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ON THE PROBLEMS OF UNIQUENESS OF MEROMORPHIC MAPPINGS
FROM COMPLETE KÄHLER MANIFOLDS INTO PROJECTIVE VARIETIES

ПРО ПРОБЛЕМИ ЄДИНОСТI МЕРОМОРФНИХ ВIДОБРАЖЕНЬ
ПОВНИХ МНОГОВИДIВ КАХЛЕРА У ПРОЄКТИВНI МНОГОВИДИ

We prove the unicity theorems for meromorphic mappings of a complete Kähler manifold into projective varieties\dagger sharing
few hypersurfaces in subgeneral position without counting multiplicities, where all zeros with multiplicities greater than
a certain number are omitted. We also present the uniqueness theorem in which the assumption of nondegeneracy of the
mappings is no longer required. These results are extensions and generalizations of some recent results.

Доведено теорему єдиностi для мероморфних вiдображень повного многовиду Кахлера в проєктивнi многовиди, що
мають кiлька спiльних гiперповерхонь у пiдзагальному положеннi, без пiдрахунку кратностей, де всi нулi з кратнiс-
тю бiльше певного числа пропущено. Також наведено теорему єдиностi, в якiй припущення про невиродженiсть
вiдображень бiльше не вимагається. Цi результати є розширеннями та узагальненнями деяких останнiх результатiв.

1. Introduction. In 1926, R. Nevanlinna showed that two distinct nonconstant meromorphic func-
tions f and g on the complex plane \BbbC can not have the same inverse images for five distinct values.
Over the last few decades, there have been many generalizations of Nevanlinna’s result to the case
of meromorphic mappings from \BbbC m into the complex projective space \BbbP n(\BbbC ).

We now consider the general case, where f : M \rightarrow \BbbP n(\BbbC ) is a meromorphic mapping of an
m-dimensional complete Kähler manifold M into \BbbP n(\BbbC ).

For \rho \geq 0, we say that f satisfies the condition (C\rho ) if there exists a non-zero bounded conti-
nuous real-valued function h on M such that

\rho f\ast \Omega + ddc \mathrm{l}\mathrm{o}\mathrm{g} h2 \geq Ric\omega ,

where f\ast \Omega is the full-back of the Fubini – Study form \Omega on \BbbP n(\BbbC ) by f, \omega =

\surd 
 - 1

2

\sum 
i,j
hi\=jdzi \wedge 

\wedge dzj is Kähler form on M, Ric\omega = ddc \mathrm{l}\mathrm{o}\mathrm{g}(\mathrm{d}\mathrm{e}\mathrm{t}(hij)), d = \partial + \partial and dc =

\surd 
 - 1

4\pi 
(\partial  - \partial ).

In 1986, Fujimoto [3] firstly gave a new type of uniqueness theorem for linearly nondegenerate
meromorphic mappings of complete Kähler manifold M, whose universal covering is biholomorphic
to a ball in \BbbC m, into \BbbP n(\BbbC ) satisfying condition (C\rho ). Since that time, uniqueness problems for
meromorphic mappings over M sharing few hyperplanes as well as hypersurfaces have been studied
intensively by many authors such as [5, 9] and others. Recently, Chen and Han [1, 7] obtained the
uniqueness theorems for meromorphic mappings from M into smooth projective algebraic varieties
V intersecting hypersurfaces located in subgeneral position. To state their result, we recall the
following notation.

1 Corresponding author, e-mail: thoanpd@huce.edu.vn.
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Let N \geq n and q \geq N + 1. Let V be a complex projective subvariety of \BbbP n(\BbbC ) of dimension
k (k \leq n). Let Q1, . . . , Qq, q \geq k + 1, be q hupersurfaces in \BbbP n(\BbbC ). The family of hypersurfaces
\{ Qi\} qi=1 is said to be in N -subgeneral position with respect to V if, for any 1 \leq i1 < . . . < iN+1 \leq 

\leq q, V \cap 
\biggl( \bigcap N+1

j=1
Qij

\biggr) 
= \varnothing .

When N = n, we say that \{ Qi\} qi=1 is in general position with respect to V.
Now, let d be a positive integer. We denote by I(V ) the ideal of homogeneous polynomi-

als in \BbbC [x0, . . . , xn] defining V and by Hd the vector space of all homogeneous polynomials in
\BbbC [x0, . . . , xn] of degree d. Define

Id(V ) :=
Hd

I(V ) \cap Hd
and HV (d) := \mathrm{d}\mathrm{i}\mathrm{m} Id(V ).

Then HV (d) is called the Hilbert function of V. Each elements of Id(V ) which is an equivalent class
of an elements Q \in Hd, will be denoted by [Q].

Let f : M \rightarrow V be a meromorphic mapping. We say that f is degenerate over Id(V ) if there
is [Q] \in Id(V )\setminus \{ 0\} such that Q(f) = 0. Otherwise, we say that f is nondegenerate over Id(V ).

It is clear that if f is algebraically nondegenerate (i.e., the image of f is not contained in any
hypersurfaces of \BbbP n(\BbbC )) then f is nondegenerate over Id(V ) for every d \geq 1.

Theorem A ([1], Theorem 4.1). Assume V \subseteq \BbbP n(\BbbC ) is an irreducible projective algebraic vari-
ety of dimension k(\leq n). Let f, g : B(1)(\subseteq \BbbC m) \rightarrow V be two algebraically nondegenerate meromor-
phic mappings, both satisfying the condition (C\rho ). Let D1, D2, . . . , Dq be q hypersurfaces in \BbbP n(\BbbC )
of degrees d1, d2, . . . , dq, located in N -subgeneral position (N \geq n) with respect to V. Suppose

further that \mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}r\rightarrow 1

Tf (r, r0) + Tg(r, r0)

\mathrm{l}\mathrm{o}\mathrm{g}
1

r  - 1

<\infty and f, g satisfy the following conditions:

(i) f - 1(Dj) = g - 1(Dj) for j = 1, 2, . . . , q,

(ii) f = g on \cup q
j=1f

 - 1(Dj),

(iii) f - 1(Dj \cap Dj\prime ) has dimension at most m - 2 for 1 \leq j < j\prime \leq q.

Then, one has f \equiv g provided, for the least common multiple d of d1, d2, . . . , dq,

q >
2N  - k + 1

k + 1

\Bigl\{ 
HV (d) +

\rho 

d
HV (d)(HV (d) - 1)

\Bigr\} 
+

2

d
(HV (d) - 1).

Our purpose in this article is to extend Theorem A to general cases. In the concrete, we will
consider nondegenerate meromorphic mappings over Id(V ) sharing hypersurfaces without counting
multiplicity, where all zeros with multiplicities more than a certain number are omitted in the first
result. In the other, we omit the condition of nondegeneracy over Id(V ) of the mappings.

In theorems below, we denote by \nu \varphi the zero divisor of meromorphic function \varphi . For a positive
integer k or k = +\infty , we set

\nu \varphi ,\leq k(z) =

\Biggl\{ 
0 if \nu \varphi (z) > k,

\nu \varphi (z) if \nu \varphi (z) \leq k,

and \nu \varphi ,>k(z) is similarly defined.
The following theorem is a generalization of Theorem A.
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Theorem 1.1. Let M be a complete, connected Kähler manifold whose universal covering is
biholomorphic to B(R0) \subset \BbbC m, where 0 < R0 \leq \infty . Let V be a complex projective subvariety of
\BbbP n(\BbbC ) of dimension k, k \leq n. Let \{ Qi\} qi=1 be hypersurfaces of \BbbP n(\BbbC ) in N -subgeneral position
with respect to V with \mathrm{d}\mathrm{e}\mathrm{g}(Qi) = di, 1 \leq i \leq q. Let d be the least common multiple of d \prime 

is,

i.e., d = lcm(d1, . . . , dq). Let f, g : M \rightarrow V be nondegenerate meromorphic mappings over Id(V )

satisfying the condition (C\rho ) for \rho \geq 0 with

\mathrm{d}\mathrm{i}\mathrm{m}
\bigl\{ 
z : \nu Qi(f),\leq ki\nu Qj(f),\leq kj (z) > 0

\bigr\} 
\leq m - 2, i \not = j,

where k1, . . . , kq are positive integers or +\infty . Assume that

(i) \mathrm{m}\mathrm{i}\mathrm{n}\{ \nu Qi(f),\leq ki , 1\} = \mathrm{m}\mathrm{i}\mathrm{n}\{ \nu Qi(g),\leq ki , 1\} for all 1 \leq i \leq q,

(ii) f = g on
\bigcup q

i=1

\bigl\{ 
z : \nu Qi(f),\leq ki(z) > 0

\bigr\} 
.

