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DYNAMICS OF A RANDOM HOPFIELD NEURAL LATTICE MODEL
WITH ADAPTIVE SYNAPSES AND DELAYED HEBBIAN LEARNING

JTUHAMIKA BHITAIKOBOI MOJIEJII HEHPOHHOI IPATKH XONI®LIJIA
3 AJAIITUBHUMHU CUHAIICAMH
TA 3ATPUMAHHUM 'EBBOBUM HABUAHHSIM

A Dong - Hopfield neural lattice model with random external forcing and delayed response to the evolution of interconnecti-
on weights is developed and studied. The interconnection weights evolve according to the Hebbian learning rule with a
decay term and contribute to changes in the states after a short delay. The lattice system is first reformulated as a coupled
functional-ordinary differential equation system on an appropriate product space. Then the solution of the system is shown
to exist and be unique. Furthermore it is shown that the system of equations generates a continuous random dynamical
system. Finally, the existence of random attractors for the random dynamical system generated by the Dong— Hopfield
model is established.

Po3pobieno Ta nocmimkeHo MoieNb HepoHHOI rpatku Jlonra — Xonginga 3 BUIIaJKOBHM 30BHIIIHIM BIUTHBOM Ta 3aTPUMKOIO
peaxIIii Ha eBOJIOLIIO Bar B3a€MO3B’s13Ky. Barosi koedilieHTH B3a€MO3B’3KiB PO3BHUBAIOTHCS 3TIAHO 3 IPABUIIOM HaBYAHHS
[e66a 3 3aTyXarouuM WICHOM Ta BIUIMBAIOTH Ha 3MiHY CTaHIB HiCIs KOPOTKOI 3aTpMMKH. Ipardacra chcrema CHOYaTKy
nepeOpMyYIIOEThCS y BUITISAIL 3B’ s13aHOT cCHCTeMHU (PYHKIIIOHAIBHUX 3BUYaiHUX qu(epeHIiaIbHIX PiBHIHB y BiIOBITHOMY
no0yTKy mpocropiB. Jlani mokasaHo, IO PO3B’A30K i€l CHCTEMU iCHYE Ta € €IMHHM, a TAaKOX IO CHCTeMa PiBHSHb
HOPOJUKY€E HEeNepepBHY BUIIAJKOBY AMHAMiuHy cucTeMy. HacamkiHelb BCTAaHOBJIEHO iCHYBaHHS BHMIIAJKOBHX aTPAKTOPiB
JUISL BUIIAIKOBOT TMHAMIYHOI CHCTEMH, IO TTOpOLKeHa Mojeiutio Jlonra — Xondinna.

1. Introduction. Delays are often included in neural models to account for the transmission time
of signals between neurons. For example, Wang, Kloeden, and Yang [19] investigated a version
of the Amari neural lattice model with delays, where a sigmoidal function characterised by a small
positive parameter € was used to approximate the Heaviside function in the vector field of the original
Amari lattice model [1, 8, 9]. The existence and uniqueness of solutions to a delay sigmoidal lattice
system as well as the existence of a global attractor were established in [19]. See also Kloeden and
Villarragut [16] for a different neural field lattice model with delays and also Zhou [20].

Hopfield neural lattice models were introduced and investigated recently in [7, 11, 18], albeit
without delays. In this work we will study a neural lattice version of the Dong —Hopfield model [6].
This model is particularly interesting, because it includes adaptive behavior of the interconnection
weights in its dynamics and is thus a special case of a plastic self-organising velocity field in
a conceptual model of a cognitive system introduced by Janson and Marsden [15] and analyzed
mathematically by Janson and Kloeden [13, 14].

