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KPAVMOBA 3AJIAYA 3 MIIIAHUMU YMOBAMHU
JIJISL JITHIMHUX BE3TUITHUX PIBHSHB 3 YACTUHHUMU NOXITHUMHU

In the domain obtained as the Cartesian product of a segment 0 < ¢ < T by a p-dimensional torus in variables x1, . .., Zp,
p > 1, we study the problem with mixed boundary conditions in the variable ¢ for general (no restrictions are imposed on
the type) linear partial differential equations of high order with constant coefficients isotropic with respect to the order of
differentiation for all independent variables. We establish conditions for the unique solvability of the problem in various
functional spaces and construct its solution in the form of a series with respect to systems of orthogonal functions of the
variables x1, ..., Zp.

B obmactu, sBnsromieiics AekapToBeiM mpoussenaeHneM orpeska 0 < ¢ < T' Ha p-MepHBIN TOpP HEPEMEHHBIX X1, ..., Tp,
p > 1, uccrenoBaHa 3ajia4a co CMENIAHHBIMH TPAaHUYHBIMH YCJIOBHSMH IO NEpeMeHHON ¢ i obmmx (Oe3 orpaHnde-
HU{ Ha THN) JMHEHHBIX yPaBHEHHH C YaCTHBIMH IPOM3BOJHBIMH BBICOKOTO ITOPSIKA C MOCTOSHHBIMH KO3 (GHIIMEHTaMH,
H30TPOITHBIX OTHOCUTEIIBHO IOPsAKa [LM(b(bepeHLlldeBaHl/lﬂ 10 BCEM HE3aBUCUMBIM NEPEMCHHBIM. Oﬂpeﬂeﬂeﬂbl ycJioBUsA
OIHO3HAYHON pPa3pelIMMOCTH 33/1add B Pa3IMYHBIX (YHKIHOHANBHBIX IIPOCTPAHCTBAX M MOCTPOCHO €€ PEeIICHHE B BUJIE
psiza o cucTeMe OPTOrOHANBHBIX (PYHKUUI NEPEMEHHBIX L1, . .., Tp.

1. Beryn. Kpaiiosi 3amadi 3 naHuMu Ha BCiit Mexi oOnmacTi (30kpeMa, 3 ymoamu Jlipixie, Heiimana Ta
MilTaHUMH KpaHOBIMH YMOBaMH) JOCHUTh IIOBHO BUBYCHI JJIS SMINTHYHAX PIBHSAHB i CHCTEM PiBHSHD
(muB., Hampukman, [1-11] Ta HaBemeHy Tam OiGmiorpadiro). Pazom i3 mum mid rinepOOMIvHUX |
3arajbHUX (0e3 0OMeXeHb Ha THIT) PiBHSIHD 1 CHCTEM PiBHSIHD 3 YACTHHHHMH MOXiTHHMHU aHaJIOT14Hi
3aJ1aqi BUBYCHI TIOPiBHSIHO MaJIo; Ie, OY4EBUIHO, 3yMOBIICHO THM, IO BKa3aHi 3aj1adi €, B3arai, YMOBHO
KOPEKTHHMH, a iXHS PO3B’s3HICTh Y 0araTh0X BHIaJKaX MOB’sS3aHa 3 MPOOJIEMOI0 MaIUX 3HAMEHHUKIB
(muB., Harpukiam, [12—27] Ta HaBegeHy Tam Oibmiorpadito).

VY naniii crarTi (A€ po3mupeHo i yrogneHo pesyisraru [20]) B obnacTi, 0 € AEKAPTOBUM JI0-
OyTtiom Bigpizka 0 < ¢t < T' Ha p-BUMIPHUM TOP 3MIHHUX Z1,...,Tp, P > 1, TOCHIIKEHO KpakoBy
3a/aqy 3 MIlIAaHUMH YMOBaMH Ha MeKi 00acTi TSl JTIHIHHOTO O€3THITHOTO PIBHSIHHS 3 YaCTHHHHMH
NOXITHUMH TOPAAKY 2n, n > 1, 31 CTaTMMM KOMIUIEKCHUMHU KoedinieHTamu. BcTaHOBIEHO yMOBH
OITHO3HAYHOI PO3B’SA3HOCTI 3a7a4i y Pi3HUX (PYHKIIOHATHHUX MPOCTOPAX Ta MOOYIOBAHO ii PO3B’SI30K
y BUIVIAAL Py 32 CUCTEMOIO OPTOTOHANBHMX (YHKIIN 3MIHHHMX T1,...,Tp. JJIS OMIHOK 3HH3Y Ma-
JUX 3HAMEHHUKIB, 10 BUHUKIH NPU MOOYJIOBI pO3B’SI3Ky 3a7advi, BAKOPUCTAHO METPUYHUH MiAXi.
Po3risiHyTO TakoXK YaCTHHHI BUIAJKK TOCIIIKYBaHOT 3a1adi.

2. OcHOBHi MO3HAYeHHs Ta AOMOMi:kHi BigoMocTi. /laii BHKOPHCTOBYEMO Taki MO3HAYECHHS:
7% — muoxnHa To4oK RP 3 1inMMu HEBiX €MHUMH KoOpiaMHAaTaMu; s = (s1,...,s,) € Z5, |s| =
=s1+...+5p, §=(50,51,.--,5p) GZﬁ_H, |5| =so+s1+ ...+ 5 |5]" =250+ 51+ ...+ sp;
x = (21,...,2p) € RP; (0) = (0,...,0); k = (k1,....kp) € ZP, |k| = |k1| + ... + |kp|, ||k]| =

N——
P
= /K +.. .+ kg; (k,z) = kix1 + ...+ kpzp; © — ysaBHa oguuuLs; ¢j, j = 0,1,2,..., — nogatHi
crau, siki He 3anexars Bin k € ZP; QP — p-pumipuuii Top (R/27Z)P; D = {(t,z) : t € (0,T),z €
e Qp };
mesgm B — mipa Jlebera B R™ BumipHoi MHOXkuHU B C R™, m € N;

© B. 1. ITALLIHUK, C. M. PEIETWJIO, 2016
ISSN 1027-3190.  Vkp. mam. scypn., 2016, m. 68, Ne 5 665



666 B. Y. IITAILHUK, C. M. PEIIETUJIO

7 — mpocCTip CKiHYEHHHX TPUTOHOMETPUYHUX HOITIHOMIB v (T) = E v exp(ik, x), N €

|k|<N
€ N, 3 KOMIDICKCHUMH KoeillieHTamMH, B SKOMY 30DKHICTh BH3HAYA€ThCA Tak: v" I> v, fKIIO,
MOYMHAIOYM 3 JESIKOr0 HOMEepa, CTerneHi Bcix momiHoMiB v", n € N, He HGpCBI/IH_lT}L/?O?FOL JIESIKOTO
(ixcoBanoro uucna Ny 1 vy njoo Vg I KOXKHOTO K;

T’ — mpoctip ycix aHTHIIHIAHUX HemepepBHUX (QyHKIIOHANIB Hax 7 31 c1abKow 301KHICTIO
(sIKUit 30iraeThes 3 MPOCTOPOM (GOpMaTBHUX TPUTOHOMETPUUHUX psmiB [28] (. 2, § 6));

CT([O,T]; T) (C’"([O, T T/)), r € Z, — upocrip dyHkii v(t, x) = Z\MZO
v € C™([0,T)), k € ZP, takux, mwo npu koxkHoMy dikcoanomy ¢ € [0,7] &7v/0t) € T(T'),
je{0,1,....,r}

H,(QP), g € R, — rinsbepris nepioguunuii npoctip Cobosesa nopsiaxy ¢ Ha topi 2P, orpumMaHuit

vg(t) exp(ik, x),

IIUISIXOM TIOIIOBHEHHs TIpocTopy 7 3a HopMoto ||v; Hy (QP)|| := \/ZZO_OO (14 5)*) ?Jog %

CT([O, T], Hq(Qp))7 q € R, r € Z,, — GanaxiB npocTip GYHKIINA v TaKHX, IO JUISI KOXKHOTO t €
€ [0,T] pynxuii &7v/0t7, j € {0,1,...,r}, nanexars npocropy Hy_; (QF) Ta € HenepepBHAMH 110
t y HOpMI LILOTO POCTOPY; Hv; CT([0,T], Hy()) || := ZT,_O maxo<;<7T H@jv/ﬁtj; Hq_j(Qp)H.

