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BERNSTEIN INEQUALITY FOR MULTIVARIATE FUNCTIONS
WITH SMOOTH FOURIER IMAGES?

HEPIBHICTH BEPHIITEMHA JIJISI ®YHKIINA BATATHOX 3MIHHUX
3 NMIAAKUMHU 30BPA’KEHHSAMU ®OYP’€

Let K be a compact set in R™ with (O)-property and let 1 < p < co. Then there exists a constant Cx < oo independent
of f and « such that

1D fllp < Cr sup [E¥] | f Iy, x5
ceK
forall o € ZY} and f € Hyp k3, Where Hp k3 = {f e LP(R"): suppr K,D(3’3"”’3)f€ C(]R”)}, HfHHva,S =

constant C' > 0 such that

sup [x“%| > C sup |x°|
xeK xeK

foralla € Zy and j =1,2,...,n.

Hexait K — xommnakraa Muoxuaa B R™, mo mae (O)-siactuicts i 1 < p < co. Toni ichye crana Cx < 00, HE3aIEKHA
Bin f Ta «, Taka, 1o
D% fllp < Ck sup [E7] (| flloty x5
EEK

ans Beix « € Z% i f € Hpk3, me Hp 3 = {f € LP(R"): suppfc K,D<3’3"”’3)]‘/‘\€ C(R™)}, 1f %y x5 =
= |’D(3’3"“’3)f Hoo i f € meperBopennsim ®@yp’e f. 3ayBaxkumo, mo K wmae (O)-BracTuicTs, sKimo icHye crana C' > 0

Taka, 10

sup [x*%| > C sup [x°|
xeK xeK

mBeix a« €ZY 1j=1,2,...,n.

1. Introduction. Let 1 < p < oo, 0 > 0 and K be a compact set in R". We put
Hp,K = {f € LP(RH) Sp(f) C K}7 AO' = [_07 0]7

where sp(f) := supp f and f: F f is the Fourier transform of f. One of the most powerful tools
in approximation theory is the following Bernstein inequality, which has various applications:

IDfllp < ollflly Vf€Hpn,

where o is the best constant when p is either infinity or 2. It was studied in [1, 6-15, 17]. As a
consequence of the last inequality, we have the following, for m € N:

D™ flly < o™ fllp Vf € Hpa,- ()
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Let us discuss for a moment the best constant for Bernstein inequality. It is interesting to see that

o™ 1is the best constant for (1) for all p € [1,00]. Indeed, assume the contrary that there are

m >1,0<c<1andp € [1,o0] such that
ID™ fllp < ca™ || fllp
for all f € H, A, . Therefore,

IDF™ £, < Fab ™| fllp, k=1,2,....

Hence,
lim sup Hkaszl,/(km) < /Mo,
k—00

which contradicts the following result proved in [2]. Let 1 < p < oo and D™f € LP(R), m =
=0,1,2,... Then there always exists the following limit:

lim {|D™ ||,/

m—ro0

and

ID™ fll/™ = sup{[¢] : € € sp(£)} 2)

lim

m—0o0

because we can choose a function f € H,a, such that sup{\f |: & € sp( f)} = o. Further,

inequality (1) still holds for 0 < p < 1 (see [14]). So, applying (2) proved in [3] for 0 < p < 0o, we

conclude that o is the best constant for all p € (0, 00]. Since (1) and (2) still hold for Orlicz’s and
Lorentz’s norms, ¢ is also the best constant for these cases (see [4]).

Applying (1) to each variable, we have the following Bernstein inequality for multivariate func-
tions. Let 1 < p < oo, a € Z'} and K be a compact set in R™. Then

I1D“fllp < o[ fll, Vf € Hpx, (3)

where 0; = sup{|zj|: x = (z1,...,2,) € K}, 0 = (01,...,00), 0¥ =07 ...00".
So, Bernstein inequality is really good when n = 1, but we will see that it is no longer good for
the multidimensional case. This can be seen by the following example. We put

G = {(z,y) e R?: oy| < 1,|a| < 2,]y| < 2}.
Using (3), one has, for all f € H, q,
1D flly < 227 fllp, m=1,2,.... )

On the other hand, it was proved in [3] the following result. Let 0 < p < oo, f € LP(R"™) and sp(f)
be compact. Then

lim (|Df[l,/ sup [¢*])"1* = 1. )

|| =00 gesp(f)

We choose a function f € #H, ¢ such that |zy| = 1 for some point (z,y) € G and apply (5) for
it to obtain || D(™™) f Hjlo/@m) — 1 when m — oo, which together with (4) shows that, in general,
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1560 HA HUY BANG, VU NHAT HUY

estimation (3) is rough. So, when n > 2, to evaluate ||D“ f||,, we need to find alternative inequalities
for (3) and this is our aim.