Specifically, here we will consider the following Dong — Hopfield model with delays and random
forcing on 1-dimensional infinite lattice:

%’%Ui(t) = —u; + Z H; (wi,j(t - Tivj))gj(uj(t)) + L0 (w)), i€, 1)

! Corresponding author, e-mail: kloeden@math.uni-frankfurt.de.
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d .
Ai,jawi,j(t) = —w; j + gi(u;i)gj(us), 1i,j €Z, (2)

equipped with the initial conditions

u;(0) = o, w; j(s) = ¢ij(s) for se[-h,0], h= sup{Tm} < 00, i,j€Z. ()
i,
Here, ~; and A; ; are positive time constants, u; is the state of activity of the ith neuron, g; is the
activation function that takes u; as the neuronal input, w; ; represents the correlation of the neuron
activities g;(u;) and g;(u;), and H;; is a bounded, continuous, and monotonic increasing function
of the correlation wy ;.

The term [;(6;(w)) describes the random external stimuli to the ith neuron represented by a
measure-preserving dynamical system {6, };cr. More precisely, the noise is represented in canonical
form given by a metric dynamical system © = {0,;};cr acting on a probability space (2, F,P)
satisfying (see, e.g., [2])

(1) bp(w) = w forall w € Q;

(i1) Osqt(w) = 05004 (w) for all w €  and any s,t € R;

(iii) (t,w) — 6¢(w) is measurable for all w € Q) and any s,t € R;

(iv) 6,P = P for every t € R.

Notice that the connection strength of a synapse represented by the function H; ; in equation (1)
varies with respect to time, according to equation (2) that describes Hebbian learning with a decay
term [17]. When the evolution of correlation functions is not fed into the updates of neuron activities
instantaneously, a nonnegative constant 7; ; > 0 is introduced here to model the time delay in the
process of updating the connection strength from the recent change in correlation w; ; of neuron
activities. The term Z|j—z‘\<N H; j(w; j(t — 7,5))gj(u;(t)) describes the interconnection structure
of neurons through the connection matrix H; j(w; ;(t — 7; 7)), in which N' > 0 represents the size of
interconnection neighbourhood.

The goal of this work is to study the long term dynamics of system (1), (2). This paper is organized
as follows. First in Section 2 notation and preliminaries are provided, including reformulation of
system (1), (2) and definition of the state space. In Section 3 the existence and uniqueness of
solutions to (1), (2) is shown, and in Section 4 the existence of random attractors for the continuous
random dynamical system generated by the solution to (1), (2) is established.

2. Preliminaries. In the Dong —Hopfield model (1), (2), for each 4, j € Z, the mapping H; ; :
R — R is continuous, bounded, and monotonic increasing. For simplicity of exposition, throughout
this paper H;; will be assumed to have a special form H; j(w; ;) = f(6w;;), where 6 > 0 is a
positive constant and f is a piecewise linear function

1, x> 1,
flx) =q =, —1<z <1, 4)
-1, < —1.

Clearly the function f is uniformly bounded, globally Lipschitz, and satisfies
f0)=0,  [f(x)] <min{l, [z}, |f(z)-fWI<lz—yl Vr,yekR (5)
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1668 XIAOYING HAN, PETER E. KLOEDEN

Consequently, for every ¢,j € Z, the function H;; has similar properties to (5) with the global
Lipschitz constant 6.

In Hopfield neural networks, the activation function g;: R — R is monotonic, in fact sigmoi-
dal, with binary asymptotes. In this work, g¢;’s are assumed to be a common sigmoidal function
characterized by a small positive parameter ¢ of the form

1

:W, .’,UGR, 0<e<. (6)

oc(z)

Notice that o, is uniformly bounded, monotonically increasing and differentiable with a uniformly
bounded derivative,

|

loe(x)] < 1, 0< i06(55) < forall zeR.

dx

It then follows immediately from the mean value theorem for derivatives that the sigmoidal function
x +— o(x) is globally Lipschitz with the Lipschitz constant 1/, i.e.,

joe@) ~oely)| < e~ 3l wyeR )

Moreover, the following lemma holds.

Lemma 2.1. The product of sigmoidal functions (z,y) — oc(x)oe(y) is globally Lipschitz with
the Lipschitz constant 1/e.