HaBenemo QopmyntoBaHHS IESKUX BiIOMHUX TBCpZ[)KCHI:J,_].LIO BUKOPUCTOBYIOTBCSl ¥ CTaTTi NpH
JTOCITIKCHHI OIIHOK 3HMU3Y MajiX 3HAMEHHUKIB.

Jema 1 [17, c. 15]. Hexaii pynxyisn f(z) € n+1 pas nenepepsno ougpepenyiiiosnoio na 6iopisky
[a,b] i 0ns 6cix x € [a,b] suronyemves nepignicme | ™ (z)| > Cy > 0. Tooi mipa Jlebeea muoocunu
mux x, ona axux | f™(x)| < e < C4, ne nepesumyye Cz /e/C1, de Cy = Ca(n).

Jlema 2 (bopens—Kantenmni, [29, c. 10]). Hexaii A,, ¢ € N, — nocnioosnicme eumipnux mHo-
arcun i3 R™, npuuomy Zz; |Ay| < 00. Todi mipa Jlebeea muodxcunu moyok i3 R™, axi nompanasioms

Y HecKiHYeHHY KiNbKicmb MHONMCUH Ag, OOPIEHIOE HYTIO.

Jdema 3 [17, c. 17]. Hexai ®(k) = ®(k1,...,kp) — obmesxncena nocnioognicme Oiticnux wucen.
l 1
Tooi nepisnicmo |P(k) — ||kC|L|" eproTe’ 0 <e <1, >0, dna matixnce 6cix (woodo mipu

Jlebeca 6 R) uucen a > 0 mac ne Oinvui HIdC CKIHNYEHHY KINBKICMb PO36 A3KI6 Yy YLIUX YUCLAX
Liki, ..., kp, L#0, |k] #0.

Teopema 1 [30]. Hexait m, n — dodammui yini uucia, f(x) — dooamna nenepepsna Gynxyis,
susnauena npu x > ¢, x" 1 f"(x) — monomouno cnaona gynxyis, npuuomy " f™(x) T 0. Tooi
ona maiince écix mouok w = (wjy), j € {1,...,m}, r € {1,...,n}, mn-eumipnozo esxnidogozo

npocmopy cucmema HepigHocmei

lwjrar + ... + wjnan — bj| < f(a), a= max |a,|, je{l,...,m}, (1)
1<r<n
MA€ HECKIHUEHHY KIIbKICMb PO38 83K Y YLIUX YUCAAX G, . . ., Gyn, b1, ..., by, AKwo inmeepan
oo
[am i@ @)

C

€ po3bioicnum; naenaxu, cucmema nepienocmetl (1) mae onn matiice 6cix w He OinbuL HIJIC CKIHYEHHY
KLIbKICMb PO36 'S3KI8 Y YLMUX YUCAAX A1, . .., Gn, b1, ..., by, aKwo inmeepan (2) sbicacmoucsi.
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3. ®opmyoBanHs 3agaqi. B obnacti D po3misiHeMo 3a1aqy

P ( w) u(t,x) = Z A =0, (t,z) €D, A; €C, App,..0) =1,

Gk S ot200L5" ... Ory
|3[*<2n 1 P
(3)
2r—2 2r—2
(8 "t (t, ) /ot )}tzo = ¢r(x),
“4)
(82r—1u (t,:r)/@t2r—1)|t:T = Qnir(x), re{l,...,n}, xe€Qr
Burnsan obnacti D Hakiaagae yMOBH 27 -IIEPIOAMYIHOCTI 32 3MIHHMMH T, . . ., Tp Ha QYHKIIT u Ta

v;, j €{1,...,2n}. Sxmo n = 1, To ymoBu (4) € ymoBamu [ipixie — Heiimana. Hexait p; € 77,
pi(x) = eiexplik,z), @ = (2ﬂ)p/90j(x) exp(—ik,z)dz, je€{l,...,2n}. (5)
|k|=0 Op

Osnavenns 1. Po3s askom 3adaui (3), (4) 3 npocmopy C*" ([O, T], T’) HA3U8amMuUMemMo QyHKYir

u(t,x) = Z ug(t) exp(ik, =) (6)

k|=0

maxy, wo Kodxcer 3 Koegpiyicnmie uy(t), k € ZP, nanesxcumos npocmopy CQ"([O,T]) i cnpasoocye,
8I0N08IOHO, pigHOCHI

82 ) . s . s dQSOU/ t
P(atQ’Zl{j> Uk(t) = Z Ag(lkl) 1“.(ka) PCRQI;O():O’ tE (O,T), (7)
sl <2n
w0 =gk, T = g, T E{Ln) ®

Otxe, po3B’s30k 3amadi (3), (4) 3 mpocropy 02"([0, T], T’) IIyKaeMo y BHDIAIIL psany (6), me
ug(t), k € ZP, e po3s’s3koM BiamosiaHoi 3amaudi (7), (8).
ITopsin 3 ymoBamu (4), (8) po3nIsmaTEMEMO BiAMOBIIHI IM OTHOPITHI YMOBH

(0% 2u (t,) |0t ?) 0, (0" tu(t,a) /o H)| _p =0, re{l,...,n}, (9)

‘t:O = ‘t:T

UI(CQT*Q) (0) =0, ul(f”*l) (T)=0, ref{l,...,n}. (10)

4. €qunicTh po3B’A3Ky 3anadvi. s koxHoro k € ZP piBHsHHIO (7) BiIIIOBIIa€ XapaKTePUCTHY-
HE PIBHSIHHSA

N A (k)™ (k) P =0, (11)
3" <2n
7)-KOPEHI SIKOTO € TAKHUMH:
nyi= (k) = /() exp (farg A (K)/2), g i= tass (k) = —ns (), je{L,...,n},
(12)

ae Ai(k),..., An(k) — xopeHi piBHSIHHS
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P(\ik) = ) Ag(iky)™ ... (ikp) A% = 0. (13)
3" <2n
IMpunyctumo, mo mst koxHoro k € ZP woperi mi(k), ..., nu(k), —ni(k), ..., —nu(k) piBHsH-

H4 (11) € pi3HUMHE, a OTKe, BITMIHHAMH BiJT HyJIS; HE IOPYIIYIOUH 3aralbHOCTI, Aajli OyJIeMO BBa)KaTH,
o Re n;(k) >0, j € {1,...,n}, k€ ZP.
PiBustaus (7) ans koxxHOTO K € ZP Mae (pyHIAaMEHTaIBHY CUCTEMY PO3B’SI3KiB

{ukj(t) = exp (nj(k:)t), Ukt (t) = exp ( — nj(k)t), jed{l,... ,n}}

XapakTepucTHIHUH BU3HAYHUK [31, ¢. 26] 3amadi (7), (8) € Takum:

1 e 1 1 - 1
" s e " o A
2(n—1 2(n—1 2(n—1 2(n—1
771(71 ) o nn(n ) 771(n ) o nn(n )
A (k,T) =
ment e npem T —me-mT e —npe T
niemT e npemnT —nie~mT - —n3e T
n%n—lemT o n%n 1677nT _n%n—lefmT o %n 1 777nT

{06 o6uwcnuTh xapakrepuctianuii BusHayHUK A (k,T') , IepeTBOPUMO HOTO, BiTHSBILIH Bif -
ro croBrust (n + j)-it croBmens, j € {1,...,n}, a motim 3acrocyemo Teopemy Jlamraca ta Gpopmyiry
U1 oOumcneHHs Bu3HauHuKa Bannepmonna [32] (. I, § 1). Tomi orpumaemo

n
Ak, T)= (=)™ [ (i —n?) H ((enT + e yyy), kezr. (14)
1<s<i<n j=1
Bimomo [31, c. 16], mo 3amaga (7), (8) mmst kokHOTO k € 7P He MOXKEe MaTH JIBa Pi3HUX PO3B’A3KH
toni i e Toxi, ko A(k,T) # 0.
Teopema 2. /[na eounocmi po3zs’szky 3aoadi (3), (4) y npocmopi 02"([0,T],7" ) HeobXiOHO i
docmamuvo, wob cnpasoICy8aAIUCh YMOBU

(VEeZP, YmeZ) in;(E)T#m(m+1/2), je{l,...,n}. (15)

Josedennn. Heobxionicme. Ilpumyctumo, mo xoda 6 ogna 3 ymoB (15) (Hexait mpu j = jo,
1 < jo < n) nopymyerbes, T00T0 A1 gedakux kg € ZP ta my € Z CHpaBIKYETbCA PIBHICTH
injo (ko)T = 7 (mo +1/2) . Toni A(ko,T) = 0 (ockinbkn eMio (k)T 1 g=niq (ko) T — 0) Ta icHytoTh
HetpuBianbHi pos3s’ssku 3amaui (3), (9) u’(t,z) = Asin ((2mg + 1)nt/(2T)) exp(iko, z), ne A —
JoBiTbHA cTana. Tomy po3B’s30k 3amadi (3), (4), KO BiH iCHYE, He Oyne €HMHUM.

