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A CLASS OF MEROMORPHIC BAZILEVIC-TYPE FUNCTIONS

DEFINED BY A DIFFERENTIAL OPERATOR

KJIAC MEPOMOP®HUX ®YHKIIIA THITY BASLJIEBUYA,
O BUBHAYEHI TU®EPEHIIAJIBHUM OIIEPATOPOM

We define a new subclass of meromorphic Bazilevic-type functions by using a differential operator. We study some
interesting properties, such as the arc length, the growth of coefficients, and the integral representation of functions from

this class.

BuzHaueHo HoOBuUil mifkiac MepoMoppHuX (yHKIiH Ty basineBnya, 1mo BH3HAYeHI 3a JONOMOrow audepeHIiaIbHO-
ro omneparopa. BuBuaroThCs AesKi LiKaBi BIACTUBOCTI, Taki SK JOBXHHA IyTH, 3pOCTaHHS KOe(illieHTiB Ta iHTErpaibHi

300paskeHHsT QyHKIIH i3 I[bOTO KIacy.

1. Introduction and definitions. Let H denote the class of functions p, given by

p(z)=1+prz+p2+...,

that are analytic in the unit disk £ = {z : |z] < 1}. A function f € H is said to be subordinate to a

function ¢ written as

f(z) =9g(2),

if there exists a Schwarz function w with
w(0)=0 and |w(z)|<1

such that

f(0)=g(0) and f(E)Cg(E).

A function p analytic in E belongs to the class P («a, A, B) , if

1+Az+
a
1+ Bz ’

p(z) < (1-a)
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where —1 < B < A <1 and 0 < a < 1. By using Herglotz representation, a function p €
€ P(a, A, B) if and only if

2

p(z):a—i-(l—a)/

0

1+ Aze @

T3 Beeni ), 2€E

27
where g is a non decreasing function in [0, 27] such that / du(t) = 1. For some details about
0

Herglotz theorem, see [6, §].
A function p analytic in F belongs to the class P, (o, A, B), m > 2, -1 < B < A <1 and
0 <a<1,ifand only if

27 X
1—a/ 14+ Aze @
2 1+ Bze™it

p(z)=a+ du(t), z€E, (1.1)

0

where 1 is a real valued function of bounded variation on [0, 27| satisfying

21 27
/du(t) =2 and /\du(t)! < m. (1.2)
0 0

The function p € P,, (o, A, B) can also be written as

o =(G43)ne-(F-3)m@. scm

where p1, p2 € P(a, A, B).
Let M denote the class of functions of the form

1 <,
f(z)_z_}—nzzoanza

which are analytic in
E*={z:0<|z] < 1}.
A function f analytic in E* belongs to the class M R, (o, A,B), m > 2, -1 < B < A <1 and
0 < a <1, if and only if
_z2f'(2)
f(z)

By using (1.1), one can easily prove the following representation formula for the class
MR,,(a, A, B):

€ Py, (o, A, B), z€E.
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o - 27 )
lexp(1 a)2(BB A) / log (1 + Bze*”) du(t), B#0,
z
f@=9, e ° e B, (13)
—exp(a—1)— / ze Udu(t), B =0,
z 2 0

where 1 is a real valued function of bounded variation on [0, 27| satisfying the conditions in (1.2).
For m = 2 and a = 0, we have the class M Ry(A, B) = MR (A, B) studied by Ali et al. [1]. For
A =1and B = —1, we get the class M R,,,(«) studied by Dziok [4], and, for A = 1, B = —1
and o = 0, we obtain the class M R,, of meromorphic functions of bounded radius rotation defined
and studied by Pfaltzgraff et al. [15]. Further a function f analytic in E* belongs to the class
MV (a,A,B), m>2 —1<B<A<1land0<«a <1, ifand only if

_er @)y € P, (a,A,B), z€E.

f'(z)

Also for the function f belongs to the class MV,,(«, A, B), one can easily prove the following
representation formula:

1 1—a)(B-A) [ :
_z?eXp( a)Q(B ) / log (1+ Bze ") du(t), B#0,
f@=9 | ° L€ B, (14)
—it _
—ZQexp(a—l)z/O ze “du(t), B =0,

where p is a real valued function of bounded variation on [0, 27| satisfying the conditions

21 21 27
/ du(t) =2, / du(t)] < m, / e dp () = 0.
0 0 0

For A =1 and B = —1, we get the class MV,,(«) studied by Dziok [4], and, for A =1, B = —1
and o = 0, we obtain the class MV, of meromorphic functions of bounded boundary rotation
defined by Pfaltzgraff et al. [15] and studied by Noonan [12]. Next following Pommerenke [16], we
denote by M R* (A, B) the class of all functions A of the form

h@):§+%+%eh”,

that are analytic in 1 < |£| < co and satisfies

§h'(§)
h(§)

€pP(4,B), [>1

Let V,, (A, B), —1 < B < A <1, denote the class of functions g, given by
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g(2) =z4+by2® + ...,

that are analytic in F, satisfy the condition ¢’ (2) # 0 in E, and map E onto a domain with boundary
rotation at most m. It can be shown that g € V;,, (4, B) if and only if

A-B [* it
eXp— 1 i log (1 4+ Bze ") du(t), B#0,
F(2) = 2 ¢ E. (1.5)
A 2w )
exp2/ ze "du(t), B=0,
0

For some details about V,,, (A, B), we refer [14]. Moreover, a function h = z + ha2? + ... belongs
to the class 7T), (A4, B) if and only if there exists a function g € V,,, (4, B) such that

€ P,(A,B),

where m > 2and -1 < B< A<1.
The class of Bazilevi¢ functions in the open unit disc was introduced by Bazilevi¢ [3]. He defined
Bazilevi¢ function by the relation

16 =i [ 60 - s TR, e B,
0

where p € P, g € S*(the class of analytic starlike functions), f is real and > 0. Many authors,
by using different techniques, studied Bazilevi¢ functions and related concepts. For some details see
[18-20].

The classes of meromorphic Bazilevi¢ functions were studied by many authors, for instance,
Thomas [21], introduced and studied the class B, of all meromorphic Bazilevi¢ functions of order
« and in [7] the estimates for the initial coefficients of the meromorphic Bazilevi¢ functions were
obtained.

For any two meromorphic functions f and g with

f(z)zl—l—ia z" g(z)zl—f—ib 2", ze€E"
e ~ n 9 ~ —~ n 9 )
the convolution is given by
(fxg)(z) = 1 + ianbnz”, z € E",
z n=0

where (x) stands for convolution. We now consider the operator defined by Al-Oboudi and Al-Zakeri
[2]. For A real and n € Ng = N U {0}, we define the linear operator DY:M — M by
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1 x
D = k *
N f(z Z+Zl+)\ (k+ 1)]" arz", z€eFE
k=0
It is noted that
Az (D3 f(2)) = DY f(2) = (A+ 1) DR f(2), =z € E" (1.6)

By using the class M R,,(a, A, B) of functions, we define the following class of meromorphic
functions.

Definition 1. A function f € M is said to belong to the class M B, ,(c,n, X\, A, B) if and only
if there exists a function DYg € M Ry, (v, A, B) such that

(DY F ()] [DRf ()] B
DYg(2)

arg z € E7, (1.7)

where n € NU{0},Aisreal, >0, m>2 —1<B<A<1,and 0 < a<1.

Special cases:

)Forn=0,A=—-1,a=0,A=1, B=—1, m:2and6:l, n # 0, we have the class of
functions introduced and studied by Thomas [21]. K

i) Forn =0, A=-1,a=0, A=1, B= —1, and n = 1, we obtain the meromorphic
analogue of the class defined and studied by Noor [13].

i) Forn=0, A=-1,a=0, A=1, B= —1, and m = 2, we have the class of meromorphic
close to convex functions introduced and studied by Libera et al. [11].

