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ON THE LACUNARY (A, ¢)-STATISTICAL CONVERGENCE
OF DOUBLE SEQUENCES

PO JJAKYHAPHY (A, ¢)-CTATUCTUYHY 3BIKHICTD
NOJABIMHUX MOCJAIIOBHOCTEM

We extend some results known from the literature for ordinary (single) sequences to multiple sequences of real numbers.
Further, we introduce a concept of double lacunary strong (A, ¢)-convergence with respect to a modulus function. In
addition, we also study some relationships between double lacunary strong (A, ¢)-convergence with respect to a modulus
and double lacunary statistical convergence.

Jlesiki BimoMi pe3yabTaTH AJs 3BUYaiiHUX (OAMHAPHUX ) MOCITIIOBHOCTEH ONIMPEHO Ha OaraToKparHi MoCIiJOBHOCTI AIHCHUX
urcen. Kpim Toro, BBeIeHO MOHATTS MOBIAHOI JTaKyHapHOT cUIbHOT (A, ¢)-301KHOCTI BiZHOCHO (DYHKIIIT MOIYIIS, 8 TAKOK
BHBUYCHO JESKi CIiBBIAHOLICHHS MK OABIMHOIO TaKyHapHOIO CHIBHOIO (A, ¢)-301KHICTIO BiTHOCHO MOIYJIS Ta MOABIHHOIO
JIAKyHApHOIO CTAaTHCTHYHOIO 301XKHICTIO.

1. Introduction. A notion of a modulus function was introduced by Nakano [10]. We recall that a
modulus f is a function from [0, 00) to [0, c0) such that

(i) f(xz) =0 if and only if z = 0,

(i) flz+y) < flz)+ f(y) forall z,y >0,

(iii) f is increasing,

(iv) f is continuous from the right at zero.

A modulus may be bounded or unbounded. For example, f(z) = P, for 0 < p < 1 is un-
bounded, but f(x) = 1 f_m is bounded (see [13]).

The class of sequences which are strongly Cesaro summable with respect to a modulus was in-

troduced by Maddox [6] as an extension of the definition of strongly Cesaro summable sequences.
Connor [1] further extended this definition by replacing the Cesaro matrix with an abritrary non-
negative regular matrix summability A and established some elementary connections between strong
A-summability with respect to a modulus and A-statistical convergence. Recently E. Savas [14]
generalized the concept of strong almost convergence by using a modulus function and examined
some properties of the corresponding new sequence spaces. Malkowsky and Savas [8] introduced
and studied some sequence spaces which arise from the notation of generalized de la Vallée Poussin
means and the concept of a modulus function. Furthermore, the four dimensional matrix transfor-
mation (Az)pm,, = Zzolﬂ Qmn k1K, Was studied extensively by Robison [12] and Hamilton [5],
respectively. In their work and throughout this paper, the four dimensional matrices and double
sequences have real-valued entries unless specified otherwise.
In [11] the notion of convergence for double sequences was presented by A. Pringsheim.

Before continuing with this paper we present a few definitions and preliminaries.
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A lacunary sequence 6 = (k,), r = 0,1,2,..., where kg = 0, is an increasing sequence of
nonnegative integers such that h, = k. — k._1 — oo as r — oo. The intervals determined by 6 will

K
be denoted by I, = (k,—1, k| and ¢, = o
r—1

The space of lacunary strongly convergent sequences Ny was defined by Freedman et al. [3] as

follows:

.1
Nog =<z = (xg): h?I”nhr,; |z — L|) =0 for some L

The double sequence 6, s = {(ky,ls)} is called double lacunary if there exist two increasing
sequences of integers such that

ko=0,h, =k, — k.1 > 00asr — o

and

>

lo=0,hs=1s—1ls_1 — 0c0as s — .