If q >
(2N  - k + 1)HV (d)

k + 1
+
\sum q

i=1

HV (d) - 1

ki + 1
+

\rho (2N  - k + 1)HV (d)(HV (d) - 1)

d(k + 1)
+

+
2(HV (d) - 1)

d
, then f \equiv g.

When the assumption on linearly nondegeneracy or algebraically nondegeneracy or nondegene-
rate over Id(V ) of the mappings are dropped, we have the following theorem.

Theorem 1.2. Let M, V and \{ Qi\} qi=1 be as in Theorem 1.1. Let f, g : M \rightarrow V be meromorphic
mappings satisfying the condition (C\rho ) for \rho \geq 0 with

\mathrm{d}\mathrm{i}\mathrm{m}
\bigl\{ 
z : \nu Qi(f),\leq ki\nu Qj(f),\leq kj (z) > 0

\bigr\} 
\leq m - 2, i \not = j,

where k1, . . . , kq are positive integers or +\infty . Assume that

(i) \mathrm{m}\mathrm{i}\mathrm{n}\{ \nu Qi(f),\leq ki , 1\} = \mathrm{m}\mathrm{i}\mathrm{n}\{ \nu Qi(g),\leq ki , 1\} for all 1 \leq i \leq q,

(ii) f = g on
\bigcup q

i=1

\bigl\{ 
z : \nu Qi(f),\leq ki(z) > 0

\bigr\} 
.

If q > NHV (d) +
\sum q

i=1

HV (d) - 1

ki + 1
+
\rho NHV (d)(HV (d) - 1)

d
+

2(HV (d) - 1)

d
, then f \equiv g.

2. Basic notions and auxiliary results from Nevanlinna theory. We will recall some basic
notions in Nevanlinna theory due to [6, 8, 10].

2.1. Counting function. We set | | z| | =
\bigl( 
| z1| 2 + . . .+ | zm| 2

\bigr) 1/2
for z = (z1, . . . , zm) \in \BbbC m

and define

B(r) := \{ z \in \BbbC m : | | z| | < r\} , S(r) := \{ z \in \BbbC m : | | z| | = r\} , 0 < r \leq \infty ,

where B(\infty ) = \BbbC m and S(\infty ) = \varnothing . Define

vm - 1(z) :=
\bigl( 
ddc| | z| | 2

\bigr) m - 1
and \sigma m(z) := dclog| | z| | 2 \wedge 

\bigl( 
ddclog| | z| | 2

\bigr) m - 1
on \BbbC m \setminus \{ 0\} .

A divisor E on a ball B(R0) is given by a formal sum E =
\sum 

\mu \nu X\nu , where \{ X\nu \} is a locally

family of distinct irreducible analytic hypersurfaces in B(R0) and \mu \nu \in \BbbZ . We define the support

of the divisor E by setting supp(E) =
\bigcup 

\mu \nu \not =0
X\nu . Sometimes, we identify the divisor E with a

function E(z) from B(R0) into \BbbZ defined by E(z) :=
\sum 

X\nu \ni z
\mu \nu .

Let M,k be positive integers or +\infty . We define the truncated divisors E[M ] by
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E[M ] :=
\sum 
\nu 

\mathrm{m}\mathrm{i}\mathrm{n}\{ \mu \nu ,M\} X\nu 

and the truncated counting function to level M of E by

N [M ](r, r0;E) :=

r\int 
r0

n[M ](t, E)

t2m - 1
dt, r0 < r < R0,

where

n[M ](t, E) :=

\left\{       
\int 

supp(E)\cap B(t)
E[M ]vm - 1 if m \geq 2,\sum 

| z| \leq t
E[M ](z) if m = 1.

We omit the character [M ] if M = +\infty .

Let \varphi be a non-zero meromorphic function on B(R0). We denote by \nu 0\varphi (resp., \nu \infty \varphi ) the divisor
of zeros (resp., divisor of poles ) of \varphi . The divisor of \varphi is defined by \nu \varphi = \nu 0\varphi  - \nu \infty \varphi .

For a positive integer M or M = \infty , we define the truncated divisors of \nu \varphi by

\nu [M ]
\varphi (z) = \mathrm{m}\mathrm{i}\mathrm{n} \{ M,\nu \varphi (z)\} , \nu 

[M ]
\varphi ,\leq k(z) :=

\left\{   \nu 
[M ]
\varphi (z) if \nu 

[M ]
\varphi (z) \leq k,

0 if \nu 
[M ]
\varphi (z) > k.

We will write N\varphi (r, r0) and N [M ]
\varphi ,\leq k(r, r0) for N(r, r0; \nu 

0
\varphi ) and N [M ](r, r0; \nu 

0
\varphi ,\leq k), respectively.

2.2. Characteristic function. Let f : B(R0)  - \rightarrow \BbbP n(\BbbC ) be a meromorphic mapping. Fix a
homogeneous coordinates system (w0 : \cdot \cdot \cdot : wn) on \BbbP n(\BbbC ). We take a reduced representation f =

= (f0 : \cdot \cdot \cdot : fn), which means fi, 0 \leq i \leq n, are holomorphic functions and f(z) =

= (f0(z) : \cdot \cdot \cdot : fn(z)) outside the analytic subset \{ f0 = . . . = fn = 0\} of codimension at least two.

Set \| f\| =
\bigl( 
| f0| 2 + . . .+ | fn| 2

\bigr) 1/2
. Let H be a hyperplane in \BbbP n(\BbbC ) defined by H = \{ (\omega 0, . . . , \omega n) :

a0\omega 0 + . . . + an\omega n = 0\} . We set H(f) = a0f0 + . . . + anfn and \| H\| =
\bigl( 
| a0| 2 + . . .+ | an| 2

\bigr) 1/2
.

Then the pull-back of the normalized Fubini – Study metric form \Omega on \BbbP n(\BbbC ) by f is given by
f\ast \Omega = ddc \mathrm{l}\mathrm{o}\mathrm{g} | | f | | 2.

The characteristic function of f (with respect to Fubini – Study form \Omega ) is defined by

Tf (r, r0) :=

r\int 
t=r0

dt

t2m - 1

\int 
B(t)

f\ast \Omega \wedge vm - 1, 0 < r0 < r < R0.

By Jensen’s formula we have

Tf (r, r0) =

\int 
S(r)

\mathrm{l}\mathrm{o}\mathrm{g} | | f | | \sigma m  - 
\int 

S(r0)

\mathrm{l}\mathrm{o}\mathrm{g} | | f | | \sigma m, 0 < r0 < r < R0.

Through this paper, we assume that the numbers r0 and R0 are fixed with 0 < r0 < R0. By
notation “| | P ”, we means that the asseartion P holds for all r \in [r0, R0] outside a set E such that\int 
E
dr <\infty in case R0 = \infty and

\int 
E

1

R0  - r
dr <\infty in case R0 <\infty .