Proof. First, by using the inequality |ab — cd| < |c||b — d| + |b||a — ¢| for a, b, ¢, d € R, and
the boundedness property of the sigmoidal function, we have, for any z, 2, y,y € R, that

0e(2)0c(y) — 0c(T)oe(§)| < |oe(T)] loe(y) — oe(@)] + |oc(y)|loc(z) — oe ()]
< ‘Ue(y) - UE(Z])’ + |Uﬁ(x) - Ua('i')"

It then follows immediately from (7) that

oe@oely) — oel@oe(@)] < - (1~ |+ Iy — i)

2.1. Model reformulation. Using the special forms of H; ; defined by (4) and g; defined by (6),
the equations (1), (2) become

d

’Yi%ui(t) = —u; + Z F(6w; ;(t —7i))0e(uj(t) + 1(6:(w)), i€ Z, ®)
73| <N
d
Aij g3 Wi (1) = —wij + oc(wi)oe(u),  (i,]) € 72. )

Set w = (ui)iez, w = (Wi ;) )ez2, and define the operators I', A, and S¢ component wise by

U; W j ¢ oc(ui)oe(uy) ..
(Tu); = pot (Aw); ; = N Sii(u) = N, i,j € 7. (10)

In addition, for ¢t > 0, let
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wi(s) = w(t+s) = (wij(t +$))ijez, s€[—h,0]

be the segment function of w, and let tv = w; be an element in an appropriate function space to be
specified later. Define the operator F'© component wise by

Ff(u,m>=71, S flbro(—7i o (uy). (11)
b j—il<N
{Ii(et(w))}

Now writing Z(0;(w)) = , Wo = {Uo}icz, and @(-) = {d)i,j(')}(i,j)eZ?a the

system (8), (9) with the initial conditiZ)n 3) Z‘ceazn be written as
duiltt,w) = —Tu(t) + F(u(t),wy) + Z(0(w)) := F1(u(t), wy, 0 (w)), (12)
dw(t,w) .
SO — —Aw(t) + S (u(t) = Ba(ult), w(t)) (13)
u(0) =u,,  w(s)=¢(s), sel[-h0], (14)

where w(t) = w,(0).
Remark2.1. An alternative formulation of system (12), (13) is the vector form

dU (t,w)
— = AU +3(Ur, 01(w)),
where
u(t, w) r Fe(u(0), wy) + Z(0:(w))
U(t,OJ) — <w(t7w)> , A= ( A), S(Ut, et(W)) - ( Se(ut(o)) )

The aim of this work is to study existence and uniqueness of solutions and the asymptotic
dynamics of the ordinary-delay differential equation system (12)-(14) in an appropriate space to be
defined in the next subsection.

2.2. Sequence spaces and standing assumptions. Noticing that the interconnection term involves
infinitely many pairs of (7, j), we follow Han and Kloeden [10] and consider a weighted space of
bi-infinite real-valued sequences with integer indices ¢ € Z. In particular, given a positive sequence
of weights (p;);cz, we consider the separable Hilbert space

ﬁf) = {u ={u;}icz: szu? < oo}

i€
with the inner product

(u,v>p = Zpiuivi for uw={u;}icz, v ={vi}iez € 62

1€Z
[ulp == Z pits.
€L

The weights {p; };cz are assumed to satisfy the following assumptions.

and norm
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1670 XIAOYING HAN, PETER E. KLOEDEN

Assumption 2.1. p; > 0 for all i € Z and py, := Z'EZ pi < 00.

Assumption 2.2. There exists a positive constant k such that
pir1 < kp; forall i€Z.

The time constants ~y;, A; ; are assumed to satisfy the following assumption.
Assumption 2.3. 0 < my <; < M, for each i € Z.

Assumption 2.4. 0 < my < \;; < M, for each (i, ) € Z>.

The external forcing terms are assumed to satisfy the following assumption.

Assumption 2.5. [;(0;(w)) is continuous for each i € 7 and satisfies

Zpilf(et(w)) <Io<oo VteR, wel
1€EZ

A close inspection of the lattice systems (1), (2) shows that for each ¢ € Z, the state u; in (1) is
only affected by the weights w; ; with |j —i| < N. An investigation of the coupled system can thus
be restricted to components with indices in the set

Iy :={(i,j) €ZxZ:|j—1i| <N foreachi € Z}.