Hocmamuicmo. Hexaii 3anada (3), (4) Mae Ba pisHUX PO3B’SI3KH U1, ug 3 mpoctopy C2™([0,T7],T7).
Toni pyHKIisS ©u; —ue = u € 02"([0, T, T ) € po3B’sa3koM 3axadi (3), (9) i 300paxkyeTbes oM
BUDIsAAY (6), B siKOMy KOkeH KoeditieHt uy(t), k € ZP, € po3s’sizkom 3amadi (7), (10), ska mis
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KoxHOTO k € ZP 3a ymoB (15) Mae nuie TpuBianbHuUii po3s’s30k. Takum uusoM, Uy (t) = 0, k € ZP,
10070 w1y (t) = ugk(t), k € ZP. Bpaxosyroun, mo ui, uz € C**([0,T],7"), orpumyemo, mwo st
koxHOro t € [0, 7] dyHKuil u; 1 ug 36iratoThest Mixk c0600.

TeopeMmy OBEIEHO.

3aysarncenns 1. OuesnnaHo, mo j-ta ymoBa, j € {1,...,n}, i3 (15) BUKOHYETHCSI, SKIIO CIIPAB-
Ky€eTbesl Xo4a O ojHa 3 YMOB

(VkeZP,VmeZ) —Imnjk)T#n(m+1/2) (16)
abo
(Vk € Z) Re n;(k)T # 0. (17)

5. IcHyBaHHS1 po3B’fAI3KY 3ajJaui.

Teopema 3. Hexaii cnpasoxcyiomvcs ymosu (15). Axwo o; € T'(T), j € {1,...,2n}, mo
icnye eounuti po3s 3ok 3adaui (3), (4) 3 npocmopy C*" ([O, T7; 7") (02” ([0, TY; T)); yetl po38 30K
BUBHAYAEMBCSL POPMYIOTO

u(t,x) = Z wp(t)ee) =

%[>0

=3 zn: o) Pakng (€71 + 72T 4 @y (N0 TIT — e TT)

" L =)

) ) (18)
|K[>0 q.j—1 (1) ing(1+e=2uT) [ |

s:l,s;éq

de SZ(Q), l€{1,...,n—1}, — cyma écix modxcrusux 006ymxie eremenmic 1, . . . , 77(21_1, 772+1, cooyn?
no l y xosxcrnomy 000ymxy, S’éq) =1.

/losedenna TeopeMu TPYHTyETbcs Ha Teopemi 6.2 3 [28, c. 111] (3rimHO 3 SIKOIO Yy MPOCTO-
pi 7' nOBiNbHUI TPUTOHOMETPUUYHUN P € 30DKHUM) i Ha ToMy (aKTi, 10 mpocTip 7 HEmepepBHO
BKJIaJaeThest y poctip 77 [28, ¢. 110]; npu upomy Ge3mocepenHbo NepeBipsaeThest, IO KoedilieHTu
ug(t) pamy (18) 3amoBonbHsr0Th piBHOCTI (7) 1 (8).

Jns iHIIMX TPOCTOPIB, 30KpeMa IS KA IPOCTOPIB 02"([0, T],H, (Qp)), q € R, icHyBan-
HS po3B’sa3Ky 3amadi (3), (4) mor’sa3aHe, B3aram, 3 MPoOJIEMOI0 MalWX 3HAMEHHHKIB, 00 MoOmyi
supasis . (k), n2(k) —n2(k), 1+e 27T r ;s € {1,...,n}, 7 # s, aKi BXONATH MHOKHHKAMH Y
3HAMEHHUKH 4ieHIB psgy (18), Oyaydn BIIMIHHMMH BiJ HYJISI, MOXKYTh CTaBaTH SIK 3aBrOJHO MaJUMHU
JUIS. HECKIHUEHHOI KUTBKOCTI BEKTOpiB k € ZP.

Hus A\-xopewniB piBusHHS (13) (muB. [33, c. 101]) oTpuMyeMoO OLIHKH

O <eo. MR SalkP keZM\{(0)}, je{l.....n}, (19)

Jc

n

co =2 max ~0/|A¢s 0. 0
50€{0,....,n—1} | (s0,0,...,0)

c1 =2 max nos E A PR
9 506{0,...,n—1} ‘s‘§2(nfso)‘ (80781, ,Sp)‘

3 dbopmynu (12) Ta ominok (19) Bummsae, 1mo
(0 <Veo,  Ini(R)|<Vealkl, keZ\{(0)}, je{l,...,n}. (20)
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Teopema 4. Hexail cnpasoxcyiomucs ymoeu (15) ma icuyroms maki 0o0amui cmani ca, 3, Cy,
a1, o, a3, Wo 0 6cix eekmopis k € 7P npasunvnumu € oyinku

|nr(k){ 202(1+]k\)_a1, ref{l,...,n}, 21

I k) = n2(k)| = es(L+ |k[)™™, re{l,...,n}, (22)
s=1,s#r

1+ 20T > ey (14 k)", re{l,...,n} (23)

Axwgo s € Hyyg(P), Onts € Hypar+q(P), se{l,....,n}, x =2n—-2+az + a3, ¢€R, mo
icye eounuii pose azok sadaui (3), (4) 3 npocmopy C?"([0,T], Hy(Q)). Leii pose 5130k 3a006016H5€
HepigHicmb

de c5 = c5(Ag, 8" < 2n;n, e, c3,¢4).

n 2n
u; C*([0, T], Hy (7)) || < C5<Z|!@s;Hx+q(Qp)ll ++ > st;meﬁq(Q”)II)»
s=1 s=n+1

/loseoenna. Ha mincrasi dopmynu (18) Ta ominok (20)—(23) mist koxHOTO KEZP OTpUMYy€EMO

i [ (0] <

n 2n
< ¢ ((1+yk)’“”Z!cpsk!+c;1(1+|k1)"2+" > !sosk!>, qe{0,1,....2n}, (24)

s=1 s=n+1

mehi=2n—2+as+as, hao = hi1 + a1, cg = n(max{co,cl})n_HQ/2 (6304)71 .

Ha migcrasi gopmynu (18), ominok (24) i Toro ¢axty, mo cepeaHe apuMeTHUHE AONATHUX
Yrcel He TMIePEBHINYE IXHBOTO CEPETHHOT0 KBAAPATUIHOTO, OTPUMYEMO OIIHKY JJISi HOPMH PO3B’A3KY
3amadi (3), (4):

2n

T 2 —-Tr
s €27 (0.7, Hy ()| == > max | S |l 0 (14 [k2)7 <
r=0 — — |k[>0
2n N n N 2n 2
e N DA ) e S o o (R 1) R O oA I B 1 e
r=0 |k|>0 s=1 s=n+1

2
+

n
Z‘@sk‘

s=1

< (2n+ 1)\/506 Z 1+ |k‘2)h1+q

&[>0

2
<

2n
Z |505k|

s=n+1

tept | D0 (L k2T
[41>0

n
< (2n+ 12| |n Z Z |akl* (1 + [k|2)" 04

|k|>0s=1
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2n
tert n S0 ST Joal® (1 )T | <
|k|>0s=n+1

n 2n
Ser [ Do [ Do leskPA+ R Y Y a1+ K"

s=1\ [k[>0 s=n+1\/ |k|>0
n 2n
=cr | Y llesi Huag @)+ D [losi Huaro Q)] ]
s=1 s=n+1

e ¢y = 06\/%(271 + 1) max {1,c2_1} .