Let us denote k, = k,lg, hyps = hyhg and 0y s is determine by I, s = {(k,1): k,—1 < k <
k l
<krandls_; <1< lS}7 qr = 77", qs = 787 and Qr,s = QrQs-
kr—l ls—l
For more recent developments on double sequences one can consult the papers (see [17-24]),

where more references can be found.

By a ¢-function we understand a continuous nondecreasing function ¢(u) defined for v > 0 and
such that ¢(0) =0, ¢(u) > 0 for u > 0 and p(u) — 0o as u — oo (see [25]).

A p-function ¢ is called non weaker than a ¢-function ) if there are constants ¢, b, k, [ > 0
such that cip(lu) < bp(ku) (for all large u) and we write ¥ < ¢. A @-functions ¢ and v are
called equivalent if there are positive constants by, ba, ¢, ki, ko, [ such that byp(kiu) < cip(lu) <
< bop(kou) (for all large u) and we write ¢ ~ 1.

In the present paper, we introduce and study an idea of double lacunary strong (A, ¢)-convergence
with respect to a modulus function. We also investigate the relationship between double lacunary
strong (A, ¢)-convergence with respect to a modulus and double lacunary (A, ¢)-statistical conver-
gence.

2. Main results. Throughout this paper we shall examine our sequence spaces using the
following type of transformation:

Definition 2.1. Let A = (ayn k1) denote a four dimensional summability method that maps the
real double sequences x into the double sequence Ax where the (mn)th term to Ax is as follows:

o
(AZ)mm = Y G ki Tkl
ki=1
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Such transformation is said to be nonnegative if all a,, ;1 is nonnegative.

By the convergence of a double sequence we mean the convergence in the Pringsheim sense that
is, a double sequence x = () has Pringsheim limit L (denoted by P — lim 2 = L) provided that
given ¢ > 0 there exists an N € N such that |z; — L| < ¢ whenever k, [ > N [11]. We shall
describe such an x more briefly as “P-convergent”.

Let ¢ and f be given p-function and modulus function, respectively. Moreover, let A =
= (@ n,k,1) be a nonnegative four dimensional matrix of real entries and double lacunary sequence
0 be given. Then we define the following:

Ni(A, o, f) =

o0
Z f Z A ki@(|2ey — L])| | =0 for some L
7 (myn)Elr s k,1=0

and

S Y ammraellera)] | =0

NHQ(A>SO>f)O =4qT= (ZL‘kJ) P — lim
7 ’ (mvn)el’r,s k,l=0

If x € NZ(A, ¢, f)o, the sequence z is said to be double lacunary strong (A, ¢)-convergent to
zero with respect to a modulus f.
If f(z) = x, we write

Nj(A,p) = { & = (wxy) : P —lim

T,8 hT,S

o0
Z Z A ki@(|2e; — L])| =0 for some L
(m,n)€ly s |k,1=0

If we take A = I and ¢(x) = x respectively, then we have

1

NZ(f)={ z=(z;): P—lim

)

Z f(lzxy — L|) =0 for some L
"8 (k)El,

If we take A =1, p(z) = = and f(x) = x respectively, then we obtain

1

N92 =T = (xk,l) : P —lim

7,8

Z |zg; — L| =0 for some L
DT (kD)€
which was defined and studied in [18].
In the next theorem we establish inclusion relations between w?(A, ¢, f)o and N, 92 (A, ¢, f)o- We
now have the following theorem.

Theorem 2.1. Let f be any modulus function, @-function @, and let A = (Apn k1) be a
nonnegative four dimensional matrix of real entries and double lacunary sequence 0 be given. If

1 X
’UJ2(A7 2 f)O =3\T= (xk,l) P — hm o Z f Z am,n,k,l(p(|xkl|) =0 s
v m,n=1 k=1
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then the following relation is true:

if liminf g, > 1 and liminf g > 1, then we have w*(A, ¢, f)o € NZ(A, ¢, f)o.

