGpbl é[, NOpOoKJeHHbI uaeanoMm J(zg) € Z. anee, él(zo) = QAl/ J (z0) w, HaKoHWen, T, :
A - é((zo) — ecTecTBeHHas mpoekusi. Onucanue anreop él(zo) COCTOWT U3 YEThIPEX CIIyJaeB.

Cayuaii 1: zo € D\ (/UdD). 3peck onepatop B NOKaNbHO 3KBUBAJIEHTEH KOMIAKTHOMY. Ilo-

3TOMY
A2 azol, Uz) = C.
I'omomopdusm
O: A->A>Az) = C
UMEET BUJ

D: A > a(zy).

Cayuaii 2: zy € 9D\ /. 3puecy A i), a(zo)! +b(z0)B = a(zg)I — B)+ c(z9)B, c(z) = a(z) +

+ b(z), moaToMy

A(zg) = C?

®: A - (a(zp);c(zp))-

Cayuaii 3: zg € (\{-1; 1}. IlycTb ai(zo) — OJHOCTOPOHHHUE MpENieibl B TOUKe Zzo. Torma

0 4 —
ormeparop B IIOKaJIbHO 9KBMBAJIEHTEH KOMIIAKTHOMY B TOUKe Zg; A ~ a (zo) Y+l +a (z9)x-1I,

rge Y+ YU ). — XapakTepucrtuiyeckue (PyHKUUU MPABOW U JI€BOW NMOIYOKPECTHOCTEN TOYKU

z0€l; A= C?u pu roMmoMopgusmMe

©: A > (") a ().
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1246 B. A. MO3EJIb

Cayuaii 4: zo € {—1;+1}. BBegem o603HaucHme z% =+1. Jlynouky ¢ rparuuamu 0D/, rae

0D~ — uyacTb FpaHUlbl €MHUYHOIO KPYra, Haxofslascsd B HUXKHEN MOJYMIOCKOCTH, 0003HAUUM

yepe3 Dj; nyHOuky c rpanutamu {q;[—1; 1] — yepe3 D,; ayHouky c rpanuuamu [—1;1]; 0, —
+

uepe3 Ds3; HaKOHeIll, TyHOUKy ¢ Tpanmuamu /,;0D" (3neck 0D’ — 4acTh rpaHMIb! €IMHUYHOTO

Kpyra, jiexanjasi B BepXHei MojayniaockocTtu) — yepe3 Dy.

BBeneMm o603HaueHus

ar(zo;) = Zlgle a(z), j=1,2,3,4,
—20

ZEDj

bi(z0;) = Zlgle b(2), j=1,2,34.
— 20

ZGDj

Tenepb cumBou B Touke 7 € {—1;+1} 3anuceBaeTCs CleAyOUM 00pa3oM:

dy boWnts  blzouts bzt
b(zoy Wat d> b(zopWtat3  b(zop N12ta
D(A) = ,

bzosWsti  bzoa)Wtat ds b(zo3)\13t4
b(zoaWtaty  D(zoa)\taty  b(zosa)N1at3 dy

di = c(zo)t; +alzo))1—1t;), i=1,2,3,4,

52N _ 200,
ti =

, 1=1,2,3,4, AeR,
e—27»1'c_1

9020, 91:%, 92: , 93:—, 94271:

(cp. c [1], reopema 4.1, yeTBepras popmyJia).
CoOepeM, caenys [1] (§ 4), nokanbHble onucaHusi BMecte. HamomHum, uto z% ==+1. O06o3Ha-

unm yepe3 D kpyr D, paspesammbli no kpusoit /. IlycTb y=0D, § 00603HauaeT rpaHuiy
+ + +  _+ _+
0D, paspe3aHHyIO 110 TOUKaM z . Kaxjasi U3 TOUueK z{ IOPOXKIAET YEThIPE TOUKU 201, 202> 203 s

z§4 B D wu jBe TOuKM z(-)ts, zb‘% Ha . Paccmorpum muoxxectsa ¥ = DUY u Xi =[0, 1]. Pac-
cMorpuM yHKIpio (, coeaunsifolnyo Toukn Y ¢ toukamu 90X := {0, 1} 1o npasuiy

