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THE SHARP BOUND OF CERTAIN SECOND HANKEL DETERMINANTS
FOR THE CLASS OF INVERSE OF STARLIKE FUNCTIONS
WITH RESPECT TO SYMMETRIC POINTS

TOYHA T'PAHUIA JEAKUX IPYT'UX BUSHAYHHUKIB T'AHKEJIA
JIJISI KJTACY OBEPHEHMX 3IPKONOIIBHUX ®YHKIIINA
moaA0 CUMETPUYHUX TOYOK

We investigate the sharp bound of certain coefficient functionals associated with a Hankel determinant of second kind for
the inverse function, when f belongs to the class of starlike functions with respect to symmetric points.

JlocimimkeHo TOUHY TPaHMII0 JeKUX KoedilmieHTHUX (QyHKIIOHANIB, 10 OB’ sI3aHi 3 BU3HAYHUKOM ['aHKens Apyroro pomy
Uit o0epHeHoi (yHKIIl, y BUNAAKY, KOMHM f HaJEXKUTh KJIacy 3ipkononiOHUX (QyHKIH 1010 CHMETPUYHHUX TOUOK.

1. Introduction. Let A represent the family of all analytic normalized mappings f of the type

inD = {z € C: |z| < 1}, denotes the open unit disc and S is the subfamily of A, possessing
univalent (schlicht) mappings. Pommerenke [10] characterized the rth-Hankel determinant of order
n for f with r, n € N = {1,2,3,...}, namely

Qn An+1 T An4r—1
an+1 (n4-2 T An4r
HT,TL(f) = . . . . * (1'1)
An4r—1 An4r T Qn4-2r—2

The Fekete — Szego functional is obtained for r = 2 and n = 1 in (1.1), denoted by Hs 1(f). Further,
forr=n=2and r =2, n =3 in (1.1), called as second order Hankel determinants, respectively

given by
a9 as
Hyo(f) = (1.2)
as a4
and
as a4
Hy3(f) = (1.3)
as as
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The exact estimate of |Hy o( f)| for the subfamilies of S, were proved by Janteng et al. [5, 6]. Zaprawa
et al. [16] obtained sharp bound of |Hy3(f)| for the class of bounded turning functions, also for
the class of starlike and convex functions by taking as = 0. For the class of starlike functions with
respect to symmetric points, introduced by Sakaguchi [14], denoted as S, satistying the analytic
condition Re{(2zf'(2))/(f(z) — f(—=))} > 0, Ramreddy et al. [11] shown that |Hz2(f)| < 1.

For f € S¥, Hern et al. [4] proved that [Ha 3(f)| < 13/16 and |H23(f)| < 1, which is sharp,
by assuming as = 0.

For f € S, has an inverse f~! given by

I

FHw)=w+ Y taw", w| <ro(f), ro(f) =
n=2

Ali [1] determined sharp bounds on the first four coefficients and sharp estimate for the Fekete—
Szego coefficient functional of the inverse functions belong to the class of strongly starlike functions.
Recently Sim et al. [15] obtained sharp bound of ‘H 2.2 ( f _1) ‘ for the class of strongly Ozaki functions.

Motivated by the results obtained by the authors mentioned above, in this paper we are making an
attempt to estimate sharp bound for coefficient functionals, namely |Ha ; ( f _1) ‘, |H2,2 ( f _1)| and
|H2,3(f~')|, when f belongs to the class of S}

The collection P of all functions p, each one called as Carathéodory function [2] of the form

[e.@]
p(z) =1+ Z e,
t=1

having a positive real part in . Buliding our analysis on the familiar formulas of coefficients ca (see
[10, p. 166]), c3 (see [8, 9]) and ¢4 can be found in [12, 13].

The foundation for the proofs of our main results are the following lemmas, and we adopt the
procedure framed through Libera and Zlotkiewicz [9].

