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SUFFICIENT AND NECESSARY CONDITIONS
FOR THE GENERALIZED DISTRIBUTION SERIES
TO BE IN SUBCLASSES OF UNIVALENT FUNCTIONS

JIOCTATHI TA HEOBXIJIHI YMOBH JJISI TOTO,
LIOB PSIJIA V3ATAJILHEHUX PO3MO/LIIB
HAJIE)KAJIH 10 MIJIKJIACIB OJHOJIUCTUAX ®YHKITI

We establish a relationship between the subclasses of univalent functions and generalized distribution series. The main aim
of our investigation is to obtain necessary and sufficient conditions for the generalized distribution series to belong to the
classes TF(p,9), TH(p,¥), TT(p,¥), and T X(p,?). In addition, we obtain some particular cases of our main results.

BcraHoBieHO 3B’30K MiX MijKJIacaMy OJHOIHCTUX (DYHKLIN 1 psaaMu y3araabHEHUX po3noAiiiB. OCHOBHOIO METOIO I[bOTO
JIOCTIJI)KEHHSI € BCTAHOBIICHHS HEOOXiTHHX 1 JOCTAaTHIX YMOB JUIS TOTO, 10O PSAM y3arajdbHEHHX PO3IOILIIB HAJIEKAIH
go knaciB TF(p, ), TH(p, ), TT(p,¥) i TX(p,?). Kpim Toro, orpumMano Iesiki oKpeMi BUMAAKH HALINX OCHOBHHX
Ppe3yJIbTaTiB.

1. Introduction and preliminaries. Let A be the class of all analytic functions of the form
oo
f&) =2+ art, (1.1)
=2

which are analytic in the open unit disc D = {z: z € C and |z| < 1}. Also, let 7 be a subclass of
A that contains the function of the form

fz)=2— Zagzg, ag > 0. (1.2)
(=2
Definition 1.1. For functions f(z) € A, given by (1.1), and g(z) € A, defined by
g(z) =z + Z bz,
(=2
Hadamard product (or convolution) of f(z) and g(z) is given by
(f*9)(z) =2+ agbez" = (g f)(2), z€D.
(=2

In [15], Lashin et al. defined and studied a new class as the following.
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Definition 1.2 [15]. A function f € A is said to be in the class &(0,®, T, p, ) if the following
condition is satisfied:

(1= p)(f *O)(2) + plf * )(2)
Re{ 7+ 1))

where the functions ©, ® and Y denote by

oo oo o0
z) = z+zagz£, d(z) = z—i—Zﬁgzz and T(z) = z+2’>’£2€a
=2 =2 =2

O‘EaﬁéaWﬁZOa z€D.

}>a 0<p<1l, 0<V<I,

Also,
T6(0,2,71,p,9)=6(0,2,T,p,9)NT.

The class, defined above, includes several simpler subclasses. We point out here some of these
special cases as follows:
z z+ 22
If tO(z) = ——, P(2) =
We pu (Z) (1 _ 2)27 (2,’) (1 - 2)3
following subclass.

Definition 1.3 [6]. A function f € A is said to be in the class F(p, 1) if the following condition
is satisfied:

and Y (z) = z in Definition 1.2, then we have the

Re{f'(z) + pzf"(2)} >0, 0<p<1, 0<9<1,
and (see [15, 20])
TF(p, ) =F(p,)NT.

Lemma 1.1 [20 with p = 1]. A4 function f(z) € T is in the class T F(p, ) if and only if

(o]
DUl —p+pllag<1—9, 0<p<l, 0<P<L,
(=2

2
If we put ©(z) = ﬁ, O(z2) = Zrz

the following subclass.

Definition 1.4 [19]. A function f € A is said to be in the class H(p, V) if the following condition
is satisfied:

e and Y(z) = 1jz

in Definition 1.2, then we have

SR

>0, 0<p<1l, 0<v¥<l,
() } g

and (see [14, 15])
TH(p, V) =H(p,9)NT.
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Lemma 1.2 [14]. A4 function f(z) € T is in the class TH(p, V) if and only if

o0

DU=D)(pt+1)+1-Dag<1-9, 0<p<1, 0<I<L
=2
If we put O(z) = 1 : , ©(2) = a & 2 and T(z) = z in Definition 1.2, then we have the
-z -z

following subclass.
Definition 1.5 [7]. A function f € A is said to be in the class J (p, ) if the following condition
is satisfied:

:%{“_?ﬂ@+gﬂa}>& 0<p<1l, 0<dI<l1,

and <see [15] and [8 with h(z) = i ])

1—2z
TI(p,0) =T (p,0)NT.

