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SOME COEFFICIENT BOUNDS ASSOCIATED WITH TRANSFORMS
OF BOUNDED TURNING FUNCTIONS

JAEAKI OIIHKA KOE®IINIEHTIB, IIOB’AA3AHI 3 TIEPETBOPEHHAMMU
OBMEXEHWX ITIOBOPOTHUX ®YHKIIN

We present the derivation of an upper bound for the Hankel determinants of certain orders linked with the kth-root transform

[f(z")] % of the holomorphic mapping f(z) whose derivative has a positive real part with normalization, namely, f(0) = 0
and f'(0) = 1.

OTpuMaHO BEPXHIO MEXY AJIS BU3HAYHMKIB ['aHKeJs MEeBHMUX MOPSKIB, IO MOB’s3aHi 3 k-M KOPEHEBUM IEPETBOPEHHAM
1 . . . L
[f(z")]* ronomopdHoro BimoGpaxenus f(z), moXifHa AKOTO Mae JOAATHY MiiCHY YAaCTHHY 3 HOpMaJi3allicio, a came

F0)=01 f/(0) = 1.

1. Preliminaries. Let A represent group of mappings f of the type
o
f(z):z—i—Zanz" (1.1)
n=2

in Uy = {z € C:|z| < 1}, denotes the open unit disc and S is the subfamily of A, possessing
univalent (schlicht) mappings. The kth-root transform for the mapping f in (1.1) is

G(z) = [fEM)]F =2+ bnyr 2+, (1.2)

n=1

At this sequel, we have introduced and interpreted the concept of Hankel determinant for G(z) for
f (1.1) with ¢, t,k e N={1,2,3,...} as

br(t—1)+1 brt-+1 e Dk (t4q—2)+1
brit1 b ... b _
Hq’k(t) _ t+ k(t-l—l)-i—l k(t+q l)+l 7 bl 1 (13)
bi(t4q-2)+1  Dr(t4q—1)+1 -+ Drfig2(g—1)—1]+1

In particular, if £ = 1 in (1.3) it reduces to the Hankel determinant H,;(t) = Hy(t), given by
Pommerenke [10], investigated by several authors. In specific for ¢ = 2, ¢ € {1,2,3} and ¢ = 3,
t = 1, the Hankel determinant (1.3) has been simplified respectively to

by b1

Hy (1) = = bok1 — bists (1.4)

b1 bagt1
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bir1 Dokt
Hy(2) = = bp1bske1 — by, (1.5)
bok+1 b3kt
bok+1  b3gg1
Hjy,(3) = = bok+1bak41 — b3 (1.6)
b3k+1  bag41
and
by bry1 bkt
H3 (1) = b1 bogy1  bagtal- (1.7)

bok+1  b3ap41  bakia

Expanding the determinant in Hs 5 (1), we have
Hy (1) = [bag1 (bok+1 — bpyy) + bswg1 (Dep1boks1 — bagr1)+

+bok+1(brr1b3r+1 — b3541)]- (1.8)

Ali et al. [1] derived exact estimates for |bogi1 — ubz 41, represents the generalized Fekete -
Szeg6 functional related to the function G(z), when f is a member of specific subfamilies of S.
We mention Hy (2), Ho(3) and H3 (1) respectively the 2nd and 3rd order Hankel determinants
for the function f given in (1.2).
In Section 2, motivated by the results obtained by earlier authors, we estimate an upper bound to
Hs ;(3) and Hg (1) for the family of bounded turning functions, denoted by R, defined below.
Definition 1.1. The mapping f (1.1) belongs to R, if

Ref'(z) >0, z€Uy.

A. E. Livingston [7] established the subfamily R of .S, and later MacGregor [8] carried a consis-
tent study about the properties of functions belongs to this class.

In deriving our results, the required sharp estimates specified below, given in the form of lemmas,
which holds suitable for functions possessing positive real part.

The collection P of all functions g, each one called as Carathéodory function [4] of the form

g(z) =1+ Z e, (1.9)
t=1

holomorphic in U; and Reg(z) > 0 for z € Uj.

Lemma 1.1 [5]. If g € P, then |c; — pcjci—;| < 2 satisfies for the values i,j € N with i > j
and 1 € [0, 1].

Lemma 1.2 [7]. If g € P, then |c; — cjci—j| < 2 holds for the values i,j € N with i > j.

Lemma 1.3 [9]. If g € P, then |ct| < 2, for t € N, equality occurs for the function h(z) =
142

1z
2 Loy b 3
Lemma 1.4 [11]. If g € P, then |cocs — c3| <4 — 5|C2| + Z\CQ\ .