Lemma 1.1 [3]. If p € P, then |c; — pcjci—;| < 2 satisfies for the values i,j € N with i > j
and p € [0, 1], which is same as |cp1y, — penck| for n,k € N with 1 € [0, 1].
142
1—2’

Lemma 1.2 [10]. Ifp € P, then |c¢;| < 2 for t € N, equality occurs for the function py =
z € D.
Lemma 1.3 [7]. Ifp € P, then

200 = & + 1(,
deg = ¢} + 2e1t¢ — ert¢® +2t(1 — (),
and
8cs = cf +3c3t¢ (4 — 3t + 3¢ + at(1 — [¢[) (1 — Inf?)¢€
+4t(1 = [¢?) (can — eCn — (),

where t := 4 — c3, for some (, n and & such that || <1, |n| <1 and |£] < 1.
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2. Main result.
Theorem 2.1. If f € S, then
[Haa (F7)] <1
and the result is sharp for fo = z/(l — 22).
Proof. For f € S, as per Definition 1.1, there exists an analytic function p(z) in D with
Rep(z) > 0 such that

22f'(z)
f(z) = f(=2)

Using the series representation for f'(2), f(—z), f(z) and p(2) in (2.1), after simplifying, equating
the coefficients of like powers of z, we obtain

=p(2) & 22f'(2) = {f(2) = f(=2)}p(2). 2.1)

c1 Co 2c3 + c1c9 2c4 + C%
-4 i T T == _ 2 2.2
a2 =, 3=, 04 g 0 o 3 (2.2)
Since f € S, using the definition of inverse function of f, we have
o
— — — n
w=f(f71) = w) + D an(FHw)"
n=2
Further, we get
00 0o 0o n
w= f(f*l) =w+ Ztnw" + Zan(w—i— Ztnw”> .
n=2 n=2 n=2
Upon simplification we obtain
(ta + a2)w? + (t3 + 2asts + az)w® + (ta + 2a0ts + ast + 3asts + a4)w4
+ (t5 + 2a9t4 + 2a0tots + 3asts + 3a3t% + 4daygto + a5)w5 +...=0. (2.3)
Equating the coefficients of like power in (2.3), after simplifing, we get
lg = —ay,
t3 = —az + 2da3,
(2.4)
ty = —aq + basaz — 50,%,
ts = —as + 6agas — 2lazas + 3a3 + 14a3.
Using the values of a,,, n = 2,3,4,5, from (2.2) in (2.4), it simplifies to give
c
=7,
o — —C2 + C%
3 = 9 )
2.5
—56% + 9¢c1c9 — 2¢3 3)
tg = ,
8
ts = 7c‘1L — 180%02 + 50% + 6cicg — 204.

8
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Now, based on Hy1(f), we have

1 123

Hy(f71) = = t3 — 13. (2.6)

ty 3

Using the values of ¢;, j = 2,3, from (2.5) in (2.6), it simplifies to give

2
H271(f_1) = —% <02 — C2l> .

Taking modulus and applying Lemma 1.1, we obtain

_ 1 c
|Hop (f71)] < (e~ 51 =1
From fp we get 5 =0 and t3 = —1.
Theorem 2.1 is proved.
Theorem 2.2. If f € 8%, then
[Hoo(fH)] <1

and the inequality is sharp for the function f, given in Theorem 2.1.
Proof. For f € S, in view of (1.2), we have

ta i3

Hyo(fh) = = toty — 13. (2.7)

ts  t4
Using the values of ¢;, j = 2,3, 4, from (2.5) in (2.7), it simplifies to give
_ 1
Hs 5 (f 1) = E(C% — C%CQ — 46% + 20163). (2.8)
Applying Lemma 1.3 in expression (2.8), upon simplification it yields

Hoo(f7') = fG{—?;c% 1= A a1 - cP)n}. (29)

Taking modulus on both sides and then applying the triangle inequality by taking ¢ := ¢, t 1= 4 —c?
and p := |(], using |n| < 1 in (2.9), we obtain

-1 4-c 3 , n 2, 1 a2 2
|Hao(f71)] < 15 icx+(4—c)a; +§ca; + (1 —2%)

4—c? 3 1
= 1GC {c+202x+2(2—c)(4+c)x2}

4—c? 3 1
<= ¢ {c+262+2(2—0)(4+0)}

Therefore, |Ha 2 (f_l)‘ <1.
From fjy, we obtain to = 0, t3 = —1 and ¢4 = 0.
Theorem 2.2 is proved.
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Theorem 2.3. If f € S}, then
|[Hza(f 1) <2

and the inequality is sharp for fo.
Proof. For f € §F, based on (1.3), we have

ts 1y

Hys(f1) = = tsts — 3. (2.10)

ty ts

Using the values of t;, j = 3,4,5 from (2.5) in (2.10), it simplifies to give
1
Hs 3 (ffl) o1 (301 10cica 4+ 4c3es + 116362 + 8cacy
—8c%ey + 12¢1¢203 — 203 — 4c§>. @.11)
In view of Lemma 1.3 and equation (2.11), we obtain