In this paper, we present a class of compacts in R"™ called compact sets that have (O)-property
and obtain the following estimation for multivariate functions. If a compact set K has (O)-property,
f € LP(R™) with a smooth enough Fourier image and sp(f) C K. Then there exists a constant
C < oo such that

1D fllp < C sup [£7]
feK

forall o € Z7} .

Note that the hyperbolic cross G mentioned above, every rectangular in R™ and each compact
set # 0 in R have (O)-property. Although our proofs in this paper also work with n = 1, we will
assume that » > 2 because our results are only meaningful then.

Notations. Let Z, = {0,1,2,...}, e; be the unit vector in R™ such that its 4t coordinate
equals 1, D = (Dy,Ds,...,Dy),D; = 0/0x; for j = 1,2,....n, D* = D ... Do x° =
—x?lxgw...x%", la| =a1+as+... +a, fora=(ag,a,...,0p) € ZT,x = (21, 22,...,2n),
00 =1,

function f € L'(R") is given by

= oo and S'(R™) be the space of tempered distributions. The Fourier transform of a

Ol =

Fx) = / Y f(y)dy,

R’I’L

where Xy = xz1y1 + Zoy2 + ... + TnYn.
The Fourier transform of a tempered distribution f is defined via the formula

(Ff.o)=(f.Fp), ¢€SR").
Denote by p(K) the Lebesgue measure of a compact set K C R™. We define
Hyrs={f € Hpx: DO F e CR)
with the norm
1F rty 05 = [[DE23F ||

It should be noticed that if f € H, k3 then generalized derivatives Dﬁf belong to C'(R™) for all
¥ < (3,3,...,3). Indeed, first we prove this for J = (2,3,3,...,3). Let g € S'(R). Recall that
[5, 16] the tempered distribution Ig is termed a primitive of g if D(Ig) = g, that is, <I g, g0/> =
= —<g, <p> Vo € S(R). Moreover, if A, B are two primitives of g then A — B is a constant. Fix
2,3, ...,%y and define

Jgf / DG t (t, o, 3, ..., xy,)dt,

Where 9 =(2,3,3,...,3). Clearly, Jgf is a primitive of D@33 f and Jy f(x ) =0 forall z1 <
— Sup,cx |2z|. On the other hand, DV f is also a primitive of D(3:3 ""3)f So, Jyf(x) = DY f(x)+
+C, where C is independent of z;. Then it follows from Jy f ( )—-DVf ( ) =0Vz; < —sup,cg |2
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that D? f(x) = Jyf(x) € C(R™). Similarly,

T
Dwf(x) = / D7+eff(:z1, T2y, Tj1,t,Tjg1,- .., Ty)dt € C(R™)
—00

forall j =1,2,...,nand y € Z7, v < (3,3,...,3) —e;.
2. Bernstein inequality for functions with smooth Fourier images.
Definition 2.1. We say that a compact set K C R"™ has (O)-property if there exists a constant
C > 0 such that
sup x| > C sup x|
xeK xeK
Jorall o € Z7y and j =1,2,...,n.
From the definition, we have the following properties of the sets having (O)-property:
If K1, Ko,..., K, have (O)-property, then U}" , K}, has (O)-property (but it is possible that
N, K, does not have (O)-property).
If K has (O)-property, K is an open set satisfying K1 C MK for some A € (0,1), then K\ K;
has (O)-property.
If H is a compact and x; # 0 for any x = (z1,22,...,2,) € H and j = 1,2,...,n, then H
has (O)-property.
A compact H; has (O)-property if it contains a point a = (a1, as, ..., ay,) such that |z;| < |a;]
forall x € Hy and j =1,2,...,n.
Every rectangular has (O)-property.
The set K, which is defined as follows:

K= {X e R": |xpxj| < Cpj,laj| < Cj V5, €= 1,...,n}
has (O)-property, where Cy ;,C; > 0 forall j,£=1,...,n.

n 1/2
The closed ball Bla, R] and the torus T'[a,r, R] = {x eR":r < (Z (- aj)Q) <

< R}, 0 <r <R, H:ﬂ a; # 0, have (O)-property, but, for n > 1, each ball B0, R] and the
n 1/2
torus 1[0, r, R] = {x eR": r< (Zj—1 :U?) < R}, 0 < r < R, do not have (O)-property.
Any polygon in R?, which has no vertices located on the coordinate axes, has (O)-property.
Now, we state the main theorem of this paper.
Theorem 2.1. Let K be a compact set in R™ having (O)-property and 1 < p < co. Then there
exists a constant C'r < 0o independent of f, o such that

1D%fllp < Cr sup €M N4, 1 5 (6)

Jorall o € Zy and all f € Hyp i 3.

In the sequel we need the following result.

Lemma 2.1 (Nikolskii inequality [10]). Let 0 < ¢ < p < o0, 0 = (01,09,...,0,) € R,
f € LYR™) and sp(f) C [-01,01] X ... X [—0p,0n]. Then f € LP(R™) and

1_
q

1Fllp < Coq | IT o5 [£1lq- ()

Jj=1

3=
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1562 HA HUY BANG, VU NHAT HUY

Proof of Theorem 2.1. For each o € Z'}, we define @ = (ay, ..., ), a = (ay,..., o) € R}
and two sequences of functions of n variables {Qj(x)}?zo, {v;(x) };:g as follows:
_ o7 +1
Po(x) = f(x),  Dj(x) =V;_1(x) = ®j_1(x),
1
\Ifjfl(X) = g@j,1($1, o, ... ,.’L’j,l,ajx]‘, Tjtly-- -, .Tn)
J
forall j =1,2,...,n. Clearly,
D”B\Pj_l(x) = (aj)ﬁj_l(Dﬁ(I)j_l)(l’l, Ty ey xj_1,ajxj, Tj4ly--- ,xn) (8)
and
F(@j(x)x") = F(¥—1(x)x") = F(P;-1(x)x")
forall 3 € Z} and j =1,2,...,n. Hence,
[F (@)%, = [[F(Zj2(x)x)[, = [ F(@j1G)xY)|[, Vi=1.2,....n. (€]
We see that
1
F(\Pj_l(x)xa) (y) = gf(q)j—l(xlv - ,Ij_l,ajxj, Tjtly--- ,xn)xa)(y) =
J
1 _ _ a
= W?(@j_l(l‘l, ey L1, AT, L1y e - ,a:n)(xl, ey L1, O TG, Ljgdy e e -y l‘n) )(y) =
J
- m ( ],1(X)X ) Y1,Y2,-- -, Yj—1, gjayj+17 s Yn |-
J
Therefore,
1
[P 0x)||| = | F @1 0x))| =
J
1 a;+1
_ ( o 1) H}"(ij_l(x)xo‘) Vi=12....n (10)
Observe that
aj+1
1 >2 VY 7 11
( + a; T 1> Qj € Ly ( )
Combining (10) and (11), we have
[ FW1(x)xY)]], > 2| F(@;-1(x)xY)||, VeeZ} Vji=12,...,n. (12)

From (9) and (12), we obtain
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| F(@;(x)xY)||, = | F(®j—1(x)x*)||, VaeZ} Vj=1.2,...,n (13)
Using (13), we deduce that
H}"(q)n(x)xo‘)Hl > H}"(q)o(x)xo‘)Hl = H]—"(]?(x)xo‘)Hl Va e Z7 . (14)

It is known that, for all o € Z"! ,

o~

(2m)" D" f(y) = i F (f(x)x*) (-)

and then R
| F(F)x)|, = @0)"|Dflli Va € Zn.