3 OTpHMaHOi HEPIBHOCTI BUILIMBAE JIOBEJCHHS TEOPEMHU.

BHSCHMMO MOXIMBICTh BUKOHAHHS OIHOK (21) —(23). TTo3Haunmo yepe3 b = (bq,...,bg) € RA ta
d = (dy,... ,dg) e RA BEKTOpPH, CKJIaJICHi, BiAMOBIIHO, 13 MIHCHUX Ta YIBHUX YaCTHH KOCQIIli€HTIB
A(o,s) piBHsHHA (3), n€ 8 — KUIbKICTb PO3B’S3KIB y LUIMX HEBiJ'EMHHMX 4MCJIaX HEPIBHOCTI s1 +
+so+...+sp <2n,auepe3 | = (I1,...,ly) ERY 1a h = (hi,...,hy) € RY BexTopH, CKIajeHi,
BIIOBINHO, i3 AIHCHMX Ta YSBHUX 4aCTUH KoediuieHTiB Ay, o) piBHAHHA (3), A€ ¥ — KUIBKICTH
PO3B’A3KIB y LIJIMX HEBiJ’€MHHUX YHMCJIaX HEPIBHOCTI 259 + S1 + S2 + ... + 5, < 2n.

Jdema 4. [Jna maiince scix (wooo mipu Jlebeza ¢ RP) gexmopis b i dosinbrnozo ixcosanozo
eexmopa d abo 01 00sinbHOZ0 ikcosanozo eexmopa b i maiiice ecix (wodo mipu Jlebeea ¢ RP)
sekmopie d nepienocmi (21) suxonyiomocsa ons 6cix (kpim ckinuennoi kinokocmi) eéekmopie k € 7P
npu oy >n + p/2 — 1, npuwomy cmana co He 3anexcums 6io T

Hosedennn. Ockinbky, 3riqHo 3 npumymeHssy™, |n;(k)| = /|\j(k)| # 0 mus Beix k € ZP,

j€{1,...,n}, 1o i BineHuii wien Py(k) piBusHus (13) € BigminHuM Bix Hyss. [Ipu pomy
Py(k) := Z A,s) (ik1)*" .. (ikp)* = (=1)" A anp... 0)ki" + Ro(k) =
|s|<2n

= (—1)"Re Ag2no,.0ki" + Re Ro(k)+
+i[(—1)™"Im A anp,.0ki" +Im Ro(k)], keZP, (25)

ne Bupas Ro(k) ne micTuth koeditienta A oy, 0, 0) := b1 + ids.
TToka)eMo CrouaTKy, 1o Juisi Maike Beix (moxo Mipu JleGera B R?) Bextopis b Ta 10BinbHOrO
(ikcoBaHOTO BEKTOpa d HEPIBHICTH

Re Py(k)| > (1+1k]) ", 0<e<1, (26)

CIPABIKY€ETHCS Ui BCiX (KpiM CKIHYEHHOI KiJIbKOCTi) BeKTOpiB k € ZP. CKOPHUCTAEMOCH CXEMOIO
noBenieHHs Teopemu 4.4 3 [17, c. 61].

ITozHauumo yepe3 W MHOXKHHY THX BEKTOPIB b, 110 HanexXaTh jAesdkoMy napanenemineny Ilg =
= [z1,y1) x g1, gy = [w2,y2] X ... X [r3,yp], And AKKMX HEpiBHICTH

Re Py(k)| < (L+1k]) "%, 0<e<1, (27)

Ma€ HeCKiHYeHHY KiNbKiCTb po3B’si3kiB k € ZP, a uepe3 Wy (b, ..., bg) MHOXHHY THX 4ncen by €
€ [x1,y1], Anst sKuX HepiBHICTD (27) crpaBmkyeThes ais dikcoBanoro k € ZP\ {(0)} Ta dikcoBanux
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bj € [xj,y;], J € {2,...,0}. Hexaii by # 01 ki # 0, mo, 3BuuaiiHo, He oOMexye 3araiabHOCTI. I3
(25), (27) BumuBae, o

mesg1 Wi(ba,...,bg) < 2(1+ k) " k|2 <2(1+1k]) ", O<e<l. (28)

3inTerpypapmu oniHky (28) mo mapanenenineny IIz_;, orpumaemo, mo mnst mipu Maoxuan (k)
THX BekTopiB b € Ilg, ms SKkuX BUKOHY€TbCs HEpiBHICTH (27) mpu (ikcoBaHOMY K, CIPaBIKYEThCS
OILlIHKa

mesgs (k) <2V (14 k) 77°, 0<e<]l, (29)

ne V' — o6’em napaneneninena I1g_;. Ockinbku psan Zkezp (1 + | k;])_p_a 30iraeTncs, 10 3 (29)
1 emu 2 BMIMBae, mo mesgs ¥ = 0, T00TO 118 Malike BCiX BeKTopiB b € Ilg Ta mOBLILHOTO
(ikcoBaHOTO BEKTOpa d HEPIBHICTH (26) BUKOHYETHCS I BCiX (KpiM CKIHYEHHOI KIIBKOCTI) BEKTOPIB
keZr.

AHAJOTIYHO JIOBOAUTHCS, IO JJIS BCiX (KpIM CKIHUEHHOT KUTBKOCTI) BEKTOpIB k € ZF HepiBHICTH
|Im Po(k)| = (1+ k) 7", 0<e<l, (30)

BHUKOHYETBHCS JUISL JOBIIBHOTO (DIKCOBAHOTO BEKTOpa b Ta Maixke BCiX (1110110 mipu JleGera B R” )
BeKTOpiB d. TakuMm 4wHOM, JUIS Maibke BCiX (mono mipu Jlebera B RA ) BEKTOPIiB b 1 JOBUIBHOTO
¢ikcoBaHOro BekTOpa d abo0 M MOBLIBHOTO (hiKCOBAHOTO BEKTOpa b 1 Maibke BCix (H_IO,I[O MipHu
Jle6era B RP ) BEKTOPIB d OIliHKa

|Po(k)| > (1+ k)", 0<e<1, (31)

CIPABIKY€ETHCS IS BCIX (KpiM CKIHUEHHOI KUTBKOCTI) BEKTOpiB k € ZP.

Ha mincraBi Teopemu Bieta orpumyemo, mo koperi piBHAHHSA (13) 3a10BOIBHSIOTH PIBHOCTI
_ [ Po(F)]

A (). A1 (B) A1 (B) . A (K)|

3 piBHOCTEIH (32), ominok (19), (31) Ta dopmyn (12) oTpuMyeMO TOBEICHHS JIEMHU.

Ar(R)|

ref{l,...,n}. (32)

Jema 5. [[na maiince ecix (wooo mipu Jlebeza ¢ RY) eexmopis | i dosinbhoeo ¢ircosanozo
eexmopa h abo ons 008inbHO20 (Pikcosarnoeo eexmopa h i maudice écix (wooo mipu Jlebeca ¢ R7)
sexmopie | Hepisnocmi (22) eukonyiomscsi 011 6cix (Kpim cKinueHHOl Kintbkocmi) eexkmopis k € 7P
npu ay>(n—1)(p/2 — 2), npuuomy cmana cs ne s3anexcums 6io T.

Hosedennn. Jlns nuckpuminanta D (P) nomiHoma P := P (), ik) 3 napamerpom k € ZP crpa-
BEJUTMBHM € 300paxkeHHs [34, c. 265]

D)= J] k) —X(k)?, (33)

n>i>j>1

e \(k), € {1,...,n}, — xopesi piBusuus (13).
AHanoriuHo, K mpu AoBeneHHI Teopemu 4.5 i3 [17, ¢. 62], BCTaHOBIIOEMO, IO JUIS BCiX (Kpim
CKIHUEHHOI KUTBKOCTi) BEKTOPIiB k € ZP HepiBHICTH

Re D(P)| > (14 k)" VP 0<e<t, (34)
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BUKOHYETBHCS [UIsl TOBUILHOTO (piKCOBaHOTO BeKTOpa h Ta Maibke Bcix (momo Mmipu JleGera B R7)
BEKTODIB [, a HEPIBHICTH
n—1)(2n—p)—¢

|Tm D(P)| > (1 + [k)) " V" P g<e<, (35)
— I TOBLTBHOTO (DiKCOBaHOTO BekTopa [ Ta Maibke BCix (momo mipu Jlebera B R7) BekTopiB h.
Takum umHOM, JUIs Maiike Beix (mozo mipu Jlebera B RY) BekropiB [ i AOBUIBHOTO (hiKCOBaHOTO
BekTopa h abo mis mAoBiTbHOTO (hikcoBaHOTO BeKTOpa ! 1 Maibke Bcix (momo mipu JleGera B R7)
BEKTOPIB h OIliHKa

ID(P)| > (1+ k)" VP g<e<n, (36)

BUKOHYETHLCS JUIS BCiX (KPIM CKIHYEHHOI KIIBKOCTi) BEKTOpIB k € ZP.

