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m

By using a generalized symmetric difference Aj" of order m and step h > 0, we obtain an analog of the Titchmarsh
theorems [Introduction to the theory of Fourier integrals, Oxford Univ. Press (1948)] (Theorems 84 and 85) for the deformed
Hankel transform. We also provide a further extension of the theorem cited above for functions in L} with an abstract
deformed Hankel — Dini — Lipschitz condition.

BHKOPHCTOBYIOUH y3arajibHeHy CHMETpHYHY pi3HuI0 A}’ mopsiaky m i kpoky h > 0, oTpuMano aHaior TeopeM TiTamap-

mra [Introduction to the theory of Fourier integrals, Oxford Univ. Press (1948)] (teopemu 84 i 85) mis nedopmoBanOrO
neperBopentst ['ankemst. KpiM TOro, HaBeeHO OOATKOBE PO3LIMPEHHS BKazaHoi Teopemu s GyHKuiit y L} 3 abcTpakTHOO
nedopmoBaHoro ymoBoto [ankens — Jlini — Jlinmmars.

1. Introduction. In [8], Titchmarsh gave a Lipschitz condition on a function f € LP(R) for which
its Fourier transform belongs to L’(R) for some values of 3. His result reads as follows.
Theorem 1.1 ([8], Theorem 84). Let f belong to LP(R), 1 < p <2, and

/‘f(:v%—h)—f(x)|pdw:O(h°‘p), 0<a<l1l, as h—0.
R

Then f belong to LA(R) for
p p
—_— <L —.
p+pa—1 b= p—1
Theorem 1.2 ([8], Theorem 85). Let o € (0, 1) and assume that f € L*(R). Then the following
statement are equivalents:

1F(+ 1) = fllzw) = O(R®),

/|f(f)()\)\2d/\20(r2a) as 1 — 00,

[AlZr

where fstands for the Fourier transform of f.

There are many different analogs of Theorems 1.1 and 1.2: for the Fourier transform on Rie-
mannian symmetric spaces of rank 1 and, in particular, for the Fourier transform on the Lobachevski
plane, for the Fourier—Jacobi transform, for the g-Bessel transform, etc. (see, for example, [3 —7]).

In the present paper, we obtain a analog of Theorem 1.1 and Theorem 1.2 for the deformed
Hankel transform newly introduced by S. Ben Said [1, 2]. The importance of this transform lies in
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the fact that it generalizes many integral transforms. Furthermore, we define the deformed Hankel -
Dini - Lipschitz class Ha4 and we obtain an extension of the Theorem 1.1 in this occurence.

This paper is organized as follows. Section 2 is a summary of the main results in the harmonic
analysis associated with the deformed Hankel transform and we prove some auxiliary results required
for the proofs of the main results. In Section 3, first, we define the deformed Hankel — Lipschitz class
Hy"P. Next, we prove analogous of the Theorem 1.1. In Section 4, we consider the particular
case, when p = 2, and we provide a characterization of the space Hp' 2 of deformed Hankel -
Lipschitz class functions by means of asymptotic estimate growth of the norm of their deformed
Hankel transform for o € (0, 1]. In Section 5, we extend the Theorem 1.1 to the deformed Hankel -
Dini - Lipschitz class Hy 2.

2. Definitions and auxiliary results. In this section, first, we briefly collect the pertinent
definitions and facts relevant for deformed Hankel transform. Secondly, we prove some auxiliary
results. For more details we refer to [1, 2].

We denote by L? the space of measurable functions f on R with the finite norm

1/p

1y = / F@)Pdpa) |
R

where du(z) = 271T(2k) x|~ ldx.
In [1], the author introduced a new transform Fj(f) called deformed Hankel transform which is

1
a deformation of the Hankel transform by a parameter £ > 0. Namely, for k£ > 1 and f € L}C, the
integral transform F(f) is defined by

/Bkm D)dpe(z), AER,

where the kernel By (A, z), called deformed Hankel kernel, given by

Bi(\, x) = jor— 1(2\/\)\7> ]2k+1<2\/|)\7)

Here, j, is the normalized Bessel function of the first kind and order « defined by

2k 2k+1

z€C,

jo(2) = T(a + 1) i 1(3)

—nll(n+a+ 1)’

where I'(z) is the gamma-function.