The other w; ; components for (i, j) ¢ Iy remain uniformly bounded and need not be considered
further (see Lemma 4.2 below). Therefore, the connection weights can be considered as forming a
“band diagonal matrix”.

Let Ei on+1 denote the Hilbert sequence space with the norm

[w

. . 2 — ..
paNti= Y o > wl, w = (wig) ey

i€ |j—i|<N

The appropriate function space for the solutions of the delayed components of system (12), (13) is
the Banach space C([—h, 0],612)72 ~41) of all continuous functions tv from [, 0] to 8272 N41 With
the norm

[vo|¢(—n,0,e2 max ||w(s)

= 2N+1-
P72N+1) s€[—h,0] PNt

For simplicity of notations, throughout the rest of this paper, denote by
@::C([_h,0]7€/2)72N+1)’ %:: E/Z)X @

Then the appropriate function space to study the solutions of the ordinary-functional differential
equation system (12), (13) is the Banach product space X with the norm

[, 10)| = (el + [[r0]|2) 2.
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3. Existence and uniqueness of solutions. In this section, we study the existence and uniqueness
of solutions to the system (12)—(14) in the product space X, assuming that (u,, ¢(-)) € X. To that
end, we first verify that (§1,2) in well-defined on X. More precisely, we show that §1 (u, to, 6;(w))
takes value in EZ for every (u,w) € X, t € R, and w € (2, and that §2(u,w) takes value in Ei,N
for every u € Eg and w € KZ,ZNH'

Clearly, due to Assumptions 2.3, 2.4, and 2.5

1
Tull, < m*y”“”p Vu € (3,

1
[Aw|[p2nt1 < m*/\”'w p2N+1 VW € £2,2N+17
|Z(6:(w)) <—sz y<oo VtER, weq.
7 ez

In addition, for every u € /2,
(2N + 1)
IS U < oy S Y o) < Yp 3 1<
AieZ |[7—i|<N Aiez [j—i|<N

: € : 2
i.e., S¢u takes value in £p72N+1'

It remains to show that the operator F'¢ takes value in E% for every u € K% and v € €. In fact,
by (5), (11), and Assumption 2.3 we have

Frlu ) < o S f(rs(ri)orelu)

Ti—il<N

< %(2]\7 +1) > | f(Brog (i)

o i—il<N
62 2
7 =il <N
It then follows directly that
2
HFﬁ(u,m)H < 2N+ ) o D |mig(=miy)| < *2(2N+ 1) |rol[%-
€2 |j—il<N D)

We next show that the system (12), (13) has a unique solution on X.

Theorem 3.1. Suppose that Assumptions 2.1 2.5 hold. Then, for every initial data (u,, d(-)) €
X, system (12)—(14) has a unique global solution (u,w;) € X satisfying u(0) = u, and wo(s) =
¢(s) for s € [—h,0].

Proof. 1t suffices to show that the mappings F°: X — E?, and S¢: Ef) — 6?)’2 N1 are globally
Lipschitz. To this end, we first show that the mapping F7 : X — R is globally Lipschitz. In fact, for
any u,u € Ef) and w, o € € by Assumption 2.3 we have
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|Ff (u, 1) — 1*7(1115)\37”i D 6w (=7ig)oe(us) = f610(=7i;))oe(@;)]
T j—il<N

mi D> i (—7ig)) = F(61035 (=i )| loe(iiy)]

A Jj—il<N

b ST [f(brons(—mig)lloelus) — o)

A j—il<N

IN

Then, by the Lipschitz continuity of f and o. and boundedness of f,

. 6 - 1 5
|Fi€(u,m) — F;(u,m)‘ < miw Z |mi,j(_Ti,j) — m” —Tij ‘ + E Z \uj — Uj|,
li—i<N [j—i|<N
from which it follows that
- 262 2
|F<(u, 10) — F<(@, )| < =581 + —555, (15)
m,y mwe

where

=3 pi| D Iwij(=7ig) — w7yl

i€z li—i|<N

=D il Y -y

i€z \|j—i|<N

Notice that

SISEN+D)Y o Y |wij(—miy) — 0i(—m5)| < @GN+ D|w - 0|3 (16)
i€Z  |j—i|<N

In addition, by Assumption 2.2

CN+1Y o Y fuj—ay

€2 |j—i|<N
<@N+ DA +26+ ...+ 26" |u—al? (17)
Inserting (16) and (17) into (15) gives
|17, v0) = F(@,0) [} < K (o — 05y, )+ lu—all). (18)

where

K =

2(2N +1 142k +...+2&N
(Hmax{ﬁ rende s } (19)

