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FUNDAMENTAL SOLUTIONS OF THE STOKES SYSTEM
IN QUATERNION ANALYSIS?

OYHIAAMEHTAJIBHI PO3B’A3KU CUCTEMMU CTOKCA
Y KBATEPHIOHHOMY AHAJII3I

The method of quaternionic analysis in fluid mechanics was developed by several generations of mathematicians with
numerous important results. We add a small result in this direction. Thus, we introduce a new reformulation of fundamental
solutions of the Stokes system within the framework of quaternion analysis and construct integral representations for its
solutions.

Mertox KBaTepHIOHHOTO aHaJi3y B MEXaHIli pituH OyB po3poliieHui KiTbKoMa IIOKOJIiHHAMHI MaTeMaTHKIB, 1 OyJ10 OTpHMaHO
6araTo Ba)JIMBHUX pe3yibTaTiB. Y AaHill CTaTTi ZOJAHO OIUH HEBEIHMKHUIl pe3ysbTaT y oMY HAIpsMKY. Tak, HaBeAeHO HOBE
nepedopMymoBaHasa (QyHIaMEHTAIBHAX PO3B’sA3KiB cucTeMd CTOKCa B paMKaxX KBaT€PHIOHHOTO aHaJi3y Ta I0OyZOBaHO
iHTerpaibHi 300pakeHHs 11 po3B’sA3KiB.

1. Introduction. In two-dimensional problems of a continua mechanics, the advantages of complex
analysis are applied. In plane problems of the theory of elasticity, the Kolosov—Muskhelishvili
formulae provide the most convenient method to represent solutions of the Lamé —Navier system in
terms of two holomorphic functions of complex variables. The main advantages of the Kolosov—
Muskhelishvili formulae are using holomorphic functions, expansion into series, Cauchy formula and
conformal mapping techniques. In general, generalized analytic [18] or pseudoanalytic functions [1]
are more widely used in the mathematical physics [10].

In three-dimensional elasticity problem, some generalized Muskhelishvili formulae are con-
structed by several methods [2, 3, 5, 13, 19]. The displacement field is represented by using two
monogenic functions (or antimonogenic functions, W-hyperholomorphic functions) in quaternion
analysis.

The treatment of the Stokes system in the plane by complex method is introduced in [12, 20,
21]. In three-dimensional problem, the foundations of Clifford analysis method for boundary-value
problem of the Stokes system are in [8, 9, 16, 17]. The main tools to represent solutions in these
works are Teodorescu transform, Cauchy-type operator and singular integral operator of Cauchy-type.
Recent representations solutions of the Stokes system in Clifford analysis method are in [6, 7].

In this paper we introduce a new reformulation of fundamental solutions of the Stokes system in
framework of quaternion analysis, construct integral representation formulae for its solutions. With
this new representation, we can see some different structures of the solutions. Some known results:
Grigor’ev — Giirlebeck — Legatiuk — Yakovlev solution [6], Papkovich—Neuber solution [4], Naghdi—
Hsu solution [14, 15] are included in this new representation.
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FUNDAMENTAL SOLUTIONS OF THE STOKES SYSTEM IN QUATERNION ANALYSIS 1493

2. Preliminaries and notations. We recall the notation of the quaternion algebra
H = {qo + qie1 + q2€2 + g3€3 | g0, q1, 42, g3 € R},
where the quaternion units e, eg, e3 obey the multiplication rules
e% = e% = eg = -1, ejes = —ege] = €e3.

An element x = (z1, 29, 23) € R3 is identified with the reduced quaternion variable x = z1e; +
+ x9e2 + xze3 € H. An element ¢ = qo + q1e1 + gae2 + gses € H has the scalar part Sc(q) = qo
and the vector-part Vec(q) = q := qi1e1 + g2e2 + g3es. The Dirac operator in quaternion analysis is
given by

0 0

D 0 +
=e1—— €Q— €3 —.
181‘1 263)2 38.7}3

A quaternion-valued function f € C'(£2,H) of a reduced quaternion variable x is in the form
f=fo(x) +£(x) = fo(x) + fi(x)e1 + fa(x)e2 + f3(x)es,

where f;(x) € C}(Q,R), © C R3. The Dirac operator acts on the function f from the left D'f or
from the right fD" in the forms

k=1 k=1 i=0
3 3 3
of Of;i
D" = — e = e;e

With two reduced quaternion elements x and y, we use the notations of scalar product x - y and
vector product x X y,

Xy = T1Y1 + T2y2 + x3Y3,
XXy = ($2y3 - $3y2)€1 + (533?/1 - $1y3)€2 + (ﬂflyQ - 162?/1)63-

With f = fo(x) + f(x), we recall the notations

3

. ofi
div(f) = Z 03{-’
i=1 "

_(90fs Of Ofi  Ofs 9fs  Oh
rot(f) = <8$2 8333> €1 -+ <8x3 85[):[)62 —+ (8;[‘1 a@) €3.