Theorem 2.1. Forall k > i, we have
}Bk()\,x)‘ <1, M\z€eR,
Bi(A,z) = jak—1 <2\/E> — sgn(Az) (ij (2%) — J2k—1 (2\/@)),
Fi(f) is an involutional unitary operator on L*(R, duy(z)),
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Parseval’s identity, if f € L} (L2, then H]:k(f)sz = H]:k(f)Hk2,
there exists a unique isometry on Li that coincides with Fi(f) on f € L,l€ N Li.
Let f be a suitable function on R. The translation operator T,f is defined by

T = [ £, 2)di2),
R

where

’Ck(ZL‘, Y, Z) = 2r(2k‘)W2k_1 <\/mﬂ \/mv \/M) vk (SL’, Y, Z),

and

Ph+1) (@)’ - 2) (2~ (@ —y?)]*

Wi(z,y,2) = Lol zrul(2).
k(T,y,2) 22k1F< 1) (myz) Nlz—yl, +y[()

ket g

Here, 14 is the characteristic function of the set A and

1 sgn(x
Vi 2) = |14 B (4ol ol 1) - 1) |+

sgn(xz)
4k —1

+i[1+ CON(ERERTE 1)]+

1 sgn(yz) 2
+4[1+ -1 (4M(’Z"|y” #1)" = 1>]

and
A(a,b,c) =

1 *
2\/%(61—%17—0), a,b,c e RL.
Proposition 2.1. If f € LY, 1 <p <2, and x € R, then
Fu(T()) ) = BuOL F(H ). @.1)

Below, we will define and prove several auxiliary assertions to be used in the proofs of our main
results.
The first and the higher order finite differences of f(x) with step h are defined as follows:

Npf(x) =T f(x) = f(=)
and

Abf@) = o) (8 (@) =

k [k i
_ 2(1)’%1(.) (T[;> f(z) for ke N,
i=1

1

where (T,?)O f(@) = f(z) and (T,Q) =T <(T,§)H f(@)) for i € N",
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Lemma 2.1. There exists C; > 0, Cy > 0 and n > 0 such that
Ci|Ax| <1—Bp(\x) < Co|lAz|  forall |\z| <n. (2.2)

Proof. By the second statement of Theorem 2.1, we have

Bi(A, ) = jok—1 (%/M) —sgn(Az) (jzk (2\/M> — J2k—1 (%/M))

Let
ox () :ij—1<2 ’$|) — sgn(\z) <j2k; (2 \$|) —j2k—1<2 \CBI))-

If z < 0, we have

() = jok (2V-z) =

“+o00
M

:F(%H);OF(WHM:

+o0 m

X
+F(2k+1)n§2r(2k+m+l).

x
2k +1

=1+

Then
or(r) —1 1

= 0. 2.3
z—0~ T 2k +1 7& ( )

If z > 0, we have

or(z) = 2jok—1(2vx) — jor (2V/z) =

+oo m +oo _om
= 2P(2k)n;)F((2;2m F(%H)%F(?kfff)nﬂ) =
T, @ = (=) = (=)
SR Sy +2F(2k)mz:21“(2k+m+1) _F(%H)%r(zwmﬂ)'
Then . . .
S %(:LZ — = 1570 24

Hence, by (2.3) and (2.4), there exist C; > 0, Co > 0 and n > 0 such that

Cilz] <|—gr(z)] < Colz| forall |z|<mn, (2.5)

and (2.2) follows from (2.5).
Lemma 2.2. For a fixed h > 0, we have

Fe(AR (@) = Be(x, h) = )" Fr(f) (). (2.6)
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Proof. Let h > (. On the basis of (2.1), we obtain

Fe(TEWD) ) = Bl (V).

Then, by recurrence on ¢, we get

7 (1) (1) ) = B W A

Hence,

]

k [k .
Fi (AR f) () ZZ(—l)’H< )(Bk(h,h))’ﬂ(f)(x) =

i=1

k k :
_ (Z(—l)“(.) (zsku,h))z)fk(f)(x).

i=1 v

Using Newton’s formula, we obtain (2.6).

3. Lipschitz conditions in deformed Hankel setting. In this section, we state and prove an
analogous of Titchmarsh’s theorem [8] (Theorem 84) for the deformed Hankel transform. Before, we
need to define the deformed Hankel - Lipschitz class Hp, .

Definition 3.1. A4 function f: R — R is said belong to Hy'"* for a > 0 if

|‘ATf(x)Hk7p:O(ho‘) as h—0.