Lemma 1.3 [15]. A function f(z) € T is in the class T J (p, V) if and only if

dpt—=1)+Dag<1-9, 0<p<1l, 0<9<1
(=2

z 2+ 22
@ = T =
e = s a1

z
1-2p
the following subclass.
Definition 1.6 [16]. A function f € A is said to be in the class X (p, V) if the following condition
is satisfied:

If we put ©(z) = in Definition 1.2, then we have

Re{(l —p>;;€g;>) +p<1+ Z]{E(ij))} >9, 0<p<1l, 0<d<1,

and
TX(p,0) = X(p,9) N T
Lemma 1.4 [16]. A4 function f(z) € T is in the class T X (p, V) if and only if

<p<l, 0<9<l.

Wl

o
DE=1)(p(t+1) = 1) +£(1 = D))ar < 1 -,
=2
Remark1.1. (i) Putting p = 0 in Definition 1.4, we obtain the class S*(¢) which contain the
starlike function of order ¥, 0 < 9 < 1, which studied by Robertson [26].
(ii) Putting p = 1 in Definition 1.6, we obtain the class C(¢)) convex function of order ¥,
0 <9 < 1, which studied by Robertson [26].
(iii) Putting p = 0 in Definition 1.3 and putting p = 1 in Definition 1.5, we obtain the class K*(¢})
which contain the close-to-convex function of order ¥, 0 < ¢} < 1, which studied by Libra [17].
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The applications of hypergeometric functions [21, 27], generalized hypergeometric functions
[13], Wright function [25], Fox— Wright function [5], generalized Bessel functions [4, 9, 24] are
play an important role in geometric function theory. In 2014, Porwal [23] (see also [1, 10, 11, 18])
introduced Poisson distribution series and obtain necessary and sufficient conditions for certain classes
of univalent functions and co-relates probability density function with geometric function theory.

In 2018, Porwal [22] introduced the generalized distribution series as follows.

Definition 1.7. The generalized distribution series is defined as

[o.¢]
S = Ztg, ty > 0.
/=0

That series is convergent.
Porwal [22] gave the generalization of discrete probability distribution with its probability mass
function is given by

X () teNU{0}, N={1,2,3,...}.

_u
S )
Obviously x(¢) > 0 and Zz X (¢) = 1. Also, he defined the series

P(x) = Z toxt.
£=0

From the above equation can be verified easily that it is convergent when —1 < x < 1. By specializing
the values of t;, we obtain several known discrete probability distributions (see [22]).

In [22], Porwal defined a power series whose coefficients are probabilities of the generalized
distribution as follows:

and

Now, we defined the functions Ny(7,2) and Nj(7, 2) as follows:
Ny(1,2) = (1= 7)Gy(2) + 72(Gy (2))'

(+r(-1)"5, 0<r<1, 2eD,

WE

:Z—|—

~
Il

2

and

N7, 2) = 22 = Ny(T, 2)

to—
=2-> (1+7(—-1)Lt 0<r<1, zeD.

NE

~
[|
¥
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In this paper, we establish a relation between subclasses of univalent functions and generalized
distribution series. The main aim of the present investigation is to obtain the necessary and sufficient
conditions for generalized distribution series belongs to the classes T F(p, ), TH(p, V), TT (p, V)

and T X (p, V).
2. Main results. In this section, we derive the sufficient and necessary conditions for the function

N (7, 2) to be in the above classes. We will assume throughout in this paper that 0 < 7 < 1,0 <
p<1,0<v¥<1land z€D.
Theorem 2.1.  The function N(7,z) is to be in the class T F(p, ) if and only if