We have the decompositions of D' f and fD"
D'f = —div(f) 4 grad(fo) + rot(f),
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1494 DOAN CONG DINH

fD" = —div(f) + grad(fo) — rot(f).

Solutions of the equation D'f = 0 (or fD" = 0) are called left (or right) monogenic functions.
Since DD = —A, the left (or right) monogenic functions are harmonic functions. We recall the

fundamental solution of the Laplace operator A by H(x,y) = with AxH(x,y) =

4dm|x —
= 0(x — y) (the Dirac-delta distribution). Then a fundamental solutior|13 of ?[’lle Dirac operator D is
given by
y—X

Arlx — y[*’
since DL E(z,y) = —D. DL H(x,y) = AxH(x,y) = §(x — y). The notation A indicates that we
apply the Laplace operator with respect to the variable x, the notation D! indicates that we apply
the left Dirac operator with respect to the variable x. The notations D7, Dé,, Dy, are used with the
analogous meaning. We recall the two basic integral formulae in quaternion analysis which will be
frequently used in this paper:

Lemma 2.1 [8, p. 86]. Let Q C R? be a bounded domain with C'-boundary. Let g,h €
€ CY(Q,H). Then we have the Stokes formula in quaternion analysis

!/gnhdS&jzi/QﬂYh+gDﬁwdx
oN Q

where n = nie + naes + nges is the outer unit normal vector of the boundary.
Theorem 2.1 [8, p. 87]. Let @ C R3 be a bounded domain with C'-boundary. Let g €
€ CYH(Q,H). Then we have the Cauchy— Pompeiu integral formula

9(y) = /E(X7y)ngd5(x) —/E(X,y)Dlgdx Vy € Q.
o0 Q

E(X7y> - _DLH(X7Y) =

By straightforward calculations, the following lemma can be proved.
Lemma 2.2. With a,b,c € R3, we have

3
1) Zz’:l e;ae; = a,
3
2) Zi:l e;abe; = —ab — 2ba,

3
3) Z e;abce; = bac — cab + cba,
=1
4) Re(abc+ cba) =0,
5) Vec(abc — cba) = 0.
The linearized and stationary equations of the incompressible viscous fluid are modeled by the
Stokes system consisting of the equations in the form

—pAu+ gradp =1,

divu = 0.
Here u and p are the velocity and pressure of the fluid flow, respectively, which are the unknowns; f
corresponds to a given forcing term, while p is the given dynamic viscosity of the fluid. The Stokes
system is rewritten in quaternion analysis in the forms
D'(uD'a+p) =f, (puD" +p)D" = {,
or
D'u+uD" =0 D'u+uD" = 0.
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3. Fundamental solutions of the Stokes system. The three pairs of fundamental solutions
(Vi(x,¥), Qr(x,y)), k = 1,2,3, of the Stokes system satisfy

pALVE(x,y) — grad, Qr(x,y) = d(x — y)ey,
divx Vi (x,y) = 0.

They are given by [11]

3
-1 1 (wr — yr) (@i — yi)e;
Vi(x,y) = [,y_){,ek‘f‘z ly — x|3 ’
i=1

Qr(x,y) = i < ! )

4|y — x|

We rewrite Vi (x,y), Qr(x,y) in the forms
1
Vi(x,y) = o lerH(x,y) + (zx — yr) E(x,y)] =

== [BerH(x,y) + (y - x)er E(x,y)] =

4p
= - B (x.y) + Blx.yjerly — ).
0 —
Quxy) =~ Hxy) = 5 [Bxye+ aB(xy)], k=123

Let a(x) = ap(x) + ai(x)e; + aa(x)e2 + as(x)es € H be a quaternion valued function in variable
x. We define

Loj(x,y) = 1-BaH(xy) +(y ~ X)aB(xy)] =

a
(7)) 3

= ?H(Xa y) + Z aka(X7 y)

k=1

Lemma 3.1. The three pairs of functions (Vi.(x,y), Qr(x,¥)), k = 1,2, 3, are the fundamental
solutions of the Stokes system

pAVi(X,y) — DLQi(x,y) = 0(x — y)ex,
Di(vk<X7Y>+Vk(X7Y)D;:O> k= 17273'
Proof. We prove the lemma by straightforward calculations in quaternion analysis:

uDLVi(x,y) + Qr(x,y) =

1

= iDﬁc [ekH(X,y) + (xf — yk)E(X,y)] — %[E(x,y)ek + ekE(X,y)] =
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1496 DOAN CONG DINH

= S [ BGe y)er + enBxy)] - 3 [Bley)er + exBxy)] = ~B(xy)ex.