2. A set of lemmas. Each of the following lemmas will be needed in our present investigation.
Lemma 1. Let f € MR,,(a, A, B). Then, form>2, - 1< B<A<land 0<a<]1,

fE=1GRET, e

where f1 € MR,,(A, B).
Proof. The proof is an immediate consequence of the representation formula given in (1.3).
Lemma 2. Letp € P(A,B). Then, for |z| =7 <1,

1-—Ar 1+ Ar
< .
S ROE) <) < g

These bounds are sharp.
Remark1. Lemma 2 was independently proved in [10].
The following result is an extension of the result due to Pommerenke [16].
Lemma3. Let f € MR(A,B), -1 < B < A < 1 with B # 0. Let f, be defined by

HQ)=f <1) , || > 1. Then

¢

-1y 75
(1+Br ) <

fléO‘ <(1- Br*l)% . 2.1)
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1
Proof. Let f1(¢)=f <<> € MR*(A,B), —1 < B < A <1 with B # 0. Then, for |{| > 1,
f1 can be written as
27
B-A —1 it
Q) = Cep=—== [log (14 BCet) du(t), B A0, (22)
0
2m
where £ is a non decreasing function in [0, 27] such that du(t) = 1. From the above equation

0
and using the fact that geometric mean is not greater than the arithmetic mean, we see that

27
LA 3/11+Bg—1eit\2du(t):
0

2 2
— / (14 B> ?)du(t)+2Re | ¢* / edu(t) | . (2.3)
0 0
Also from (2.2)
2m
ap = (B —A) /eitd,u (t).
0
Hence,
lag] < A— B.

Now (2.3) can be written as

2|ag| Br—!

102
5 A S(I—Br 1) ,

¢ A (C)\% <1+ B2+

from which we obtain the inequality (2.1). We shall now prove the second part. Since

¢ . ¢filQ) 1+ AC
fl(C)_l apl" "+ ... and fl(C) -<1+BC,
therefore, the function
O
. h© _ @
f1(C)
is analytic in |[¢| > 1 and satisfies |¢ ({)| < 1. Then
9 1 _ 1 CH©) ag (e (Q)
or % ¢ fl(o‘__r”t[ rfi(0) ] Sa-Blrarscie@) Y
Ifl =|¢(c0)| = a0l then, from [5, p. 287], we have

A—-B’
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Ir+1
6O < T
hence, by (2.4)
0 1 Ir+1
g | Q] < (A B) -

(r2+1(1+B)r+B)’
Integration over [r, +00| gives

log [C71 f1(Q)] =

_B-4 1(1- B)

~ 5p 2\/([(1;LB)>23+1 X

1+ B 14+ B)\?

2

lao|

. _ _ <
Since [ 1B | (00)| < 1, therefore, we have

Q> (1 B E
Lemma 3 is proved.

Lemmad4. Let f € MR, (A,B), m > 2 and —1 < B < A < 1. Then there exist functions
f1, f2 € MR (A, B) such that, for all z € E*,

3

+

f(Z) _ l(zfl (Z)) _
“(2f2(2))
Proof. Since f € MR, (A, B), therefore, we have

= ‘

3

. ‘
M

) mA2fE) mo2:B() .
o) - 4 Ak 4 Rk CE
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where fi and fo belong to MR (A, B). Now

et (B ) () e

which on integration gives the required result.

Lemma 4 is proved.

3. Main results. In this section, we will prove our main results.

Theorem 1. Let f € MR, (o, A,B), m>2,—1<B<A<1and 0 < «a < 1. Then, with
z=re"? and 0 < 0 < 6 < 2,

4

f(z) 2

02
zf' (2) A-B m

R do 1-— ——1).
/ { ) } <Tpt-a(z-yr
01

Proof. Since P(A,B) C P(p), p= %, therefore, from Lemma 1, one can write
1 _
f)=ZGEs@)TE, cep

where f € MR, (o, A, B) and s € M R,,,. Taking argument on both sides and differentiating with
respect to 6 from 01 to O3 with 0 < 6; < 02 < 27, we have

3 [;long(z)] =g ﬁ:g (1 —a)aaelogzs(z)] :

Some simple calculations yield us

§R<1+Zf/(z)> —A_B(l—a)éﬁ(wzsl(z)).

