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TOIIOJIOTTYHA CTABLJIbHICTh YCEPEJIHEHb ®YHKIIIN

We present sufficient conditions for the topological stability of the averagings of piecewise smooth functions f: R — R
with finitely many extrema with respect to discrete measures with finite supports.

[Mosry4eHs! OCTATOYHBIE YCIOBUS JUIS TOHNOJIOTMYECKOH YCTOHYMBOCTH YCpeOHEHHIH KyCcOuHO-Iu(phepeHInpyeMbIX QyHK-
muit f: R — R ¢ KOHEYHBIM YHCIIOM SKCTPEMYMOB OTHOCHTENIBHO JUCKPETHBIX MEpP C KOHEYHBIMH HOCHTEISMU.

1. Beryn. V npukiaaHux 3aadax oOpoOKH CUTHAIIIB, HAIPUKIIAM PH BiTHOBIEHHI 1 o1TU(pOByBaHHI
300pakeHb, BUAJICHHI IIyMiB Ta iH., BKJIMBY POJIb BiIrpaloTh Tak 3BaHi JiHiiHI QineTpu. SAKmo
x(t) — mesKuWil CHTHAJ, TO PE3YJIBTaTOM Jii Ha HBOTO JIHIMHOTO (ilbTpa 3 IMITYJIBCHOIO MEPEXiaHOI0
dyHkuiero h(t) € curHai, sSIKMl BU3HAYAETHCS 3TOPTKOIO  * h IMX (YHKIIH, TOOTO CHIHAN 3aJaHO
b opMyII0I0

T
x*h(t) = /:E(t — 7)h(7)dT.
0

T
Y BUNAJKy, KOJU HOCIH h € JTOCUTh MaliuM i / h(r)dr = 1, dyHkuito h MOXHA PO3TISLIATH SIK
0

LIJIBHICTD JeAKOi MipH, a 3TOPTKY — SIK ycepeoHenuss QyHKUIT = 3a 1i€to Miporo. Taki ycepeqHeHHs
IIMPOKO BUKOPHUCTOBYIOTHCS B 3aCTOCYBaHHAX (I¥B., Hanpukiazn, [1—3]).

3ayBaxuMo, MO «popMa» CUTHATY Y MOXKE CYTTEBO BiAPIZHATHCS BiJl «(QOpPMHI» CHUTHAIY .
Hamnpuknan, Ko x Mae OAWH MakCUMyM, TO i MOXKEe MaTH ix Oararto. 30epexxeHHs GOpMHU CUTHAILY €
NPUHIMIIOBOIO BUMOTOIO A0 (GiIBTPiB y MpobieMax BUIAICHHS IIyMiB, 00UYHCIICHb EHTPOIIIi YaCOBHX
psaniB (muB., Hanpukian, [4, 5] Ta HaBeneHy Tam Oibmiorpadiro).

3 MareMaTHYHOT TOYKH 30PY «OHAKOBICTh (pOpM» CHTHAJIB O3HAYAE TX MONon02iuHY eKeieaienn-
Hicmb K QYHKIIH B yacy (IWMB. O3Ha4YeHHA 1, 2).

VY naHiit po60Ti MU HAaBOAWMO IIMPOKI TOCTATHI YMOBH JJIsl TOTIOJIOTIYHOI CTIHKOCTI ycepenHeHb
KyckoBo-fudepenuioBanx Gynkuiit f: R — R 31 ckKiHYEHHIM YHCIIOM €KCTPEMYMiB BiJTHOCHO JHC-
KPETHUX Mip 31 CKIHUEHHUMH HOCIsIMH (IUB. TeopeMu 1, 2). 1li yMOBH rapaHTyIOTh, III0 YCEPETHCHHS
CHUTHAJIIB 32 JOIIOMOTO0 (DIIBTPIB 13 TUCKPETHOIO IMITYJIBLCHOIO MEPEXiTHOK (BDYHKINEO ,,30epiraroTh
dopmy”.

2. Ycepennennsi pynkuiii. Hexait 1 — moBinbHa iiMoBipHicHa Mipa Ha Biapisky [—1, 1], To6T0
HEBi/I'éMHa o-aJUTHBHA Mipa BU3HaucHa Ha OOpeniBChKiit anreOpi MHOXUH Bimpizka [—1, 1] i Taka,
wo p[—1,1] = 1. Toxi mst koxkroi BumipHOT dyHKIiT f: R — R ta yncna o > 0 MOXHa BH3HAYHTH
HOBY BUMipHY QyHKLi0 f, : R — R 3a hopmynoro

folo) = [ #la = ta)an ()

o dyHKIIiT0 HA3UBATUMEMO (-ycepeoHenHaM QYHKIIT f BIAHOCHO MIpH [i.
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626 C. I. MAKCUMEHKO, O. B. MAPYHKEBIY

3a3HaYMMOo, 110 SKIIO f BU3HAYCHO JIMIIE HA JAesIKoMy iHTepBani (a,b), 10 Toro x 2a < b — a,
To opmyna (1) BuzHadae GyHKLiO f, Ha iHTepBadi (a + «, b — «). Binbur Toro,

inf  f(y) < falz) < sup  f(y). )
yElr—a,z+a] yElz—a,z+q]

PosrisiHeMO KinbKa MPOCTHUX BHUITAIKIB.