ISSN 1027-3190. Укр. мат. журн., 2022, т. 74, № 11



1510 DUC THOAN PHAM, NGOC QUYNH LE, THI NHUNG NGUYEN

2.3. Some propositions. Let \{ Qi\} qi=1 be q hypersurfaces in \BbbP n(\BbbC ) of the common degree d.
Assume that each Qi is defined by a homogeneous polynomial \~Qi \in \BbbC [x1, . . . , xn+1]. We regard
\BbbC [x1, . . . , xn+1] as a complex vector space and define rank\{ Qi\} i\in R = rank\{ \~Qi\} i\in R for every subset
R \subset \{ 1, . . . , q\} . It is easy to see that

rank\{ Qi\} i\in R = rank\{ \~Qi\} i\in R \geq n+ 1 - \mathrm{d}\mathrm{i}\mathrm{m}

\Biggl( \bigcap 
i\in R

Qi

\Biggr) 
.

Hence, if \{ Qi\} qi=1 is in N -subgeneral position, by the above equality, we have rank\{ Qi\} i\in R \geq n+1

for any subset R \subset \{ 1, . . . , q\} with \sharp R = N + 1.

Proposition 2.1 ([6], Lemma 3). Let V be a complex projective subvariety of \BbbP n(\BbbC ) of dimen-
sion k, k \leq n. Let \{ Qi\} qi=1, q > 2N  - k+1, be q hypersurfaces of the common degree d in \BbbP n(\BbbC )
located in N -subgeneral position with respect to V. Then there are positive rational constants \omega i,

1 \leq i \leq q, satisfying the following:
(i) 0 \leq \omega i \leq 1 \forall i \in Q = \{ 1, . . . , q\} .
(ii) Setting \~\omega = \mathrm{m}\mathrm{a}\mathrm{x}i\in Q \omega i, one gets

\sum q

i=1
\omega i = \~\omega (q  - 2N + k  - 1) + k + 1.

(iii)
k + 1

2N  - k + 1
\leq \~\omega \leq k

N
.

(iv) For R \subset \{ 1, . . . , q\} with its cardinality \sharp R = N + 1, then
\sum 

i\in R
\omega i \leq k + 1.

(v) Let Ei \geq 1, 1 \leq i \leq q, be arbitrarily given numbers. For R \subset \{ 1, . . . , q\} with \sharp R = N+1,

there exists subset Ro \subset R such that \sharp Ro = \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\{ Qi\} i\in Ro = k + 1 and\prod 
i\in R

E\omega i
i \leq 

\prod 
i\in Ro

Ei.

The constants \omega i appearing in the above theorem are called Nochka weights and \~\omega is called
Nochka constant with respect to \{ Qi\} qi=1.

Let \{ Qi\} i\in R be a set of hypersurfaces in \BbbP n(\BbbC ) of the common degree d. Assume that each Qi

is defined by
\sum 

I\in \scrI d
aiIx

I = 0, where \scrI d = \{ I = (t1, . . . , tn+1) \in \BbbN n+1, t1 + . . . + tn+1 = d\} ,

xI = xt11 . . . x
tn+1

n+1 and (x1 : \cdot \cdot \cdot : xn+1) is homogeneous coordinates of \BbbP n(\BbbC ).
Let f : B(R0)  - \rightarrow V \subset \BbbP n(\BbbC ) be a meromorphic mapping with a reduced representation

f = (f1 : \cdot \cdot \cdot : fn+1). We define

Qi(f) =
\sum 
I\in \scrI d

aiIf
I ,

where f I = f t11 . . . f
tn+1

n+1 for I = (t1, . . . , tn+1). Then f\ast Qi = \nu Qi(f) as divisors.
Lemma 2.1 ([6], Lemma 4). Let \{ Qi\} i\in R be a set of hypersurfaces in \BbbP n(\BbbC ) of the common

degree d and let f : B(R0)  - \rightarrow \BbbP n(\BbbC ) be a meromorphic mapping. Assume that
\bigcap q

i=1
Qi\cap V = \varnothing .

Then there exist positive constants \alpha and \beta such that

\alpha \| f\| d \leq \mathrm{m}\mathrm{a}\mathrm{x}
i\in R

| Qi(f)| \leq \beta \| f\| d.

Lemma 2.2 ([6], Lemma 5). Let \{ Qi\} qi=1 be a set of hypersurfaces in \BbbP n(\BbbC ) of the common

degree d. Then there exist (HV (d) - k - 1) hypersurfaces \{ Ti\} HV (d) - k - 1
i=1 in \BbbP n(\BbbC ) such that for any

subset R \subset \{ 1, . . . , q\} with \sharp R = \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\{ Qi\} i\in R = k+1, we get \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\{ \{ Qi\} i\in R\cup \{ Ti\} HV (d) - k - 1
i=1 \} =

= HV (d).

ISSN 1027-3190. Укр. мат. журн., 2022, т. 74, № 11



ON THE PROBLEMS OF UNIQUENESS OF MEROMORPHIC MAPPINGS FROM COMPLETE KÄHLER . . . 1511

Lemma 2.3 ([10], Lemma 3.4). Let \{ Li\} HV (d)
i=1 be a family of hypersurfaces in \BbbP n(\BbbC ) of the

common degree d and let f be a meromorphic mapping of B(R0) \subset \BbbC m into \BbbP n(\BbbC ). Assume that

\{ Li\} HV (d)
i=1 is linear independent. Then, for every 0 < r0 < r < R0, we have

TF (r, r0) = dTf (r, r0) +O(1),

where F is the meromorphic mapping of B(R0) into \BbbP n(\BbbC ) with the representation F =

= (L1(f) : \cdot \cdot \cdot : LHV (d)(f)).

Proposition 2.2 ([2], Proposition 4.5). Let F1, . . . , Fn+1 be meromorphic functions on B(R0) \subset 
\subset \BbbC m such that they are linearly independent over \BbbC . Then there exists an set \{ \alpha i = (\alpha i1, . . .

. . . , \alpha im)\} n+1
i=1 with \alpha ij \geq 0 being integers, | \alpha i| =

\sum m

j=1
| \alpha ij | \leq i for 1 \leq i \leq n + 1 such that

the generalized Wronskians W\alpha 1,...,\alpha n+1(F1, . . . , Fn+1) \not \equiv 0, where W\alpha 1,...,\alpha n+1(F1, . . . , Fn+1) =

= \mathrm{d}\mathrm{e}\mathrm{t}(\scrD \alpha iFj)1\leq i,j\leq n+1.

The set \{ \alpha i = (\alpha i1, . . . , \alpha im)\} n+1
i=1 satisfying Proposition 2.2 is called the admissible set of F.

Let L1, . . . , Ln+1 be linear forms of n+1 variables and assume that they are linearly independent.
Let F = (F1 : \cdot \cdot \cdot : Fn+1) : B(R0) \rightarrow \BbbP n(\BbbC ) be a meromorphic mapping and (\alpha 1, . . . , \alpha n+1) be an
admissible set of F. Then we have following proposition.

Proposition 2.3 ([8], Proposition 3.3). In the above situation, set l0 = | \alpha 1| + . . . + | \alpha n+1| and
take t, p with 0 < tl0 < p < 1. Then, for 0 < r0 < R0, there exists a positive constant K such that,
for r0 < r < R < R0,\int 

S(r)

\bigm| \bigm| \bigm| \bigm| z\alpha 1+...+\alpha n+1
W\alpha 1,...,\alpha n+1(F1, . . . , Fn+1)

L1(F ) . . . Ln+1(F )

\bigm| \bigm| \bigm| \bigm| t\sigma m \leq K

\biggl( 
R2m - 1

R - r
TF (R, r0)

\biggr) p

,

where z\alpha = z\alpha 1
1 . . . z\alpha m

m for z = (z1, . . . , zm) and \alpha = (\alpha 1, . . . , \alpha m).

