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7-FORMULAE FROM DUAL SERIES OF THE DOUGALL THEOREM
m-O@OPMYVYJIA 3 AYAJIBHUX PAAIB TEOPEMMU AYTAJIVIA

By means of the extended Gould — Hsu inverse series relations, we find that the dual relation of Dougall’s summation theorem
for the well-poised 7 Fs-series can be used to construct numerous interesting Ramanujan-like infinite-series expressions for
7%l and 712, including an elegant formula for 72 due to Guillera.

3a I0TIOMOTO0I0 y3arajdbHEHHX CHiBBigHOMIEHb ['ynaa Ta Xcy s 00epHEHOTO psiy JOBEICHO, IO AyalbHE CIIiBBITHOIICHHS

TeopeMu TiacymoByBauHs Jlyramia mis qoope 30a1aHcoBaHOTO 7 Fg-psiay MOKHA BHKOPHCTATH I TIOOYIOBH 6arathox

[iKaBUX BUPa3iB JUII HECKIHYCHHOTO DSy, NOMIOHMX JIO BUpa3iB, Mo Oynu oTpuMaHi PamaHymkaHOM st arl 7ri2,

BKIMIOUatoun enerantry dopmyny Linsepa mms w2,

1. Introduction and motivation. In 1973, Gould and Hsu [27] discovered a useful pair of inverse
series relations, which can equivalently be reproduced below. Let {a;,b;} be any two complex
sequences such that the ¢-polynomials defined by
n—1
e(x;0) =1 and p(z;n) = H(ak +ab;) for neN
k=0

differ from zero for x,n € Ny. Then there hold the inverse series relations

R WS W ECRIC!

k=0

n) — " k(T ay, + kbg
o) = V() S 0

This inverse pair has wide applications to terminating hypergeometric series identities [9—12, 15, 24].
The duplicate form with applications can be found in [17, 18, 20]. There exist also g-analogues due

to Carlitz [6] which has applications to g-series identities [13, 14, 16, 19, 25, 26].
The Gould - Hsu inversions have the following extended form (cf. [4, 9, 15]):

=3 (1) e+ ol 23 ), (1a
- n w(n (ak. + Abp + kbk)(ak — kbk)
o) = 30 () e D O ) (1b)
where the shifted factorials are defined by
(x)o=1 and (x)n:W:x(x+l)...(x+n1) for neN.
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7-FORMULAE FROM DUAL SERIES OF THE DOUGALL THEOREM 1687

There exist numerous hypergeometric series identities (see, for example, [5], Chapter 8, and [7—
12, 15, 23, 24]). One of well-known summation theorems originally due to Dougall [22] is about
the terminating well-poised 7 Fg-series. By examining its dual formulae through (1a), (1b), we find
that their limiting relations result unexpectedly in w-related infinite series expressions, including the
following elegant formula discovered by Guillera [28 —30]:

32 11113 3 + 34k + 120k2
0e 2>2>27474 + + .
w2 Z 16*

=0 1,1,1,1,1 |,

By means of the duplicate forms of (1a), (1b), we shall work out, in details, the dual formulae of
Dougall’s summation theorem in the next section. Then applications will be presented in Section 3,

1
where several 7-related infinite series of Ramanujan-like [32] with the convergence rate “E” will
be illustrated as examples.

Recall that the I'-function (see, for example, [31], § 8) is defined by the beta integral

I(z) = /ux_le_“du for R(x) >0,
0

which admits Euler’s reflection property

Iz)I'(1l—-2)=

1
. with T <> = /7.
sinTx 2
The asymptotic formula
MNz+4+n)=n*(n—1)! as n— oo )

will be useful in evaluating limits of I'-function quotients.
For the sake of brevity, the product and quotient of shifted factorials will respectively be abbre-
viated to

O‘vﬂa"'vfy
AB,....C|

The similar notation will be employed for the I'-function quotient

G{’B?"'77
AB,....C

2. Main theorems from duplicate inversions. The fundamental identity discovered by Dou-
gall [22] (see also [3], §4.3) for very well-poised terminating 7 Fg-series can be stated as

l1+a,14+a—b—c,l1+a—-b—-d,1+a—c—d
Qn(a;b,c,d) =

l14a-b14+a—c,14+a—-d,1+a—-b—c—d

n
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1688 W. CHU

" a4+ 2%k a, b, c, d, e,—n )
= ; A3
— ¢ 1,1+a-b14a—-c,1+a—d,1+a—e,1+a+n 1
where the series is 2-balanced because 1 +2a+n=b—+c+d+e.
1
For all n € Ny, it is well-known that n = LgJ —+ —;nJ’ where |z] denotes the greatest

integer not exceeding «. Then it is not difficult to check that Dougall’s formula (3) is equivalent to
the following one:

Qn<a;b+ [%J, ¢, d+ r—;n >_

X

3

l+a—c—d, b+c—a
1+a—d,b—a \_

l+a—b—c, c+d—a

14+a, b+d—a ]
1 —b, d— n
+a s a I_%J

X

l+a—c, btct+d—a

n

with its parameters subject to ’ 1+2a=b+c+d+e ‘ Reformulate the above equality as a bino-
mial sum

Z(—l)k<z>[b+k, b—a—k]L%J[d-i-k, d—a—k]LHTnJX

k=0

a -+ 2k a, b,c,d, 1+2a—b—c—d

(@+mkst [ 1+a—b 1+a—c L+a—d btetd—al,

b 1+a—c—d, b+c—a d,1+a—b—c,c+d—a]
_ X
]. _d n 1 _b n
e 3] e |42
a, b+d—a
X

l1+a—c, b+c+d—a

n

This equality matches exactly to (1a) under the assignments A — a and

gp(m;n):(b—a—i—:c)L%J(d—a—l-x)LHTnJ

as well as
l+a—c—d, b, b+c—a a, b+d—a
f(n) = X
l+a—d B l+a—¢ btct+d—a],
l+a—b—c d, c+d—a]
>< )
1 _b n
e | 42]
a, b, c,d, 1+2a—b—c—d
g(k) = :
I+a—-b 1+a—c¢ 1+a—d, b+ct+d—a],
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7-FORMULAE FROM DUAL SERIES OF THE DOUGALL THEOREM 1689

The dual relation corresponding to (1b) can explicitly be stated, according to the parity of k& and
(a)k(a+k)n = (a)n(a+n)y, as

b,c,d, 1+2a—b—c—d
l+a—b 1+a—c¢, 1+a—-d, btc+d—a]

Z( > (d+3k)(d—a—k)(a+mn)y y
= 2k)[b+n, b—a—nlld+n, d—a—n],,

l+a—c—d, b,b+c—a
X

l1+a—d 1+a—-0>

l+a—b—c,d,c+d—a
X
k k
b+d—a
l+a—c¢ btct+d—al,,

X

_Z b+3k+1)(b—a—k—1)(a+n)oks+1
2k;+1 b+mn, b—a—nl [d+n, d—a—n],

k>0
l+a—c—d, b, b+c—a 1+a—-b—c, d,c—i—d—a]
X X
l1+a—d k 1+a—0 k1
b+d—a

X .

l4a—c, b+c+d—a ot

Now multiplying by “n?” across this binomial relation and then letting n — oo, we may evaluate

the limits of the left member by (2) and of the corresponding right member through the Weierstrass
M -test on uniformly convergent series (cf. [33], §3.106). After some routine simplification, the
resulting limiting relation can be expressed explicitly in the following lemma.

Lemma 1 (infinite series identity).

l14a—-b,14a—c, 1+a—d, b+c+d—a
b,c,d, 1+2a—b—c—d

_§:¢LH% —d) b+d—-a y
>0 l+a—c, btct+d—a],,
l+a—c—d, b,b+c—a l+a—b—c,d,c+d—a
X +
a—d . l+a-0 A

b+d—a

(b+3k+1)(a—0b)
@)

X
>0 1—|—a—c,b+c+d—aLk+1

l+a—c—d, bb+c—a
X

l+a—b—uc d, c+d—a]
k1

l+a—d a—2b

k
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1690 W. CHU

According to this lemma, we are going to show two main theorems that will be utilized, in the
next section, to deduce infinite series expressions for 7+! and 7+2.

For the equality in Lemma 1, multiplying both sides by (1 + a — ¢)(b + ¢ + d — a) and then
unifying the two sums, we derive the following infinite series identity.

Theorem 1 (infinite series identity).

14a—-b,24+a—-c, 1+a—-d,1—a+b+c+d
b, ¢ d, 14+2a—b—c—d B

_ip(k)[b, dyl1+a—-b—c, 1+a—c—d, b+c—a, c+d—alp(b+d—a)y
71@:0 Qk+1)![14+a—b, 1+a—dp2+a—c, 1 —a+b+c+da

where P(k) is the polynomial given by
Pk)=Q4+a—-b—c+k)(d+Ek)(c+d—a+k)(b+d—a+2k)(1+b+3k)+
+(1+2k)(a—d+k)(1+a—c+2k)(b+c+d—a+2k)(d+ 3k).