1. Hexait ;x — mauckperHa Mipa 31 cKiHdeHHHM Hociem. lle o3Hawae, mo 3HaiieTbCa Taka CKiH-
YEHHA 3pPOCTar0¥a MOCTIAOBHICTh TOUOK T < tr—1 < ... < ty < t; € [—1,1], mo amst JOBiIBHOI
6opemnicpkoi miamuokuan A C [—1, 1] 1l mipa 3amaeTscs hopMynor

t;€A
Toni ycepenuenns gynkuii f: R — R BU3HAYaTUMETHCS TaK:

k
falz) =Y fla —tia) u(ti). (3)
=1

1
3okpeMa, skmo k =2, t; = —1,to = +11pu(—1) = pu(l) = 50 ™0

e = LTS =e) W

2. Ilpumyctumo, mo Mipa (4 € aOCONIOTHO HENepepBHOIO, TOOTO iCHyE Taka BHMipHa (DyHKIIiS
p:[—1,1] = [0,00), mo pu(A) = / p(t)dt. Toxi ycepennennst gpynkuii f : R — R BusHauatumerses
A

3a (opMYJIOI0
1

folo) = [ #la = ta)p(ti.
-1

Jlema 1. Bionogionicme [ v f,, € ainiiinum onepamopom na npocmopi HenepepeHux (QyHKyiil
C(R,R). Ipunycmumo, wo f € C(R,R) mae 00ny 3 nacmynnux éracmusocmeii: € cmpo2o 000an-
HOI0, Hegid emHoto, (cmpo2zo) 3pocmac, (cmpozo) cnaoae, € (cmpo2o) onykioio e2opy abo enu3z. Tooi
Maxy s camy enacmugicmos mac Qyukyia fo, 01 Kkooicnoeo o > (.

/Jlosedenna. Mu po3ITISTHEMO JIHMIIE BUTIAAKH (CTPOTO) 3pOCTAIOUMX Ta OMYKIUX Bropy (QyHKIIH.
Bci iHmi TBepaKeHHsS a00 € OUeBUIHUMH, a00 TOBOIATHCS aHAJIOTTYHO.

1. Ipunyctumo, mwo f 3pocrae. Toxi mis noBimbHux x < y € R, ¢t € [—1,1] ta @ > 0 maemo,
o f(z —ta) < f(y — ta), a Tomy

1

1
n@%3/ﬂw—mmus/f@—mmu=m@»
1

-1

T00TO f,, TAKOXK 3POCTAE.
2. SIkmio x f crporo 3pocrae, 10 ¢(t) = f(y —ta) — f(z —ta) > 0 mst Beix ¢ € [—1, 1], a oTxe,
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TOITOJIOITYHA CTABUIBHICTH YCEPEJHEHD ®OYHKILITI 627

1
falt) = falz) = / a(t)dp > 0,
21

TOMY ILIO Mipa /& € HeBiJ €MHOIO. 3BiICH BUIUTHBAE, IO f, TAKOK CTPOTO 3POCTAE.
3. Ipunyctumo, mo f — omykna ¢yHKIis, T00TO s A0BUIbHEX Z, y € R Ta s € [0, 1] maemo

f(sz+(1—s)y) <sf(x)+ (1—3s)f(y).

Tomi

<s [ s ta)du (1= [ fl- ta)du =

—1 -1
= sfa(2) + (1 = 5) fa(y)-

Jlemy nmoBezneHo.

Jlema 2. Hexaii f: (a,+00) — R — nenepepsna cmpoeo monomonna ¢hynryis. Tooi o 0o-
ginbno2o o > 0 maemo limy 4 o0 fo(2) = limy 400 f(2).

Jlosedennsn. ]y BA3HAYEHOCTI BBAKATUMEMO, IO f CTPOro MOHOTOHHO 3poctae. Toxi 3 hopmy-
nu (2) BUIUIMBAE, IO AJSL T > (v BUKOHYIOTBCS TaKi HEPiBHOCTI:

fle—a) = inf fly) < falz) < sup  f(y) = flz+a),

yElr—a,z+o] yE[r—a,z+a]

a oMy limg 4 o0 fo(z) = limy 1 o0 f().