Dy (uAxVi(x,y) — DyQr(x,y)) = Dy E(x,y)ey, = 6(x — y)ex,

3.1)
1

DY [ekH(x, y) + (xx — yr) E(x, y)]+
+21'u [ekH(X, y) + (xk — yk)E(X, y)}D; _
= 21,u [—E(x,y)ek +erE(x,y) — e E(x,y) + E(X,y)ek] —0.

4. Integral representation formulae. The classical integral representation formulae for solu-
tions of the Stokes system in matrix form or vector form are in [11, 20]. In this section, we introduce
a new representation of the solutions in quaternion analysis.

Lemma 4.1. Let Q C R? be a bounded domain with C'-boundary, u,v € C*(Q,R3), p,q €
€ CL(Q,R). Suppose that (u,p) and (v,q) are solutions of the systems

—pAu+gradp =1, —pAv + gradq = 0,
and
divu = 0, divv = 0.
Then we have the integral formula

/[(,uuDT +p)nv + va(uD'u+ p) — (uwD" + ¢)nu — un(uD'v + q) |dS(x) =
o0

:/m+ﬁmx

Q

Proof. Applying Lemma 2.1 four times for four pairs of functions (puD" +p,v), (v, pD'u+p),
(uvD" +q,u), (u, uD'v + q), we have

/[(,uuDr +p)nv + va(uD'u+ p) — (uvD" 4 ¢)nu — un(uD'v + q)|dS(x) =
o0

= / {(MuDT + p)D"v + (puD" + p)D'v + vD'(uD"a + p) +
Q

+vD"(uD'a+ p) — (uvD" + ¢)D"a — (uv D" + q)D'u—

—uD!(uD'wv 4 q) —uD"(uD'v + q) |dx =

= /(fv + vf) dx.

Q
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FUNDAMENTAL SOLUTIONS OF THE STOKES SYSTEM IN QUATERNION ANALYSIS 1497

Theorem 4.1. Let Q@ C R> be a bounded domain with C'-boundary, u € C?(Q,R?), p €
CYH(Q,R). If (u,p) satisfy the Stokes system in §) then, for all y € €,

p(y) = /Exy )n(pDa + p) dS(x) /Exyfdx
oN

Proof. Since p(y) = Sc(uD'u + p) and D!(uD'ua+ p) = f, the theorem is proved by applying
the Cauchy — Pompeiu integral formula in Theorem 2.1 for the function pDu + p in €,

Dhu(y) + ply /Exy )n(uD'a + p) dS(x) /Exyfdx
o0
Theorem 4.2. Let 2 C R3 be a bounded domain with C'-boundary, u € C?(2,R?), p €
€ CHQ,R). If (w,p) satisfy the Stokes system in S then, for all y € ,
u(y) = /[E(x y)nu + L, ptup) (X y dS /,C[f] x,y)d 4.1)
o0

Proof. First, we construct integral representation formulae for three components of u(y). Let
y € Q arbitrarily. Choose ¢ > 0 such that

By ¢ = {XGR:SHy—x\Se}CQ.

Denote €2 := Q\ By .. Applying Lemma 4.1 for two pairs of the functions (u(x),p(x)) and
(Vk(x,¥), Qx(x,y)) in the domain ., we have

Ap.00.(¥) — Broo. (y) = Teo (¥), 4.2)
where

Aronly) = [ [(uD" + pViey) + Vixyn(uDl + )] dS(x).
o0

Brony) = [ [(aV(x,¥) D5 + Quloy))mu -+ un(uDLVi(x,y) + Qu(x,)) | dS(x).
o0

Troly) = / (Ve y)E + EVi(x, 3))dx.
Q

Since 9. = 02U OBy ., the equality (4.2) becomes
Ar00.(¥) — Broo(y) + Brosy, . (¥) = Tro.(¥)-