+ 4+ + o+ 4+
C04) = (2013202,203,206)7 Cdy) = (ZOZ’ZO3aZO4>ZOS)~

Beenem muoxkectea X, =(0,1), X_=(0,1), M=X,UX)UrY, F=YXC, F =

= X3 X M4(C). 3nece M 4(C) o603HauYaeT MHOKECTBO BCEX KOMIUIEKCHBIX (4 X 4)-MaTpull, UC
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£ o
— ckJlenBanue 1o orobpaxkenuio (. Paccmorpum mywok C -anre6p, umerommit M 6a30BbIM

o *
NPOCTPAHCTBOM U MOpPOXKJeHHbI! C -anre6pamu, KOTOPbIE OMpefesieHbl MHOXKeCTBaMU Fj U Fl .
Mycte & — anreGpa Bcex HEMPEPBIBHBIX CeueHWi Takoro mydka. Ceuennme G € S 06pa3oBaHO
Tpemst pyskimsMu 6, € C(Y), 64 €C ( Xy, My (C)), UMEIOIIMMU CIIEAYIOIINE YCIOBUS COTIIACO-

Bauust: ecmu {(x0) = (V1,Y2,Y3.4), X0 €0Xs, €D, y2€D, y3€D, ys €7, 10

c61(n) 0 0 0
0 c1(>2) 0 0
lim 64(x) =
o 0 0 c1(y3) 0
0 0 0 G1(ys)
Hopma® S maetcst popmymoit
llo|| = max{sup“cl(y) , sup ||04(x)]|, sup ||G_(x)||},
yeY xeX, xeX_
e ||Ga||2, o€ {l,+,-}, — HaubomblIee COGCTBEHHOE 3HAYCHNE MATPULBI G o (X)(C o (X))".

[TonydyeHna caepytowas reopema [1] (teopembl 4.1, 4.2).

Teopema 1. Asneebpa 2 uzomempuyecku usomopgra areebpe S. Hsomopgusm O 3zadaem-
cs caedyowum omobdpaxcenuem obpasyrouux areeopor A: ecau A =a(zx)I +b(z)B+ L, 20e L —

KOMNAKMHbLIL onepamop, no

®(A) = a@t), teD,

DA)=c@), tey,

d, bWt bonts  bzoNnts
b(zoa Wity d boWnts  bzoWtts
bosWtst  bzos Witz ds b(zosWtsta
boaWtati  blaoaWtats  b(zoaWtats dy

D(A) =

30ech

oM _ 2000
, i=1,2,3,4, AeR,

= b N i =
c(z) = a(z)+b(z), t o2

di = czg)ti+a(zg)(—1), i=1,2,3,4.

Onepamop A € @ppeodzoabmos, ecau u moavko ecau e2o cumeor D(A) obpamum.
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1248 B. A. MO3EJIb

o *
2. Aaredpa co caurom. Ilepeiiiem k onucanuto C -anre6pbl R. Ilpu 3TOM MCHOB3yeM JI0-

KaJIbHO-TPAaeKTOpHBI MeTof [2]. BBenem nHeob6xomumble o6o3HaueHusi. Ilycte Z  — HekoTopas

A

* %)
uenTpasibHass C -noganredpa A c epunuineit anreopbl A, M — KOMINAKT MaKCUMAaJIbHBIX UJICAIOB

A

anre6pel Z, J, — ABYCTOPOHHHUI 3aMKHYTBIN Mfiealt anreOpel A, MOPOKIEHHbIN uieanom t € M,

P; — MHOXECTBO UHCTBIX cocTostHuii anre6pul A, P, = Py (N J L (uepes J} oGosmauen ammy-
nsitop wpeana J,). ScHo, uro Py = U P, . Ilposepum BumosHenue ycnosuii (I1;) — (IT5).