3. TonoJioriuHa eKkBiBajeHTHiCTh pyHKIiH. [l MOAANBIIOrO BUKIALY 3pYYHO BUKOPHUCTOBY-
BaTH TOHATTS napocmKka HerlepepBHOI (YHKITIT B TOYIII.

Hexaii @ € R, U — okin Touku a i f, g: U — R — nBi HenepepsHi ¢yHkIii. Ckaxemo, mo f ta
¢ BH3HAUAIOTh OJIMH 1 TOM XK€ MapOCTOK y Todli a, sSKmo f = g B geskomy okoii V' C U ToYkH a.
Lle € BIZHOIIICHHSAM C€KBiBaJICHTHOCTI, a BIIMOBIAHHMH KJIac €KBIBAJICHTHOCTI (YHKIIT f Ha3WMBaeThbCA
napocmkom y mouyi a i mozuadaetscst f: (R,a) — R, abo f: (R,a) — (R, f(a)), sxumo motpioHO
MiIKPECITUTHU SKOTO 3Ha4eHHs HaOyBae f y Touli a.

Haramaemo Takox, mo romeomopdism ¢: (a,b) — (¢,d) — me Te *® came, M0 HElepepBHA
CIOp’€KTHBHA CTPOro MOHOTOHHA (yHKIIsA. [Ipy oMy sIKIIo ¢ 3pocTtae (cmagae), To KaxXyTh, IO BiH
3bepieae (3MiHIOE) opienmayiro.

Osunavennst 1. Hexaiia, b€ R, f: (R,a) - R ma g: (R,b) - R — dea napocmku nenepeps-
Hux Qynxyiu y moukax a ma b éionosiono. Tooi f ma g Hazueaiomvcs MOnONOSIHHO eKGIBALEHMHUMU,
AKWO icHyloms maki napocmxu 36epieaiouux opicnmayito comeomopizmie h: (R,a) — (R,b) ma
6: (R, £(a)) = (R,g(b)), o o f = go h

3ayeasncenns 1. B o3HaueHHI TOIMOJOTIYHOT €KBiBAJIGHTHOCTI HE 000B’S3KOBO BUMaraTu, miod ¢
Ta h 30epiraiu opieHTalio, aje B JaHiid poOOTI MU 3aBKIU HAKIAZAEMO TaKy YMOBY.

HacTynHa Jiema Jierko JOBOTUTHCA.
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628 C. I. MAKCUMEHKO, O. B. MAPYHKEBIY

Jlema 3. Hexaii f: (R,a) = R ma g: (R,b) — R — 0sa napocmxu nenepepsnux ¢ynxuyil.
Ipunycmumo makoogsc, o BUKOHYEMbCA 0OHA 3 MAKUX YMOS:

1) f ma g cmpoeo monomouni 6 okorax movox a ma b 6ionogiono;

2) mouxu a ma b € i301b068aHuUMU TOKATLHUMU Makcumymamu (MiHIMymamu) @yuxyit f ma g
8i0N08iOHO.
Tooi f ma g mononoziuno exeiéaienmui.

Osunavenns 2. /[6i nenepepeni ¢yuxyii f: (a,b) = R ma g: (¢,d) — R nasusaromvcs mono-
JIO2IUHO eKgIBaNeHMHUMU, AKWO ICHYIOMb MaKi 30epiearoyi opicumayiio comeomopghizmu

hi(a,b) = (c,d), ¢:R—R,

wo ¢ o f = go h, moomo diacpama

(a,b) —L = R

") |o
(c,d) —2— R
€ KOMYMAamueHoIo.

Haramaemo pesynbratd mpo Kiachgikamifo (yHKIIH Ha YUCIOBIH MPSIMIiH i3 TOYHICTIO IO TOIO-
JIOTi9HOI €KBiBaJIEHTHOCTI.

Osnauennsn 3 [6]. Yzacanvrenoro sumitikor dosacunu k (abo npocmo k-3mitikoro) Hazugamumemo
0osinbiy nocuiooguicms 3 k uucen {Ai, ..., Ax}. Hei k-amiixu {Ai,...,Ax} ma {B,..., By}
HA36eMO eKGI6aleHMHUMU, KO BUKOHAHO MaKy ymosy: A; < A; mooi i minexu mooi, konu B; < Bj.

OueBusiHo, 10 3 1i€i ymoBU BUIIMBAE, 0 A; = A; Toxi i Tinbku Toxi, konu B; = B;.