Taking a \BbbC -basis \{ [Ai]\} HV (d)
i=1 of Id(V ) with Ai \in Hd, we may consider \BbbC d(V ) as a \BbbC -vector

space \BbbC HV (d). We consider [Q] \in Id(V ), where Q \in \BbbC [x0, . . . , xn]d is a homogeneous polynomial
of degree d. Then

[Q] =

HV (d)\sum 
i=1

ai[Ai] =

HV (d)\sum 
i=1

[aiAi]

with ai \in \BbbC , 1 \leq i \leq HV (d). Denote by

H = (a1 : \cdot \cdot \cdot : aHV (d)) \in \BbbP HV (d) - 1(\BbbC )

the hyperplane in \BbbP HV (d) - 1(\BbbC ) which is called the associated hyperplane of Q with respect to the

basis \{ [Ai]\} HV (d)
i=1 .

We now consider a meromorphic mapping f : M \rightarrow V and also consider the holomorphic
mapping F = (A1(f) : \cdot \cdot \cdot : AHV (d)(f)) of M to \BbbP HV (d) - 1(\BbbC ). The mapping F is said to be the

associated mapping of f with respect to the basis \{ [Ai]\} HV (d)
i=1 . It is easy to see that Q(f) = H(F ) =

= a1A1(f) + . . .+ aHV (d)AHV (d)(f).

We need the following preparation lemma.
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Lemma 2.4. Let V and \{ Qi\} qi=1 be as in Theorem 1.1. Let f : B(R0) \rightarrow V be a meromorphic
mapping. Assume that image F (M) is contained in the l-dimensional projective subspace \BbbP l(\BbbC ) of
\BbbP HV (d) - 1(\BbbC ), but not in any subspace of dimension lower than l, where 1 \leq l \leq HV (d)  - 1. Set
l0 = | \alpha 1| + . . .+ | \alpha l+1| and take t, p with 0 < tl0 < p < 1. Let \omega i be Nochka weights with respect
to \{ Qi\} qi=1. For each i, we take a real number \^\omega i satisfying 0 < \^\omega i \leq \omega i. Then, for 0 < r0 < R0,

there exists a positive constant K such that, for r0 < r < R < R0,\int 
S(r)

\bigm| \bigm| \bigm| \bigm| \bigm| z\alpha 1+...+\alpha l+1
W\alpha 1...\alpha l+1

(F \ast )

Q\^\omega 1
1 (f) . . . Q

\^\omega q
q (f)

\bigm| \bigm| \bigm| \bigm| \bigm| 
t\Bigl( 
\| f\| d(

\sum q
i=1 \^\omega i - l - 1)

\Bigr) t
\sigma m \leq K

\biggl( 
R2m - 1

R - r
Tf (R, r0)

\biggr) p

,

where F \ast = (A1(f) : \cdot \cdot \cdot : Al+1(f)) : M \rightarrow \BbbP l(\BbbC ) is a linearly nondegenerate meromorphic map-
ping.

Proof. Let Qi, 1 \leq i \leq q, be the homogeneous polynomial in \BbbC [x0, . . . , xn] of degree di

defining hypersurface Qi. Replacing Qi by Q
d/di
i , i = 1, . . . , q, if necessary, we may assume that

Q1, . . . , Qq have the same degree of d.

Take a \BbbC -basis \{ [Ai]\} HV (d)
i=1 of Id(V ), where Ai \in \BbbC [x0, . . . , xn]d. Consider a linear equation

system determining \BbbP l(\BbbC ) :

a11\omega 1 + . . .+ a1,HV (d)\omega HV (d) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

aHV (d) - 1 - l,1\omega 1 + . . .+ aHV (d) - 1 - l,HV (d)\omega HV (d) = 0.

Without loss of generality, assume that

rank (aij)l+2\leq i\leq HV (d),l+2\leq j\leq HV (d) = HV (d) - 1 - l.

By solving the above linear equation system, it implies that \BbbP l(\BbbC ) is determined by

\omega l+2 = bl+2,1\omega 1 + . . .+ bl+2,l,+1\omega l+1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

\omega HV (d) = bHV (d),1\omega 1 + . . .+ bHV (d),l+1\omega l+1.

Since F (M) \subset \BbbP l(\BbbC ), it follows that

Al+2(f) = bl+2,1A1(f) + . . .+ bl+2,l+1Al+1(f),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

AHV (d)(f) = bHV (d),1A1(f) + . . .+ bHV (d),l+1Al+1(f).

Put B = (bij)l+2\leq i\leq HV (d),1\leq j\leq l+1. Then the above linear equation system can be rewritten as
follows: \left(   Al+2(f)

...
AHV (d)(f)

\right)   = B

\left(   A1(f)
...

Al+1(f)

\right)   .
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For each hypersurface Q of degree d in \BbbP n(\BbbC ), take the associated hyperplane H : a1\omega 1 + . . .

. . .+ aHV (d)\omega HV (d) = 0 in \BbbP HV (d) - 1(\BbbC ) of Q with respect to the basis \{ [Ai]\} HV (d)
i=1 . We have

Q(f) = F (H) = a1A1(f) + . . .+ aHV (d)AHV (d)(f) =

= (a1 . . . al+1)

\left(   A1(f)
...

Al+1(f)

\right)   + (al+2 . . . aHV (d))

\left(   Al+2(f)
...

AHV (d)(f)

\right)   =

= ((a1 . . . al+1) + (al+2 . . . aHV (d))B)

\left(   A1(f)
...

Al+1(f)

\right)   .
Put Q\ast = H \cap \BbbP l(\BbbC ). By a simple calculation, we can see that the equation of Q\ast in \BbbP l(\BbbC ) is

((a1 . . . al+1) + (al+2 . . . aHV (d))B)

\left(   \omega 1
...

\omega l+1

\right)   = 0.

It follows that Q\ast (F \ast ) = H(F ) = Q(f).

Repeating the above way for each hypersurface Qi, we get the family hyperplanes \{ Q\ast 
i \} 

q
i=1. By

the assumption, it is easy to see that
\bigcap 

i\in R
Q\ast 

i = \varnothing for any subset R \in \{ 1, . . . , q\} with \sharp R = N+1.

Note that rank\{ Qi\} i\in R = rank\{ [Qi]\} i\in R \geq \mathrm{d}\mathrm{i}\mathrm{m}V + 1 = k + 1.

Since F \ast is linearly nondegenerate, \{ Ai(f)\} l+1
i=1 is linearly independent over \BbbC . Then, by Propo-

sition 2.2, there exist an admissible sets \{ \alpha 1, . . . , \alpha l\} such that

W\alpha 1\cdot \cdot \cdot \alpha l+1
(F \ast ) = \mathrm{d}\mathrm{e}\mathrm{t}(\scrD \alpha iAj(f))1\leq i,j\leq l+1 \not \equiv 0.

Let z be a fixed point. Then there exists R \subset Q = \{ 1, . . . , q\} with \sharp R = N + 1 such that

| Qi(f)(z)| \leq | Qj(f)(z)| \forall i \in R, j /\in R. Since
\bigcap 

i\in R
Qi

\bigcap 
V = \varnothing , by Lemma 2.1, there exist

positive constants \alpha and \beta such that \alpha \| f\| d \leq \mathrm{m}\mathrm{a}\mathrm{x}i\in R | Qi(f)| \leq \beta \| f\| d. We consider two cases.
Case 1: l \leq k. We have rank\{ Q\ast 

i \} i\in R = l + 1. It implies that \{ Q\ast 
i \} 

q
i=1 are in N -subgeneral

position in \BbbP l(\BbbC ). Take the Nochka weights \omega i and the Nochka constant \~\omega with respect to \{ Q\ast 
j\} 

q
j=1

in \BbbP l(\BbbC ). There exists a subset R0 \subset R such that \sharp R0 = l + 1 and R0 satisfies Proposition 2.1(v)

with respect to number

\biggl\{ 
\beta \| f\| d

Qi(f)(z)

\biggr\} q

i=1

. We have

\prod 
i\in R

\biggl( 
\beta \| f(z)\| d

| Qi(f)(z)| 

\biggr) \^\omega i

\leq 
\prod 
i\in R

\biggl( 
\beta \| f(z)\| d

| Qi(f)(z)| 

\biggr) \omega i

\leq 
\prod 
i\in R0

\biggl( 
\beta \| f(z)\| d

| Qi(f)(z)| 

\biggr) 
.