Ha migcrasi ¢opmynu (33), ominok (19) ta (36) orpumyemo, mo i Maike BCiX (OO0 MipH
Jlebera B R7) BekTopiB ! i MOBUTEHOTO (hikCOBAaHOTO BekTOpa h abo I JOBUTBHOTO (DiKCOBAHOTO
BekTopa [ 1 Matike Bcix (momo Mipu Jlebera B R”) BekropiB A OliHKa

n II ... (k) = X(k))
M(k) = As(R)) | = | F522222
31:[1 ( ) anl_?m (Ni(k) — A;(k))

sFET i, F#T

> Cg(1+ ’k‘|)_(n_1)(p/2_2)_6/2, (37)

ne 0 <e<1,re{l,...,n}, BUKOHYETHCS AT BCiX (KpiM CKiHYCHHOI KUIBKOCTI) BekTOpiB k € ZP;
IIpH 1IOMY BPaxoOBaHO, IO 3HaMeHHUK y dopmyii (37) mictuts (n — 1)(n — 2)/2 mMHOXHHUKIB. 13
oriHok (37) Ta dopmyn (12) BHILTUBAE JOBEACHHS JIEMHU.

Jlema 6. /[ns matioce ecix (woodo mipu Jlebeea ¢ R) uucen T ma maudnce écix (wgooo mipu
Jlebeza ¢ RP) eexmopis b i dosinbrozo ¢pikcosanozo sexmopa d (abo Ons maiidice 6cix eekmopie
d i 0osinbHo20 (ikcosanozo eexmopa b) nepisnocmi (23) eukonyromocs 0ns 6cix (Kpim CKiHYeHHOT
kinokocmi) eéekmopie k € ZP npu as > a1 + p, oe a1 > n + p/2 — 1, npuuomy cmana cy He
sanexcums 6i0 T' ma xoeiyicnmis pigusanns (3).

Hosedennn. PosrnsiHemo r-ty HepiBHicTh 3 (23), r € {1,...,n}, i mo3naanmo h(T,k) := (1 +
+ e_Q”T(k)T). Jlerko mokasaru, 1o it kokHoro 1" € (0, 400) i koxkHOrO £ € ZP CcripaBIKyeThes
PIBHICTB
oh(T, k 1
n( gy + P o, (1)t 21, 68)

3 SIKO1 BUIIIIMBAE, 110

max{|h(T, k)|, '%gj@(m(/@))‘l } > % T € (0,+00), keZP. (39)
Posrisinemo dyHKIIiTO
2(T, k) .= |h(T, k)| — ‘(%(;;k)@nr(k))_l , T e (0,+00), keZP, (40)

sk QyHKIito 3MiHHOI T’ i mapamerpa k, Ta BCTAHOBUMO KiNBKICTh 1i Hy:iB Ha mpoMixky (0, +00).

Ha mizgcrasi (38) i (40) orpumyemo, o Hymi GyHKIT z 36iratoteest 3 HymsiMu GyHKl 21 (T, k) 1=
h(T, k _
= h(T, k) — 8(gT’)(Qm(k)) L= 9e=2m(R)T 4 BayBaxumo, o pisasaas 2e 2T 41 =0
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€KBIBaJICHTHE CUCTEMI PiBHSHb
Re(2n,(k)T) =1In2,
keZP, 41)
Im(2n,(k)T) =7+ 27m, m € Z.

OueBuano, mo cucreMa (41) mae BimHOCHO 1’ PO3B’SI30K, 0 TOTO X €IWHUHN, JTUIIC MPU THUX

In2 Im 7, (k)

3HAUCHHSX BEKTOpHOTrO mapamerpa k € ZP, nus sxkux Re n.(k) # 0, a € HeIapHUM

7 Re 7, (k)
[IMM YUCIIOM; MHOKUHY Takux BEKTOpiB k € ZP mo3naummo uepe3 K. Po3p’s30k cucremu (41) €
~ In2
onmatanM 1 mae uniin 1'(k) = ————, k € K.
e A T(k) 2Re (k)

Posmstremo inTepsain (0, Tp), ne 0 < Ty < 400, i BBeaemo Taki nosnavenss: F (7)) — MHOXHHA
tux 3HadeHb 1" € (0,7p], A1s SAKUX HEPIBHICTb

\WMT, k)| <es(T+1K), 0<e<1/2, (42)

BUKOHYETHCS JIUISl HECKIHYEHHOI KUTBKOCTiI BeKTopiB k € ZP; E (T 0, l;:) — MHOXKMHA THX 3Ha4Y€Hb
T € (0,Tp], ans sxkux HepiBHiCTH (42) cHpaBmKyeThes Tipu dikcoBanomy k = k € ZP; Ey(Ty, k)
1a E(Tp, k) — muoxunu tux snasens 7 € (0,7p], ams sxux nepisuocti |Re h(T, k)| < ca(1 +
+ k()" ta | Imh(T, k)| < ca(1+]|k|) ", Binnosinno, BukoHytOTbCS U DikcoBaHoMy k = k €
€ 2Py Ky ={ke K:T(k) >To}; Ko = (Z"\K)|J K.

Axmo k € Ky, 1o Ha intepsani (0,Ty] bynkuis z ne mae mymis. ITosnaanmo K3 = {k € Ko :
2(T,k) > 0,T € (0, Tg]}. Sxmo k € K3, To Ha miacrasi (39), (40) oTpumyemo

\W(T,k)| > 5, T el(0,T (43)

DN | =

TakuM 9uHOM,

mesR(E(To, kj)) =0, ke Ks. (44)

SAxmo k € Ko\K3, 10 2(T, k) < 0 s seix T € (0, Tp]. Toni a miacrasi (39), (40) oxepikyemo

ks
or

‘2 @), Te(OT), ke K\Ks. 4$)

3 ominku (45) Ta neMu 4 BUILTHBAE, IO JJIA Maike BCiX (HIOI[O Mmipu JleGera B Rﬁ) BEKTOpiB b
1 moBimpHOTO (hikcoBaHOTO BeKTOpa d (abo I MaiXke BCiX BEKTOPIB d 1 JOBUTBHOTO (hiKCOBaHOTO
BekTopa b) JUIs BCiX (KpiM CKiHUEHHOT KilTbKOCTi) BEKTOpIiB k CIIPaBIKYeThCs OJHA 3 HEpiBHOCTEH
O Ren@ ) |=2ar 7)), |L T R)|= L k), @6
oT V2 orT V2

ne T € (0,Ty], k € Ko\ K3. 3rizno 3 1emoro 1, Ha miacTaBi oniHok (46) oTpuMyeMo, M0 T Maiike
Bcix (mono Mmipu Jlebera B RS ) BEKTOPIB b 1 MOBLIBHOTO (pikcoBaHOTO BeKTOpa d (b0 Iys Maiike BCiX
BEKTOPiB d i JOBiNBHOTO (iKCOBAHOTO BEKTOpa b) IUIA BCiX (KPiM CKiHYEHHOI KilbKOCTi) BEKTOpIiB k
CIPAaBIKY€ETHCS OJJHA 3 HEPIBHOCTEH
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mespg El(To,,I;J) < Clg(l + |]€|) (a3 — a1)’

mesg Fa(Th, k) < c1o(1+ k)7 & € Ky\Ks. “
OCKIIBKH
E(Ty, k) C E1(To, k), E(Ty, k) C Ex(To, k), k€ Ko\Ks, (48)
TO Ha MiJICTaBi HepiBHOCTEH (47) oTpuMyeMO
mesg B(To, k) < c1o(1+[E)) "™, & € K,\Ks. (49)

13 (44) i (49) BurutuBae, mo st Maibke Beix (oo Mipu JleGera B R?) Bextopis b i noBinsHOrO
(ikcoBanoro BekTopa d (abo AT Maibke BCiX BEKTOPIB d 1 MOBUIHHOTO (PiKCOBAHOTO BEKTOpA b) st
BCiX (KpiM CKiHYEHHOI KUTBKOCTi) BeKTOpiB k, k € K9, BUKOHYETHCS OIiHKA

mesg E(To, /;Z) < 010(1 + ’E‘)—(ag—a1)7 /;7 € KQ. (50)