Hexait f: R — R — HemepepBHa (yHKIs, 110 Ma€ JHIIE CKIHYCHHY KUIBKICTh JIOKaJTbHUX

EKCTPEMYMIB Z1, . . . , Ly, 1 € CTPOrO MOHOTOHHOIO Ha JOTIOBHIOBAJILHUX iHTEpBajax. 30KpeMa, iCHYIOTb
cKkiHdeHHI abo HeckiHueHHi rpanuui Ag = lim,_ oo f(2) 1 Apt1 = limg 400 f(2). [To3HAUEMO
Ai = f(zi), i = 1,...,n. Toxi nocmigosuicts uucen &(f) = {Ao,..., Apt1} HasuBaTHMEMO

3MILKOI0, acoyitioeanoro 3 f.

HacTynHe TBep/XKeHHS € BIJIOMHUM 1 JIETKO JOBOAMTHCSA. BoHO HesiBHO copmynboBane y [6, 7].

Jlema 4. Hexau f,g: R — R — nenepepeni gpynxyii, xosxcna 3 axux mae pisno k nokanvhux
ekcmpemymis 0na deaxozo k > 0, i € cmpozo MOHOMOHHUMU HA OONOBHIOBANLHUX [HMEPBANAX.
Qyuxyii' f ma g 6ydyms mononoziuno exgigaieHmuuMu mooi i auwuie mooi, Koau 8i0ON0GIOHI 3MIUKU
E(f) ma &(g) € exsisanenmuumu.

Osnavennsi 4. Hexaii f: R — R — nenepepsna ¢ynxyis i |1 — timosipnicna mipa na [—1,1].
Ckaorcemo, wo | € monono2iuno cmitikolo 6i0HOCHO ycepeonetsb 3a MIpolo (i, AKujo icHye make € > 0,
wo ons ecix o € (0,¢) pyuryii’ f ma fo € mononoeiuno exgisanenmuumu.

AHaJOTIYHO MOXHA JaTH O3HAYCHHS JIOKAIBHOI TOMOJOTIYHOI CTIMKOCTI YCepETHEHb BiTHOCHO
mipu p. Hexaii f: (R, a) — R — mapoctok HenepepBHoi ¢yHkuii B Touni a € R. e o3Hauae, mo f
— HerepepBHa QYHKIIis, BU3HaYeHa Ha iHTepBati (a —&, a+¢) mis nesikoro €. Toxi skmio o < £/2, T0
3 popmynu (1) BUIITHBAE, 10 YCEPEAHEHHs f, KOPEKTHO BU3HAYCHE Ha iHTepBaini (a —e/2,a+¢£/2).
Binbi Toro, HOro mapocToK y TOYIl @, OYEBUIHO, 3aJICXKHUTh TIABKH BiJ MapocTKa f y mid TodIIi.

3ayeascennn 2. Tlapoctku f Ta f, B TOYI a, B3araji Kaxy4H, HE € TONOJIOTIYHO €KBIBaJICHTHU-
Mu. Hampukian, sSIKIo ¢ — i30J50BaHa TOYKa MIiHIMyMY s f, TO f, TakoX MOXKEe MaTH 130JbOBaHY
TOYKY MiHIMYMY b, OMU3BKY 1O @, aje BigMmiHHY BiJ a. Tomi mapoctku f Ta f, B TO4Li @ HE € TO-
HOJIOTIYHO CKBIBAJICHTHUMH, aJie, 3T1JHO 3 JIEMOIO 3, OOMEXeHHs f Ha MesKuil OKil (c1, C2) TOYKH a
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TOITOJIOITYHA CTABUIBHICTH YCEPEJHEHD ®OYHKILITI 629

Oy/ie TOTOJIOTIYHO eKBIBAJCHTHUM OOMEXKEHHIO f, Ha aeskuit okin (dp, ds) Touku b. i MipKyBaHHS
[IPUBOIATE 0 TAKOI'0 O3HAYCHHSI.

OsunauenHst 5. Ckaowcemo, wo napocmok f: (R a) — R e mononoeiuno cmitikum 6i0HOCHO
ycepeonenb 3a MIipowo [i, akwo icnye make € > 0, wo ons xooxcnoco o € (0,€) sukonyemvcs
HACMYNHA YMO8a:

icHyioms c1,ca,d1,de € (a — €,a + €), 3anexucni 6i0 « i maki, wo ¢; < a < cz, di < da, a
obmedcenHs

flere) s (cr,e2) = R, falgyan): (d1,d2) — R

€ MONONO2IYHO eKEI8aNEHMHUMU.

