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DEFINED BY SILVERMAN AND SILVIA?

PO KJAC AHAJITUYHUX ®YHKIIN, TICHO MOB’SI3AHUM I3 KJIACOM,
BU3HAYEHUM CUUIBBEPMAHOM I CIUIbBIA

We define and study a class of analytic functions in the unit disc by using the modification of the well-known Silverman
and Silvia’s analytic formula for starlike functions with respect to a boundary point. The representation theorem, as well as
growth and distortion theorems are established for the new class of functions. Further, early coefficients of the new class
of functions are also estimated.

BusHaueHO Ta BHMBUCHO KJIAaC aHANITHYHUX (QYHKIIH B OAMHMYHOMY Kpy3i HUIIXoM Moaubikamil Biomoi aHamiTHYHOI
dopmymu CinpBepmana ta CinbBia aist 3ipkonopiOHuX (yHKOiH momo rpaHuYHO! TOYkH. [yl HOBOTO Kilacy (yHKMiH
JTOBEJICHO TEOPEMY 300pa)KCHHs, a TAKOXK TEOPEMH 3POCTaHHS Ta CMOTBOPeHH:s. Kpim Toro, oiiHeHO paHHI KoeQillieHTH
UL HOBOTO KJIacy (DYyHKITIH.

1. Introduction. Let # be the class of all holomorphic functions in the open unit disc D := {z € C:
|z| < 1}. By A we denote the subclass of H consisting of functions h that are normalized by
h(0) = 0 and A/(0) = 1. Hence, the functions belonging to .4 will be of the form

oo
h(z) =z+ Zanz", z €D,
n=2

and, by S, the subclass of A consisting functions that are univalent in . A function f € H is
subordinate to another function g € H if there exists a function w € H such that w(0) = 0,
w(D) C D and f(z) = g(w(z)) for every z € D. We write this subordination as f < g. Further, if ¢
is univalent, then f < ¢ if and only if f(0) = g(0) and f(D) C g(D). Let

2l (z)
h(z)

S*(ﬁ)z{h@A:%( >>ﬁ,0§6<1,zeID>}

and

zh'(z)
h'(z)
respectively denote the well-known classes of starlike functions of order 5 and convex functions of
order 3. Note that S* = §*(0) is called the class of starlike functions (with respect to the origin).
The classes S*(3) and C(3) were introduced by Robertson [?]. In view of Alexander’s relation, it is

C(B)—{heA:?R(l—i— >>ﬂ,0§,8<1,z€]1)}
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a known fact that h € C(f) if and only if zh/(z) € S*(8) for 0 < 3 < 1. If h is an analytic function
in the D, we say that h is close-to-convex in D if and only if there exists a convex function ¢ such

/
that R <I>’(( >) > 0, z € D. We note that the class of normalized close-to-convex functions was
z

introduced by Kaplan [?]. Further, let us denote by P the class of functions p holomorphic in D with
p(0) =1 and R(p(z)) > 0 for z € D. This class P of functions with positive real part is known as
the class of Carathéodory functions. Robertson [?] introduced a class G* of functions G(z) analytic
in D, normalized by G(0) = 1, G(1) = lim,_,;- G(r) = 0 and for some real o, R(e"*G(z)) > 0,
z € D. This can be considered as a breakthrough since not many work were initiated in this direction.
In addition, G(z) maps D univalently onto a domain starlike with respect to G(1). Let the constant
function 1 also belongs to the class G*. He conjectured that the class G of functions g of the form

g(z) =1+ Z dpz", (1.1)
n=1

holomorphic and nonvanishing in D, such that

- 22¢'(2) n 1+2

g(z)  1-2

coincides with G*. The above hypothesis was confirmed by Lyzzaik [?]. Robertson [?] also showed,
if g € G and g # 1, then g is close-to-convex and univalent in . It is worth to be mentioned
here that the analytic condition f was known to Styer [?] earlier. An association of the class G with

fz)

—Z

}>Q 2 €D, (1.2)

a functional was considered by Todorov [?]. In the same article, Todorov [?] obtained a

f(z)

structured formula and coefficient estimates for the class 7

. Silverman and Silvia [?] introduced

—z
the class G, consisting of functions g of the form (??), holomorphic and nonvanishing in D, and
such that, for each 0 < a < 1,