2 2
’I’TL,7 €
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Next, by Lemma 2.1 and Assumption 2.4,
S Sii(u)] < 1 U W i, j €7
[55(w) = 8i5(@)| < (lui = @l + |u; —g5l), 6,5 €2,
and thus

8% ) ~ S @)y < 5 o S (el g — )

€L [j—i|<N

2
—2(2N+1)Hu qu—i— Sg,

where S7 is the same as above. It then follows by (17) that

e : 4 .
|8 (u) — S Hp,2N+1 6(2N+1)(1+/@+...+/<;N)Hu—u\|z. (20)

Standard existence and uniqueness theorems such as in [3, 19] can then be applied to give the
existence and uniqueness of solutions to system (12), (13).

The theorem is proved.

4. Existence of random attractors. This section is devoted to the existence of random pullback
attractors for system (12), (13). The reader is referred to, e.g., [2, 5] for the concept of random
dynamical system and random attractors. Here we only provide the minimum amount of preliminaries.

Let © = {6, }+cr be a metric dynamical system acting on a probability space (£2, F,P) and let 1) :
RT x Q x X — X satisfy

(i) initial condition: ¥ (0,w,z) = z forall w € Q and z € X,

(i) cocycle property: (s + t,w,x) = (s, 0:(w),Y(t,w,z)) for all s,t € RT, w € Q and
r e X,

(iii) measurability: (t,w,x) — ¥(t,w, x) is measurable,

(iv) continuity: x — (¢, w, x) is continuous for all (t,w) € R x Q.

The pair (0, 1)) is called a random dynamical system (RDS).

Let @ be a collection of random subsets of X. Then @ is said to be inclusion-closed it D =
{D(w)}weq € D and D = {D(w)}yeq with D(w) C D(w) for all w € Q imply that D € @. Such
a family of random sets in X is called a universe. Given a universe 0 of tempered random sets in
a Banach space X, a random set A = {A(w)},eq € D is called a random attractor for a given
random dynamical system (O, ) if: (i) A is a compact random set in X; (ii) A is invariant in the
sense that ¢(t,w, A(w)) = A(fyw) for all t > 0 and w € Q; (iii) A pullback attracts every D € @
in the sense that lim_, o disty(¢(¢, 0w, D(0_w)), A(w)) = 0 for w € Q. Here D is called basin
of attraction of A, which are typically bounded tempered subsets. Throughout this work, they are
assumed to be random tempered bounded subsets.

The following proposition on the existence of random attractor will be applied below.

Proposition 4.1. Let D be a universe of random sets in X, and (©,1)) be a continuous random
dynamical system on X over (Q, F,P) with noise {0;}cr. Suppose that K = { K (w)}weq € D is a
closed pullback absorbing set for (0,1) and 1 is D-pullback asymptotically compact with respect
to D. Then (©,v) has a unique D-random attractor A = {A(w)}weq € D with component set
given by

= vt 0-¢(w), K(0_4(w))), weQ.

T>0t>T1
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4.1. Generation of a dynamical system. In this subsection, we show that the solution to the system
(12), (13) generates a random dynamical system. To that end, we first show that the solution mappings
are continuous in initial conditions. Let (u,w)(t; %o, @) and (@, w)(t; @, ¢) be two solutions of
system (12), (13) with initial conditions ©(0) = u,, w(s) = ¢(s) for s € [—h,0] and @ (0) = u,
and w(s) = ¢(s) for s € [~h, 0], respectively. Set