For R0 = \{ r01, . . . , r0l+1\} \subseteq R, we set

WR0 = \mathrm{d}\mathrm{e}\mathrm{t}
\Bigl( 
D\alpha iQ\ast 

r0v
(F \ast ) (1 \leq v \leq l + 1)

\Bigr) 
1\leq i\leq l+1

.

Then there exists a nonzero constant CR0 such that WR0 = CR0W\alpha 1...\alpha l+1
(F \ast ). Hence, we get
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\| f(z)\| d(
\sum q

i=1 \^\omega i)| W\alpha 1...\alpha l+1
(F \ast )(z)| 

| Q\^\omega 1
1 (f)(z) . . . Q

\^\omega q
q (f)(z)| 

\leq 
| W\alpha 1...\alpha l+1

(F \ast )(z)| 
\alpha 
\sum 

i\not \in R \^\omega i\beta 
\sum 

i\in R \^\omega i

\prod 
i\in R

\biggl( 
\beta \| f(z)\| d

| Qi(f)(z)| 

\biggr) \^\omega i

\leq 

\leq K0
| WR0 | \| f(z)\| d(l+1)\prod 
i\in R0

| Qi(f)(z)| 
,

where K0 is a positive constant. Then, by the definitions of Q\ast 
i and F \ast , we get

\| f(z)\| d(
\sum q

i=1 \^\omega i - l - 1)| W\alpha 1...\alpha l+1
(F \ast )(z)| 

| Q\^\omega 1
1 (f)(z) . . . Q

\^\omega q
q (f)(z)| 

\leq K0
| WR0(z)| \prod 

i\in R0
| Qi(f)(z)| 

= K0
| WR0(z)| \prod 

i\in R0
| Q\ast 

i (F
\ast )(z)| 

.

Put SR0 =
WR0\prod 

i\in R0
Q\ast 

i (F
\ast )
. Then, for each z \in \BbbC m, we get

\| f(z)\| d(
\sum q

i=1 \^\omega i - l - 1)| W\alpha 1...\alpha l+1
(F \ast )(z)| 

| Q\^\omega 1
1 (f)(z) . . . Q

\^\omega q
q (f)(z)| 

\leq K0| SR0(z)| .

Case 2: l > k. We have rank\{ Q\ast 
i \} i\in R = k + 1. Take the Nochka weights \omega i and the Nochka

constant \~\omega with respect to \{ Qj\} qj=1 as in Lemma 2.1. Similar to Case 1, there exists a subset R0 \subset R

such that \sharp R0 = k + 1 and R0 satisfies Proposition 2.1(v) with respect to number

\biggl\{ 
\beta \| f\| d

Qi(f)(z)

\biggr\} q

i=1

.

We also have \prod 
i\in R

\biggl( 
\beta \| f(z)\| d

| Qi(f)(z)| 

\biggr) \^\omega i

\leq 
\prod 
i\in R

\biggl( 
\beta \| f(z)\| d

| Qi(f)(z)| 

\biggr) \omega i

\leq 
\prod 
i\in R0

\biggl( 
\beta \| f(z)\| d

| Qi(f)(z)| 

\biggr) 
.

By Lemma 2.2, we can choose a family of hypersurfaces \{ Ti\} l - k
i=1 in \BbbP n(\BbbC ) such that

rank\{ \{ Qi\} i\in R0 \cup \{ Ti\} l - k
i=1\} = l + 1. For R0 = \{ r01, . . . , r0k+1\} , we set

WR0 = \mathrm{d}\mathrm{e}\mathrm{t}
\Bigl( 
D\alpha iQ\ast 

r0v
(F \ast ) (1 \leq v \leq k + 1), D\alpha iT \ast 

j (F
\ast ) (1 \leq j \leq l  - k)

\Bigr) 
1\leq i\leq l+1

.

Then there exists a nonzero constant CR0 such that WR0 = CR0W\alpha 1\cdot \cdot \cdot \alpha l+1
(F \ast ). Similar to the above,

we have

\| f(z)\| d(
\sum q

i=1 \^\omega i)| W\alpha 1...\alpha l+1
(F \ast )(z)| 

| Q\^\omega 1
1 (f)(z) . . . Q

\^\omega q
q (f)(z)| 

\leq 
| W\alpha 1...\alpha l+1

(F \ast )(z)| 
\alpha 
\sum 

i\not \in R \^\omega i\beta 
\sum 

i\in R \^\omega i

\prod 
i\in R

\biggl( 
\beta \| f(z)\| d

| Qi(f)(z)| 

\biggr) \^\omega i

\leq 

\leq K \prime | W\alpha 1...\alpha l+1
(F \ast )(z)| \| f(z)\| d(k+1)\prod 
i\in R0

| Qi(f)(z)| 
\leq 

\leq K0
| WR0(z)| \| f(z)\| d(l+1)\prod 

i\in R0
| Qi(f)(z)| 

\prod l - k

i=1
| Ti(f)(z)| 

,

where K \prime and K0 are positive constants. It implies that
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\| f(z)\| d(
\sum q

i=1 \^\omega i - l - 1)| W\alpha 1...\alpha l+1
(F \ast )(z)| 

| Q\^\omega 1
1 (f)(z) . . . Q

\^\omega q
q (f)(z)| 

\leq K0
| WR0(z)| \prod 

i\in R0
| Qi(f)(z)| 

\prod l - k

i=1
| Ti(f)(z)| 

.

Put SR0 =
WR0\prod 

i\in R0
Qi(f)

\prod l - k

i=1
Ti(f)

=
WR0\prod 

i\in R0
Q\ast 

i (F
\ast )
\prod l - k

i=1
T \ast 
i (F

\ast )
, we also get

\| f(z)\| d(
\sum q

i=1 \^\omega i - l - 1)| W\alpha 1...\alpha l+1
(F \ast )(z)| 

| Q\^\omega 1
1 (f)(z) . . . Q

\^\omega q
q (f)(z)| 

\leq K0| SR0(z)| .

We now apply Proposition 2.3, for p satisfying 0 < 2t

\biggl( \sum l+1

s=1
| \alpha s| 

\biggr) 
< p < 1 and, for 0 < r0 <

< r < R < 1, we get\int 
S(r)

\bigm| \bigm| z\alpha 1+...+\alpha l+1K0SR0

\bigm| \bigm| 2t\sigma m \leq K1

\biggl( 
R2m - 1

R - r
dTf (R, r0)

\biggr) p

.

Therefore,\int 
S(r)

\bigm| \bigm| \bigm| \bigm| \bigm| z\alpha 1+...+\alpha l+1
W\alpha 1...\alpha l+1

(F \ast )

Q\^\omega 1
1 (f)(z) . . . Q

\^\omega q
q (f)(z)

\bigm| \bigm| \bigm| \bigm| \bigm| 
t\Bigl( 
\| f\| d(

\sum q
i=1 \^\omega i - l - 1)

\Bigr) t
\sigma m \leq K

\biggl( 
R2m - 1

R - r
Tf (R, r0)

\biggr) p

.