—10ctes = —5[c§ + cftc],

4c3c3 = [01 + 2¢{t¢ — et + 2clt(1 —[¢] ) nl,
—20c3 = —g [§ + 3t + 3322 + £2¢7]
113k = % (8 + 2c1t¢ + 2 ¢?, (2.12)
12c1c9c3 = g [01 + 3cltC + 201t2C2 c‘ft(z — c%t2§3
+2t(c} + et) (1= )]
—4c% = —i [cl + ActC 4 43¢ — 21t — 4323 + A3t
- 4t(c] + 201C — ext¢?) (1= [CP)n + 42 (1= [¢2)*n?]
8cacy — 8cicy = %[— —3cit¢ — (4 — 3cD)t¢? — it — 4cit(1 — (1 — [¢)n

+4cit(1 — |¢1?)¢n? — it (1 — |¢°) (1 — )€ + ¢ + 3cit* ¢
+ (4 =32 + A + 4t (1 - O (1= ¢
4 (LGP ISP + 42 (1~ [¢) (1~ [nP)ce].

From the expressions (2.11) and (2.12), we get

oy~ = gy - Jelc - et ok e
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1 5 5
=201+ et + 200 - 5 :

401

3 —

+ 201+ )} + ert¢(3 = O] (L= [¢[*)n
+[2e3C =t (14 [¢P)] (1= 1¢*)n?

alic - )00 k)0~ e e
For ¢; :=c and t := 4 — ¢? in (2.13), it takes the form

1 a3
5¢¢

H2,3(f_1)—4g462{ > ¢ - E 4c2 20%¢% —

+(4—¢*) {—Z ¢+ %c2C4 - (8 — C;) gﬂ

+ 20+ +cC(4—=A)B = (1=1¢*)n
+ [2¢°¢C— (4= A) (1 +[¢P)] (1= [¢*)n?

+2[4-) =) (- W)g}. (2.14)

Taking modulus on both sides in expression (2.14) with [(| =z € [0,1], |n| =y € [0,1], c1 =c €
[0,2] and |£] < 1, we obtain

[Ho3(f71)] < Q)(ngi’y), 2.15)
where ®(c, z,y) : R* — R is defined as
O(c,z,y) = (4 - ){201‘4-; 42? + 2¢%0° +%c4§3
[ o gt (5 2)]
+ 20+ 2) +ex(d— )3 +2)](1—2?)y
+ 2%+ (4 - )( +a%)] (1 - 2%)y"
+2[(d-P)z+ ] (1-2?)(1- yz)}. (2.16)

Now, we will maximize the function ®(c, x,y) in the region of the parallelepiped formed by [0, 2] x
[0,1] x [0,1], where ¢ € [0,2], z € [0,1] and y € [0, 1].
A. On the vertices of the parallelepiped, we obtain

$(0,0,0) = $(2,0,0) = ®(2,1,0) = ®(2,1,1) = $(2,0,0) =0,
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$(0,0,1) =16, ®(0,1,0) = ®(0,1,1) = 128.

B. Now, considering the eight edges of the parallelepiped:
(1) forc=0,z=0,0<y<1in(2.16), we have

®(0,0,y) = 16y2 < 16;
(i) forc=0,x=1,0<y <1in(2.16), we get
®(0,1,y) = 128;
(iii) forc=0, y =0, 0 < x < 1, we obtain
®(0,x,0) = 32z + 962> < 128;
(iv) forc=0,y=1, 0 <z <1, we have
®(0,z,1) = 16 + 1282° — 162 < 128;
v) forx=0,y=0,0<c<?2, we get
®(c,0,0) = 8¢2 — 2¢* < 32;
(vi) forz =0,y =1, 0 < ¢ < 2, we obtain
®(c,0,1) = 16 — 8¢* + 8¢ + ¢* — 2¢° < 96;

(vil) forx=1,y=0,0<c<2andz=1,y=1, 0 <c <2, wehave

5 6
D(c,1,y) = 128 — 40c2 + 12¢* — % < 1928:

(vili) forc=2,2=0,0<y<1l,c=2,2=10<y<1l,c=2,y=0,0<z <1and
c=2,y=1,0<z <1, weget
®(2,z,y) =0.