Alternatively, by shifting backward & — k£ — 1 for the second sum and then unifying it to the
first one, we get analogously, from Lemma 2 another infinite series identity.
Theorem 2 (infinite series identity).

l1+4a—-0b,1+a—c, 1+a—d, b+c+d—a
b, ¢, d, 14+2a—b—c—d

I

_ig(k)[b7 d7 1+a—b—c, 1+G/—C—d, b—i—c—a, C+d—a]k(b+d—a)2k
_k=0 (2k)![1+a_ba1+a—d]k[1+a—c,b+c+d—a]2k

where Q(k) is the rational function given by
Q(k) = (a—d+k)(d+ 3k)x

x{1—|— (2k)(a—b+k)(a—c+2k)(b+c+d—a—1+2k)(b—2+ 3k) }
(a—c—d+k)b—1+k)(b+c—a—-1+k)(b+d—a—1+2k)(d+3k)]

+ +2

3. Infinite series for 7=1 and 7w*2. By applying Theorems 1 and 2, we can derive numerous
infinite series identities. They are recorded below in seven classes whose weight polynomial degrees
are not greater than 3. For all the examples, the parameter settings and eventual references
are highlight in their headers. In order to ensure the accuracy, all the summation formulae in this
section are verified experimentally by appropriately devised Mathematica commands.

3.1. Series for ™ 2.

1111
Example 1 | Guillera [28—-30]: | =, =, =, = | in Theorem 1 |:
2727272
o1 1113 )
g_z 9' 979744 | 120k + 34k + 3
2 16F '

=0 LLLLT
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7-FORMULAE FROM DUAL SERIES OF THE DOUGALL THEOREM

3131
Example 2 (Chu and Zhang [21]: 3'2'3'3 in Theorem 1>:
o 1111 1 2
%:Z ooy 4| 120k +1i8k+13.
16

7T2
0| 1,1,1,2,2 |,

11
Example 3 §,7,7,§ in Theorem 1 |:
2°2°2°2
o |l _ 1313 3 2
16

31 3].
3 3 in Theorem 1).

Example 4 < g,

11335
***** 240k* 4 532k + 336k + 45

o0
512:2 299471
16
=0l 11,122 |,

111 1] .
Example 5 < 3'2'3 3 in Theorem 1).
3 1 11 17
> 2" 274" 46 | 3— 10k — 40k?

16k

313 1.
Example 6 < 322 3 in Theorem 1):
31 1 1 37
@_i 2' 20 20 47 476 | 9— 38k — 40K
32 1 16% '
k=0 17 17 ]-a 2) 35 ~
6 k
1
Example 7 < %,%,5,2 in Theorem 2):
3 1 1137
8 ~=|2 2 2747476 | k(3— 18k + 40k?)
72 1 16+ ’
k=1 1,1, 1, 1, 1,
k
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1692
3131
Example 8 ( 2'2°2'3 in Theorem 2):
rt 1 1 1 355
%_i 2" 27 2 47 47476 | 3+ 8k+ 20k
o 11 16F
k=0 17 17 17 17 2777_7
L 4° 6 k
33 11
Example 9 | | -, -, ——, = | in Theorem 1 |:
2°2 2°2
35 1313
@_i 2’2" 27 2°4°4 | 5+ 12k — 68k — 80K*
In2 1 16% ‘
k=0 17 17 17 2> 27 o
2 1k
3.2. Series for w2.
Example 10 (Chu and Zhang [21]: g,l,l,l in Theorem 1):
! 1113
9 i 72727474 | 11+ 64k + 111k% + 60K®
e - )
0| 35077 16
27474474 1
5 .
Example 11 ( 5,2,1,2 in Theorem 1):
99 L 135
2257r2_i 72727474 | 68+ 206k + 197k* + 60k
2 i5),3770909 16t |
7274747474 1k
5 .
Example 12 ( 5,1,2,2 in Theorem 1):
9 1 1513
1357r2_i 27 2737474 | 214 93k + 110k* 4 40K3
64 |52 57709 . |
27374747474 1
5 .
Example 13 ( 5,1,2,1 in Theorem 2):
1 1 1 1 3
372 |27 27 47 4| 343k — 22k — 40k°
i:1+z k :
2| 588505 16
27474 47 4 k
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7
Example 14 ( 5,1,2,1 in Theorem 2):
L3 3.5
15772_1+§: T 27 27 47 4| 1-3k+2k*+8K
256 3 4| T 13 5 7 16* '
2744 44 g
7 .
Example 15 5,2,2,2 in Theorem 2 |:
g 1 141 1
277 =7 27 273747 4| 2—21k— 66k — 40K?
128 &1 5 155 77 16~ '
273 44 4 4 1y
7 .
Example 16 ( 5,1,2,2 in Theorem 2):
g 13 3 1.3
405%2_18+OO T2720 27 4 4| 48— 59k — 194k% — 120%3
256 4| 17 35 57 16+ '
27244 4 4 1g
3.3. Series for w2 /T3.
Example 17 (|22 1 2 i 1
m -, —,—,—— | In eorem H
vampre 2'3°3" 3
1 25 51110 1 5
9872 _i 3736 667912 12| 118+ 45k — 1098%k? — 1080k*
o2 S| 3 13 13113 19 16> '
3 27474 679 120 12 1k
3114,
Example 18 ( 2'3'3'3 in Theorem 1 |:

63772 -3 33°6° 66 971212 | 1080k% + 2286k + 1395k + 161

3 16k
16r<§> | 17; 513 4 19 25

W

47679712712 1k

12 1 1
Example 19 ( '3 373 in Theorem 1):
2 17 7131 15
2752 75‘@: 336" 66797 12712 | 125— 351k — 1602k — 1080k3
P(1 i) 3 L3 w2 r o2 16* |
3 27474 679 127 12 1k
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325 1
Example 20 ( 3'3'3'"3 in Theorem 1):
2 11 17110 1 7
82572 _i 3 36 669 12 12| 53— 315k — 1278k — 1080k>
oY S| 335 172 1T 16* |
3 727474 679 127 12 Iy

2 15
Example 21 ( '3 T35 in Theorem 1):

257 713 14 5 11

280572 _i 3'3°6" 66 9712712 | 1080k% + 2790k? + 2151k + 478
3 :

3 16k
4p<3> =0 1%% 511523 29

4747679712712 Jg

1 2 2 2
Example 22 ( 37373 "3 in Theorem 2):
2 5 1 11 4 5 11
37 3

872 o
A =2 1

2430 ( = B=0| 1, =, —
3F<3) T

1 24 2
E. 2 -, ——,—,——|inTh :
xample 23 ( 5 "33 73 in Theorem 2)

7T 5 7 13 16k

5
6°6° 6'9 127 12| 1080k3 — 954k2 — 585k + 242
1 .
4

6° 9 12 12 J&

2 5 1 554 1 17
238072 _i 33 6" 6679 127 12 | 1080k® — 1278k% + 99k + 170
2\* & 11 113 5 1 7 16 '
27F = k=0 17 A’ 40 A AT A 44 10
3 24 467 9 127 12 1y
14 2 2
Example 24 ( 3'3°"3° "3 in Theorem 2):
1 2511 117 5 1
T70m% =3 376767 6’9 12712 | 55+ 441k — 234k? — 10803
3 16% ’
prr(2) | 1117 21319
3 24 476" 912" 12 lg

Example 25 (

—100172 75‘@: 3’3667 6912712 | 1080k3 + 1422k2 + 351k + 44

3 16k
w2y B it
3 2°4° 476" 9 12712 k
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7-FORMULAE FROM DUAL SERIES OF THE DOUGALL THEOREM

Example 26 (

2
"3 in Theorem 2) :

) 11

7127 12 | 55+ 189k + 90k2 — 1080k3

3
3 k
1 1 3 2 7 13 16
36F o k=0 17 D A A0 L0 Al 190 10
3 2°4° 47 6 9" 12" 12 lg

1 12 1
Example 27 ( 3'"3'3° "3 in Theorem 2):
L4l rs 713
91072 _i 3366 69 12" 12| 1080k — 774k* — 225k + 91
9r13_k:0111 111 4 5 11 16 '
3 2747 4767 9127 12 &
322 2],
Example 28 ( 3'3'3'3 in Theorem 2):
2 117 78 1 7
122572 _i 3366 69 12 12| 98+ 153k — 414k — 1080k>
6F13_k:0111311 1 11 17 16 '
3 27474 67 97 127 12 J&
3.4. Series for T3 /m2.
1 511
Example 29 ( ~3 76566 in Theorem 1):

ssor(2)’ 1 15 57 1519
3 75‘@: 6" 6°6° 66 12°12°18 | 35+ 228k — 540k* — 2160k>
2 - k :
i 0| qp L3 L0241 16
$72727373 3 18 g
111
Example 30 ( 35 6,% in Theorem 1>:

66" 66 6 12712718 | 593 + 1344k — 1404k? — 2160k

2 k
i iso| 193312 27 16
) 727 27 737 37 18 k;
11 5 7).
Example 31 3666 in Theorem 1>:
ocor(2) 1 17 713 5 11 25
3 i 6 6°6 6612712718 | 65+ 372k — 756k — 2160k3
72: k) .
(A~ | T O I O 16
) 72’2737373718 k;
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1696 W. CHU
117 5
Example 32 ( 2'6'6" 6 in Theorem 1):
2\? 1 15 57 1 719
960T" | ~ oo Sy RY Y adpd 14 10 10 2 3
3 _Z 6 6’6" 66 127 12718 | 245 — 204k — 2052k — 2160k
2 - T .
=1 RN I I 16
b 727 27 37 3’ 37 ]_8 k
1177
Example 33 ( 2666 in Theorem 1 |:
——EAN 155 5711 5 1125
3] <=|6'6"6" 666 12" 12" 18 | 360k? + 546k + 191
2 = = .
i 0| 19 23 124 1.7 16
72727373737 67 18 Jg
3117
Example 34 ( 2666 in Theorem 1 |:
2\* 1 17 713 1 5 25
10241'| — 00 YT Ay Ay aY A 1087100 10 3 2
3 72 6° 6’6" 66 127127 18 | 2160k° + 2268k~ + 60k + 13
2 - A .
21m | 1113457 7 16
7772727333 18 k
1 1
Example 35 ( —5,—6,%,% in Theorem 1):
1\* 157 713 7 13 23
29160°( ~ o0 B e I R P N N I T) 2 3
3 _Z 6’6’6 6 6 127 12°18 | 697+ 1056k — 1836k> — 2160k
2 - 3 .
om imo| 19 331125 16
72727 37373718 k
1 111 5],
Example 36 ( 75356 in Theorem 1):
1\* 157 713 1 7 23
2592I'| — 0 B R S P R S T ) 2 3
3 _Z 6’6" 6612712718 | 223 — 888k — 3348k~ — 2160k
2 - Z .
25m i=o| 19 331255 16
7772727373737 18 k
15 1 1
Example 37 ( 26 6 6 in Theorem 1 |:
1\* 1 15 511 1 7 23
32r( — o YT aYaY A AadT0at10) 10 3 2
3 _Z 6 6’6" 66712712718 | 2160k° + 1188k~ — 84k + 11
2 - % .
WUl 18245 5 16
7772727373318 gk
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1697

16k

127 12718 | 55 — 348k — 2700k2 — 2160k3

16+

15 1117,
Example 38 ( 2666 in Theorem 1):
2020 (L) 1 157111319 29
3 216" 67667 671271218 | 151 + 264k — 2052k> — 2160k>
2 - '
55T 0| 19 23 24 111
727273737 371 k
3 155
Example 39 | | =, ——=, =, = | in Theorem 1 |:
2° 666
1\* 1 15 511 1 5 23
256F<> o0 PR R T
3 :Z 6° 66" 6 6
9 imo| 1.1 134585
77727273733 18 k
35511
Example 40 ( 2666 in Theorem 1):

3
oer(Y) L[1olaTu T

12712718 | 2160k% 4 3564k2 + 1680k + 251

16k

- 6" 6°6°6 6
wrl |, 88 245 1
7772727373737 18 k
11 1
Example 41 ( 35 %, 5 in Theorem 2>:
2\? 15 511 11 1 5 13
2673I‘<) o | ==y ===, =
3 _Z 66" 6" 6
— =
lor? Tl 181 1 2 5
223 3 3 18 lk
1
Example 42 ( 5 g, —%,g in Theorem 2):

'T60 1212718 | 11 + 1380k + 1188%2 — 2160k3

16k

6 6°6 66 12°12718 | 2160k% — 2484k> — 1092k + 385

2 2 51
373 3718 Jk

in Theorem 2 |:

16+

16k

A 1 15 575 1119
3/ ~=|6 6°6 661271218 | 2160k* — 972k% — 660k + 175
2 - .
2t m| g 1812 21
2’2”3'3 318 Iy
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g in Theorem 2>:

1698
377
E. le 44 | | -, =, =
xample ( 566
9\ 3
180P<3> o0
— T
k=0

1 15 57 1 5 19

6" 6°6° 66 1212’18 | 35+ 228k — 540k — 2160k>
1 131241 16¢ '
$7127273 3 3 18 Jk

Example 45 ( X

1 11 1
in Theorem 2 |:
6 6

1 3
10537 ( - o

713 13 5 1 11

7
6> 676 6 12°12°18 | 2160k3 — 756k% — 1668k + 65

—5
3272 kZ:O11131227 16+
»7 2727 3 33 18 i
15 15
Example 46 ( 36 66 in Theorem 2):