teM
Ycnosue (I1,) cocTout B criefyrolem:

oA A n AL A oA
s Beex g € G oTobpaxennss O, : A> W, AW, , A€, apnstiorcs *-aBromMopdusmamu as-

redp An 2 , TIe Z — IeHTpaJibHas KOMMYTATHBHAS Noffaire6pa (C euHnIei) anreOphbl 2A.
B nanHom cnyuae W; =W,;
Z = {a(z)I+S: ae C(D)},
MO3TOMY
&g(A) = &g(a(z)l) = a(giz)] = a(-z)I€Z, ecm aeC(D).
Hrak,

Z.

N

0g(Z2)
Nanee, oueBuiiHO, ut0 0L, (B) = W,BW, = B, noatomy

A,

N

B (21)

T. €. ycnoue (I1,) BbINOJIHEHO.

OtmeTum, yto ycaosue (I1;) obecneynBaeT MIOTHOCTD B anredpe R COBOKYITHOCTH 3JIEMEHTOB
Buna Agl + AW, tne Ay, A; — 3JIEMEHTHI U3 AIreOpbl 2A 6e3 C/IBUTa, KOTOpasi ONUCAaHA B ITyHK-
Te 1.

Ycnosue (I1,) coctout B aMmeHabenpsHOCTH TpyNnbl G ; MOCKONBKY G — KOHEUHAs IUKJIMIeCKast
rpymnmna, To oHa ameHabenbHa, 1 moaToMy yciosue (I1,) Takke BbINOJHEHO.

[Mpusenem ycnosue (I1;): nuist mo6Goro € >0, mMOObIX KOHEUYHBIX MHOKECTB élo A , GocG

H JIF000T0 1MCTOro cocrosiuust U € Py cymectByror Te M u Ve P, Takue, uTO BBINOJHEHBI Clle-
AYIOLUE YCIIOBUSI:

a) |v(a)—W(a)| <& nst kaxgoro a e ﬁlo ,

6) g(1)#7T nnakaxporo g € Gy \{e}.

O603naunm vepe3 () = {0} eIMHCTBEHHYIO HEMOJBIKHYIO TOUKY C/IBUTA g U BBEJEM CIIENLY-
OLLEE MPEIIOIIOXKEHUE:!

B mmo6oi okpectHoctn U({;) Ttoukm {; Haiimercs takast Touka T e U(L;), 9ro mis Bcex
g € G\ {e} BbIMONHEHO g(T)#T.
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CripaBe/yiMBOCTh 3TOTO YCJIOBUSI OYEBHIHA, TaK Kak MHOXKecTBO (; = {0} coCcTOUT TOJBKO U3
ofiHOM TOYKM. Bosee Toro, Ha rpanuie Y = 0D BOOOIIE HET HEMOJBUKHBIX TOYEK.

&
ITockonbKy UMEET MECTO JIOKaJIbHASI 9KBUBAIEHTHOCTD [4] B ~ L, rge L — KOMNaKTHBIA omne-

patop, U3 BBEICHHOr0 npepnojoxenus ciaenyet ycaosue (I1;). B camom fiene, BOIM3U HEMOABUXKHOMN
toukn (; ={0} ecTh CKOJBKO YrojiHO TOYEeK T Takux,4ro g(T)# T. B Touke Te[-1; +1] mo-

noxum: ecmn W(A) = (a(§)E,8), 1o v(A)=(a(1)&,8) (BIler a(§y) = diag{ a2).ai3)},

&1

a(t) = diag{a(t,),a(T3)} — nuaroHanbHbIE MaTpHlbI, & = [ ] — LMKJIMYECKUN BEKTOP eJUHUY-

2

HOW JJIMHBI (T. e. |& |2 +| §2|2 =|(&.8)|= 1) TUTEOEpPTOBA MPOCTPAHCTBA NPEJICTABJIEHNS  TU¢ :