Remark3.1. The spaces HA? for a > 0 are called the Lipshitz classes lip,(«). The spaces

H2? for o > 0 are called the Zygmund classes zyg,(a).
Theorem 3.1. Let f belong to Li, l<p<21If

/ ’Aznf(x)‘pduk(x) =O(h*?) as h—0, (3.1)
R
then Fy(f) belong to Lf for
2kp P
D < —.
2kp + ap — 2k <fs p—1

Remark3.2. The statement (3.1) is equivalent to f € Hy"P.
Proof. By virtue of the Lemma 2.2 and Hausdorff— Young inequality, we have

/
b
P

[0 B myr A @ du < | [ 12750 du
R R
Thus, using (3.1), we obtain

/ (1= By, )" Fol £)(@)|” dpn(x) = O(heP').
R
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By the Lemma 2.1, there exist C'1 > 0 and i > 0 such that 1 — By(x, h) > Cizh for |z| < 7

Then
n/h
Cq / |(@h)™ Fr(f) ()| duk /’ (1 — By(a, )" Fi(f) ()| dus(z) =
0
Hence,
n/h
[ F @l i) = o).
0
Let

- / ™ Fo(f) (@) | ().
1

Then, if 5 < p’, we get

/

Y 1-/p'
(/xmfk D) dy(a ) (/duk ) -
1

~0 <y(m*a)ﬁ+2k(1fﬂ/p’)>‘

On the basis of (3.2), we obtain

Y

)
[1EGD @ dn) = [0 @
1

1

An integrate by parts, we get

[0 @| @) =00 +ms [ o (@) =
1

1

~0 (y—m5+(m—a)5+2k(1—ﬁ/p')> _
-0 <yaﬁ+2k(1/d‘/p’) )

the quantity is bonded as y — +o0 if —af + 2k <1 — B) <0, ie.,
p

2kp

B> 2kp + ap — 2k~

Similarly for / |\ Fu(£) (@) dp ().
The case 3 = p’ is true by Hausdorff- Young inequality.
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4. An equivalence theorem for deformed Hankel - Lipschitz class functions. This section
deals with a particular case, when p = 2 and « € (0, 1]. We can put the Theorem 3.1 into a form
in which it is reversible. Hence, we give a characterization of the space Heg' 2 of deformed Hankel -
Lipschitz class functions by means of asymptotic estimate growth of the norm of their deformed
Hankel transform.

Theorem 4.1. Let o € (0,1] and f € L% . Then the following statements are equivalent:

/ AT f (@) Pdp() = O(h*), @.1)
R

/ Fi(F)Ndue(A) = O0(r2*) as r— cc. (4.2)

A>r

Proof. By Parseval’s identity, we get

/ (1 = By(h 2))" Fo( ) (@) dan () = / AT f (@) Pdpu(a). 4.3)
R

Suppose that (4.1) holds. Then, by virtue of (4.3) yields
/ FD)@) i) < K [ (1= B )" (1) @) () =
2 R

= O(h?®). (4.4)

Letr >0 and h = for ¢ € N. Then, from (4.4), we find

[ A D@P ) = [ 1700 @R = ot o (5h)" ) =

Hence,

22+1

/|-7:k ) [Pdp (x) Z / \Fi(f) (@) P dpr(z) =

= §O<(2ir)_2a> = io( (27r) ") = 0(r7>).

Similarly for / Fe(f) (@) 2 ().
On the othe_roﬁand, if (4.2), holds, we can write
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1125
+oo
o) = [ 17D @) ().
Then, by (4.2), we have
[l B @) i) = [~ )i =
0 0
= 2™ (r) + 2m/a:2m1q§(a:)dx
0
Hence,
/ |2 Fio(f) ()| Pdpurs(z) = O(r*™2%). (4.5)
By Lemma 2.1, there exist C' > 0 and 1 > 0 such that
1—Bi(Ah) <CAh for |Ah| <n. (4.6)

Then, (4.5) and (4.6) gives

n/h

[ 0= Ble ) AD @ Pdo) < Gl [ F) @) P+
R —n/h
—n/h +oo
+ / ‘Jrk(f)(Cc)Pdﬂk@)‘i‘/‘}—k(f)(x)Fdﬂk(x)_O(hza)~
—00 n/h

Hence, (4.1) follows from (4.3).

5. Deformed Hankel Dini - Lipschitz conditions.
class of functions He defined by

Definition 5.1. Afunctzon [ R — R is said belong to Hy for o,y > 0 if

lapse)ll,, = o<ha log<i>7>.