Au(t) := u(t) — a(t), Aw(t) == w(t) —w(t), t>0.
Then from (12), (13) we have

dAu(t)
dt
dAw(t)
dt

= —TAu(t) + F¢(u(t),w;) — Fe(a(t), w,), 21

= —AAw(t) + S(u(t)) — S(u(t)). (22)

1
Taking the inner product (-, ), of equation (21) with A, and noticing that (I'u, u), > i |2
g

for every u € (2 we have

d||Au(t)|]?
12 < I 2P (), wi) — Fe). ), Au),

It then follows by the Lipschitz property of ¢ in (18) that

2
WO < i + Kl -
dt = p t tle([=h,01,02 5 n1q)
which can be integrated to get
t
2 _
8w} < luo =l + K [ (Au@IR+ 18wl e, )ds @)

0

Next, taking the inner product of (22) with Aw in the space Ef) on41 and using the Lipschitz
property of S€ in (20) gives

dl|Aw(t)]2 5541
dt

= —20[[Aw(®)|[7 on 41 + 2(S (w(t) — S (a(t), Aw(t))p2n+1
< B([[aut)l; + 1Aw ()]} 2n41) (24)

for some B > (. Integrating the differential inequality (24) from 0 to ¢ then gives

t
[Aw®)|2 iy < [|Aw(O)]2 ., + B / (1Aw(s)[7 + [Aw(s)] 2n41) ds
0

t

<16 = Bl gz + B [ (18R + 18w e, ) s
0
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. 2 2
since HAw(t)Hp,QNH < |]Awt||c([_h70]7£,2]’w+1) fort > 0.
Thus, for ¢ > h and any r € [0, h],

2 ~
|aw(t =D iy <16 = 3oz, + B / (Iau)2 + 18wl e, ))ds
0

<|l¢ - ¢|lg([,h,0],g;w+l) + B/(||AU(S)H;2> + ||AwsHg([,h,o},gi’wﬂ))d&
0

since the integrals are monotonically increasing. This implies that

||Awt||c[ h,0],62 < o — ¢Hc —h,0],¢

2N1 2N1

t
+ B/ HA’U, ||2 + ||Aws||(2j([7h,0]7€zA2N+1)>d8
0

for ¢ > h. The same inequality also holds for 0 < ¢ < h. In fact, notice that
Aw(t+r), 0<t+r,
Awy(r) = _ for —h<r<o,
¢(T)_¢(T)v —hSt—FTSO,

and thus, for every ¢ € [0, h], we have

[Aw H?’([fh,o],ﬂ

p2N+1) p2N+1)

< max { |l — <;5||(2:([7h,0],£2

t
2O s+ 3 [ (8w + 100l )05
0

t
<ll¢ - Q”Hg([_h,o],zi’wﬂ + B/ HA" + HA'wSHC ([=h0,€2, 2N+1))d8
0
(25)

Define X (t) := [|Au(t)||? + HAth(ZZ([—h,O] EINIRE Adding the inequalities (23) and (25) gives

X(t) < X(0) + (K + B) /X
0

and it follows immediately from the Grownwall inequality that
X(t) < X0 BT g<t<T.

This is the desired continuity in initial conditions.
Notice that the cocycle property follows from the global existence and uniqueness of solutions
to the initial value problem, we conclude the solution to system (12), (13) generates a continuous
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1676 XIAOYING HAN, PETER E. KLOEDEN

random dynamical system (6,1)) with ¢ defined by
w(t7w7¢> = (u<'7w7¢>7wt('7wa¢))' (26)

4.2. Existence of a random absorbing set. In this subsection, we construct a random absorbing
set for the RDS defined by (26). To that end we first establish a priori estimate of u in the following
lemma.

Lemma 4.1. For any R > 0 and |u,l||5 < R, there exists T(R) > 0 such that

w2 < 1+22N +1)%p, +2myMyI3, =t Rye Vi >T(R).