Lemma 2.4 is proved.
Assume that F \ast : M \rightarrow \BbbP l(\BbbC ), G\ast : M \rightarrow \BbbP l\ast (\BbbC ) are linearly nondegenerate and l \geq l\ast . By the

assumptions, it is easy to see that \BbbP l(\BbbC ) \cap \BbbP l\ast (\BbbC ) = \BbbP l\prime (\BbbC ) with l\prime \geq 0 and we also can see that
\{ Qj\} qj=1 are in N -subgeneral position in \BbbP l\prime (\BbbC ). Put h\prime = \mathrm{m}\mathrm{i}\mathrm{n}\{ l\prime , k\} . We will consider the Nochka

weights \omega i and the Nochka constant \~\omega with respect to \{ Qj\} qj=1 in N -subgeneral position in \BbbP h\prime 
(\BbbC ).

With this notation, we will prove the following lemma.
Lemma 2.5. Let M, Q1, Q2, . . . , Qq be as in Theorem 1.1 and f, g : M \rightarrow \BbbP n(\BbbC ) be mero-

morphic mappings. Let P be a holomorphic function on M and \beta be a positive real number such
that

q\sum 
i=1

\omega i

\~\omega 

\biggl( 
1 - HV (d) - 1

ki + 1

\biggr) 
(\nu Qi(f) + \nu Qi(g)) - 

1

\~\omega 
(\nu W\alpha (F \ast ) + \nu W\beta (G\ast )) \leq \beta \nu P . (2.1)

If | P \beta | \leq C(\| f\| \| g\| )\alpha with some positive constants C and \alpha , then

q \leq (2N  - h\prime + 1)HV (d)

h\prime + 1
+

q\sum 
i=1

HV (d) - 1

ki + 1
+
\rho (2N  - h\prime + 1)HV (d)(HV (d) - 1)

d(h\prime + 1)
+
\alpha 

d
.

Proof. Since the universal covering of M is biholomorphic to B(R0), 0 < R0 \leq \infty , by using the
universal covering if necessary, we may assume that M = B(R0) \subset \BbbC m. We consider the following
cases.

Case 1: R0 = \infty or \mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}r\rightarrow R0

Tf (r, r0) + Tg(r, r0)

\mathrm{l}\mathrm{o}\mathrm{g}(1/(R0  - r))
= \infty . Integrating both sides of inequal-

ity (2.1), we get
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\beta NP (r) \geq 
1

\~\omega 

\Biggl( 
q\sum 

i=1

\omega iNQi(f)(r, r0) - NW\alpha (F \ast )(r, r0) +

q\sum 
i=1

\omega iNQi(g)(r, r0) - NW\alpha (G\ast )(r, r0)

\Biggr) 
 - 

 - 
q\sum 

i=1

d(HV (d) - 1)\omega i

\~\omega (ki + 1)
(Tf (r, r0) + Tg(r, r0)) +O(1). (2.2)

Applying Lemma 2.4 to \^\omega i = \omega i, 1 \leq i \leq q, we obtain\int 
S(r)

\bigm| \bigm| \bigm| \bigm| z\alpha 1+...+\alpha l+1
W\alpha 1...\alpha l+1

(F \ast )

Q\omega 1
1 (f)(z) . . . Q

\omega q
q (f)(z)

\bigm| \bigm| \bigm| \bigm| t\Bigl( \| f\| d(\sum q
i=1 \omega i - l - 1)

\Bigr) t
\sigma m \leq K

\biggl( 
R2m - 1

R - r
Tf (R, r0)

\biggr) p

.

By the concativity of the logarithmic function, we have\int 
S(r)

\mathrm{l}\mathrm{o}\mathrm{g} | z\alpha 1+...+\alpha l+1 | \sigma m + d

\Biggl( 
q\sum 

i=1

\omega i  - l  - 1

\Biggr) \int 
S(r)

\mathrm{l}\mathrm{o}\mathrm{g} | | f | | \sigma m +

\int 
S(r)

\mathrm{l}\mathrm{o}\mathrm{g} | W\alpha 1...\alpha l+1
(F \ast )| \sigma m  - 

 - 
q\sum 

i=1

\omega i

\int 
S(r)

\mathrm{l}\mathrm{o}\mathrm{g} | Qi(f)| \sigma m \leq pK

t

\biggl( 
\mathrm{l}\mathrm{o}\mathrm{g}+

1

R0  - r
+ \mathrm{l}\mathrm{o}\mathrm{g}+ Tf (r, r0)

\biggr) 
.

By the definition of the characteristic function and since l \leq HV (d)  - 1, we get the following
estimates: \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| d

\Biggl( 
q\sum 

i=1

\omega i  - HV (d)

\Biggr) 
Tf (r, r0) \leq 

q\sum 
i=1

\omega iNQi(f)(r, r0) - NW\alpha 1...\alpha l+1
(F \ast )(r) +

+ K1

\biggl( 
\mathrm{l}\mathrm{o}\mathrm{g}+

1

R0  - r
+ \mathrm{l}\mathrm{o}\mathrm{g}+ Tf (r, r0)

\biggr) 
.

Using Proposition 2.1 (ii), (iii) and by simple calculation, we obtain\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\biggl( 
q  - (2N  - h\prime + 1)HV (d)

h\prime + 1

\biggr) 
dTf (r, r0) \leq 

1

\~\omega 

\Biggl( 
q\sum 

i=1

\omega iNQi(f)(r, r0) - NW\alpha 1...\alpha l+1
(F \ast )(r, r0)

\Biggr) 
+

+ K1

\biggl( 
\mathrm{l}\mathrm{o}\mathrm{g}+

1

R0  - r
+ \mathrm{l}\mathrm{o}\mathrm{g}+ Tf (r, r0)

\biggr) 
.

Similarly, we have\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\biggl( 
q  - (2N  - h\prime + 1)HV (d)

h\prime + 1

\biggr) 
dTg(r, r0) \leq 

1

\~\omega 

\Biggl( 
q\sum 

i=1

\omega iNQi(g)(r, r0) - NW\alpha 1...\alpha l\ast +1
(G\ast )(r, r0)

\Biggr) 
+

+ K1

\biggl( 
\mathrm{l}\mathrm{o}\mathrm{g}+

1

R0  - r
+ \mathrm{l}\mathrm{o}\mathrm{g}+ Tg(r, r0)

\biggr) 
.

Combining these inequalities with (2.2), we get
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\biggl( 
q  - (2N  - h\prime + 1)HV (d)

h\prime + 1

\biggr) 
dT (r, r0) - 

q\sum 
i=1

d(HV (d) - 1)

ki + 1
T (r, r0) +O(1), (2.3)

where T (r, r0) := Tf (r, r0) + Tg(r, r0).

On the other hand, by Jensen’s formula and the definition of the characteristic function, we have
the following estimates:

\beta NP (r) = \beta 

\int 
S(r)

\mathrm{l}\mathrm{o}\mathrm{g} | P | \sigma n +O(1) \leq \alpha 

\int 
S(r)

(\mathrm{l}\mathrm{o}\mathrm{g} | | f | | + \mathrm{l}\mathrm{o}\mathrm{g} | | g| | )\sigma n +O(1) =

= \alpha (Tf (r, r0) + Tg(r, r0)) + o(Tf (r, r0) + Tg(r, r0)). (2.4)

Together (2.3) with (2.4), we obtain\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\biggl( 
q  - (2N  - h\prime + 1)HV (d)

h\prime + 1

\biggr) 
dT (r, r0) - 

q\sum 
i=1

d(HV (d) - 1)

ki + 1
T (r, r0) \leq 

\leq \alpha T (r, r0) + o(T (r, r0))

for every r outside a Borel finite measure set. Letting r \rightarrow \infty , we deduce that

q  - (2N  - h\prime + 1)HV (d)

h\prime + 1
 - 

q\sum 
i=1

HV (d) - 1

ki + 1
\leq \rho (2N  - h\prime + 1)HV (d)(HV (d) - 1)

d(h\prime + 1)
+
\alpha 

d

with \rho = 0.