VY nmaHiif poOOTi OTPUMAaHO TOCTaTHI YMOBH IS TOTIOJOTIYHOI CTIMKOCTI yCepemHEeHb KyCKOBO-
mudepenniioBaux ¢pyHkuiii f: R — R 31 cKiHUEHHUM YHCIIOM €KCTPEMYMiB BiIHOCHO AWCKPETHHX
Mip 31 CKIHUEHHUMH HOCISIMHU.

HactynHa Teopema mokasye, o i GyHKIIH «3arajJbHOr0 MOJ0KEHHS» 31 CKIHUCHHHM YHCIIOM
JIOKIBHUX EKCTPEMYMIB 13 JIOKAIBHOI CTIMKOCTI B OKOJIaX ITUX E€KCTPEMYMIB BHILIMBAE TI00aTbHA
CTIMKICTh TaKUX (QYHKIIIH.

Teopema 1. Hexaii (1 — timogipuicna mipa na [—1,1] i f: R — R — nenepepsna gynxyis, wo
Mae auwe CKiHueHHy KiTbKiCmb JOKANbHUX eKCIPEMYMIB T1, . . . , Tn. fK 1 6uuye, no3Hauumo

Aozzgrjloof(x)v Al:f(xl)7 1=1,...,n, ATL+1 :xggloof(x)
IHpunycmumo, wo 6UKOHYOmMbCA MAKi YMOBU:

1) uucna Ay, ..., A, nonapno pisui i makooic 6iopizusaomocs 6i0 Ag ma Apy1;

2) ons kooucnoeo i = 1,...,n napocmor f: (R, z;) — Ry mouyi x; ¢ mononoziuno cmitikum
8IOHOCHO ycepeOHelb 3d MIpOoIO |i.

Tooi ¢ynryis f makooic € monono2iuno cmitikoro 8i0HOCHO YCepPeoHeHb 3a MIPOIo .

Hosedennn. Jlocrarabo 3HaiTH Take £ > 0, mo6 3miiiku £(f) Ta {(f,) Oynu eKkBiBaleHTHHMHI
st Beix « € (0,¢). Toni 3 nemu 3 BummBaTume, mio f ta f, € TOMNOJOTIYHO CKBIiBAJCHTHHMH, a
ToMy f Oyme TOMOJIOTIYHO CTIMKOIO BITHOCHO yCEPEIHEHb 3a MIpOIO [i.

Ockinbku f Mae NuIlle CKIHYCHHE YHCIIO JIOKAIBHUX €KCTPeMyMiB, TO 3 YMOBH 2 Ta JieMH |
BHILIMBAE iCHyBaHHs Takoro € > 0, mo it Beix « € (0,¢) ycepemHeHHs f, TaKOX Mae PiBHO 7
nokanbHuX excrpemymi. Hexait £(f) = {Bo, B1, ..., Bpt1} — 3Miiika st f,.

3rigao 3 gemow 2, Ag = By i An11 = Bpy1. Binsin Toro, 3 HepiBHOCTEH (2) BHILIMBAE, 10
MOXKHA 3MEHIINUTH € TaK, mob 3 ymoBu A; < A; BunnuBano B; < Bj; 114 BCiX ¢ # j.

Aune 3a ymoBorw 1 umcna Aj,..., A, TonapHo pi3Hi i TaKoX BigpPI3HSIOTBCS Big Ap Ta Apti.
Tomy 3 A; < A; (BimnosinHo, A; = A;) BumimBae B; < B; (Bianosigno, B; = B;) mis Bcix
i=0,...,n+ 1. Takum gnHOM, 3miiiku &(f) Ta £(f,) exBiBaJeHTHI, MO i MOTPiIOHO GyIO TOBECTH.

4. TonosioriuHa cTiliKicTh MapocTKiB BitHOCHO ycepenHenb. Hexaiie > 01 f: (—¢,6) - R—
Taka HerepepBHa QyHKIs, 0 0 € 130JIbOBaHIM JIOKUILHIUM MiHIMYMOM, JI0 TOTO X f CTPOTO CIagae
Ha (—e&, 0] Ta crporo 3pocrae Ha [0, €). ITo3HaunMoO

fL:f’(—QO]: (—8,0} — R, fR:f|[0,6): [076) — R

Jlema 5. Hexaii . — iimosipricna mipa na [—1,1]. Tooi Kodcha 3 HACMYNHUX YMO8 2apaHMYE,
wo napocmoxk [y mouyi 0 € 1okanbHo CMilKuM 6i0HOCHO ycepeoOHeHb 3a Mipoio i
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1) f e cmpoeco onyxnorw;

2) f nanexcums xnacy C' na (—e,0) U (0,4¢) i f' cmpozo 3pocmae na (—¢,0) U (0, +¢);

3) f nanexcums xnacy C? 6 oxoni 0i f(0) > 0.