Proof. First, for each i € Z, multiply the ith component of equation (8) by 2u;(t) to obtain

d 2 2
%U?(t) = T () + ~uit) Y fbwig(t —7ig))oe(u;(t)) + 2ui(t)Li(6:(w))
Vi Yi =
li—i<N
2
2, 1(1,
< ——uf(t)+ — | suf) +2| D fbwist —7ig))oc(u(t))
i Vi \ 2 o
J—il<N
1 1 2
+ 5 WO + 20lF (0:(w) = ~—ud(O) + (N + 1) + 20 (6u(w).
Then by Assumptions 2.3 and 2.5 we have
iu?(t) < —iuz(t) + i(2N +1)2 +2M, 12 (27)
dt 7 — mv 1 m'y Yoo

Now multiplying (27) through by p; and summing over i € Z gives

d 2 1 2 2 2 2
—|u@®)||; < ——||u(®)|]; + — (2N + 1)"p,, +2M,1
dt” ()H — m’yH ()Hp m'y( ) = Yoo

which is then integrated from 0 to ¢ to obtain
[ < llaoll2e™/™ + (22N + 1)%py, + 2m, M, IZ)(1 — e~/™).
Thus, for every |[u,l|> < R, there exists a T(R) > 0 such that
lu(®)]2 <1+2(2N +1)%ps +2m, M, 12,  t>T(R).

The lemma is proved.

We next construct an estimate for ||'th(2: ( . Notice that the differential equation (2)

[_hvo]aeﬁ,m\url)
does not contain delay terms so it can be handled as an ordinary differential equation.

Lemma 4.2. For every u, € 62 and w(0) € 6272N+1 there exists a Iy independent of i, j such
that

1
wi;(tuo, w(0)) < 1+ o 2T

Sor all i € Z with |j —i| < N. Moreover,

1

) axis < @N + gy (14 ), 21
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Proof. Let i € Z with |j —i| < N be given. Multiplying the equation (2) by 2w; ;(t) gives

d 2 2
71050 = 5 wiocut)ocuy) - 3=wli()
2 2 2
w; i o (u)oz(uy) 2
< i 4 Ze\Mi)Te\Hy) 2 (¢
=% g Aij vt
1 1,
<= — ——w?.().

Integrating the above differential inequality from 0 to ¢ results in

_ 1 _ 1
w?;(t) < w?;(0)e t/MA+m—A(1—e t/M) it~ 12T,

which implies that

Hw(t)HiQNH:ZpZ- > wli(t) < (2N +1)pg <1+n;> t > Tp.

i€Z  |j—i|<N

1
It follows from the proof of Lemma 4.2 that the closed interval [0, 1+ ] is a positively
my

invariant absorbing set for each wi% ;(t) with the same rate of attraction for all 7 € Z with [j —i] < N.
In terms of the delay segments w; € C([—h, 0], 52,2N+1) this gives

1
2 .
lwdl gz, < N +1p <1 + A) — R, t>T(R)+h,

when < R.

2
|’¢”C([7h70]7‘€/2)’2]\f+1)
The lemma is proved.
It follows directly from Lemmas 4.1 and 4.2 that the closed and bounded subset

2 *
K= {(ww) € X ¢ ulld < Roos W, ) < B} 28)

is positive invariant and (pullback and forwards) absorbing for lattice system (12), (13) on the state
space £5x C([—h,0], 6272 ~+1)» and the following theorem holds.

Theorem 4.1. The random dynamical system 1y has a random absorbing set K in @D such that,
Jor every D = {D(w)}weq € D and P-a.e. w € Q, there exists Tp(w) > 0 such that

P(t,0_t(w), D(0—t(w))) CK Vt>Tp(w).

4.3. Asymptotic compactness. The next step is to show the asymptotic compactness, which can
be obtained by showing the solutions have light tails in the space X as stated in the following lemma.

Lemma 4.3. Suppose that Assumptions 2.1-2.5 hold. Then, for every w € €, and € > 0 there
exist T =T(w,K,e) >0 and v = 1(w,K,e) > 0 such that the solution (u(t,w,\I/o),’wt(-,w, \Ifo))
of system (12), (13) with initial data V¥, = (u,, ¢(-)) € K(0_,w) satisfies

sz 2(t;0-4(w), ¥,) + sup Z zj(t—l—s,@,t(w),\llo) <e t>T.