Case 2: R0 < \infty and \mathrm{l}\mathrm{i}\mathrm{m} \mathrm{s}\mathrm{u}\mathrm{p}r\rightarrow R0

Tf (r, r0) + Tg(r, r0)

\mathrm{l}\mathrm{o}\mathrm{g}(1/(R0  - r))
< \infty . It suffices to prove the theorem

in the case where B(R0) = B(1). Suppose that

q >
(2N  - h\prime + 1)HV (d)

h\prime + 1
+

q\sum 
i=1

HV (d) - 1

ki + 1
+
\rho (2N  - h\prime + 1)HV (d)(HV (d) - 1)

d(h\prime + 1)
+
\alpha 

d
.

Then, by Proposition 2.1(iii), we get

q > 2N  - h\prime + 1 +
(l + 1) - (h\prime + 1)

\~\omega 
+

q\sum 
i=1

\omega i

\~\omega 

HV (d) - 1

ki + 1
+
\rho HV (d)(HV (d) - 1)

d\~\omega 
+
\alpha 

d
.

Combining the above inequality with Proposition 2.1(ii), we obtain

q\sum 
i=1

\omega i

\biggl( 
1 - HV (d) - 1

ki + 1

\biggr) 
 - (l + 1) - \alpha \~\omega 

d
>
\rho HV (d)(HV (d) - 1)

d
. (2.5)

Put
t =

\rho 

d

\biggl( \sum q

i=1
\^\omega i  - (l + 1) - \alpha \~\omega 

d

\biggr) ,
t\ast =

t(l + 1)

l\ast + 1
and \omega \ast 

i =
t\^\omega i

t\ast 
, where \^\omega i := \omega i

\biggl( 
1 - HV (d) - 1

ki + 1

\biggr) 
, 1 \leq i \leq q. It follows from our

assumption l \geq l\ast that t\ast \geq t and \omega \ast 
i \leq \^\omega i for all i. It is easy to see that
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t\ast =
\rho 

d

\biggl( \sum n

i=1
\omega \ast 
i  - (l\ast + 1) - \alpha \~\omega t

dt\ast 

\biggr) .
Since (2.5), we have

d

\Biggl( 
n\sum 

i=1

\^\omega i  - (l + 1) - \alpha \~\omega 

d

\Biggr) 
> \rho HV (d)(HV (d) - 1)

and so

d

\Biggl( 
n\sum 

i=1

\omega \ast 
i  - (l\ast + 1) - \alpha \~\omega t

dt\ast 

\Biggr) 
> \rho HV (d)(HV (d) - 1) =

t

t\ast 
=

= \rho HV (d)(HV (d) - 1)
l\ast + 1

l + 1
.

Therefore, we get

2t

\Biggl( 
l+1\sum 
s=1

| \alpha s| 

\Biggr) 
<

2\rho 

\rho HV (d)(HV (d) - 1)

l(l + 1)

2
\leq 1

and

2t\ast 

\Biggl( 
l\ast +1\sum 
s=1

| \alpha s| 

\Biggr) 
<

2\rho 

\rho HV (d)(HV (d) - 1)

l + 1

l\ast + 1
t
l\ast (l\ast + 1)

2
\leq 1.

Then we may choose a positive numbers p and p\ast such that

0 < 2t

\Biggl( 
l+1\sum 
s=1

| \alpha s| 

\Biggr) 
< p < 1 and 0 < 2t\ast 

\Biggl( 
l\ast +1\sum 
s=1

| \alpha s| 

\Biggr) 
< p\ast < 1.

Put \phi = z\alpha 1+...+\alpha l+1
W\alpha 1...\alpha l+1

(F \ast )

Q\^\omega 1
1 (f) . . . Q

\^\omega q
q (f)

and \psi = z\beta 1+...+\beta l\ast +1
W\beta 1...\beta l\ast +1

(G\ast )

Q
\omega \ast 
1

1 (g) . . . Q
\omega \ast 
q

q (g)
. We deduce

that \phi t\psi t\ast P \beta \~\omega t is holomorphic and hence u := \mathrm{l}\mathrm{o}\mathrm{g} | \phi t\psi t\ast P t\beta \~\omega | is plurisubharmonic on B(1).

We now write the given Kähler metric form as \omega =

\surd 
 - 1

2\pi 

\sum 
i,j
hi\=jdzi\wedge d\=zj . From the assumption

that both f and g satisfy condition (C\rho ), there are continuous plurisubharmonic functions u1, u2 on
B(1) such that

eu1det(hi\=j)
1
2 \leq \| f\| \rho , eu2det(hi\=j)

1
2 \leq \| g\| \rho .

Therefore,

eu+u1+u2det(hi\=j) \leq eu\| f\| \rho \| g\| \rho = | \phi | t| \psi | t\ast | P | t\beta \~\omega \| f\| \rho \| g\| \rho \leq 

\leq C| \phi | t| \psi | t\ast \| f\| \rho +t\alpha \~\omega \| g\| \rho +t\alpha \~\omega \leq 

\leq C| \phi | t| \psi | t\ast \| f\| td(
\sum q

i=1 \^\omega i - l - 1)\| g\| t\ast d(
\sum q

i=1 \omega 
\ast 
i  - l\ast  - 1) (2.6)

with some positive constant C. Note that the volume form on B(1) is given by
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dV := cmdet(hi\=j)vm, where cm =

\biggl( \surd 
 - 1

2

\biggr) m

.

By the result of S. T. Yau [11] and L. Karp [4], we have necessarily
\int 
B(1)

eu+u1+u2dV =

= \infty , because B(1) has infinite volume with respect to the given complete Kähler metric (cf. [4],
Theorem B).

Now, from inequality (2.6), we have\int 
B(1)

eu+u1+u2dV \leq C

\int 
B(1)

| \phi | t| \psi | t\ast \| f\| td(
\sum q

i=1 \^\omega i - l - 1)\| g\| t\ast d(
\sum q

i=1 \omega 
\ast 
i  - l\ast  - 1)vm.

Thus, by the Hölder inequality and by noticing that

vm = (ddc\| z\| 2)m = 2m\| z\| 2m - 1\sigma m \wedge d\| z\| ,

we obtain \int 
B(1)

eu+u1+u2dV \leq 

\leq C

\left(   \int 
B(1)

| \phi | 2t\| f\| 2td(
\sum q

i=1 \^\omega i - l - 1)vm

\right)   
1
2
\left(   \int 

B(1)

| \psi | 2t\ast \| g\| 2t\ast d(
\sum q

i=1 \^\omega i - l\ast  - 1)vm

\right)   
1
2

\leq 

\leq C

\left(   2m

1\int 
0

r2m - 1

\left(   \int 
S(r)

| \phi | 2t\| f\| 2td(
\sum q

i=1 \^\omega i - l - 1)\sigma m

\right)   dr
\right)   

1
2

\times 

\times 

\left(   2m

1\int 
0

r2m - 1

\left(   \int 
S(r)

| \psi | 2t\ast \| f\| 2t\ast d(
\sum q

i=1 \omega 
\ast 
i  - l\ast  - 1)\sigma m

\right)   dr
\right)   

1
2

.