/Jlosedenna. OueBWIHO, MO MAIOTh Micle imMIuTikamii 3) = 2) = 1), TOMy ITOCTaTHBO JOBECTH
yMoBYy 1.

Hexaii o < 2¢. 3rigHo 3 1eMoro 1, ycepenHeHHs f, TakoX € CTPOro OMyKJIOI (QYHKLIEI0, a TOMY
Ma€ e€MHYy TOYKy MiHiMyMYy, sik 1 f. Tomi, 3rigHo 3 jJeMoro 3, f Ta f, € TOMONOriYHO CKBIBAICHTHUMH,
a oTke, mapoctok [y Touli 0 € TOMONOTIYHO CTIHKKUM BiTHOCHO YCEPETHEHD 32 MIpOIO /.

3ayeasicennsn 3. 3a ymoBu 3 nemu 5 romeomopdizmu h Ta ¢ Taki, mo ¢ o f = f, o h MOXHa
BBakath nudeomopdizmamu. JliticHo, Hexait f HanexuTs knacy C2 B oxomi 01 f”(0) > 0. Toni asa
nocuTh Maux o > 0 QyHKIis f, Takox HanexuTsh kmacy C2, Mae equHy Touky MidiMymy i £ > 0.
Lle o3nauae, mo f Ta f, € dyHkOisiMu Mopca, a ToMy, 3rigHo 3 JeMoro Mopca, h Ta ¢ MO)KHa BUOpaTH
nmaheomopdizmamu (muB. [8], Teopema 11.6.9, TBepmxenns 111.2.2).

5. OcHoBumii pe3yabrar. Hexalf p — muckperHa HMOBipHICHAa Mipa 31 CKIHYEHHHM HOCIEM
tp < tg—1 < ...<tyHal|—1,1]. okmagemo p; = u(t;), i =1,..., k. Tomip; > 0ipr+...+p; = L.

Jlani BBaxkatumeMo, mo dyukiis f: (—¢,¢) — R nanexuts wiacy C' na (—¢,0) U (0, +¢), 1o
TOTO X ICHYIOTh CKiHUeHHI a00 HeCKiHYeHHI I'paHHIIi

L= lim fi(z R= lim fr(x). 5
a:—)O—OfL( )7 $_>0+0fR( ) ( )
Sxmo L Ta R € CKiHUEHHUMH, TO I KokHOTO j = 1,..., kK — 1 mokiragemo

Xj=L(p1+...+pj) + Rpj+1+ ... +Dpr)

Toni
L < X1 < X9 < ... < X1 < R.

Teopema 2. Ilpunycmumo, wjo 8UKOHYEMbCA OOHA 3 MAKUX YMOS:
(a) obuoei epanuyi L ma R e ckinvennumu i X; #0, 5 =1,...,k —1;
(b) ooua 3 epanuys L abo R € HeckinuenHow, a Opyea — CKIHUEHHOIO.
Tooi napocmox f y mouyi 0 € mononociuno cmitkum GiOHOCHO ycepeonens 3a Miporo L.
{00 3poOuTH KOBeAEHHS TEOpeMH 2 OLIBII MPO30PUM, MH CHIOYATKy CPOPMYIIOEMO 1 TOBEAEMO

YJaCTUHHUM BUMAMOK.

Jlema 6. Hexaii (1 — maka ouckpemna mipa na [—1,1], wo p(—1) = p(l) = 5 @ omorce

fo@+a)+ frlz—a), ze€(-e+a,—a),
fa(x): 9 25' fL(x+a)+fR(x_a)7 ‘Te[_a?a])
fR($+a)+fR(x_O‘)’ .TE(O(,&—O[),

ous. (4). Ilpunycmumo, wo obuosi epanuyi L ma R € cxinuennumu, 0o moeo s L, R ma L + R
ne oopisHioromsb 0. Tooi napocmok | y mouyi 0 € mononoeiuno cmitikum 6iOHOCHO ycepeOHeHb 3a
MIPOIO 4.

. . 1
3ayBaskuMO, 110 332 YMOB Ha MIpy p B JeMi 6 MaemMo k = 2, po = p; = ok a OTXKe,
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1
X1=§(L+R)7é0. (6)
Tomy mema 6 DifiCHO € YaCTUHHUM BUITAJIKOM TEOPEMH 2.

Hosedenns nemu 6. Jlocuts 3Haiitu Take § > 0, mwo 1st Beix « € (0,9/2) dyHkuis f, Matiume
€IMHy TOUKy MiHiMymy, sik 1 f. Toni 3a nemoro 3 f ta f, OyAyTh TOMOJOTIYHO CKBiBAJICHTHUMHU.