2g'(2) 1+z2
§R< o) —i—(l—a)l_Z) >0, zeD. (1.3)

Silverman and Silvia [?] observed that for each o € [0,1) the class G, is the subclass of G*. Note

that, for the choice of a = —, G, = G. They also gave a full description of the class of univalent
functions on D, the image of which is star-shaped, with respect to a boundary point. Few properties
and some inequalities relating to the functional coefficients associated with the class G were obtained
in [?]. In another notable work, Obradovic and Owa [?] investigated the class G(«), 0 < a < 1,
of functions g of the form (??), holomorphic in the disc D, g(z) # 0 for z € D and satisfying the
condition %{ 20'(2) +(1—-a) Lt

9(2) 1—
independent. In [?], a class closely related to G denoted by G(M), M > 1, of functions g of the

form (??), holomorphic and nonvanishing in D was introduced and such that

224'(2) P'(z; M)
W e

> 0, z € D. However, the works in [?, ?] were completely

} >0, zeD,
where P(z; M) denotes the Pick function. The class
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/

G(1) = {g of the form (2?): g(z) # 0 and m{zzgg((j)) + 1} >0, z¢€ ]D}
was also considered in [?]. Since then, this class of starlike functions with respect to a boundary
point has gained a few notable interest among geometric function theorist and also other researchers.
The distortion results for starlike functions with respect to a boundary point were obtained in [?, ?].
The dynamical characterizations of functions starlike with respect to a boundary point can be seen in
[?]. Lecko [?] gave another representation of starlike functions with respect to a boundary point and
Lecko and Lyzzaik [?] obtained different characterizations of the class G. In [?], Jakubowski and
Witodarczyk defined the class G(A, B) for —1 < A <1and —A < B <1 for all g € H of the form
(??) such that

229'(2) , ,
a%( ) +J(z7A,B)> >0, zeD,

where
1+ Az
1—- Bz’

Aharonov et al. [?] gave a comprehensive definition for spiral-shaped domains with respect to a

J(z; A, B) = zeD. (1.4)

boundary point which is defined as follows: Let G, denote the class of functions f € H (D), non
vanishing in D with ¢g(0) = 1, and for u € C,

B 1‘ < 1 satisfying
7r

§)%{27rzg/(z) 142

>0, ze€D.
1g(z) 1—2}

Basic properties and a number of equivalent characterizations of the class G, are formulated in [?]
(see also [?]). For the choice y1 = 7, the class G,, coincides with the class introduced by Robertson [?]
who has generated interest on this class, and its associated classes (see the interesting works of Elin
and Shoikhet [?] and a book by the same authors [?]). It is also known that functions in G,, are either
close-to-convex or just the constant 1. A recent work on this direction was considered in [?]. The
purpose of this paper is to introduce and investigate a new class of functions that are closely related
to the class considered by Silverman and Silvia [?]. Representation theorem, growth and distortion
theorems are established for the new class of functions. Further, early coefficients of the new class
of functions are also estimated.

Definition 1.1. For0<a <1, -1<A<1, —A< B <1, let G(a, A, B) denote the class of
functions g of the form (??), holomorphic and nonvanishing in D and such that

24’ (2) 1+ Az
R 1-— 0 D. 1.5
{g(z)—i—( a)l—Bz >0, z¢€ (1.5)
The above analytic criteria can be put in the form as
/
%{Zg @) - a)J(z;A,B)} >0, zeD, (1.6)
9(2)
. 1+ Az
with J(Z,A,B) = @, AS D.
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1
We note that the class G (2, 1, 1) is identical to the known class G and G(a, 1,1) is identical

to the class G,. If B = —A then the function J(z; A, —A) = 1 and therefore again we have the
class G(1). It is worth reminding at this place, that the function (??) was used in many articles,
where different classes generated by the appropriate Carathéodory functions were considered. It
is to be observed that the function J of the form (??), maps conformally the disc D onto a disc

situated on the right in the half-plane, for B < 1. However if B = 1, J(D; A, B) is the half-plane
1—A 1-A
w:%(w)>T ,WhereO§T<1.
Let us first construct few examples for the new class of functions to show that the class is

non-empty.
Example1.1. The functions

(A+B)(1-a)
(1 - Bz) B , z€D, for B#D0,
go(z;a, A, B) =
exp(— (1 —a)Az), zeD, for B=0,
and
(A+B)(1—a)
(1_3? ? , z€D, for B=#0,
g1(z;a,A,B) = —
—(1-a)A
exp(l( @) Z), zeD, for B=0,
—z

belong to the class G(a, A, B).