To procure our results, we adopt the procedure framed through Libera and Zlotkiewicz [6].

z € Uy.
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2. Important outcomes.
Theorem 2.1. If f € R and G given in (1.2) is the kth-root transformation of f, then

542k3 — 383k2 — 30k + 15

|Ha(3)] < 10k

and the result is sharp for k = 1.
Proof. For f € R, according to the Definition 1.1,

F(2)=g(2), =€l @.1)

Substitute the values for f and ¢ in (2.1), it simplifies to

Cn
n—+1

Uyl = , neN. (2.2)

For the mapping f (1.1), a calculation gives

1 1 1-k
= [z + —ag2tl 4 {ka3 + a%}z%H—F

{a4—|—

(1-k)(1 - Qk)ag}zgk+1+

aza3 + e

1 —k 1—k)(1-—2k
{k‘ W(% + 2az2a4) + ( ;5{;3 )a§a3+
(L—k)(A—2k)(1 —3k) 4 ars1
R 2.
T ald b AR 2.3)
Comparing the coefficients of zF+1, 22k+1  23k+1 and 24k+1 in the expressions (1.2) and (2.3), we
obtain
1 11—k,
b+1 = 702 bok+1 = 73 + o2 %2
11—k (1—k)(1—2k) 4
bsk+1 = [ka4 + 2 0203 + e as |, 2.4)
11—k (1—k)(1 — 2k)
bigs1 = [k% + W(ag + 2a2a4) + 23 a%a:s—i—
(1—k)(1—2k)(1—3k) 4
24)4 “|
Simplifying the expressions in (2.2) and (2.4), we get
a 2 k-1,

brt1 = T bok+1 = 3E =2 U
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s k-1 k—1)(2k—1
bsk+1 = [42 — ez a2t ( 4§k3 ) :f:|7 (2.5)
a k=1, k-1 (k—1)(2k — 1)
bu1 = [5k WG g st T gym e
(k- DEE-1EE-1)
3844 4

Substituting the values namely bojy1, b3kt1 and byiy1 from (2.5) in the functional given in (1.6),
we have

1 1 k-1 k-1 K2 -1
H 2 3 22
24(3) = [151<:2 20T 632D T a2 T ggps B T g 1
k-1, k-1 4 (K2 —1)(2k—1) , (K2 = 1)(k—1)(2k — 1) 4
_ . 2.
0k 16 g €1 1152k5 12 921675 “ (2.6)
On grouping the terms in (2.6), to apply lemmas mentioned in this paper, we get
1 1 k— 1 kE—1 (k+1)
H N 2 oW T ol
24(3) [16k2 leses = 5h + S ~ a2~ o5 © {C4 18k CQ}
(K2 -1)(2k—-1) , 2k —1 , k-1 k+12
— _— . 2.7
T2k N @7 ek AT o sk 1 @7
Applying the triangle inequality in (2.7), we obtain
[ H2,(3)] < |cacs — 5| + |caf|ca] + il \02\3
’ - 16/’4:2 2401<:2 54k3
k— 5 5(k+1) 5| (K2 -1)(2k—1) 2k -
T i T 11525 8k i+
k—1 k+1,
+m’01’\03\ 2=~ A } (2.8)
By using Lemmas 1.1, 1.3 and 1.4 in the inequality (2.8), we have
542k% — 383k% — 30k + 15
Hs 1 (3)] < . 2.9
Haa)] < | o } 29)

Remark2.1. In particular, & = 1 in the expression (2.9), then the result coincides with the
development obtained by Zaprawa [11] and the respective function, for which the equality holds

!ﬂ@:[bg1+@—mga—zﬂ:2¢+%ﬁ+§9+“”

Theorem 2.1 is proved.
Theorem 2.2. If f € R and G given in (1.2) is the kth-root transformation of f, then

90k* 4+ 414k3 + 15k% — 135k — 15

|Hs 1 (1)] < F A0S
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Proof. Substituting b1, bopt1, b3r+1 and byr41 values from (2.5) in (1.8),
it simplifies to

1 k—%l 1 2 E+1,
TR 2T 16k2 T 40k3
k+1 =1,y (R-1)2k+1) 4

1 115265

k—l +(H—&ﬂk+ﬂ@k+né
T 1921 1 9216k6 an

C1C4+

Co—

(2.10)

On grouping the terms in (2.10), to apply lemmas given in this paper, then

1 20k%(k +1) 4 1 16k>
Hs (1) = |—— 7 S
34(1) [20k264{62 10 A T 16\ @ T ey

N C_2Nﬂk+ng L f 4gk(k-1) .
27k2 2 ™M 54k3 2 a8k 2™ 48k3 13

(=1D@2k+1) ,f  1152K°(k+1) , k2 —1 4 +_k
1152k5 1 9216k6 L 192k4 cies 144k4

clc%—i-

) N S + = L
2062 27k2 T a8k T 15k2 [ XY

1 k+1 1 1
Hgyk(l) = |:20k204{62 — 5% C%} - 16]6203{63 — kCIC2}+

1 k+1 1 2k — 1
TomE M T o B T am ™\ T e syt

@?—U@k+n4{ k+12} k2 -1 4 k% —

Further, we have

2
1152k 1 8k V[T 192k4 cies + 144/&6102+

45k — 44
—_— . 2.11

%'{ 21602 }62Q4 @11)
Applying the triangle inequality in the expression (2.11), we obtain

1
16k2

1
C3 — %6162

k+1

72]{‘ 1 +

+

lcallca — |ca|

1
H;,. (D) < |=—=
+ ! |cal
18k

2k —1

k+12 cq—
k2

2% 2

+

13

1
B

(k2 —1)(2k + 1)
1152k5

k2 B =1 45 45k — 44
—_— . 2.12
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Upon applying Lemmas 1.1, 1.2 and 1.3 in the inequality (2.12), it simplifies to

90k* + 414Kk3 + 15k — 135k — 15
540k5 '

|Hy ()] < (2.13)

Remark2.2. In particular, if £ = 1 in the expression (2.13), then the result coincides with the
result of Zaprawa [12].
Theorem 2.2 is proved.
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