—h<s<
lil>t hss<0); i<n
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Proof. Consider a smooth increasing function £ : Ry — R that satisfies

Ea)=0, 0<z<1,

Given a positive integer k that is sufficiently large (to be specified later), define

&(li) = €(Jil/k), i€
Multiplying the equation (8) by 2p;&x(|i|)ui(t)/v; and summing over i € Z gives

&S ot = 23 #IDPM gy, 29)

ez iz Vi

where

S _ QZ&C ‘ ’ Pilhi Z f 6w@] Ti,j))de(u]’(f)),

USY/ [7—i|<N
Si=23" Mfi(et(w)).
i€z i

The terms on the right-hand side of (29) satisfy, respectively,

ng"‘” _MZ&H/)H, (30)

€L 7 ez

2
S < oo o6l 2’}4 > SEwiyt = 7ig)oeluy(1)
7 ez My l7—i|<N
S—Z@ i) i (31)
7 ez €L
Si< =Y &l ( f?f”ﬁ(et(w)))
My icZ Y
2M, ; 2
< —ka (ihpif + 58> &r(liDpil} (0:(w)). (32)
7 ez my i€Z
Inserting (30)—(32) into (29) gives
d
€L

<_7Z§k’|pl 20, <2N+1 > &lilpi+ D &r(li)pid? (6w )))

7 ez €L €L
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<~ L &lions + 2M” N 123 ot 3 ml26w)) |- (33)

= li|>k li|>k

Next, as in the proof of Lemma 4.2 but multiplying the equation (2) by 2&(|i|)p;w;; for all
|7 — i] < N, and summing over i € Z gives

S alibe Y wk0< oS alibn Y wko+ 20 adibe 64

i€Z lj—i|<N A ez lj—i|<N i€Z

Integrating the differential inequalities (33) and (34), respectively, gives

> ulihpint(t) < X &ullibpat e

i€z i€z
2M s
+m—; (2N + 1) sz—i—zlgz (1_61\@),
7 i[>k i[>k
ka(m)m Z wy(t)
i€z |j—il<N
: -t 2N 41 . ot
<D &lliboi Y wij(0)e ™ + - ka(M)Pi(l —e MA).
€z lj—il<N A ez

Hence, for every ¢ > 0, w € 2, there exist . = ¢(e,w, K) > 0and T' = T'(¢,w, K) > 0 independently
of an specific initial conditions in C such that

Zpiu?(t)ge, Zpi Z wij(t)ga, t>T.

il > {I=N Jj—il<N

It follows from the latter inequality that

Zpi Z sup  w? (t+s)<e, t>T+h,
il |j—il<y ThEs=0

which implies the desired assertion of this lemma.

The lemma is proved.

4.4. Existence of a random attractor.

Theorem 4.2. The random dynamical system (©,1)) has a unique D-random attractor in K.

Proof. To apply Proposition 4.1 it remains to show that the random dynamical system (©,)) is
@ -pullback asymptotic compact in X defined by (28). To that end we need to show that any sequence
{W(tn, 0, (w), ul, ¢”)} | with (ug, @") € D(0—4,(w)) has a (strongly) convergent subsequence
in K(w) when t,, — oo, where D = {D(w)}wen € D.

Write the terms of the sequence as u” = u(t,,0_;, (w)) € ¢ and W" = w(t,, 0, (W)) €
([Z([ h, 0], p2N+1) Denote 10"(s) = 1 (t,,0_, (w))(s) € Zp on41 for a fixed (but arbitrary) s €

h,0

Followmg Bates et al. [3], u™ and w"(s) are contained in closed and bounded balls in their

respective Hilbert spaces, so have weakly convergent subsequences. The individual components of the
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terms in these subsequences converge in R. Using this for a finite number of terms and the asymptotic
tails result above for the rest shows that these weakly convergent subsequences actually converges
strongly in their respective Hilbert space. The strong convergence in the space C([—h,0], 2,y )
then follows from the uniform Lipschitz property of the w; solutions. See Caraballo et al. [4] and
Han & Kloeden [10, Chapter, 6 Section 3] for more details.

On behalf of all authors, the corresponding author states that there is no conflict of interest.
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