So, it follows from (14) that
| F(®n(x)xY)||, = @m)*|D*f|ly Vo € ZT. (15)
Next, we estimate ||F(®,,(x)x*) Hl To do that, we define

B:{BEZCLF:BJ-E{O,LQ} for all j:1,2,...,n},

My=swp2'|y|+1,  Myy= Y |D*fl
yeK a<(3,3,...,3)

where |y|| = MZ:zly]z, y = (Y1,.--,yn). Since f € H, i3 and K is compact, we have

0 < My, My < oo. From
1 _
q)j(X) = g@j_l(:tl,xg, N ,xj_l, ajxj,:rj_,_l, ey .%'n) — <I>j_1(x)
J
we see that x € supp ®;_1 or (z1,2,...,2j-1,Q;Zj,Tj+1,...,Ln) € suppP;_; for any x €
€ supp ®;, which imply
pi(supp @) < (14 1/a;)p(supp ®;-1),

sup ||x| < max{l, 1/aj} sup ||x]l,
x€supp P, xesupp @, 1

sup  [x%| < max {1, 1/(62”)} sup  |x
x€supp @, xe&supp @51

“

forall j =1,2,...,n. Applying these to j = 1,2,...,n and using 1/2 < @; < 1, we conclude that

pu(supp @p,) < 3"p(supp o) = 3"u(sp(f)) < 3"pu(K), (16)
swp xl £2° sup x| =2 sup x| < My a7
x€Esupp B, x€supp o x€sp(f)
and
sup  |[x*] <3" sup [x%¥ =3" sup |x% <3"sup|x¥. (18)
x€Esupp P, x€supp D¢ xesp(f) xeK

Let B € B, j €{1,2,...,n}. To estimate }Dﬁfbj(x)‘ we divide it into three cases.
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1564 HA HUY BANG, VU NHAT HUY

Case 1: [3; = 0. From (8) and the definition of ®;(x), we have

1 _
‘D'B@j(x)} = 5(1)6(1)]‘_1)(331,1’2, s L1, 0T, Tjgly - - .,xn) — D5<I>j_1(x) <
J
1 3 _
< 5 —1)D <I>j_1(a;1,a;2,...,xj_l,ajxj,xj+1,...,xn) +
J
+‘DB(I)]'_1(.T1, T2y ey X1, O, Tty - - - ,ﬂ?n) - Dﬁ@j_l(x)‘
and then
1
‘Dﬁ@j(x)} < ‘(a - 1)Dﬁq)j_1($1,l‘2,. . .,xj_l,ajxj,xjH, e ,.%'n) +
J
QT
+ / D6+ef<1>j,1(x1,m2,...,a:j,l,t,:cj+1,...,$n)dt <
Zj

<

1 ,
B R R R Re T

1
—1’ = (aj +1)7! and |z;] < My

Combining this, |a; — 1| = (o +2)7% < (o +1)71,
@

Vx € supp ®;, we get

My (| DPTi®; 1]l + | DP®;j_1]|o0)
o7 +1

|DP®;(x)| < Vx € supp ®;. (19)

Case 2: (; = 1. Using (8) and the definition of ®;(x), we obtain
‘DB‘I)](X)‘ == |DB(I)]'_1(I1, T2y y X1, O, Tty - - - ,a:n) - Dﬁ@j_l(x)’

and then
o;T;
‘Dﬁ(I)j(X)‘ S / D/B+ej<I)j_1(x1,1'2, N ,:L'j_l,t,l'j+1, c. ,a:n)dt S

Tj

< |(@; — Day||| D@,

oo’

which implies

1+ Q\xj\HD5+€n1>j_1HOO Vx € R™.

|DP®;(x)| <

Therefore, by (17) and |z;| < M; Vx € supp ®;, we get

My
ij—i-l

|DP®;(x)| < | DT ®;_q||  Vx € supp ;. (20)
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Case 3: [3; = 2. We have
’Dﬁq)j(xﬂ =a;(DP®;_1)(w1, 22, . 1, T, T, ) — DB 4 (x) <
< ‘(aj — 1)((D'8<I>j,1)(x1, Loy Xje1, QL Tjgly -y L) — Dﬂq)j,l(x)) )—I—

+‘(D5¢j—1)($17$27 e X1, T Ty ey Tp) — Dﬁ@jq(X)’

and then
;T
|DP®;(x)| < |(@; — 1)DP®;_1(x)| + / DPYd;_ (t, o, ..., xy)dt] <
zj
< [(@ = D[[[D @, + (@) — Dyl [ D924 .
Hence,