A (a€y),a(C3)), T.e. npoctpanctea C2, (-) — cKamsipHoe nponsseeHne B C> ] Torna

|w(A) = v(A)| =

alip) O & & [a(fz) 0 ] & &

B ’

0 a(C3) )\ & &, 0 a(t3) )\ &, &,
a(Cy )& & a(t2)g; &
a(C; 3)& ’ &, a(t3)€, , &,

= a2 €181 +aG13) €282 —a(12) §181 — a(13) §:8; | =
= ‘(G(Q,z)—a(fz))élgl+(0(C1,3)—a(‘53))§2gz| <

<|a(@i2) - a(ty)||& &) |+ a1 3) - a(t3)] | €28 | <

2 2
< (|§1| +|&s] )maX{‘a(CLz)—a(Tz) a3 -aty)|} < e,
ecim Touka T pgocrarouyno 6mmska K ) = {0}. Tor dakr, uro Ha rpanuie Y =dD BooOLIEe HET
HETIO[IBUKHBIX TOYEK, 3aBEPIIAET AOKA3aTeILCTBO JJAHHOTO yTBEepXKfeHusl. MTak, cipaBenynBa cie-
Ayrolas Jemma.

Jdemma 1. [Ipu npusedernwvix sviue ycaosusax cnpasedauso ycaosue (I1;) [2].

O6pa3yromuit onepatop R C 2-3JIFC6pLI R umeeT BuUJ
R = Agl+ AW+ L = (aol+boB)I+(Clll+blB)W+LG%. (D

Iycrs (X) — mHOXecTBO G-opbuT Touek ¢ € X, f, — NPOM3BOJbHAA (PUKCHPOBAHHAS
TO4yKa opobutbl M € (M), H, — TpOCTPaHCTBO M30METPUIECKOTO TPENICTABIICHUsST Ty (pakTOp-
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1250 B. A. MO3EJIb

anre6per A/ J; , P, — ecrecTBeHHblil roMomMophmamM A — A /J, ., T, =R, 0pg,. Paccmorpum

npefcTaBieHne T, : R — L£(L(G,H)), onpenensemoe popMyiamMmu
(T (A)f)Ng) = Ty (0 (A)Sf(g),
(MU g = f(gh), Aed, g heG.

CripaBeijivBa Clielyoliasi JJOKajabHasi TeopeMa.
Teopema 2 ([2], Teopema 3). Ecau evinoanaromesa npeonoaoxcenus (I1,) —(Il;), mo onepamop
ReR obpamum 6 npocmpancmee H moz0a u moabko mozoa, ko20a 04 Kaxcoou opbumvl

0 eQ=Q(M) onepamop Ty(R) obpamum e 1,(G,Hy) u sup{H(n(D(R))_lH:(DEQ}<0<>.

A

JlokanbHOe onucanue anre6pbl SR COCTOUT M3 MSITH CIIy4yaeB.
Cayuaii 1: zo e D\(/UY). 3pecs Hy=C; LL(G,Hy)=1(G)= C?; s omeparopa R Bu-
ma (1) cuMBOJ UMeEeT BUJI

. ap(zo)  ai1(z0)
Te(R) = A(zg) = :

aj(=zo0) ao(-2z9)

Cayuaii 2: zo € y\l. 3pecs Hg, = C2. Jerko BUJIETb, YTO CUMBOJI UMEET BUJl mapbl (2 X 2)-
MaTpHII

To(R) = (Az), A(zo)+B(z9)).
rae matpuiibl A(zg) u B(zp) TakoBbI:
ap(zo)  a1(zp) bo(z0)  bi(z0)
A(zo) = » B(zo) = -
ay(=zo) ap(=z9) bi(=z0) bo(=z0)
Cayuaii 3: zo € ({1 U/ly)\y. Buecs Hy = C?, a cuMBos UMeeT BU mapel (2 X 2)-maTpuil
o (R) = (A% (z0) A7 (20)),
rme
. ag (z0) af (z0) ap(zo) a1 (z0)
A (ZO) = 5 A_(ZO) =
al (-20)  ag(—2p) ar (=z9) ag(-20)

3peck uepes af(zo), j=0,1, 00603HaueHbl, COOTBETCTBEHHO, JIEBOE U MPABOE NpPEJCNIbHbIE 3HA-
ueHust pyHKumMi a;(z) BTOUKE Zg € L\Y.