C. Now, we consider the six faces of the parallelepiped:
(i) for ¢ = 2, we obtain ®(2,z,y) =0 for z,y € (0,1);
(ii) if ¢ = 0 in (2.16), then, for =,y € (0, 1), we have

®(0,x,y) = 4(322° + 4(1 — 2®) (1 + 2%)y* + 8z(1 — 2%) (1 — ¢?))
= 322 4 9623 + 16(1 — 2)3(1 + x)y>
< 322 4 962° 4+ 16(1 — 2)3(1 + z) < 128;
(iii) if 2 = 0 in (2.16) then, for c € (0,2), z € (0,1), we get
D(c,0,y) = (4= )2y + (4 — )y + 27 (1 — y?)]
= (4= )2y + 4y° + > (2 - 3y7)]
< (4—=c)[4+2¢ +2¢°] < 96;
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(iv) on the face x =1, ¢ € (0,2), y € (0,1) from (2.16), we observe that function ®(c, 1,y) is
independent of ¥, and from B (vii), we obtain

®(c,1,y) < 128;
(v) on the face y =0, ¢ € (0,2), = € (0,1) from (2.16), we have

5 3 2 4
D(c,z,0) = (4—02){8564—24553—{—04(; _Z+$3_Z>

5 4
+02(2—2x+5x2—8x3+x4)} < (4—c2){32+2c2+g} < 128;
(vi) on the face y =1, c € (0,2), z € (0,1) from (2.16), we get

) 1 1
®(c,x,1) = (4 - c2) { 5 A+ B Az 4 2c%% + 5 cAed

5 1 2
+ (4 — 02) [4 Ar?+ = lat + <8 — C)m?’}

4 2

+ [2(1+ z)cd + cx(4— 02)(3 + )] (1 - x2)
+ [20296 + (4 — 62) (1 + xz)] (1 — :1:2)}

=g(c,x) with ce€(0,2) and =z € (0,1).
Further,
dg

5 = —16¢ + 24¢% + 4¢® — 10 + 487 + 16¢cx — 48¢% 1 + 32¢%x + 5cte — 156z + 1622
C

9 5.2
+ 56cz? — 48c22% — 403 2% + 1542 + xr_ 4823 — 160cz® + 48223

. 3 5,.4
+ 64323 — 5ctrd — 6c°23 — 162* + 24cxt + 2422 — 12632 — 5etat + %
and

5 6
879 = 48c + 8¢ — 16¢" + 8¢' + ¢ — 2 4 82cx + 56’z — 32¢°x — 20"z + 6%
X

3 6
+ 62:6 + 38422 — 144cx® — 240c%2% + 48322 + 48¢*x? — 3c%x? — 35822

— 6423 — 64cx® + 48223 + 3232 — 126423 — 4P + B,

. . 0 0 . .
Upon solving the expressions a—g =0 and a—g = 0 (by using MATHEMATICA 12.0), we obtain
c x
no critical in (0,2) x (0,1).

ISSN 1027-3190. Vkp. mam. ocypn., 2023, m. 75, Ne 10



THE SHARP BOUND OF CERTAIN SECOND HANKEL DETERMINANTS ... 1385

Therefore, there is no critical point in y = 1, (¢, z) € (0,2) x (0,1).
D. Now, considering the interior of the parallelepiped formed by (0,2) x (0,1) x (0, 1).
Differentiating ®(c, z,y) partially with respect y, we have

0P
e = 8¢c® — 2¢° + 48¢cx — 16¢%x + Pz + 16¢c2? — 16322 + 322 — 48cx® + 16323
)

— x® —16ext + 8c3xt — Pt 4 32y — 3267y
+ 604y — 64ry + 48021’y - 804$y + 1602x2y — 4(:43:29

+ 6423y — 48223y + 8ctxdy — 322ty + 16c2xty — 2ct 2ty
. 0D
Upon solving — = 0, we get
dy

_ Adex(3+7) —F(-2+a+2°)
N= o+ (—3+a) —da)(—1+a)

for yo € (0,1) iff the conditions
dex(3+x) —(—2+z+2%) =24+ (-3 +1z) —4da)(-1+2) <0 (2.17)
and
2(4 + A(=3+1x)— 4z) <0

must hold. But the condition (2.17) is not true for all z € (0,1) and ¢ € (0, 2).
Hence, ®(c, x,y) has no critical point in the interior of parallelepiped.
In review of cases A, B, C and D, we obtain

max{®(c,z,y): c€0,2], z € [0,1], y € [0,1]} = 128. (2.18)
From expression (2.15) and (2.18), we get

|Has(f71)| < 2.

Form fy, we obtain t3 = —1, t4 =0, t5 = 2.
Theorem 2.3 is proved.

On behalf of all authors, the corresponding author states that there is no conflict of interest.
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