A straight forward computations will show that both the functions go(z;, A, B) and g1(z;
a, A, B) belong to the class G(«, A, B). Furthermore, for —1 < A <1, —A < B < 1, we have, for
z €D,

g1(z;0,A,B) =1+ <a — (1_;)Aw>z+

a—1)A+aB)((a—1)A+ (a«+1)B
L ((@=nataB)((@-na+@+1B)) ,
2B2
2. Main results. We start this section with the following theorem.
Theorem 2.1. Let g be a holomorphic function in D with g(0) = 1. Then g € G(a, A, B) if
and only if there exists a function h € S*(«) such that

g(z) = (h(j)> (1- B, €D, for B#0, @.1)
g9(z) = <h(zz)) exp (—(1 —a)Az), ze€D, for B=0. (2.2)

Proof. First, we will prove the theorem for the case B # 0. Suppose that h € S*(«) and g(z)
be given as in (??). Then g is analytic in D and ¢g(0) = 1. We have
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zg'(2) 1+ Az zh/(2) (A+ B)(1—a)z 1+ Az zh/(2)
1— - 1 1— - -
g(z) +(1-a) 1— Bz h(z) 1—- Bz +(1-a) 1- Bz h(z) “
Therefore,
zq'(2) 1+ Az
1-— .
§R<g(z) +( a)l—Bz >0
_ 29(2) — 0. (0 —
Conversely, suppose that g € G(a, A, B) and h(z) = aim—ay - Then h(0) =0, h'(0) =
(1-Bz) =B
= 1. Further,
zh (z) 2g'(2) 1+ Az
= 1— .
h(z) ot g(z) +1-a) 1—- Bz

Hence, h € S*(«). For the case B = 0, the theorem can be proved in similar lines and hence the
proof is omitted.
Since, for the choices of A =1 and B = 1, G(«, A, B) reduces to G, it is worthy to investigate
the relation between G(«, A, B) and G,, which is given in the remark below.
Remark2.1. Let us consider the function g3, g3(0) = 1, satisfying the equation
2g45(2) 14+ Az 1422

+(1_a>1—Bz:1—22’ z € D.

In view of (??) and (??) it is obvious that g3 € G(«, A, B). Further, it is easy to see that if B < 1
then there exists a point zp € D such that g5(z) = 0. In other words, g3 is not a univalent function
in . Therefore, g3 ¢ G, and hence g3 € G.

Remark2.2. 1t follows immediately from the Herglotz representation that for $*(«) that g €
€ G(a, A, B) if and only if

™

(A+B)(1=a) 1
r 1
g(z) =exp(—(1 —a)Az)exp| —2(1 — «) /log<1it)d,u(t) , ze€D, for B=
—ze

-
where 4(t) is a probability measure on [—, 7].

. 1 .
For the choice of o = 50 e have the following theorem as a consequence of Theorem ??.

Theorem 2.2. Let g be a holomorphic function in D such that g(0) = 1. Then g € G(a, A, B)
1
if and only if there exists a function f € S* (2) such that

g9(z) = f(zz)(l - Bz)A2EB, zeD, for B#0, (2.3)
g(z) = fiz) exp(—?), zeD, for B=0. (2.4)
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1
Remark?2.3. It follows immediately from the Herglotz representation that for S* <2>, g €
€ G(a, A, B) if and only if

™

1
o) = (1= 82) i e~ [1og( 1L Jautv |, =€ or B0
— ZEe

—T

Az f 1
g(z):exp<—2> —/10g<1_26_it>d/ﬁ(t) , z€D, for B=0,

—T

where 4(t) is a probability measure on [—r, 7].
Let 0 < a3 <as <1and f € G(ag, A, B). Then

R4 4 - an ) < (L 4 (- ) (a1 ) 20

as 1+ 4z >0for—-1<A<1, —A<B<1.
1- Bz

Hence, we have the following theorem.
Theorem 2.3. Let -1 < A<1, —A<B<land0<a; <as <1. Then

G(az, A,B) C G(1, A, B).