() om0+ 7 o1+ 40 (1) + (14 2+ 2000+ W) + 001) = 9(0)) <10

Proof. According to Lemma 1.1, we need to show that

o0

D e —p+p0)] +T(€—1)]T<1—19
(=2

Thus,

Z[ﬁ(l —p+ pf)][l + T(f _ 1)]%

=
< )(,OTZ —1)(6 —2)(f = 3)t—1 + (T + p(1 + 47)) gﬁ—l )= 2)tp1
+(1 42 +2p(1 i —1t“+2te 1>
=
- (1) (,ﬁim 1))t (4 pl1 -+ 47)
xiﬁ —1tg+(1+2T+2p(1+r))§:£tg+§:t4>
= o
(S) (P (1) + (r + pl(1 + 47" (1) + (1 +27 + 20(1 + 7))/ (1) + (1) — $(0))
<1-—

Theorem 2.1 is proved.
Putting p = 0 in Theorem 2.1, we obtain the following corollary.
Corollary 2.1. The function Nj(7,z) € K*(V) if and only if

(5) (7o + a4 2nw + v - v) <1-0.

Putting p = 0 and 7 = 0 in Theorem 2.1, we obtain the following corollary.
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Corollary2.2. The function TGy (z) € K*(V) if and only if

(5)(v@+vm-vo) <10,

Theorem 2.2.  The function N (7, z) is to be in the class TH(p, V) if and only if
1
() (rom @+ G4 7+ a0y

+((1+2p)(1+7) +7(1 =)' (1) + (1 = 9)((1) — ¢(0))> <1-4.

Proof. According to Lemma 1.2, we need to show that

Z —1)(p€—|—1)—|—1—19][1+7(€—1)}—<1—19

(=2 S
Thus,
> to_
S [(e=1)(pt+1)+1-9)[1 -I-T(f—l)]%
(=2

= ($)(Zte-D0e-2+ 0 +20) 40 - Dy
(=2
+ 3 {rp(t = 1)(€ = 2)(€ = 3) + 2p7(£ — 1)(£ — 2) }oy
=2
+ Z {r(1+2p)(t = 1)t =2) + 7(1+2p)(¢ — 1) + 7(1 = I) (£ — 1)}tg_1>

- @(TpZW— D=2}t + (rp+74+p) ) UL~
/=1

0

1 T

+[(1+20)Q+7)+7(1 -9 Zﬁtg—i— 1—9

- <;><m¢"’( )+ Arp+ 7+ )y (1)

+ [+ 20)(1+7)+7(1 = 9] (1) + (1 =) [(1) - ?/)(0)]>
<1-49.

Theorem 2.2 is proved.
Putting p = 0 in Theorem 2.2, we obtain the following corollary.
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Corollary 2.3. The function N (7,z) € §*(9) if and only if

(;)<T¢//(1) S (1472 — 9N (1) + (1 —9)(p(1) — ¢(0))> <1_v.

Putting p = 0 and 7 = 0 in Theorem 2.2, we obtain the following corollary (see also [22,
Theorem 10 with A = 0]).
Corollary2.4. The function TGy (z) € S*(¥) if and only if

(@(Wl) +(1=9)(u(1) - w<0>>) <1-9.

Putting 7 = 0 in Theorem 2.2, we obtain the following corollary.
Corollary2.5. The function TGy (z) € TH(p, V) if and only if

<;> (mb’/(l) (14209 (1) + (1 — 9)(w(1) — 1/1(0))) P

mﬁ
Remark2.1. (i) If wetake tp = —

on m > (, in Theorem 2.2, we get the results, which obtained
by Lashin et al. [15, Theorem 7]; '
)4

(i) If we take t; = %
et al. [15, Corollary 8].
Theorem 2.3. The function ./\/;Z(T, z) is to be in the class T J (p, V) if and only if

m > 0, in Corollary 2.5, we have the results, which obtained by Lashin

() (ro" @+ Gt 7+ D) + w0 = 0(0)) < 1= 0.