) 1-B S(2)
Upon integrating from 6; to 6o with §; < 2 and taking argument to be continuous for |z| < 1, we
obtain
Folol &)y A-B o fof0)
zf' (2 - zs' (z
= 1 — . .
[a{f o -1mgu-a [n{55 e b
1 01

But Noonan [12], proved that

02

[a{EE w5 - 1)

01

where s; € MV,,. By using Alexander-type relation between MV,,, and M R,,, we have

/92% { Zj/(iz)’) } o < (% . 1) . 3.2)

1

Thus, from (3.1) and (3.2) we get
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02

/%{Z;,(S)}d0< f:gu—a) (%-1%.

1

Theorem 1 is proved.
Theorem 2. A function f € MB,, ,(a,n,\, A, B) if and only if

=y -y -]

where m>2, 0<6; <0y<2m, 0<a<1l neNy, z=re> 0<pf<1, -1<B<A<I,
n >0, \isreal and
}. (3.3)

Proof. For z =re® r € (0 1) and 0 real, we define the following classes of functions:

F(r,6) = arg { (DY (2)]" D3 ()]} (3.4)

02
/%Um%xmmww<k+
01

Dy f(2)
Dy f(2)

J(a,n,/\,n,ﬁ):%{Z[ — (14N + —(1+ )

1—n [ DY f(2)
A DY f(z)

and
G(r,0) = arg{D}g(z)} . (3.5)
Since f € M By, ,(a,n, A, A, B), therefore, from (1.7) it follows

F(r0)-Gro)| <5, Be(0 1]

Also we have DYg € M R,,(«, A, B), then, by using Theorem 1, we get

0

/m{%}dk(l—a)f:g (%—1%. (3.6)

1

Now from (3.4), (3.5), and (3.6) we obtain
|F(r,61) = F(r,02)| = [F(r,02) = G(r,02)| = [F(r,01) = G(r,01)| + |G(r, 02) — G(r,01)| <

<[pra-a 15 (-1

Moreover, from (3.4) we have

d o [ DY)
5 F(r,0) = %{A [Di‘“f(z) —(1+2)

+ — (14N

1—n | DY f(2)
| DG

}

Thus, we obtain

1-B

7%J{(a,n,)\,n,ﬁ)}d0< {m (% —1) A_B] .
01

Theorem 2 is proved.
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Corollaryl. For « =0, A=1, B= -1, A= -1, n=0and f = n = 1, we have that
f € MT,, is the class of meromorphic close-to-convex functions of bounded boundary rotation and

/023% {1 + Zinﬁ((Zz)) } do < %w.

1

Corollary2 [11]. Fora=0,A=1,B=-1,A=-1,n=0, m=2and f=n=1, we
have that f € MT is the class of meromorphic close-to-convex functions and

b ”Z
(/%{1+Zﬁ((z))}d9<w.

1

Theorem 3. Let F'= D"f. Then F € MB,, 1(0,n,—1,A,B), m>2, -1<B<A<1and

n € Ny, if and only if
m—+2
, 1 1
F(z)=-= %v z € B,
= Lug)
where uy and us are suitable meromorphic functions.
Proof. Let f € MBy,1(0,n,—1, A, B), then from definition (1.7) we can write

D" (2) = G (2)p(2),

where G = D"g € MR, (A,B) and p € P (A, B). By using (1.6) with A = —1, we have

—2(D"f(2)) =G (2)p(2). (3.7)

By using Lemma 4, we get

F'(z2) = (D" (2)) = = =1 (%), (3.8)