Applying Lemma 2.4 to \^\omega i and \omega \ast 
i , we get\int 

S(r)

| \phi | 2t\| f\| 2td(
\sum q

i=1 \^\omega i - l - 1)\sigma m \leq K1

\biggl( 
R2m - 1

R - r
dTf (R, r0)

\biggr) p

and \int 
S(r)

| \psi | 2t\ast \| g\| 2t\ast d(
\sum q

i=1 \omega 
\ast 
i  - l\ast  - 1)\sigma m \leq K1

\biggl( 
R2m - 1

R - r
dTg(R, r0)

\biggr) p\ast 

outside a subset E \subset [0, 1] such that
\int 
E

1

1 - r
dr \leq +\infty . Choosing R = r +

1 - r

eTf (r, r0)
, we have

Tf (R, r0) \leq 2Tf (r, r0). Hence, the above inequality implies that

ISSN 1027-3190. Укр. мат. журн., 2022, т. 74, № 11



1520 DUC THOAN PHAM, NGOC QUYNH LE, THI NHUNG NGUYEN\int 
S(r)

| \phi | 2t\| f\| 2td(
\sum q

i=1 \^\omega i - l - 1)\sigma m \leq K2

(1 - r)p
(Tf (r, r0))

2p \leq K2

(1 - r)p

\biggl( 
\mathrm{l}\mathrm{o}\mathrm{g}

1

1 - r

\biggr) 2p

,

since limr\rightarrow R0\mathrm{s}\mathrm{u}\mathrm{p}
Tf (r, r0) + Tg(r, r0)

\mathrm{l}\mathrm{o}\mathrm{g}(1/(R0  - r))
<\infty . It implies that

1\int 
0

r2m - 1

\left(   \int 
S(r)

| \phi | 2t\| f\| 2td(
\sum q

i=1 \^\omega i - l - 1)\sigma m

\right)   dr \leq 1\int 
0

r2m - 1 K2

(1 - r)p

\biggl( 
\mathrm{l}\mathrm{o}\mathrm{g}

1

1 - r

\biggr) 2p

dr <\infty .

Similarly,

1\int 
0

r2m - 1

\left(   \int 
S(r)

| \psi | 2t\ast \| g\| 2t\ast d(
\sum q

i=1 \omega 
\ast 
i  - l\ast  - 1)\sigma m

\right)   dr \leq 1\int 
0

r2m - 1 K2

(1 - r)p

\biggl( 
\mathrm{l}\mathrm{o}\mathrm{g}

1

1 - r

\biggr) 2p

dr <\infty .

Hence, we conclude that
\int 
B(1)

eu+u1+u2dV <\infty , which is a contradiction.

Lemma 2.5 is proved.
Lemma 2.6. Let M,V, \{ Qj\} qj=1 in Theorem 1.1 and f, g : M \rightarrow \BbbP n(\BbbC ) be meromorphic map-

pings. Suppose that images F \ast (M) and G\ast (M) are contained in \BbbP l(\BbbC ) and \BbbP l\ast (\BbbC ) respectively
with l\ast \leq l. Then f \equiv g, if

q >
(2N  - h\prime + 1)HV (d)

h\prime + 1
+

q\sum 
i=1

HV (d) - 1

ki + 1
+
\rho (2N  - h\prime + 1)HV (d)(HV (d) - 1)

d(h\prime + 1)
+
\alpha 

d
,

where h\prime = \mathrm{m}\mathrm{i}\mathrm{n}\{ k, l\prime \} as in Lemma 2.5 and \alpha = 2(HV (d) - 1).

Proof. Assume that f \not \equiv g, we may choose distinct indices i0 and j0 such that

P := fi0gj0  - fj0gi0 \not \equiv 0.

By the assumptions, P = 0 on
\bigcup q

i=1

\Bigl( \bigl\{ 
z : \nu Qi(f),\leq ki(z) > 0

\bigr\} \bigcup \bigl\{ 
z : \nu Qi(g),\leq ki(z) > 0

\bigr\} \Bigr) 
. There-

fore, we get \nu P (z) \geq 
\sum q

i=1
\mathrm{m}\mathrm{i}\mathrm{n}\{ 1, \nu Qi(f),\leq ki(z)\} . It implies that

\nu P (z) \geq 
1

HV (d) - 1

q\sum 
i=1

\mathrm{m}\mathrm{i}\mathrm{n}\{ HV (d) - 1, \nu Qi(f),\leq ki(z)\} . (2.7)

Similarly, we also obtain

\nu P (z) \geq 
1

HV (d) - 1

q\sum 
i=1

\mathrm{m}\mathrm{i}\mathrm{n}\{ HV (d) - 1, \nu Qi(g),\leq ki(z)\} . (2.8)

Next, by usual arguments in the Nevanlinna theory, we have

q\sum 
i=1

\omega i\nu Qi(f)(z) - \nu W\alpha 1\cdot \cdot \cdot \alpha l+1
(F \ast )(z) \leq 

q\sum 
i=1

\omega i\mathrm{m}\mathrm{i}\mathrm{n}\{ l, \nu Qi(f)(z)\} \leq 
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\leq 
q\sum 

i=1

\omega i\mathrm{m}\mathrm{i}\mathrm{n}\{ HV (d) - 1, \nu Qi(f)(z)\} \leq 

\leq 
q\sum 

i=1

\omega i\mathrm{m}\mathrm{i}\mathrm{n}\{ HV (d) - 1, \nu Qi(f),\leq ki(z)\} +
q\sum 

i=1

\omega i\mathrm{m}\mathrm{i}\mathrm{n}\{ HV (d) - 1, \nu Qi(f),>ki(z)\} \leq 

\leq 
q\sum 

i=1

\~\omega \mathrm{m}\mathrm{i}\mathrm{n}\{ HV (d) - 1, \nu Qi(f),\leq ki(z)\} +
q\sum 

i=1

\omega i
HV (d) - 1

ki + 1
\nu Qi(f)(z).

This follows from (2.7) that

q\sum 
i=1

\omega i

\biggl( 
1 - HV (d) - 1

ki + 1

\biggr) 
\nu Qi(f)(z) - \nu W\alpha 1...\alpha l+1

(F \ast )(z) \leq \~\omega (HV (d) - 1)\nu P (z).

Similarly, from (2.8), we get

q\sum 
i=1

\omega i

\biggl( 
1 - HV (d) - 1

ki + 1

\biggr) 
\nu Qi(g)(z) - \nu W\beta 1...\beta l\ast +1

(G\ast )(z) \leq \~\omega (HV (d) - 1)\nu P (z).

Since two above inequalities, we obtain

q\sum 
i=1

\omega i

\~\omega 

\biggl( 
1 - HV (d) - 1

ki + 1

\biggr) 
(\nu Qi(f) + \nu Qi(g)) - 

1

\~\omega 
(\nu W\alpha (F \ast ) + \nu W\beta (G\ast )) \leq \beta \nu P ,

where \beta := 2(HV (d)  - 1). Then \alpha = \beta and we have | P \beta | \leq C(\| f\| \cdot \| g\| )\alpha with some positive
constants C. Applying Lemma 2.5, we get

q \leq (2N  - h\prime + 1)HV (d)

h\prime + 1
+

q\sum 
i=1

HV (d) - 1

ki + 1
+
\rho (2N  - h\prime + 1)HV (d)(HV (d) - 1)

d(h\prime + 1)
+
\alpha 

d
,

which contradicts the assumption.
Lemma 2.6 is proved.
3. Proofs of main theorems. Proof of Theorem 1.1. By the assumption on nondegeneracy over

Id(V ) of the mappings f and g, it is easy to see that h\prime = k. Applying Lemma 2.6, we get f \equiv g if

q >
(2N  - k + 1)HV (d)

k + 1
+

q\sum 
i=1

HV (d) - 1

ki + 1
+
\rho (2N  - k + 1)HV (d)(HV (d) - 1)

d(k + 1)
+
\alpha 

d
.

Proof of Theorem 1.2. Since the assumption, for all 1 \leq h\prime \leq k \leq n, we have N \geq 

\geq 2N  - h\prime + 1

h\prime + 1
. Therefore,

q > NHd(V ) +

q\sum 
i=1

Hd(V ) - 1

ki + 1
+
\rho NHd(V )(Hd(V ) - 1)

d
+
\alpha 

d
\geq 

\geq (2N  - h\prime + 1)Hd(V )

h\prime + 1
+

q\sum 
i=1

Hd(V ) - 1

ki + 1
+
\rho (2N  - h\prime + 1)Hd(V )(Hd(V ) - 1)

h\prime + 1
+
\alpha 

d
.

Applying Lemma 2.6, we obtain f \equiv g.
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