M ([[D7, ]|, + D02, )

DP®;(x)| < 21
‘ J(X)’ > a1 1 (21)
for all x € supp ®;. Combining (19)—(21), we conclude that, for all g € B, j € {1,2,...,n},
. Ml(HDB‘I’j—lHOO + ||D5+e“1’j—1Hoo> ”
) < .
D% < = 2
Applying (22) to j = 1,2, ..., n, we obtain the following estimate for 5 € B:
MpYy 1D+ @0 o
Dﬁq) < r<(1,1,...,1)
D@ o < 7 ;
szl(aj +1)
and then
MT M.
HDBq)nHOO < nl—” (23)
szl(aj +1)
Note that

sup |y’ F (®n(x)xY)(y)| = sup |F(D?(®,(x)x*))(y)| < [|D° (®n(x)xY)|,- (24
y€eR” yER”

From (16), (24) and the fact that || D?(®,,(x)x*)||, < u(supp ®,)||D” (®n(x)x) ||, we get

sup ‘y’g}"(@n(x)xo‘) (y)‘ < 3",u(sp(f))HD’3 (@n(x)xa) (25)

yeR? &

for all 8 € B. Using Leibniz’s rule, we have
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D (®,(x)x") = Z (i) DPF @, (x)D'x°.

Hence, it follows from (23) and (24) that, for 8 € B,

‘D/B (‘I’n(x)xo‘)‘ < Z (6) ‘DB_V(I)TZ(X)HDVXO“ < Z <B> l_rwl]wlf‘Dvxa‘.

<8 <8 j=1

SO since |D'yxa| _ ‘H ( o 'Yjaj(aj—l)(a]—’yj—kl))’ < ‘H::l (x?j_'yja;,h)’, we

see that

for all x € R™. So
4™ M M. B
1D (@(x)x") [, < L sup sup [x7] (26)
H‘ l(aj + 1) veB,y<a x€supp P,
j:

for all 8 € B. From (18), (25) and (26), we obtain

M B
sup |y7F (€,(x)x%) (y)] < gfa sup  sup [x*77| VB e B, 27)
yER™ H ) vE€By<axesp(f)
where M3 ¢ = 36" M[*M; 1(K'). Note that
n 2 n
H aj + 1+ lyj|) | 1F(@n(x)x*)(y)| <27 H (0 + 1?4+ 47) | [ F(@n(x)x*)(y)] <

< 3 aCE Dy F (@, (x)x) ()]

BeB

for all y € R™. Therefore, using (27), we get

2

sup | [ (5 + 1+ 1ys]) | [F(@n(x)x*) ()| <
yeR™ j=1

M 2)—
<> = sup  sup [x*77|
peB H ._1(ozj +1) ~eBr<axesp(f)

2
Then it follows from a’q(222) =8 < ¢(22::2) = (Hn 1(ozj + 1)) that
]:
2

suﬂg H (aj + 1+ |y]|) }}“(cl)n(x)xo‘)(y)‘ <
yeR™\ s
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n
< 3"Ms H(aj +1) sup  sup |[x*77|. (28)
j=1 YEB,y<a xesp(f)

It is easy to see that

|17 (@ (x|, < / L _dy | x

Rn (H::1 (o +1+ ’Zh’))

2

n

x | sup H (aj + 1+ |yj\) |]:(‘I>n(x)xa)(Y)|
yER”™ j=1

Then it follows from (28) and

1 27'L
/ n 2dy = — a0
R™ (szl (o +1+ Wj!)) szl(%' +1)
that

Hf((IDn(x)xa)Hl <6"Mszy sup sup [x*77]. (29)
vEB,y<axesp(f)

From (15) and (29), we deduce that

D fllx < C1 .k Ma g sup sup [€%77] (30)
7<(2,2,..,2) y<a Eesp(f)

for all o € Z'}, where Cy i = (432m)" M7 pu(K) is independent of f. Moreover, since sp(f) C K,
Map < Co k|| fllaty 50
which together with (30) implies

[D“fllh < C1xCox sup sup [EYN fllay x5+ (31
¥<(2,2,...,2) y<a E€sp(f)