Fq@:_lkm@mﬁ::_;[mf:], -

(ug) T

Theorem 3 is proved.
Theorem 4. A function f € MBy,1(0,0,—1,A,B), m > 2and —1 < B < A <1, if and
only if there exists a function h € T, (A, B) such that

1
S B
ZF (2) (2), =€
Proof. From (3.7) we can write
F'(z) =G (2)p(2), z€E, (3.9)
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where G; € MV, (A, B) and p € P (A, B) . Now using the representation formulas (1.4) and (1.5)
for the classes MV, (A, B) and V,,, (A, B) with the fact that

2m
1-— A-B -
2y = ¢ “)2( ) / e (t),
0
we obtain
-t ¢ (2) z e E* (3.10)
2G" (2) ’ ’ ’
where ¢ (2) = z + Z bnz" € Vi (A, B) with by = 0. From (3.9) and (3.10) we have

1 ) 1
—_— — = h/ = .
YOG (ne =)
Theorem 4 is proved.
Theorem 5. Let F'=D"f € MB,,1(0,n,—1,A,B), m>2,-1< B <A<1andn e Ny,
then, for z =re'?, 0 < r < 1,

B—A

B

+
N
i
ES
»b‘+
N

U+ Br) 7 2F () < (1t ) LB o

(1—Ar)
(1-Br) = B (1+Br) T 5

By using Lemmas 2 and 3, we get

LHL
}Z2F/ )’ (1—Br) 2 1+ Ar
(14 Br) s 5" 1+ Br’
or, equivalently,
(- Bn""

‘zzF’ (z)| < (1+ Ar)

Similarly we can prove the other case.
Theorem 5 is proved.
Theorem 6. A function f € M By, p(a,n,\,A,B), m>2, 1< B<A<1,ne Ny, A>0
n>0and 0 <« <1, ifand only if
z n
1 8

nE(s) = - /tfn—l ]S pr(dt s . e B
)\7]2 An 0

where h € MR, (A,B) and p € P(A,B).
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Proof. From (1.7), we can write

(DY (2)]" [DYf (2)]7 = b (2) PP(2),

where hy = DYg € MR, (o, A, B) and p € P (A, B). By using (1.6) , we have

1 / 1 I+ A 1 1 ¢ B
—z(DYf(2))' [DYf (2)]n + ——[DYf (2)]" = —h{ (2) p7(2).
U(A())[A()] )\77[)\()] 77)\1() (2)
Multiplying with z%_l and using Lemma 1, we obtain
JEDY 17/ 1 1_ l—a 6
DN = o R (@) T )
n

Integrating from 0 to z, we obtain the required result.

Theorem 6 is proved.

Theorem 7. Let f € M By, ,(a,n,\,A,B), m >2, B e [-1,0),A€[0,1], n € Ny, A > 0,
n>0,0<a<1,and M(r) = max,—, |DYf| with 0 < 0 < 2r. Then

1 1 m421-a B—A B _m-21-aB-A_§
Mi(r)<—<(A=B) + » 5 (A+A)7(1+Br) © 7 F X
N
m—21—-aB—-—A [ 1 Br
Fil1 - — 41, —— 3.11
X2 1() A n B +77’>\77+’1+B7")7 ( )

where o F| is the hypergeometric function.
Proof. From Theorem 6, we have

DY ()7 = — / oy

l1—a

1 ro Tz
YO f— / ! [W] oL T

Since f; € MR (A,B) fori = 1,2 and p € P (A, B), therefore, by using Lemmas 2 and 3 with
suitable simplifications, we obtain

1 1 m+21-a B—A 8
Mi(r) < — (1= B)"T 7775 (14 A)7 x
nArn
z
_ 1 1 4 _m=21-aB-A_§

[e=]
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xoFy [ 1 - 1
21(7 + +71+B7’

m—21—-aB—-A f 1 Br
4 n B n’ A ’

where o F is the hypergeometric function.
Theorem 7 is proved.
Theorem 8. Let f € MBy(a,n,p,68), 0< <1, -1<B<A<LO0<a<1l, A#0