Proof.  Let us suppose that x € w?(A4, ¢, f)o. There exists & > 0 such that ¢. > 1+ § for
sufficiently large r and liminf g, > 1 + ¢ for sufficiently large s we get h,/k, > §/(1 + 9) for

h
sufficiently large r and — >

for sufficiently large s. Then

ls —1+90
1 k/"r,s o
s Z f Z Amn ket ([Tr])| | 2
7 n,m=1 k,l=1

Zkl o A ammkae(lznl)| | =

"8 (mmn)elr s k=1

22 Y || emsaellen)| ) >

BT (man)€el s k=1

5\ 1 S
> (115) i 2 ([ emmsetond

7 (mmn)€Elr s k=1

Hence, z € NZ(4, ¢, f)o.

Theorem 2.1 is proved.

We now have the following theorem.
Theorem 2.2. NZ(A,¢) C NZ(A, p, f).

Proof. Let x € N3(A, ). For a given € > 0 we choose 0 < § < 1 such that f(z) < ¢ for every
x € [0,d]. We have

1

Z f Z amn ki (|Zk1 — LI)| | = S11 + Saz,

™ (myn)€lr s k,l1=0

where

1 o0
1= h Z f Z amn k1 P(|Trs — L)

78 (m,n)elr s k,1=0

and this sum is taken over

oo
Z A kP (|Teg — L) <6,

k,1=0
and
1 oo
52 =g Yo DD amnkae(e — L)
o (mn)€lr,s k,1=0
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and this sum is taken over

oo
Z am,n,k,l@(‘l‘k’l - L’) > 5
k=0

By definition of the modulus f we obtain

1
SnZh

7,8

Yo fO)=106)<e

(mn)el, s

and further

—_

1 o0
Sog = f(l)gh Z Z k10| Teg — L)

"8 (m,n)el, s k,l=0

Finally, we have z € NZ(A, ¢, f).

Theorem 2.2 is proved.

3. Double A-statistical convergence. The concept of statistical convergence was introduced
by Fast [2] in 1951. A real number sequence z is said to be statistically convergent to the number L
if for every € > 0

1
lim —{k <n:|zy—L| >e}| =0,
non

where by £ < n we mean that £ = 0,1,2,...,n and the vertical bars indicate the number of
elements in the enclosed set. In this case we write st; — limz = L or x; — L(st1).

We first recall the definition of lacunary statistical convergence of a sequence of real numbers
which is defined by Friday and Orhan [4] as follows. Let € be a lacunary sequence; the number
sequence x is Sg-convergent to L provided that for every € > 0

1
lim —|{k € I,: |z — L| > e}| =0.
r h,
In this case we write Sy — limz = L or x; — L(Sp).

Let K C N x N be a two dimensional set of natural numbers and let K,,,, be the numbers of
(7,7) in K such that ¢ < n and j < m. Then the lower asymptotic density of K is defined as

K
P — liminf —™" = §y(K).
m,n mn

K o . .
In the case when the sequence {mn} has a limit then we say that K has a natural density
m,n=1

and is defined

For example, let K = {(i%,5%): ,j € N}. Then

Kmn .
Jo(K) =P — lim —— SP—hmm\/ﬁzo

mn mn mmn . Inn

(i.e., the set K has double natural density zero).
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Recently, Mursaleen and Edely [9], defined the statistical analogue for double sequences x =
= (xp,) as follows: a real double sequences = = (z};) is said to be P-statistically convergent to L
provided that for each € > 0

P - 1]131 %{number of (m,n): k <mandl <n,|zy; —L| >e}=0.
In this case we write st — limy; x,; = L and we denote the set of all statistical convergent
double sequences by sts.
Furthermore, Savas and Patterson [15] studied double lacunary sequence spaces as follows:
Definition 3.1. Let 0, ; be a double lacunary sequence, the double sequence x is Se,  -convergent
to L provided that for every € > 0, '

1
P —lim

78 Ny,

H(kvl) € Ir,s: ‘l’kJ - L| > 5}| =0.