Using Nikolskii inequality and sp(f) C K, we obtain that f € LP(R") and
1D fllp < Cpx [ D flIn
for all o € Z'. Combining this with (31), one has

1D fllp < C1,xCo,kCp i sup sup [€*77| Vo € ZY. (32)
1<(2,2,..,2) 7S EEK

Because K has (O)-property, there exists a constant C3 i such that

sup sup [£€277] < C3 i sup |x%| (33)
7<(2,2,.,2) 7S €K x€EK

for all o € Z"} . From (32) and (33), we confirm (6).
Theorem 2.1 is proved.
By Theorem 2.1, we have the following corollary.
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Corollary2.1. Let K be a compact set in R"™ having (O)-property, 1 < p < oo and f € Hp i 3.
Then there exists a constant C y < 0o such that

I1D°Fl < Crc s sup )
€
Jor all oo € Z . In particular,

1/lal
timsup ([ D],/ suple?[) " < 1.
EeK

|or] =00

Remark2.1. Theorem 2.1 has the potential to be applied in computational science because one
can calculate (evaluate) supgcy €] and || f[|% for f € H, k3 while it is virtually impossible
to calculate || D f||, directly.

Theorem 2.2. Let K be a compact set in R"™ having (O)-property, 1 <p < oo and f € Hp 3.
Then

p,K,3

lim _(||D* ],/ sup [¢*]) = 0.
{eK

|| =00
Proof. For any \ € [;,1) we define 1) (x) = f(Ax) and put H = Uégﬁgl(ﬁK), where
kK = {rkx:x € K}. Clearly, sp(¢») = A sp(f). So,
sp () C AK C H. (34)
Since DYy (x) = A D f(\x),
ID°allp = A= D2 f], (35)
for all o € Z'} . From (34) we obtain sp (f —v») C H. Thus, by Theorem 2.1,

[D(f = ¥a)llp < Cre sup [E¥[|f — Al 05 < Cresup [EX[f — Uallag, s 5- (36)
§eH ¢eK

Then

1D fllp/ sup [€%] < (ID(f = ¥2)llp + 1D%allp) / sup [€7] <
§EK ¢eK

< (oK sup |11 — Yallze, e + A'“'—”/anapr) / sup [€°] (37)
§eEK ¢eK
for all @ € Z'!, where the second inequality comes from (35). Hence,
1D fllp/ sup €21 < C | f = $allag, e/ (L = A*77P)
{eK
for all € Z7}, || > n. Consequently,
limsup (| D*fl/ sup [£%]) < Ck|lf = ¥allr,.u6- (38)
|ar] =00 feK
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Note that

1f = alla, s = Suﬂ5 ‘D(S,s,...,?))(@A)(X)’ —
xeR™

= sup [(DO#9 F)(x) = 3D ) ()| <

~

< sup (|DO39) Fx) — (DE39 F) )| + (1= W) (D33 ) (x0)] ).
xeH

Combining this and (38), we obtain

lim sup(||D“f||p/ sup [£*]) <
(eK

|at] =00

~ ~

< i sup (|39 Fo) — (DO PlOw) |+ (1 = XD ) (x9) ),
xeH

which implies

lim sup (||Dapr/ sup |fa|) <
teK

|| =00

~

< Cic sup | D33 F(x) — (DB3) F) )| + Cic (1 = X¥) D3I F| . (39)
xeH

DB3.3) f is uniformly continuous on R". Combing this with (39), by letting A — 1™, we conclude
that

lim ([[D*fllp/ sup |[£%]) = 0.
feK

|ar] =00

Theorem 2.2 is proved.
Remark2.2. 1t follows from Theorem 2.1 that sup FeHy 13 Anp < Ck forall o € Z7, and then
the sequence (A, f)aezi is bounded, where

Aa,p = 1D flln/ (Sup |§“\Hf\Hp,K,3>‘
{eK

Using Theorem 2.2, we obtain the stronger result: A, ¢ — 0 as |a| — oo.
Corollary2.2. Let 0 € R}, 1 < p < oo and f € Hypa, 3, where Ay = [—01,01] X ...
. X [=op,0p]. Then

lim_[|D? f]l,/o® = 0.
|a| =00
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