SAxmo k € K\K;, 10670 dyHKuis 2 Mae onuH Hymb T = T (k), mo HamexuTH iHTepBany
(0,Tp), To intepsan (0,Tp] posdbuaemo Ha imrtepsamu J; = (0,T(k)) i Jo = (T(k),Tp]. H
KOXKHOMY 3 HUX (yHKLis z He Mae HyiiB. [IpoBiBmM Ha KOKHOMY 3 iHTepBaiiB Ji 1 Jo BUKIAIKH,
aHaJIOTIYHI HAaBEJICHUM BHIIE, OTPUMYEMO, 110 IS Maibke BCiX (moz[o mipu Jlebera B RA ) BEKTOPIB
b 1 moBinBpHOTO (hikcoBaHOTO BeKTOpa d (ab0 I MaiXe BCIX BEKTOPIB d 1 TOBLILHOTO (hiKCOBAHOTO
BekTOpa b) 1 BCiX (KpiM CKiHYeHHOT KinbKkocTi) BekTopi k, k € K\ K1, CHpaBIKyeThCs OIiHKA

mesg E(To, k) < 2e10(1 4 [k]) "™, ke K\K. (51)
[TincymoByrouu ominku (50) i (51) mo k € K» i k € K\ K BiInoBiaHO, OTpEMYEMO
Z mesRE To, < C11 Z 1 + |k7| (e3=en) (52)
kezp kezp

Sxmo asz — a; > p, T00TO AKIMO 3 > < + P, TO pAA y TpaBiil yacTUHI HEpIiBHOCTI (52) €
30DKHUM, TOMY
Z mesg E(Tp, k) < oo. (53)
kezp
I3 (53) Ta nemu 2 BummBae, mo mesg E(7Ty) = 0, To6To st maibke Beix 1 € (0,7p] Ta maibxke
BCix (mwono mipu JleGera B R?) Bexropis b i moBinbHOrO (ikcoBanoro Bextopa d (aGo I Maiixe
BCIX BEKTOpIB d 1 JOBIIBHOTO (PIKCOBAHOTO BEKTOpa b) BUKOHYETHCS HEPIBHICTH, MPOTHIIEKHA IO
HepiBHOCTI (42), mys BCixX (KpiM CKiHUEHHOI KUTBKOCTI) BeKTOpiB k € ZP. BpaxoByroun Toii (akrt, mio
npoMikok (0, +00) MOXHA MOKPUTH 3T{YEHHOI KUIBKICTIO IHTEpBaliB JHOBKHHOKW T, OTPUMYEMO
JOBE/ICHHS JIEMU.

I3 Teopemu 4 Ta nem 4 — 6 BUINIMBAE HACTYIIHE TBEPAKEHHSI.

Teopema 5. fxwo ¢s € Hyi\ (), onts € Hyprqp/o4n—1 (), x>(pn)/2+n+p—1,
qg € R, s €{1,...,n}, mo 3a ymos (15) ors matioce ecix (wyooo mipu Jlebeca ¢ R) uucen T ma
matigice cix koegiyienmie pisnanus (3) y npocmopi C?"([0, T, Hy(QP)) icnye edunuii pose ssox
saoaui (3), (4); yeil po3s 130Kk 3a00601bHAEC HEPIBHICHb

n 2n
s C (0,7, Hy(27)) | < 012<ZH%;Hq+X<Qp)H D> H%;Hqﬂﬂ/zm_lmpﬂ\)-
s=1 s=n+1
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6. Yacrunni Bunaaku 3anaui (3), (4). HaBenemo vactunHi Bunanku piBasiaHs (3) (mopsiaky 2n),
JUTS IKAX OTPUMAHO Kpallli OIiHKY 3HNU3Y MaJIMX 3HAMEHHHKIB (ITOYMHAIOYH 3 IEIKOTO HOMepa 1), HiXK
y gemax 4 1 5, a oTke, 1 cialIi yMOBHM Ha BHUXIIHI JaHI y TeopeMax iCHyBaHHS PO3B’sI3Ky 3amadi (3),
(4) 3i mxanu npocropie C* ([0, T, Hy(F)), q € R.

6.1. Pignauus 3 paxmopuszoeanum onepamopom. PosrssHemo 3anady 3 ymoBamu (4) mis piB-

HSHHS
n 52 P P 2
jzl_Il ﬁ_ Sz:lafjsaxs"f'bj ’U/(t,.’B) :0, (t,x) GD’ aj87bj cC. (54)
ITosHaunmo

aﬁ,) = Reajs, ag) = Imaj,, bg-l) = Redy, b§-2) =Imb;, je{l,...,n}, se{l,...,p},

a 1) (2 1) ,,(2 1
a1:<a51)/bg),..., lp/b ;1)/19%)7“" 2p/b "aagll)/bng)a'--y 7(11p)/b )
n 2 1 2 2

I3 Teopemu 2 BUIUTMBA€E HACTYIHE TBEPHKCHHS.
Hacniook 1. s eounocmi pose’szxy 3aoaui (4), (54) y npocmopi C2”([0, T, T ) HeoOXiOHO i
docmammvo, wob cnpaso;Cy8aIucCs yMosU

p
(VkeZP, Ym €Z) bj+iY ajsks #in(m+1/2)/T, je{l,...,n}. (55)
s=1

OuesuHo, mo j-ta ymoBa, j € {1,...,n}, i3 (55) BUKOHYETBCS, AKIIO CIPABIKYETHCSI X04a O
OJIHA 3 YMOB

p
(vkez?, ymeZ) b+ allk #m(m+1/2)/T (56)
abo
p
(wkezr) oM -3 aPk, #o0. (57)

Jns 3anaqi (4), (54) (3a ymoB (55)) € crpaBeanuBumMu Teopemu 3, 4, y akux ciif 7);(k) 3aMiHHTH
p
w1 . . .
Ha 17 (k)= b; +i E o ajsks, je{1,...,n}, a Takoxk HaCTyIHi JeMH.
Jlema 7. /[ns OosinbHoeo ¢hikcosanozo sexkmopa a1 ma maixce 6cix (ugooo mipu Jlebeea 6 R™P)
sexkmopie Gz abo 011 008iIbHO20 PiKCO8aH020 6ekmopa Gz ma matdice écix (wodo mipu Jlebeea 6
R™P) gexmopie a1 Hepignocmi

b; —1—22@]3 <

8uKOHylombCst 0 6cix (Kpim ckinuennoi Kinbkocmi) eexmopie k € 7P npu oy > p/n, npuuomy

>Cl3 +|k’)_a1a .] € {L"'an}a (58)

cmana c13 He 3anedxcums 6i0 I ma xoegiyicumis pieusinus (54).
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Hosedenna. OuesunHo, o
a? o)
(k)| > | Re n} (k)|—’b(.1)‘ TR TR |

J (1) (1)
bj b
o |a) o
5 (k)| > | Im 0} (k)| = ‘bj ‘ ﬁkﬁ.. b@)k +1|, je{l,...,n}
J
Ha mincrasi Teopemu 1, BpaxoBytour 361KHICTh iHTErpaia 2P (1 + 2)" " de npu o > p/n,

OTPHMYEMO, IO JUTsl Maiike BCix BeKTopiB a; € R™ (ag € ]ICQ”Z’ ) cHCTeMa HepiBHOCTe
}Re nj(k)’ > 014(1—|—|k|)7a1 (| Im n; (k)| > 614(1—Hk‘|)7a1), je{l,...,n}, c1a=cu(p,n),
CIIPaB/KYETHCS UL BCIX (KpiM CKIHYCHHOI KibKOCTi) BekTopiB k € ZP tpu op > p/n.

O1xe, HepiBHOCTI (58) BHKOHYIOTBCS JJIS TOBLTBHOTO (DIKCOBAHOTO BEKTOpA Go Ta MaMKe BCIX
(uromo mipu Jlebera B R™?) BekTopiB a1 ab0 Uit JOBUTLHOTO (JiKCOBAHOTO BEKTOpA G Ta MaiiiKe BCIiX
(momo Mmipu Jlebera B R™P) BekTOpiB a9 A7 BCiX (KpiM CKIHYEHHOI KiNBKOCTi) BeKTOpiB k € ZP mpu
a; > p/n.