1 3
39690 ( - -

********* 2160k3 — 2052k2 — 1092k + 245

B 6" 66
2 - k
32w |13 1 1 4 1 16
797973 37 37 18 J&
1555].
Example 47 3'6°6°6 in Theorem 2):
sar( L) 1157 71 717
3 i 6" 6°6°6° 612712718 | 432k3 —108k% — 132k + 7
2 = & .
10w ol 4 g L3 112 1 16
b ) 2727 373737 18 k-
11 1 11
Example 48 ( g’?’_é’E in Theorem 2 |:
sar( L)’ 1 15 5117 1323
3 i 6" 6’6 6 6 12°12°18 | 2160k3 — 324k? — 516k + 77
2 = & .
o imo| 19 131245 16
) ) 2? 27 37 3? 37 18 k
311 11 1
Example 49 ( 266 "6 in Theorem 2):
ar( L) 1157 71 517
3 i 6° 6°6°6° 6 12° 12’18 | 175+ 228k — 972k? — 2160k3
2 = & .
™ ho| 11 13125 1 16
9 b 27 2’ 37 3’ 37 18 k
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7-FORMULAE FROM DUAL SERIES OF THE DOUGALL THEOREM

3.5. Series for 1.

Example 50 (Chu and Zhang [21]:

in Theorem 1) :

1 11
15v/3 <=|2 3’3

=1 PR L 16t
12712 1k
1112
Example 51 | | -, -, =, = | in Theorem 1 |:
2°2°2°3
1 1122
21\/§_§°: 273737373 | 810Kk + 684k% + 141k + 10
B 16% '
B ER R
12712 1k
1111
Example 52 ( 2231 in Theorem 1):
11315
g_i 2'4°4°8"8 | 480k% + 212k + 15
B 11 16~ '
Ll 17171’377
8 8 Jk
1113,
Example 53 ( 3'3'2°1 in Theorem 1):
11337
80 ~|2747478 8 | 640k + 560k + 112k + 7
3r 16+ ‘
k=0 1a171797§
8 8 Jk
1111
Example 54 | | -, -, =, = | in Theorem 1 |:
2°2°6°2
11315
256 _i 2°4°4°6°6 | T20k3 + 804k? + 236k + 15
3mv3 & 45 16+ '
k=0 171717777
3°3 dk
E. le 55 1111, Th 1]:
xample 5575 g | i Theorem 1 ):
1111 7
192 i 2767671212 | 6480k> + 4284k% + 840k + 35
_ : .
™S 2 a
33 Jk
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1115
Example 56 (Chu and Zhang [21]: 2'2'2°% in Theorem 1):
155 5 11
384 _i 2°6°6 12" 12 | 1080k? + 798k + 55
™3 5 1.1.1 25 16# '
) ) ) 373 k
1111].
Example 57 ( 3'3'2°5 in Theorem 1 |:
111341
105v5 -2V  =| 2'5°5°5° 5710 | 3750k> 4 2525k? + 505k + 24
2POVO — Ve a '
m 0|11 13 1727 16
77710720720 1 &
111 2].
Example 58 ( 3'3'2°5 in Theorem 1).
11223 7
45\/5+2\@7i 2°5°5°5°5" 10 | 3750k + 2800k2 + 595k + 42
™ o[ 11929 16* |
7777710720720
111
Example 59 ( 5,5,5,2 in Theorem 1):
12334 3
55\/5+2\/5_§: 2'5°5°5°5 10 | 1250k% + 1025k2 + 215k + 16
=1 PP N1 16* |
7777710720720
1114
Example 60 ( 3'2°9°F in Theorem 1):
11244 9
195 5—2\/5_§: 2555’5 10 | 3750k% + 3350k? + 655k + 36
2IOVO T AVO : ,
& k=01]11.1.1 l § § 16
7777710720720 J &
1111
Example 61 || -, -, —, — | in Theorem 1 |:
272°2°8
11171 9
480 ~| 278878716716 | 15360k> + 9920k? + 1888k + 63
T(V2+1) ol 1182 16+ ‘

8716716 1k
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1113
Example 62 ( 3'2'2°8 in Theorem 1>:
1335 3 11
224 i 2'878°87 16716 | 5120k3 + 3776k2 + 800k + 55
———————— k .
3”(\/5_1) k=0 1119E§ 16
816716 Jk

1115/,
Example 63 ( 3'3'2°8 in Theorem 1).