From Theorem ?? and from the known estimates of the respective functionals in the class $* we
have the following theorem.
Theorem 2.4. Ifg € G(o,A,B), -1 < A<1, —A< B <1, B#0, then the sharp estimates

1 (A+B)(1—a)

— (1 - Bz B

(A+B)(1 a)

.zl =r <, (2.5)

- 1 - |z| ‘
hold. The upper estimate for (??) is attained for the function g of the form

o(z) = (1 - By RO

z
where k(z) = 5- The upper bound is achieved at z = r and the lower at z = —r.
If g € G(a, A,0), then
1
T exp (—(1 — a)AR(2)) < |g(2)] < =Tl exp (—(1 — a)AR(z)). (2.6)

The extremal function for the upper estimate (??) is the function g} of the form

92(z) = exp (—(1 - a)Az) (2 ,

z

™
~—

where ¢ = e~ while for the lower estimate is the function g’ for ¢ = —e ™.
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Theorem 2.5. If g(z) = 1+ E = 1alnz" € G(a, A, B), then the coefficients d,, satisfy the
n=
sharp coefficient inequalities

|di 4+ (1 —a)(A+ B)| <2(1 - ), (2.7)
|2dy — d} + (1 — @)(A+ B)B| < 2(1 — a), (2.8)
|3d3 — 3dyda + d} + (1 — a)(A+ B)B?| < 2(1 — «), (2.9)
2(1 - a) = yld + (1 - a)(A + B)P, 1<3,
[H(a, A, B,v)| < ) (2.10)
2(1—a) — (1 =7)ld + (1 - a)(A+ B)|%, vz 5
where
H(a,y) = 2d2 —di(1 =) + (1 = a)(A+ B){B — y(1 — a)(A + B) — 2yd1 },
and finally
|3d3 — 5dydy +2d3 — (1 — a)(A+ B){B® —2dy + d} — Bdy — (1 — a)(A+ B)B}| < 2(1 — ).
(2.11)
Proof. Let dy =1 and p(z) = z?;(;)) +(1— a)i i_ gz Then
Zj;g) —i—(l—a)ijgz —1—a+ (d+(1—a)(A+ B))z+
+[2ds — d} + (1 — @)(A + B)B|2*+
+[3d3 — 3dids + d} + (1 —a)(A+ B)B?]2* +..., z€D.

The above expansion shows that, if f € G(a, A, B), it can be compared to p(z) = 1+p1z+paz+. ..
...+ € P(a),0 < a < 1. It is a known fact that if f € G(«, A, B), then |p;] < 2(1 — «),
1 = 1,2,.... By virtue of this inequality one may easily get (??), (??) and (??). Inequality (??)
follows from the fact that

I

2(1 — ) — lp1 /%, v <
lp2 — vpi| <

— N

2(1—a) = (1 —7)lp?, 7> 5

By applying a less unknown familiar inequality |ps —p1p2| < 2 and performing a computation yields
the inequality (??).

Theorem 2.5 is proved.

It is known that for each function h € §* the functions

1 . ,
z — —h(pz), z—e%h(ez), 0<p<l, ¢peR, zeD,
p
also belong to S*. From Theorem ?? and estimation (??) we obtain the following theorem.

ISSN 1027-3190. Ykp. mam. ocypn., 2022, m. 74, Ne 11
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Theorem 2.6. The region of values of the coefficient di, i.e., {di:g € G(a,A,B), g(z) =
=1+4diz+ ...} has the form

{fweC:|jw+(1-a)A+B)<2(1-a)}.

1
Remark24. If f € §* <2>, then the function ®, defined by the formula

a(z,6) = o IO e @12

1
satisfies the condition R(P(z,&)) > 3 (see [2, p. 121]). Further, if g € G(o, A, B), B # 0, then

from (??) the function
_ (A+B)

f(z)=29(2)(1 —Bz)” 28, zeD,

1
belongs to the class S* <2> We denote

o
dy=1=Py(A,B), (1-Bz) 35 =1+ P(AB)* €D,
k=1

where
(A+B)(A+3B)...(A+ (2k—-1)B)
2k k! ’
Next, we apply the classical Clunie method to obtain an inequality to compute the coefficients of
the function G(«, A, B) without using the function (??).