Jlemy moBezneHo.

OueBuaHO, IO OIIHKA IMapaMeTpa (v B JieMi 7 Kpama, HiX y Jemi 4, ipu n > 2.

Jlema 8. /[nsa Oosinbhoco @hikcosanoeo @exmopa Qo ma matice 6Cix (u;odo mipu Jlebeza 6

R("_l)p) 6eKmopie a1 abo 0isl 00BIIbHO2O (PIKCOBAHO20 6eKMOpa G Ma Maiidice 6Cix (uwdo Mipu
Jlebeza 6 ]R("_l)p) 6eKMOpi6 Gy HepigHOCMI

H | (K))? — (i (K))?| =

Jsﬁm
n p p
=TT |0 = bm+ i (aje—ame) bs | [ b+ bm+ 1Y (ajstams) ks || >
J;m s=1 s=1
2015(1+|k’)_a27 mE{l,...,n}, (59)

BUKOHYIOMbCA 0715 6Cix (Kpim cKinuenHoi Kinbkocmi) eekmopig k € 7P npu ag > 2p, npuvomy cmana
c15 He 3anexcums 6i0 T ma xoeghiyicumis pisnanns (54).

/losedenns TIPOBOJUTHCS 32 CXEMOIO JTOBEJCHHS JIEMH 7.

3ayBaKMMO, L0 OIIHKA Mapamerpa asp B JieMi 8 Kpama, HDXK y JeMi 5, mpu n > 6 1 p >
> 4(n —1)(n —5)"L.

Jlema 9. /J[ns matidce 6cix (u;odo mipu Jlebeea 6 }R) yucen T ma maiioce scix ( wooo mipu
Jlebeza ¢ R™ ) 6exkmopie a1 i 008iIbHO20 PiKcO8aAHO20 GeKMOpa Gz abo O matice 6Cix (u;odo Mipu
Jlebeza 6 ]R"p) 8eKmMopis6 Gg 1 008iN1bH020 hiKCOBAH020 8eKmMopa G HepiBHOCMI

P
1+exp |27 |bj+i > ajsks | || = (L4 K])"™, qe{l,...,n}, (60)
s=1
BUKOHYIOMbCSL O3 6CIX (KpIM CKinuenHoi kinbkocmi) eekmopig k € ZP npu as > aq+p, de aqg > p/n,
npuyoMy cmana Cig He 3anedxcums 6i0 T ma xoegiyieumia pienauns (54).
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/Jlogedennsa MpoOBOIUTHCS 3a CXEMOIO TOBEJEHHS JIEMH 6 3 BUKOPHCTAHHAM JIeMHU 7.

Jlerxo GaumTw, 11O OIiHKa HapameTpa o B JieMi 9 kpamia, HiX y jeMi 6, mpu n > 2.

Teepmxenns 1. Hexaii cnpasocyiomocs ymosu (55). Axwo @ynxyii o, € Hyp\ (QP), @nys €
€ Hyyipn (), g €R, x > 2n+3p+p/n—2, s €{1,...,n}, mo ona maiidxce 6cix (moc)o Mipu
Jlebeea ¢ R) uucen T ma maiiowce ecix koeiyienmie pisnanus (54) y npocmopi C?" ([0, T, Hy(QF))
icnye eounuil poss’sa3ok 3aoaui (4), (54). Lei po38 130k 3a00801bHAE HePIGHICHb

ﬂose@emm MIPOBOAUTHCA 3a CXEMOIO JOBCACHHSA TCOPCMU 43 BHUKOPHUCTAaHHAM JIEM 7-9.

n 2n
w3 G (0,71, Hy(09))]| < 7 ( S ot Hyon @)+ 3 H%;Hﬁw/nmp)\\).

s=1 s=n+1

3ayBakuMo, 10 yMOBU Ha QyHKUil ¢;, j € {1,...,n}, y TBepmkenHi 1 e cnabmmmu, HiXK y
Teopemi 5, mpu n > 51 p > 2n(n —1)(n? —4n —2)~1, a na dynkuii p,4j, j € {1,...,n}, —npu
n > 5 1 noBiabHOMY p € N.

6.2. Pienannsn, zinepooniune 3a I'opoinzom. Posrnsnemo 3anady (3), (4), xonu piBHsAHHSA (3) €
rinep6osiynnm 3a Fopainrom [35]. Toxi, 3riaHo 3 NpUITyIIEHHM i3 11. 4, kopeHi 7);(k), j € {1,...,n},
piBasHHS (11) 3a10BONBHSIOTH OIIHKH

0<Renk)<H, je{l,...,n}, keZl. 61)

Y npoMy BUMAJKY CHPaBIKYIOThCA Teopemu 1 —3 Ta emu 4, 5, a Takok HaCTyITHA JIeMa.

Jlema 10. /[{na maiioce scix (wyooo mipu Jlebeca ¢ R) uucen T' ma ¢hixcosanux xoeghiyicnmie
einepboniunoeo 3a Iopoineom pisnanns (3) nepisnocmi (23) suxonyromocst 015 6cix (Kpim CKiHYEHHOT
Kinvxocmi) eexmopie k € ZP npu a3 > p, NpUHOMy CMana c4 He 3anexicumuv 6i0 Koegiyienmis
DIGHAHHSL.

/losedenna. Ha mincrasi omiHOK (61) oTpuMyemo

‘1 + eiQﬂf(k)T’ > e HT ’e"j(k)T +e BT e {1, n}. (62)

Jlerko mokasaru, o s koxuoro j € {1,...,n}

‘e"ﬂ'(k)T + eiﬂj(k)T‘ = \/(exp (T Re n;(k)) — exp (=T Re nj(k)))* + 4 cos? (T'Im n;(k)). (63)

Slkio BuKkoHy€EeTHCS yMoBa (16), To 3 popmyinu (63), BpaxoByIouH eleMEHTAapHY HEPIBHICTD sin x>
> 2x/m, x € [0,7/2], ans xoxHoro j € {1,...,n} OTpUMyEMO OLIHKY

’enj(k)T + e_”j(k)T’ > 2 |cos (T'Im nj(k))| = 2 |sin|T Im n;(k) —7/2 — m;(k)n|| >

2Im n;(k)  (2m;(k)+1)/T
> o7k ’ ) = , (64)

ne m;(k) € Z raxe, mo |T Im n;(k) —7/2 —mj(k)m| < m/2. Ha mincrasi ominox (20) mns

_ 2Im n;(k)

7|k

3 mns maibke Beix (momo mipu Jlebera B R) umcen 1 / T mepiBHOCTI
2Im n;(k)  (2m;(k) + 1) /T‘ o 1

k] 14 I Lasan

kokHoro j € {1,...,n} nocminosuicts ®;(k) € oOMexxeHoro0. ToMy Ha MiJcTaBi JIeMH

je{l,...,n}, 0<e<l, (65)
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CIPABIKYIOTBCS IS BCiX (KPIM CKIHYEHHOT KiJIBKOCTI) BEKTOpIB k € ZP.
Bpaxosyroun (64), (65) Ta menepepsuicts dyukuii y (I') = 1/T npu T > 0, orpuMyemo, 110
HEPIBHOCTI

BT e_”j(k)T‘ >or(1+ k)P, je{l,....n}, 0<e<1, (66)

CIPAaBKYIOTBCS I Maiixke Beix (momo Mipu Jlebera B R) umcen T mns BCix (KpiM CKiHYEHHOT
KUTBKOCTI) BekTOpiB k € ZP.

MuoxxuHa gucen 1, st skux ymoBa (16) He clpaBIKY€EThCS, € 3TUYEHHOI MHOKHHOIO, 1 ii Mipa
JleGera mopiBHIOE HYIIEBI.

I3 BUKIameHOTO BUIIE Ta OIHOK (62), (66) BUIUIMBAE TOBEACHHS JIEMU.

Od4eBUAHO, 110 OIliHKA MapaMeTpa oz B JieMi 10 kpamra, HiXK y jgeMi 6, s JoBUTEHUX 1 1 p i3 N.