288 127888716716 | 15360k3 + 12736k2 + 2656k + 195
7T(\/5_1) k=0 11135% 16
T 8716716 Jk

Example 64 (

in Theorem 1) :

1056 <] 2788871616 | 15360k> + 14144k2 4 2656k + 105
"VEED) |, 510 2 16° |
78716716 Jk
1111
Example 65 ( 2'2°3°§ in Theorem 2):
1111 )
10\/§_i 2°676°12° 12 | 2160k — 372k + 68k + 5
T 11 16 '
k=0 ]-7 17 ]-7 a9 o
3" 3 k
111 1.
Example 66 ( 3'3'3° "3 in Theorem 2>.
11 1 1 2
6 3_§: 2'3° 3" 3 3| 135k%—48k>— Tk +2
T 7 16F '
k=0 1, 1, 1
9 9 9 2) 12 &
111 1
Example 67 | | -, -, =, —— | in Theorem 2 |:
2°2°2° 4

11 1 1 5
@_i 2'4 4 8 8| 960k —232k% — 38k + 5
T 16~ :

ISSN 1027-3190. Yxp. mam. scypn., 2022, m. 74, Ne 12
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11
E. le 68 | | -, =
xample (2,2,

in Theorem 2> :

11 15 5
10v/3 = 2'4" 4°6 6| k(120k% — 26k +5)
. .

3

9 2 16~
k=0 1> 17 17 ) o
3 Jk
117 1
Example 69 ( 2'3'6' 3 in Theorem 2>
1 1 31 1
6v/3 i 27 4 4°6 6| 720k —300k% — 4k +3
A - ]
TS| L L2 16
9 ) 737 3 k
11 17
Example 70 ( 3’3 3§ in Theorem 2>
31717
27V3  =| 27676712712 | 21+ 292k —420k? — 2160k>
= - .
" k=0 17 17 17 17_2 10
3 3 Jk
11 11
Example 71 ( 33 21 in Theorem 2>
31313
96 i 24’4’8 8| 94102k — 424k — 960k3
i - )
L T T S 16
) 7 87 8
11 1 1
Example 72 ( 373 31 in Theorem 2)
35 5 1 5
@_i 24 4 8 8| 960k — 232k% — 710k + 75
a 1 3 16
k=0 17 1) ]-a PR
8 8 k
11 11
Example 73 | | =, =, ——=, = | in Theorem 2
2°2 62
11 17 713
28 _i 2°4° 4°6° 612 | k(60k%* -8k —T7)
= k .
3\/§7T k=0 1.1.1 g % i 16
9y ) ) 3737 12 k
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11 1 1),
Example 74 ( 3'3' "33 in Theorem 2).

3 1 2 414
162\/§_§: 2" 3 3 33| 135k —48k% — 106k + 24
5m 1 16~ .
k=0 171717 77_3
127 12 k
3.6. Series for .
5 3.
Example 75 5,2,2, 1 in Theorem 2 |:
1 11 3
5T x| 20 4’8 8| 1-—Tk+ 40k
o —
6 &= 18091 16
27478 8 lk
5 17,
Example 76 ( 5,2,2, 1 in Theorem 2):
11 1 5
251 | 2°4° 8 8| 120k*+77k+5
= k .
T~ 1 R 16
27478 8 g
3 17,
Example 77 ( 5,2, 1, 1 in Theorem 2):
11 13
3 ~=| 24 88| 1+ 11k -+ 106k* + 2403
= . .
8 | lhTl 16
274’8 8 k
3 5.
Example 78 5,1,1, 5 in Theorem 1 |:
11215 14
36m <~ [2'37376°6" 9 | 60k*+64k+13
5V/3 355775 16~ '

27374°4°6’9 Jk

3.5
Example 79 (Chu and Zhang [21]: 5’1’6’1 in Theorem 1):
12 138
o0 177777 VRS 2
ZOW_Z 3'3°4°4°5 12k* + 15k + 4
93 1333371l 16* '
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1.1
Example 80 ( 2 1, 5’ 1| in Theorem 1):

4 — 11k — 69k2 — 60k
. )
—| 1137 11 16

3
Example 81 ( 3

4 135
) J— —
1407 i "3’ 3°4’4 | 60k®+ 133k% + 85k + 13
2V3 {Z133 1113 16*
222766 lk