. n(1—B)
is real m > [2+(1—a)(A—B)

,and 0 < n < 2B. Then, for F = DYf and M(r) =
= MaxX|;|=r ‘Dﬁf‘a

m-21-a A=B B
1 11 1 2 m 1-B '
L.F(z) < 2mr 1+)\‘M(r)+C(w)M(r) n (1 ) (r—1),
-7
where C (x) is a constant depending upon m, A, B, «, [, and 7).
Proof. 1t is known that
27
LF () = [ |2 D3 a8 -
0
27
1 -1 JE, -1 8 1Y
= [l |37 R T 03 )T ) - (14 ) DRI )|
0

z:rew, O<r<l1, 0<£6<2n7,

where we have used (1.6) and (1.7). Some manipulations gives us

1 1 _1
L F(2) < 2mr |1 + ‘M(r) b MY () x
A M

2

X/sz p()[7

By using Lemma 4, we get

1 _1
L,F(z) < 2mr 1+‘M(T)+)\ . M! 71z(r)x
rn
27 42 1—o
z Z) 4+ m
X/| fl( )|m—2 11—« \p(z)|nd9
oy 122 (R) 2

1—
Since f; fori=1,2¢€ MR(A,B) C MR (p) with p = .

5’ therefore, by using Lemma 1 in a

modified form, we obtain
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1402
1 1-1
L,F(z) <2mr l—i—‘M(r)—f— — M " (r) x
Arn
[ Lz (o)) 54455
z81(z)| ¢4 =n 1-B B
<[ e,
zs2 (z)| © n 17B

0

where s; € MR for i = 1,2. By using Schwarz’s inequality and the fact that the functions —,
Si

i = 1,2, belong to the class S* of analytic starlike functions, we get |zs; (z)| < 4 and

(250 (2)] 71 < (1 —2)72.

Thus,

m+2 1—a A—B

272 "4 1-B

1+;\'M(r)—|—><

L,.F(z) < 2mr

1—1 1
XM~ (r / —agdl | x
5 11 z’(m72)71 s
2 2
< [l as
0

0

9

Since p € P (A, B) C P, therefore, by using a result due to Hayman [9] that for p € P and z = re’

1

27
A
Jmu@|wgcuhl_ﬂ%p

where ¢ () is a constant depending upon A. Thus, we have

mi21-a A-B 8 B_
1 2 2 n 1fB+n 1 n
LTF(Z)SQWT 1+)\‘M(T)+ 1 0(6777) (1 ) X
Arn r
2 2
1 1
><M1_7 / do
(r) ) = Z|(m—2)177a?:g

But Pommerenke [17] has shown that

27
1 1
0/ A=~ e g
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whenever v > 1. Since (m — 2)

l1-a«aA-B
n 1—B

> 1, therefore, we obtain

m—21l—a A*B+%71

1+i‘M(r)+C(x)M1}](r)< 1 ) T n 1-B |

L,F(z) <2mr T—

where C () is a constant depending upon m, A, B, «, 3, and 7).

real, m > [2 +

Theorem 8 is proved.
Theorem 9. Let f € MB,,(a,n,p,8),0< <1, -1<B<A<1,0<a<1,A#0is

n(l—B)
(1—a)(A—B)

],and0<n<2ﬂ.Then

m— B
] <O (1) "F 7 15+

1 .
Proof. For F (z) = > + ZZO_O Apz* with z = e it is known that

1

kA = 2mrk+l

L.F(z).

By using Theorem 8, we have

1

1+1\'M(T)+C'(:c) <1;)2"1_B

1
Take 7 =1 — — and A;, = [1 + A (k + 1)]" ag, to have
n

lag| < Ok T 5 15— (273),

Theorem 9 is proved.
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