Ockinbky rpanuii (5) € ckiHYeHHMMH, TO MOXiJHI f; Ta f}, HemepepBHO MPOIOBKYIOTHCS Ha
Binpisku [—¢, 0] Ta [0, €] BizmoBixno, Tax mo f7(0) = L ta f;(0) = R. Toxi 3 (6) i HenmepepBHOCTI
f1, Ta fr, BummuBae icnyBanHs Takoro § € (0,¢), mo must KoBimbHUX x, ¥ € (0,0) BHKOHYETBCS
HEpPIBHICTH

fr(=z) + fr(y) #0.

3a yMOBOK0 f7, MOHOTOHHO crangae Ha (—e,0), a fr MoHOTOHHO 3poctae Ha (0,¢). Tomy, 3rimHO 3
nemoro 1, f, MOHOTOHHO criajae Ha (—& -+, —) i MOHOTOHHO 3pocTac Ha (a, € — «v). Mu mokaxemo,
o f, € CTPOro MOHOTOHHOIO Ha (—«, v), a TOMy Lsl QYHKIIisi MAaTHME €IMHY TOYKY MiHIMyMy Ha
OJTHOMY 3 KiHIIIB [—«, ] B 3aJIeKHOCTI Bix 3HaKka Bupasy L + R.

Jlns BU3HaYeHOCTI BBaxkaTumemo, mo L + R > 0, a omxke, f;(—z) + fr(y) > 0 mis Beix z,
y € (0,9). Tomi sixmio o € (0,0/2) iz € (—a, ) C (—§/2,8/2), 10

S <r—a<0<zxzt+a <9,

a ToMy
i) = fi(x+a)+ frlz —a) > 0.

Takum uuHOM, f, CTPOro 3pocrae Ha [—a, a. 3 iHImoro 60Ky, f, cTporo cmagae Ha [—¢ + a, —a i
CTPOrO 3pOCTacE Ha [av, &€ — ], a OTXKe, f, Mae €IUHY TOYKY MIHIMyMy T = —a.
Jlemy 6 noBeneHo.
ITokaxemo, o ymoBa (6) € CyTTEBOIO.
Koumpnpuknao. Hexait f(z) = |z|. Tomi fr(z) = —=z, fr(x) = =, L = f;(0) = —11i
R = fr(0) = +1, a orxe,
L+R=-1+1=0,

T0OTO yMOBa (6) HE BUKOHY€ETHCS. B IboMy BUTIaAKy Ui TOBUTEHOTO ¢ > ()

—z, x € (—o00,—a),

N =

fa(z) =

(|JI + a‘ + ’JZ‘ - Oé|) = \1% x € [-Oé,Oé],
€,

z € (o, 400).

Takum 9uHOM, f, € CTANOI Ha iHTEpBaJi [—«, ], @ OT)Ke, BOHA HE € TOIOJIOTTYHO EKBIBAJICHTHOO f.

6. Nosenenns reopemu 2. Sk k = 1, 1o fo(z) = f(x —t10), a Tomy f Ta f, € TONOIOTiYHO
€KBIBAJICHTHUMH.

Orxe, BBaXaTuMeMo, 1m0 k > 2. Jlocuts mokasary, mo icHye take 6 > 0, mo npu « € (0,5/2)
¢byHkuis f, Mae enuHy Touky MiHiMymy, sik i f. Tomi 3a nemoro 3 f ta f, OyayTh TOMOJIOTIYHO
CKBIBaJICHTHUMH.

OueBuHO, O f, 33aA3a€THCS HOPMYIIOHO
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(&
> fule — tia)pi, z € (e +a, tya),
i=1
J k
Y fule—tia)pi+ > frlz—tia)p, =z € [tjp1a.tja),
fal2) = 4= i=j+1 )
k
> frlz —tia)p;, z € [ty e — a).
i=1

HiiicHo, 3 yMOBH = € (—¢ + «, tp«) BUmMBaE, mo x — tpa < 0, a omke, © — t;o < 0 st Beix
i=1,...,k. Tomy 3HaueHHs f,(x) BU3HAYA€THCS mepIIuM psiikoM dopmynu (7).
Hauni, ymoBa = € [tj1c,tja) piBHOCHIBHA ToMY, 0 = — tja < 0 < & — 1, @ OTKe,

r—ta < ... < zx—tia <0 < r—tna < ... < x— o

3BijicH BUILUIUBAE, 110 [, (x) BU3HAYAETHCS ApyruM psiakoM dopmymu (7).