Let € — 0T in the above equality. Then we obtain

El_i>lgl+ Ar,00.(Y) = Aro00(y), lim 70, (y) = Tro(y)-

e—0t
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1498 DOAN CONG DINH

We shall find the limit lim,_,g+ By.oB, . (y)- By (3.1) we have
pDLVi(x,y) + Qr(x.y) = —E(x.¥)er,

MVk(X, y)D; + Qk<x7 y) = _ekE(X7 }’>7

lim Byop,(y) =~ lim / [ex E(x, y)nu(x) + u(x)nE(x, y)ey] dS(x) =

e—0t
ly—x|=e

e—0t
ly—x|=e¢

——tm [ [eBGy)mu®) +uk)nBx y)e]dsx) -

—leru(y) +u(y)er] = 2ur(y).
We obtain the representation for uy(y):

1
ug(y) = 5 [Broo(y) + Traly) — Arealy)], k=1,2,3.

Combining the three components of the function u, we obtain

3
= % [Z exBroa(y Z exTea(y Z exAk,00(y ]
k=1

We shall simplify the three terms in (4.3). Simplifying the first term of (4.3):

3

> exBroa(y) /Zek (1Vi(x, y) Dy + Qr(x,y))nu+

k=1 a0 k=1
+un(uD Vi (x,y) + Qu(x, Y))} dS(x) =

/Zek exE(x,y)nu + unE(x,y)ex|dS(x) =
a0 k=1

]

o0

3
3E(x,y)nu - Y epunB(x, y)ek] dS(x) =
k=1

= / [2E(x,y)nu — nuE(x,y) + E(x,y)un]dS(x) =
o0

= 2/Vec[E(x,y)nu]dS(x).

Simplifying the second term of (4.3):

3

3 3
Zek'ﬁc@(y) = /(Z eka(x,y)f+Zekak(x,y)> dx,
Q

k=1 k=1 k=1

(4.3)

4.4)
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2
Zeka x,y)f o H(x,y)f, (4.5)
Zekka (x,¥) Zekf enH(x,y) + (z — yp) E(x,y)] =
k=1
= Ly 4 S (x - y)EE(xY) 4.6)
= g Y+ o (x—y Y). :
Combining (4.5), (4.6), we have
3 ~1
S aTia®) = 5, [ BEYE+ (v - xtEx.y)]dx =
k=1 2u A
= —Q/E[f] (x,y) dx. 4.7
Q
Simplifying the third term of (4.3):
3 3
> erdion(y) =3 [ exl(uuD” + puviey)+
+Vi(x, y)n(uDu + p)]dS(x),
3 1 3
> er(puD” + p)nVi(x,y) = % > er(uuD” +p)nlexH(x,y) + (. — yr) E(x,y)] =
k=1 k=1
LS cx(uuD” + pnei G y) + 2 (x — y)(uD’ 4 pnE(x,y)
= — u n X — (X — u n X =
PG pInerH(x,y) + 2 (x = y)(u p Y
1 l 1
=5 Dunf(x,y) + nD'uH(x,y) + o—pnH(x,y)+
1
o X y)(—uD'u+ p)nE(x,y), (4.8)

3

1
Z exVi(x, y)n(uD'u + p) = o Z exlenH (x,y)+
. k=1

+(zk — yo) E(x,y)In(uD'u + p) =
= 3 IR+ p) + 5 (x =) B, y)n(uDu+ p) =

= —iH(x, y)n(uD'u + p). (4.9)

Combining (4.8), (4.9), we get
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-1
Z e Ako0 = m /{3 [,unDlu — puD'un + 2pn} H(x,y)+
= o0N

+(y — x) {unDlu — pD'un + 2pn] E(x, y)} dS(x) =

= _2/£[pn><Dlu+pn] (x,y)dS(x) =
=2 / [’[n(,uDlqup)] (Xv Y) dS(X) —2p / ‘c[n-Dlu] (X) Y) dS(X) =

:—2/£n(uDlu+p)}(X y)dS(x —2/H x,y)n-D'udS(x).
o0

Finally, from (4.4), (4.7), (4.10), we obtain an integral representation formula for u:

u(y) = / [Vec(E(x,y)nu) + H(x,y)n-D'u]dS(x)+
o2

/E[n uDlu+p)] X, y)dS(x /ﬁ[f] X,y)d

We shall prove that

/ [Vec(E(x,y)nu) + H(x,y)n - D'u] dS(z) /E x,y)nudS(x).

o0

Let y € Q be choosen arbitrarily. Choose € > 0 such that
By := {:EERSHy—x] <e}CO
Denote € := Q2 \ By .. Applying Lemma 2.1, we have