Theorem 2.7. If the function g of the form (2??) belongs to the class G(«, A, B), then, for
n=2,3,..., the estimates

Pi(A,B) =

k=1,2,....

(1= @)(A+ B) = B(n —1))dn—1 + ndy|* <

n—1
<4(1-a)?+ Y (2 - 2a + k)dy + (A - B)(1 — a) — B(k — 1))dy_1 |’
k=1
hold.
Proof. Let the function g of the form (??) belong to the class G(«, A, B). Thus the conditions
(??) and (??) are satisfied. It follows that there exists a function p € P(«) such that
29'(z) 142

pe) =TT o)

+a, zeDb. (2.13)
It is known that if p € P(«) then the function w of the form

_ plr) -1
w@)_p(

—_— eD
2)+1-2a’ ==

belongs to the known class €2 (w holomorphic in D, w(0) = 0, |w(z)| < 1 for z € D). From this
fact and (??), we get
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{(1-0a)2+ (A= B)2)g(z) + 2¢'(2)(1 - B2) jw(z) =
=(1-a)(A+ B)zg(z) + 29 (2)(1 —a)(1 — Bz), zeD.
oo . . . .
Let w(z) = Z ) wnz". By expanding the function g in power series, we get
n—=

(2(1 —a)+ i@ — 200+ n)dp 2"+

n=1

+> (A=B)(1—-a) - B(n—1))d, 12 ><anz > =

n=1

ol

(1= a)(A+B) = B(n—1))dp—12" + indnz”, z e D.

n=1

After further simplication of the above equation, it can be easily seen that

(2(1 —a)+ i {(2 — 20+ n)d,+
n=1

n=1
Z{ 1—a) A—i—B)—B(n—l))dn_l—i-ndn}z", 2 eD. (2.14)
n=1
Let
pn(e, A,B) = (2—-2a+n)d, + (A-B)(1—a)— B(n—1))dn—1, n=12,..., (2.15)
and
sn(o, A,B) = (1 —a)(A+ B) — B(n—1))dp—1 +ndn, n=12,.... (2.16)

Then we obtain

2(1 — ) anzn + Z (pl(a,A, B)wp—1+ ...+ pn-1(a, A, B)wl)z" =

n=1 n=2

i (a, A, B)z z € D.

Equating coefficients on both sides of the above identity, we have
21— a)w; = (1 —a)(A+ B) + dy, (2.17)

21 — a)wn +p1(a, A, B)wp—1 + ... + pn—1(, A, B)wi = sp(a, A,B) for n=23,....
(2.18)
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Since |wq| < 1, from (??) we obtain
|di + (1 —a)(A+B)| <2(1—a),

which is identical to the estimate (??).
Next by making use of equations (??), (??) and (??), we get

n—1 00 n o)
2(1 — o) + Zpk(a, A,B)zk Zwkzk = Zsk(a,A, B)Z* + Z E.2",
k=1 k=1 k=1 k=n+1
where Ej, are the appropriate coefficients. Since |w(z)| < 1 for z € D, then
n oo 2 n—1 2
Z sp(a, A, B)zF + Z Ep®| < (201 —a) + Zpk(a, A,B)zF| | zeD.
k=1 k=n+1 k=1
Upon simplification, we have
n n—1
Z’Sk(@,A,B)P§4(1—a)2+2’pk(a,A,B)‘2, n=23,.... (219)
k=1 k=1
Since ‘sk(a,A, B)‘2 >0fork=1,...,n—1, then
n—1
‘sn(()a,A,B)‘2 <4(1—a)?+ Z ‘pk(a,A,B)|2, n=23,....
k=1

Theorem 2.7 is proved.
Remark2.5. 1If we put n = 2 in (??), then we have

(1= a)(A+B) +di* + (1 - a)(A+ B) = B)dy + 2da|* <

<41 —a)?+|(3—2a)d; + (1 — a)(A - B)|%.
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