Teepmkennst 2. Hexaii pieusnnusn (3) € einepboniunum 3a Topoineom i cnpagoxicyiomvcs ymo-
o (15). Sxcgo 9y € Hysn (), @nrs € Hyyapjain-1(Q0), GER, x> 2(n— 1) + p/2(n + 1),
s €{1,...,n}, mo ona maudnce 6cix (u;odo Mmipu Jlebeea 6 R) yucen T ma maiixce 8cix koeghiyicnmie
pienanns (3) y npocmopi C*" ([O, T|, Hy (P )) icHye edunuti po3e’azox 3aoaui (3), (4). Let poss’sa3ok
3A0080/bHAE HEPIBHICMb

OcranHe TBEpKEHHS € Oe3mocepeHiM HaciakoM Teopemu 4 ta tem 4, 5 1 10. 3a3HaunmMo, 1o

n 2n
u; C*([0, T], Hy () || < eas <Z lss Horx () + H@s?Hq—i-x—&-p/Z—l-n—l(Qp)‘})'
s=1 s=n-+1

y HbOoMy yMoBH Ha QyHkuii ¢;, j € {1,...,2n}, € cnabummu, HiX y Teopemi 5.
6.3. Pienanna, cmpozo zinepooniune 3a Ilempoecokum. Posrnsaemo 3amgaqy 3 ymoBamu (4) st
PIBHSHHS

0%y (t, x)
Z A§ 8t2soaxi§1 8.%;’7 = 0’ (t7m) € D7 A§ S R7 A(n,O,...,O) =1. (67)
|3]*=2n co

[punyctumo, 1o piBHsHHES (67) € cTporo rinepboniyanm 3a [lerpoBecbkuM [36] (§ 16, 1. 6), ToOTO

A5 I0BiIBHOTO AilicHOrO & = (&1, .. .,&p) BCl KOpeHi (&) piBHSAHHS
D AP g =0 (68)
|3]*=2n

€ IiicHUMH 1 pisHUMH. 3 BUDISIAY piBHsAHHS (68) BHIHO, MO BCi foro kopeHi (&) € BimMiHHUMU Bij
HyJ1s1 1011 joBinbHOTO € # (0).

Pos3B’s130k 3aza4i (4), (67) 3 mpoctopy C2" ([0,7],7") mykaemo y Burmsami pamy (6), Ipy boMy
KOXHA 3 QyHKIIN ug (t), k € ZP, € po3s’si3koM 3a1adi 3 ymoBamu (8) 1is piBHSHHSI

d?souy, (t)

> As(iky) . (ikp) e~ =0, te(0.T). (69)
|5]"=2n
) d?Muy(t) .
Slkmo k = (0), To piBHsAHHSA (69) Mae BUIIIST g 0, a #ioro gyHIamMeHTaIbHa CUCTEMA
PO3B’A3KIB € TAKOIO: {uoj(t) =t71 je{1,..., 2n}} [Tpu 11bOMy XapaKTEepUCTUUHUM BU3HAYHUK

3agaudi (8), (69) obuncroerses 3a popmynoro A(0,7) = 112!...(2n — 1),
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Skmio k # (0), To piBHsHHS (69) Mae (QyHIaMEHTAIbHY CHCTEMY PO3B’sI3KiB
{ukj(t) = eXP(UJ(k)t)a uk,n-i-j(t) = eXP(—nJ(k)t),J € {13 v 7”}}’
ne n;(k) = i|\k||p;(k), 7€ {1,...,n}; ni(k), 5 € {1,...,n}, — nonarHi kopeHi piBHAHHSI

L L
Zﬂ“‘ﬁ(um) (i) s = 70

= I
siKi € oOMexeHnmH K QyHKIT aprymenty k € ZP\ {(0)} i cripaBmKyOTh OLIHKH

c19 < pir(k) < oo, car < [pl(k) — i ()| < eaa,
(71)
s,red{l,...,n}, s#r, keZP\{(0)}.

Hoxnagatoun y dopmyni (14) n;(k) = i|lk|ju;(k), j € {1,...,n}, orpumyemo dopmyny s
00YHCIICHHS XapaKTepPUCTHYHOTO BU3HAYHKKa 3a1a4i (8), (69) npu k # (0) :

Ak, T)=(=20" [k TT (2(e) H k)cos (|[kl| i (k)T)), k€ ZPA{(0)}.

1<s<t<n j=1

3 BHKIJIAJICHOTO BUIIE Ta TEOPEMHU 2 BHUILIMBAE, IO JJIS €IWHOCTI po3B’sa3Ky 3amadi (4), (67) y
npoctopi C?" ([0, T, T ) HEOOX1JTHO 1 JOCTaTHRO, MO0 BUKOHYBAJINCH YMOBH
7T .
—(m+1/2), je{l,...,n}. (72)

(Vk € ZN\A{(0)}, Vm € Zy)  [Ikll i (k) #

Sxmo p; € T', j € {1,...,2n}, 1o 3a ymoB (72) po3B’s30k 3azmadi (4), (67) i3 mpocropy
C?"([0,T], T") 300pakyeTbesi y BUIIAML Psigy

u(t,x) = up(t)+

(73)

.S Z s\ J [ojk K[| pr (k) cos ([[E] pr (F) (T = 1)) = npjgesin (K[| pr(R)D] 1

iSorm GO (k) cos (IIK]] prr (B)T) [Tamy sy (W3 (R) = 12(K)) c

ne ug(t) — po3s’si3ok 3amadi (8), (69) mpu k = (0), sikuit € MHOrOWwIeHOM cTeneHs (2n — 1); Sl(r),
l€{1,...,n— 1}, — cyma Beix MoxmuBuX 100yTKiB enementis 3 (k), ..., p2_1(k), p2, i (k),...
)

.., 12 (k) 1o [ y koxxHOMY J06YTKY, S(gq = 1. 3ayBaxxumo, 1o ¢hopmansHo dopmyna (73) € Hacmia-
koM ¢popmynu (18).
Ha mincrasi exementapHoi HepiBHOCTI sinx > 2x /7, x € [0,7/2], aus koxHoro r € {1,...,n}

OTPUMYEMO OIIIHKY
|cos ([|kl| e (K)T)| = |sin ||| k|| (R)T' = 7/2 — my (k)| =

pr(k) — (2mg(k) +1)/T
Il ’
ne my(k) € Z taxe, wo |||k||pur (k)T — 7/2 — m,(k)m| < 7/2.
I3 (74), BpaxoBytoun HenepepBHicts GyHkuii y (7)) = 1/7 npu T > 0 Ta obmexeHicts . (k),
r € {1,...,n}, sk ¢yunxuiit aprymenry k € ZP\ {(0)}, Ha mixcrasi semMu 3 OTpUMY€EMO, LIO s

> Tk (74)
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Maiixke Beix (mono mipu Jlebera B R) uncen 7' HepiBHOCTI
|cos (||k]| pr (R)T)| > T |k|7P7°, re{l,...,n}, 0<e<l, (75)

BHKOHYIOTBCS IS BCiX (KpiM CKiH4YeHHOI Kiibkocti) BektopiB k € ZP\ {(0)}.
Ha mincragi ¢popmynu (73), owinok (71) ta (75) oTpUMy€eMO HACTyITHE TBEPIXKCHHSI.
Teepaxennst 3. Hexaii cnpasoxcyiomucs ymosu (72). Axuo o5 € Hy (), onys € Hy—1 (P),
X > q+p, g€ R, s € {l,...,n}, mo orsa maidxce 6cix (mo&o Mmipu Jlebeea 6 ]R) uyucen T
ma ixcosanux xoeiyienmie cmpozo 2inepboniunoeo 3a Ilemposcokum pigusanus (67) y npocmopi
c?n ([0, T),H, (Qp)) icnye eounuil po3e 30k saoaui (4), (67). Leti po3s a30k 3a00601bHAE HepieHICMb

n 2n
[Jus C* ([0, T, Hy ()| < e | D losi Hx () + D llpsi Hy1 (2] ).
s=1 s=n-+1

/loeedenna IpOBOAUTHCS TIOAIOHO IO TOBEACHHS TeOpeMU 4.
PesynsraTn po6OTH MOXKHA TIOMIMPHUTH Ha BUITAJOK, KoJu 3a1a4a (3), (4) po3nisagaeTscs B 00IacTi
[0, T] x RP, a ii po3B’s30K IIyKalOTh y Kiaci GpyHKIiH, Maibke MEpioqUIHHX 32 3MIHHUMH X1, . . . , Tp.
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