/ [E(x,y)nu+ H(x, y)nDlu] dS(x) =
O

= /[E(x, y)D'u + (DLH(X, y)D'u — H(x, y)Au)] dx =
Qe

—/H(x,y)Au dx (by definition E(x,y) = —DLH(x,y)).
Qe

Let € — 0T in the above equality. Then we obtain

/ [E(x,y)nu + H(x,y)nDlu] dS(x) —u(y) = —/H(x,y)Au dx.

o0 Q

(4.10)

(4.11)

(4.12)
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It implies that / [Sc(E(x,y)nu) — H(x,y)n-Dlu} dS(x) = 0. Then

o0N

/ [Vec(E(x,y)nu) + H(X,y)n-Du] dS(x) =
o0

= / [Vec(E(x,y)nu) + Sc(E(x,y)nu)]dS(x) = /E(x, y)nudS(x).
o0N o0N
From (4.11), (4.12), we get the formula (4.1).

Theorem 4.2 is proved.
5. Solutions of homogeneous Stokes system. We consider the homogeneous system

—Au+ gradp =0,
(5.1)

div u=0.

The representation (4.1) becomes

uy) = / B y)0U + L (%, 3) | dS (). (5.2)
[2}9)
In the following, we shall show that in a bounded domain with C'-boundary, the representation (5.2)
covers some results in [4, 6, 14, 15].
The Grigor’ev — Giirlebeck — Legatiuk — Yakovlev solution [6].
Theorem 5.1. Let @ C R3 be a bounded domain with C'-boundary, u € C?(2,R3?), p €

€ CH(,R). The pair (u,p) is a solutions of the system (5.1) in Q if and only if there exist three
quaternion valued functions h, g, G in ), satisfying the conditions

D'h=0, Dlg=0, D'G=yg,

Se(G) =0, Selg) = 1-p. Se(h(x) +g(x)x) =0,

such that u, p admit the representations
u(x) = h(x) + 3G(x) + g(x)x,

p(x) = 4uSc(g(x)).

(5.3)

Proof. Suppose that (u, p) is a pair of solutions of the system (5.1) in €. Rewrite the represen-
tation (5.2) in the form

u(y) = /Enu ds(x) — ;/E(x,y)n(uDlu +p)xdS(x)+
o0 Maﬂ

3
+4M/H(X,y)n(uDlu+p) dS(x)+
o0
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1
+4Maé E(x,y)n(uD"u+ p)y dS(x).
Define
h(y) = 41M / E(x,y)n[,uu — (uD'u +p)x] ds(x), (5.4)
o0
o¥) = 3 [ Bex.yIn(uD'u+p)dS(0 = 1-(uD'u+ p) (55)
BlY)
Gly) = Zju/ [H(x,y)n(uD'u+ p) + pE(x, y)nu]dS(x). (5.6)
o0

Then D'g = 0, D!G = g, and, from (4.12), it follows that Sc(G) = 0. We obtain the representa-
tion (5.3).
Conversely, suppose that there are three quaternionic valued functions ki, g, G in € such that

1
D'h =0, D!g =0, D!G = g, Sc(g) = P Sc(h(x) + g(x)x) = 0. Let u, p defined by (5.3).
w
We shall prove that (u, p) satisfy the system (5.1). We have
ug(x) = ho(x) — g(x)x =0,

uDa(x) + p(x) = uD'(x) +3G(x) + g(x)x] + dpgo(x) =
3
=3ug(x) + 1Y _ eig(x)e; + dpgo(x) =
=1

= 3ug(x) — 3ugo(x) + pg(x) + 4pugo(x) = 4pug(x),
D'(uD'u+p) = 4uD'g(x) =0,
u="h+3G+ go(z)x + (r382 — vag3)e1 + (183 — x381)e2 + (w281 — T182)es,

. . . ogo 0go 0go
d =div(h d = =) “s0
iv(u) iv(h) + 3div(G) + 3g0 + =1 . + x2 Dy + x3 8$3+
0g2 0g3 0g3 og1 0g1 0g2
+£Cg 8951 2 a{El + e 61'2 3 833'2 + 2 8:133 1 8$3 '

(5.7)
Since D'h = 0, D'G = g, substituting div(h) = 0, div(G) = —g into (5.7), we get

9 ) %) ) ) )
div(u) = o, (280 4 988 _982) (080 083  O81)
8.21?1 8172 8%3

8$2 8301 6:B3

Theorem 5.1 is proved.
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The Papkovich — Neuber solution [4].