Cayuaii 4: zy = (—1;1). [ToBopoT Ha yrolm T MeHSIET OpUEHTALUIO oTpe3ka [—1;1], mosTomy
31ech
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rme

. ag (z0) ai (z0)
A(zg) =
ar (-=z9) ag(=z2p)

Cayuaii 5: zo € YN/, 1.e. 79 €{-1;1}. Bnecb Hy = Lg([O; 1]). CumBon umeeT Buj 0J104Y-

HOU (2 X 2)-MaTpuiibl

L(‘ﬁoo c7401)
A(zo) = ,
A A
cﬂij, i,j=0,1, — (4 X4)-maTpuubl-pyHKIMHU BUA
oAyj =
djin(8' o) b8 ot b8 oVt bjni(e o Wnts
bii(g oo\t djia(8'(z)) b8 o)ty b8 (zo)Nats
bj—i(gi(ZO?»))\/t?,_tl bi_i(g' (23132 d;-i3(8' (203)) bj—i(gi(Z03))\/t3T4 ’
bj-i(8'oaNtaty  bj-i(g'Goa)Wtats  bj-i(g'Goa)Wtats  djia(g'(zoa))
rme
diix (8" zor) = ¢ji(g o)ty +a;-i (g zox ) A —1) =
= cji(zo)tk +aji(zor)(1=1x), i,j=0,1, k=1,2,3,4
(3Hak + cootBeTcTByeT cayvato [ =0, a3Hak — — caydao [ =1),

e, ecm (=0,
g ecm i=1,
b_1 = bl'

CripaBeiivBa Clelyolas JieMma.
Jemma 2. Ycaosue

sup || (R[] < o=

0eQ

asmomamu1iecku 6blNOJAHEHO, €CAlU 8C€ CUMBObL 06pamuMbt Ha KaxOoli 0p6ume we.
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1252 B. A. MO3EJIb

N3 nokazarenbctBa Teopembl 2 [2] (Teopema 3) caenyet, uro C *—anre(ipa R = C*(QA(; WG)

u3oMeTpulueck nsomopdHa anreépe T(R) = @, (R), B KOTOPOIL, KaK 06BLIYHO, BBOAUTCS HOPMA
e

| = sup[mo ()]
0eQ

[Monyyaem ceyIOIIy0 OCHOBHYIO TEOPEMY.
Teopema 3. C" -aneebpuL TE(E)A%) u R usomempuuecku uzomopguvi. Onepamop R C-an-
2e6por R =C (UA; W) ppedeosvmos 6 eurvbepmosom npocmpancmse Ly (D) moz0a u moavko

moz0a, K020a €20 CUMBOA He8bipoxcoeH. Ha obpasyrowux onepamopax R euoa (1) cumeon nw(IA?)

Oaemcsa popmyaamu u3 nynkmos 1—5. Ycaosuamu gppedzoabmosocmu 0Opa3yrouux onepamopos
R 6uoa (1) asaaromces caedyroujue ycaosus:

1) npu zog e D\(LUY)
det A(zg) # O3
2) npu zg € Y\/{
det A(zg) # 0,
det(A(zg) +A(zg)) # 0;
3) npu zo € (LU L)\ Y
detA*(zo) 2 O,
det A" (z9) # 0O;
4) npu zo = (=1;1)
detA(zo) z 0;
5) npu zo € {-1; 1}
det A(zg) # 0.
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