Remark5.1. Let ao > a7 > 0, we have

In this section, we consider a new larger

a9 - a1
and

Hm:P C Hm’p C Hm7p.

a2,y

Now, we are able to establish an extension of Theorem 3.1 to Hq
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Theorem 5.1. Let f belong to Li, l<p<21If

1\ 7P
/|A;L”f(:v)]pduk(x) = O(ho‘plog<h> > as h—0, (5.1)
R
then Fi.(f) belong to L'g for o
p p
M < 2
2kp + ap — 2k <fs p—1

Remark5.2. The statement (5.1) is equivalent to f € Hy .
Proof. By virtue of the Lemma 2.2 and Hausdorff— Young inequality, we have

P
P

10 By A )@ duat) < ( / A?L”f(fv)pduk(x))
R R
Thus, using (5.1), we obtain
, 1\
J 10 Bl £ 0@ o) = o 7 v (1) .
R
By the Lemma 2.1, there exist C'1 > 0 and i > 0 such that 1 — By(x, h) > Cizh for |z| < %
Then

n/h

o / [eh)™ Fo () @) dpun() < / (1 = By, b)) Fi () (@) P dpag () =
0 R2

) 1 vp'
= ap 1 — .
Ol h 0g(h>
n/h

[ | F D@ due() = 0<h<a—m>p’ lg(;)>

Hence,

[e=]

Let

b(y) = / ™ Fi(£)(@) | i (x). (5.2)

Then, if 5 < p/, we get

y B/v" /g 1-3/p'
o(y) < ( / |xmfk<f><x>p’duk<x>) ( / dukm)) -
1
-0 <y(m—a)ﬁ+2k(1—6/p') log<lll)w> .
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On the basis of (5.2), we obtain

/|fk(f)(:t)|5duk(x) = /x_mﬁqb/(x)dx.
2 2

An integrate by parts, we get
Y

[ 1@ @) =520t + ms [ 7 o(a)e =
2

2

h

Yy
_ O<y—aﬁ+2k(1—6/p’)> L0 /y—aﬁ—&-%(l—ﬁ/ﬂ)—llog(l)’m
2

The quantity y_a5+2k(1_6/pl) is bonded as y — +oo if —af + 2k‘(1 - ﬁ) <0, ie.,
p

/

2kp

p> 2kp 4+ ap — 2k’

Y , 1\ 8
Since —y3 < 1, then on the basis of Bertrand rule, the quantity / y‘aﬂﬂ’“(l_ﬂ/p )1 log<h>
2
is bonded as y — +oo if aff — 2k <1 — ﬂ) +1>1,1ie.,
p

/

2kp

p> 2kp + ap — 2k’

y
Hence, / ‘]—"k(f)(x)‘ﬁduk(:z:) is bonded.
2

-1
Similarly for/ ‘fk(f)(x)"gduk(:r)
—0o0
The case 3 = p’ is true by Hausdorff- Young inequality. Then, the proof is completed.

References

1. S.Ben Said, A4 product formula and convolution structure for a k-Hankel transform on R, J. Math. Anal. and Appl.,
463, Ne 2, 1132-1146 (2018).

2. Salem Ben Sad, Mohamed Amine Boubatra, Mohamed Sifi, On the deformed Besov—Hankel spaces, Opuscula
Math., 40, Ne 2, 171-207 (2020); https://doi.org/10.7494/OpMath.2020.40.2.171.

3. A. Achak, R. Daher, L. Dhaouadi, El Loualid, An analog of Titchmarsh's theorem for the q-Bessel transform, Ann.
Univ. Ferrara, 65, Ne 113 (2019); https://doi.org/10.1007/s11565-018-0309-3.

4.  R. Daher, M. Hamma, An analog of Titchmarsh's theorem of Jacobi transform, Int. J. Math. Anal., 6, Ne 20, 975-981
(2012).

5. R. Daher, M. El Hamma, A. El Houasni, Titchmarsh’s theorem for the Bessel transform, Matematika, 28, Ne 2,
127-131 (2012); https://doi.org/10.11113/matematika.v28.n.567.

6.  S. Negzaoui, Lipschitz conditions in Laguerre hypergroup, Mediterr. J. Math., 14, Ne 191 (2017); https://doi.org/
10.1007/s00009-017-0989-4.

7. S. S. Platonov, The Fourier transform of functions satisfying the Lipschitz condition on rank 1 symmetric spaces,
Sib. Mat. J., 46, Ne 6, 1108 - 1118 (2005).

8. E. S. Titchmarsh, Introduction to the theory of Fourier integrals, Oxford Univ. Press (1948).

Received 24.05.20

ISSN 1027-3190. Vkp. mam. scypn., 2022, m. 74, Ne 8