Theorem 5.2. Let Q C R? be a bounded, is simply connected domain with C*-boundary, u €
€ C%(Q,R3), p € CY(Q,R). The pair (u,p) is a solutions of the system (5.1) in Q if and only if
there exist a harmonic vectors ® and a harmonic scalar function ¥ in ) such that

1
u=%o— —grad(x-®+ V),
2 (5.8)

p = —pdiv(®).

Proof. Suppose that (u,p) is a pair of solutions of the system (5.1) in €. The representation
formula of p reads

ply) = Se / E(x, y)n(uD'u + p) dS(x).
o0

Define

O(y) =4G = M/ [H(x,y)(,unDlu + pn) + E(x,y)nu|dS(x).
oN

Then A® = 0. Further,

—pdiv [®(y)] = uSc[DL®(y)] = Sc/E(x,y)(,unDlu+pn) dS(x) =
50

—Sc / E(x,y)n(uD'a + p) dS(x) = p(y),
o0

1
u-— <<I> —5 grad(x - <I>)> = h(x) + 3G + g(x)x — 4G + 2 grad(x - G),

D [u _ <<1> ~ 5 arad(x @))] — DG + D(g(x)x) - 2A(x - G) =

3
= —g+ ) eig(x)e; — 4div(G) = —g — 3go + & + 490 = 0.
i=1
There exists a real-valued harmonic function ¥ such that
u-— <<I> - %grad(x : <I>)> = grad(—V).
It leads to the Papkovich—Neuber representation
uz@—%grad(x-@—i—\ll).

Conversely, suppose that ® is a harmonic vectors and W is a harmonic scalar function in 2. The pair
(u,p) is defined by (5.8). Then

pD'u+p = pD'® — g(DZ)Q(X @+ ) +p=

ISSN 1027-3190. Ykp. mam. ocypn., 2022, m. 74, Ne 11



1504 DOAN CONG DINH
Z,LLlel)-F%A(X'(I)-F‘I’)—l-p:
= uD'® + pdivd + p = uD'®,

DY(uD'u+p) = —Ad =0.

That means (u, p) satisfy the system (5.1).

Theorem 5.2 is proved.

The Naghdi - Hsu solution [14, 15].

Theorem 5.3. Let Q C R® be a bounded domain with C'-boundary, u € C*(Q,R3), p €
€ CY(Q,R). The pair (u,p) is a solutions of the system (5.1) in Q if and only if there exists a
harmonic vector ® in ) such that

u=%o - grad/H(x,y)div(@) dx,
Q

(5.9)
p = —pdiv(®).
Proof. Suppose that (u,p) is a pair of solutions of the system (5.1) in €. Define
1
O(x) =4G = / [H(x,y)(nDu + pn) + E(x,y)nu|dS(x).
1
Gl9)

Then A® = 0 and p = —pdiv(P). We shall prove that u = & — grad / H(x,y)div(®) dx. We
Q
have
u(y) — ®(y) = h(y) +3G(y) + 9(y)y —4G = h(y) - G(y) + 9(y)y =
1
= 1| D" + i)y - / E(x, y)n(uD"u + p)x dS(x) -
o0

_/H(va)nlequp) dS(x)| =
o0

=~ [ Pocy)D D+ p)xldx - [ Blxy) D+ p)dx =
Q

4p

Q

1 l 1 l
" E(x,y)[-3p+ pD U]dX+@ E(x,y)(pDu+p)dx =

Q Q
1 1 .
= M Ex,y)pdx = ﬁDy H(x,y)pdx = —grad, [ H(x,y)div(®)dx.
Q Q

Conversely, suppose that ® is a harmonic vectors in 2. The pair (u,p) is defined by (5.9). Then

pDa + p = puD'® — (D> / H(x,y)div(®)dx +p =
Q
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= uD'® + pA / H(x,y)div(®)dx +p =
Q

= uD'® + pdiv(®) + p = puD'®,
DY(uD'a +p) = —Ad = 0.

That means (u, p) satisfy the system (5.1).

Theorem 5.3 is proved.

6. Conclusions. In this paper, we reformulate the fundamental solutions of the Stokes system in
quaternion forms. Then using these fundamental solutions, we construct new integral representations
for solutions of the Stokes system in framework of quaternion analysis. In classical real analysis,
matrix notations are used in the integral representation formulae. In quaternion analysis, integral
representation formulae are more compact and we can see some different structures of the solutions.
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