In this case we write Sg — limy ;2 = L and we denote the set of all statistical convergent
double sequences by Sz.

We now define the following: Let 6 be a double lacunary sequence, and let the nonnegative
matrix A = (@ k1), the sequence x = (xy), the ¢- function ¢(x) and a positive number ¢ > 0
be given. We write

(e}

Kj(Ap.e) =3 (nym) € Ls: Y amppap(logg — L) > ¢
k=0

The sequence z is said to be double lacunary (A, ¢)-statistically convergent to a number zero if for
every € >0
1

:U’(KGQ(Aﬂ 2 8)) =0,

7,8

P —lim

7,8

where 1(K2(A,p,c)) denotes the number of elements belonging to K72 (A, p,c). We denote by
S2(A, ), the set of sequences = = (x;) which are double lacunary (A, ¢)-statistical convergent to
zero. We write

1
S(A, ) = {90 = (zgg): P~ lim

75 Ny g

(I3 (4,,2)) = 0.

If we take A = I and ¢(x) = z respectively, then S7(A, ¢) reduce to S7 (see [16]).
In the next theorem we prove the following inclusion.

Theorem 3.1.  If'y) < ¢, then S3(A, ) C S3(A, o).

Proof. By assumption we have 9(|zx; — L|) < bo(c|zy,; — L|) and

oo [e.e] oo
Z amn k¥ (|Trs — L)) <b Z Amnkip(clrey — L)) < M Z A k(TR — L)
k,1=0 k=0 k,1=0
for b, ¢ > 0, where the constant M is connected with properties of ¢. Thus, the condition
[e.e]
D ammpt(|zng — L) >

k,1=0
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implies the condition

00
Z am,n,k,l@(|xk,l - L|) > €
k=0

and in consequence we get

u(KG (A, p,€)) C n(Ki(A,,2))
and
(K (A, ¢, €)).

lim
7,8

L (K34, 0,2)) < lim
s s D

Theorem 3.1 is proved.

We establish a relation between the sets N7 (A, ¢, f) and S3(A, ¢) as follows:

Theorem 3.2. (i) If the nonnegative double matrix A, the lacunary sequence 0 and functions
f and ¢ are given, then

Nj(A, 0. f) C S§(A, ).

(ii) If the p-function ¢(u) and the nonnegative double matrix A are given, and the modulus
function f is bounded, then
Si(A,0) C Nj(A, ¢, f).

(iii) If the p-function p(u) and the nonnegative double matrix A are given, and the modulus
function f is bounded, then

Si(A ) = Nj(A ¢, f).

Proof. (i) Let f be a modulus function and € > 0. We can write the inequalities

hl Z f Z amnktp(|2rg — L)) | =

™ (m,n)elr s k,l=0

1 oo
> S DD ammmaelzra — L] | =

h
8 (m,n)elrl,s k,1=0

1
hr,s

> f(E)M(KG(‘LL 12 5))7

where

00
17},5 = (man) S Ir,s : Z am,n,k,lgpﬂxk,l - L|) > €
% 1=0

Finally, if € NZ(A, ¢, f), then = € SZ(A, ¢).
(i) Let us suppose that z € S3(A, ). If the modulus function f is a bounded function, then
there exists an integer M such that f(x) < M for all x > 0. Let us write
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o0
Zo=S (mn) €Ls: | > amppip(lorg — L)) < e
k,[=0

Thus we write

hi S D] ammmaelzrg — L))

"% (mn)el k,1=0

IN

< hi Z f Z am,n,k,l‘ﬂ(‘xkyl - L‘) +

mvn)el'},s k,lZO

+hi S D] ammme(zrg — L] | <

s (m,n)el2 k,1=0

1
< = Mu(Ko(4,0,9)) + f(2).
(]
Taking the limit as € — 0, we obtain that x € N7 (A, ¢).
The proof of (iii) follows from (i) and (ii).
Theorem 3.2 is proved.
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