Proof. According to Lemma 1.3, we need to show that
> L+ pt =D +T(e—1)]T <1-9.
(=2
Thus,

> to_
D [+ pE - 1) +T(€—1)]%
=2

< ><Zte 1+ (7 +p) folte 1+T/J’Zf*1 7 1)
=2

=

[\

= (;)(Ztg-F (r+p+7p)Y lle+Tp> L~ 1)te>
(=1

=1 =1
= (;)(pw”(l) + (o4 71+ p)' (1) + (1) — ¢(0)> <1_9.
Theorem 2.3 is proved.
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Remark?2.2. (i) Putting p =1 in Theorem 2.3, we get the result obtained in Corollary 2.1.
(i) Putting p =1 and 7 = 0 in Theorem 2.3, we have the result obtained in Corollary 2.2.
Putting 7 = 0 in Theorem 2.3, we obtain the following corollary.

Corollary 2.6. The function TGy (z) € TJ (p,V) if and only if

(5) (w0 + w0 - v0)) <1-0.

mé
Remark?2.3. (i) If wetake ty = —

n m > 0, in Theorem 2.3, we get the results, which obtained
by Lashin et al. [15, Theorem 9]. '
’

(i) If we take ty = %, m > 0, in Corollary 2.6, we have the results, which obtained by Frasin
[12, Corollary 5.1]. '

Theorem 2.4. The function TGy (2) is to be in the class T X (p, V) if and only if

() (w0 + @ = ) + (1= D) - w(0)) <10,

Proof. According to Lemma 1.4, we need to show that
= to-
> [(e=1)(p(t+1)—1)+ (1 —19)}% <1-9.
(=2
Thus,

i e+1)—1)+£<1—19)]t%1

<
<

= () (o @)+ Go = 000 (0) + (1 = D)w(1) = w(0) ) <10,

W=

)(,325—1 Y —2)tey + (3p—9)> (L= Dtpy + (1 -0 Ztg 1)
=2

(=2

Wl =

)(,()Ze(z_ Dte+ (3p—0) Yl + (1—19)Zt£>

/=1 /=1 /=1

Theorem 2.4 is proved.

Putting p = 1 in Theorem 2.4, we obtain the following corollary (see also [22, Theorem 11 with
A =0)).
Corollary2.7. The function TGy (z) € C(0) if and only if

(5)(v @+ G=oww+ 0 - e -v) <1-0

mt
Remark2.4. 1f we take t) = Ik
by Lashin et al. [15, Theorem 11]."

m > 0, in Theorem 2.4, we obtain the results, which obtained
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Theorem 2.5. The function N (7, z) is to be in the class T X (p, V) if and only if
1
() (o @)+ oot 7650 = )u0) + (B0 = D)+ 1)

(L= D)W1)+ (1 - 9)(a(1) — w<o>>)

<1-9.

Proof. According to Lemma 1.4, we need to show that

w[@—m@w+1y—m+eu—ﬂﬂu+rw—1ﬂ5,<1—0
(=2
Thus,
53 (€ —1)( )—m+%u—ﬁﬂu+rw—1n%§
(=2

_ (;)(WZM S (=23t + (p+ G —9) S (1)L —2)ts

(=2 =2
+(Bp—N)(r+1)+7(1 -9 i (0 —1)tp—1 + 1—19)50:&_1)
(=2 (=2
( )(per — D=2t + (p+7(Bp— 1) Y (L — 1)t
(=1

+HBp—N(T+1)+7(1 -9 Zétwr (1—9 iu)
/=1

_ (;) (079" (1) + (o + 7(30 — 9)9" (1)

+(Bp =) (r+ 1) +7(1=0)¥'(1Q) + (1 - 9)((1) - ?/)(0)))
<1-4.

Theorem 2.5 is proved.
Putting p = 1 in Theorem 2.5, we obtain the following corollary.
Corollary 2.8. The function ./\/;Z(T, z) is to be in the class C(0) if and only if

(;)<T¢mU)+(Lkﬂ5—§»¢”ﬂ)+«3—§KT+1%Fdl—ﬁ»¢%U+{1—ﬁx¢U)_¢an)<<1_§

mt
Remark2.5. If we take t) = —

e m > 0, in Theorem 2.5, we get the results, which obtained by
Lashin et al. [15, Theorem 12]. '
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3. Conclusion. Many application on the complex plane have been studied by several authors
(see, e.g., [1-3,9-13]). In our paper, we obtain some sufficient conditions of generalized distribution
series for belonging to certain classes of univalent functions. By giving specific values on generalized
distribution series we obtain sufficient conditions for Poisson distribution series.
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