1 1
E le 82 (| -,1,——,2
xampe ( 27 J 67

g L4 57
7007 7&‘@: " 373 474 | 25— 3k—91k* — 60k
23V3 {5 1131113 16" |
27272767 6 1k
3 5 .
Example 83 3 1, 5’ 1| in Theorem 2 |:
12 21 1
4rr 2+§: 37 374 4| 20K+ Tk+2
W3 3 E| 113857 o
272727676 1k
1.1 .
Example 84 ( 3 1, 6’ 1| in Theorem 2):
. 2 213
dr 2 =| 3 37474 | 24Tk — 20k?
23 ZETh o
8lv3 3 |11 157 16
2727 27676 1k
5 b .
Example 85 5 1, 6’2 in Theorem 2 |:
25 51 1
10 >N U3 3747 4| 12k2+ 17Tk +8
ELRY #
R~ 16
27227676 1k
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3 5
Example 86 ( 2 1,2, 5 in Theorem 2):

14 415
1 | 2’3 366 — 33k — 270k
67T:20+Z 2’3 366 956 33k70'
s T | 15 137 16
2’37 4’46 1k
1 1 .
Example 87 ( 5,1, 6,2 in Theorem 2):
5 5 535
o 2_22°2
9 ) 9 ) 4 —k— k‘2
3507 :30"’2 37 344 0 k60
usV3 0 (Ll s T 6
2727 2767 6 Jk
3 .1 .
Example 88 ( 5,1, 6’2 in Theorem 2):
5 2 413
321 84‘i§3 T3 37474 | k(15k +2)(1 — 12Kk)
V3 E L 1857 16% |
272727676 1k
5 5.
Example 89 o 1,2, 6 in Theorem 1 |:
11 115
2707r_i 2°3" 376’6 | 70+ 409k + 627k> + 270k3
W g|ss st 16" |
2’3" 4’476 1k
5 1.
Example 90 ( 5’1’2’6 in Theorem 1):
11 21 111
7567 __jii 2 3 36" 66 | 5+92k+ 258k + 135k3
275v3 {5 3 10057 55 164 |

L 2374466 lk

1705

3.7. BBP-series. In 1995, Simon Plouffe discovered the following amazing BBP-formula (named

after Bailey — Borwein — Plouffe [2] (Theorem 1)):

[e o]

W_Z<i>k 4_2_1_1
_hﬁ 16 8k+1 8k+4 8k+5 8k+6

that provides a digit-extraction algorithm for 7 in base 10. By decomposing the factorial fraction
in the summand into partial fractions, we can show that the next five series are all equivalent to the

above BBP-formula.
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3 3.
Example 91 3 1,1, 1 in Theorem 1 |:
1315
o | =.2.2.2
4’8 120k? + 151k + 4
157T:Z 2°4°8'8 Ok+ik‘+7‘
0|3 7913 16
274’8 8 1k
5 3.
Example 92 3 1,2, 1 in Theorem 1 |:
131 3
63 | 27478 8 | 120k? + 235k + 99
0 - .
2 Tim|su9s 16
27478 8 lg
3 1.
Example 93 ( 5,1,2,—1 in Theorem 2):
11 3 7
21 | 27 47 8 8| 480k* 172k —9
=Ty k :
8 | L7509 16
274788 k
5 3.
Example 94 2 1,2, 1 in Theorem 2 |:
1 1 3 7
21 | 27 47 8 8| 23+ 10k — 240k>
=T k :
CRE = A R 16
2748 8 k
3 o .
Example 95 5,1,2, 1 in Theorem 2 |:
1.5 7 11
Trm 55 | 20 47 8T 8 | 160K —36k—13
§ 3 4| 11115 16k '

27478 8 k

There is another BBP-formula disguised in the article by Adamchik — Wagon [1]

o0

2#22(

k=0

i)k 8 n 4 n 4 1
16 8k+2 8k+3 8k+4 8k+T7J

Then the same approach of partial fractions can show that it has the following different infinite series

representations.
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in Theorem 2) :

3 1
E le96 | | -, 1,1, —
xample (2,,,4

11 1 5
5 5 ~=| 2747 8 8| 7-—6k— 80k
oSy T Ok — 80K
= BT 16
27488 g
5 1].
Example 97 o 1,2, 1 in Theorem 2 |:
11 5 9
15 N 274 8 8| 19— 62k — 80k?
St DY R ‘
14 | 2937 16
27478 8 g
3 17,
Example 98 5,1,2,1 in Theorem 2 |:
1 3 1 5
15 | 27 47 8 8| 160k?—108k + 21
—E =5+ k '
=1 B 16
27478 8 k
3 3.
Example 99 5,1,2,—1 in Theorem 2 |:
1 3 5 9
45 | 27 47 8 8| 11+ 260k — 480k?
| L1937 16
274788 k
3 5.
Example 100 5,1,1,1 in Theorem 1 |:
1137
o - -2°Z
413k + 812k2 + 480k3
217722 2°4°8'8 65 + 413 +8k + 480 '
|35 1115 16
27487 8 1k
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