AHasoriyHo 3 yMOBH « € [t1(v,& — ) BUIUIHBAE, Mo « — t;ov > 0 must BCix ¢ = 1,..., k, a ToMmy
3HaueHHs [, (x) BH3HA4YaeThCs TpeTiM psakom dopmyiu (7).

3a npurmyiieHHsM f;, MOHOTOHHO criajiae Ha (—e,0), a fr MoHOTOHHO 3pocTtae Ha (0, ). Tomy,
3riZHO 3 JeMor 1, f, MOHOTOHHO cragae Ha (—& + «, ) 1 MOHOTOHHO 3pocTae Ha (t1a, & — ).
Mu nokaxemo, 1o st geskoro m € {1,..., k} byskuis f, crporo cnanae Ha (txa, ty,«) 1 CTpOro
3pocrae Ha (t,«, t1a). 3BiJICH BUIUIUBATUME, IO f, Ma€ €UHY TOYKY MIHIMYMY B ¢, .

Jst koxkHoro j = k — 1,...,2,1 Bu3Hauumo dynkuito g; : (0, £)¥ = R 3a dhopmynoro

J k
gj(z1, ... ap) = Zfi(—ﬂﬁi)pz’ + Z fr(@i) pi.

i=1 i=j+1

Jlema 7. [Ilpunycmumo, wo icnyromo makid € (0,¢)im € {1,...,k}, wo onsn ecix (z1,...,z)) €
€ (0,0)* euxonyiomocsa nepisnocmi
gj(x17"'7wk)<07 j2m7
®)

gj(xl,...,xk)>0, j<m.

Tooi 051 dosinvrozo o € (0,0/2) Gyukyis fo, mae €Ouny mouxy minimymy T = ty, .
Hosedenna. Hexaii o € (0,6/2),j €{l,...,k—1} iz € (tj;10,t ). Toni, 3rigno 3 hopmy-
noto (7),

k
fo@) = frl@+tia)pi+ > fr(z+tio)p =
i=1 i=j+1
:gj(—ac—tla, vy, T — Lo, T+, .., x—l—tka).
3ayBaxuMo, 1O |z| < «, a OTKe,
|z — tia| < |z|+ a < 2a <4, i=1,... k.

Tomy 3 (8) Bumnusae, wo [/ (z) < 0 mst z < tpa i fl(z) > 0 mas z > tpa.
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TakuM Y4MHOM, TIOXiqHY [/, BU3HaYeHO Ha (tjv, t1(r), 32 BHHATKOM, MOKIIMBO, CKIHUCHHOTO YHCIia
TOYOK BUIVISIAY t;cv, i = 1,..., k; moxigHa HaOyBae BiJ’€éMHUX 3HaueHb Ha ({rq, ty,«v) 1 1OHaTHUX Ha
(tma, t1cr). ToMy fo Ma€ €IuHy TOYKY MIHIMyMY & = tp, v, IO i Tpeba OyJI0 TOBECTH.

3aaunmMiaocs MepeBipuTH, 10 KOKHA 3 YMOB a) Ta b) Teopemu 2 rapaHTye BUKOHAHHS HEPIBHOC-
teit (8).

a) [Ipumycrumo, mo rpanui L t1a R € CKIHYeHHUMH 1

Xj:L(p1+...+pj)+R(pj+1+...+pk>#0 )

ms Beix j = 1,...,k — 1. I3 ckinuennocti L ta R BUIUIMBaE, mo HOXixHi f Ta fj, HemepepBHO
IIPOIOBXKYIOThCS Ha Binpisku [—e, 0] ta [0, €] Bianosiauo, Tak mo f;(0) = L ta f5(0) = R. Toxui
3Hainetses Take m € {1,..., k — 1}, mo

L<Xp<...<Xm1<0<Xpn<..<X <R (10)

OueBuHO, 110
X]’ == gj(O, . .,0),

a ToMy HepiBHOCTI (8) BummBaroTh 3 (9), (10) Ta HenepepsHOCTI [ Ta f}.

b) Ipunycrumo, mo |L| < 0o, a R = +o0c. Toxi MoxHa 3HaiTH Take § > 0, mo g;(z1,...,x5) >
> 0 ans Beix (x1,...,25) € (0,6)¥ i =1,...,k— 1. Ile o3Ha4ae, 0 BUKOHYIOTHCSA YMOBH JTeMH 7
it m = k, a oTKe, f, MaTUMe €AMHY TOYKY MIHIMyMy & = tgou.

Amanoriuno y Bunaaky L = —ooi|R| < oo yHKLis f, MaTUMe €UHY TOYKY MIHIMyMYy & = t] .

Teopemy 2 oBEnEHO.
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