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STUDY OF QUANTUM OSTROWSKI’S-TYPE INEQUALITIES
FOR DIFFERENTIABLE CONVEX FUNCTIONS?

JTOCJIIIKEHHS KBAHTOBUX HEPIBHOCTEM TUITY OCTPOBCBKOI'O
JIJISI JMOEPEHIIMOBHUX OIMYKJINX ®YHKIIINA

We prove some new g-Ostrowski’s-type inequalities for differentiable and bounded functions. Moreover, we present the
relationship between the newly established and already known inequalities, which is very interesting for new readers. Some
applications to special means of real numbers are given to make the results more valuable.

OOrpyHTOBaHO JesiKi HOBI HepiBHOCTI ¢-OcCTpOBCHKOTO TUITYy Ml AUdepeHniiioBHnX Ta oOMexeHnx ¢ynkuid. Kpim Toro,
BCTAHOBJICHO 3B’S30K MiX HOBUMH HEpPIBHOCTSIMH Ta HEPIBHOCTSIMHU, OTPUMAHHUMH paHille, IO AYKE IIKaBO JJIS HOBUX
uynTadiB. HaBeneHo fesiki 3aCTOCYBaHHS [0 CIEMiadbHUX CEPEHIX MIMCHUX YHCeN, 00 3p0OUTH Hallll Pe3yibTaTH OibIil
LIHHUMH.

1. Introduction. A. Ostrowski showed an inequality involving a function with bounded derivative
in 1938, which became known as the Ostrowski inequality [26].

Theorem 1.1. For a differentiable functions §: [91,92] — R over (91,92) with |F(t)| < M,
the following inequality holds:

(k=01)°+ (92 —1)°
5 ,

92
1
ao—m_m/MWﬁSMmrmﬂ (1.1)

where t € [91,92].

The following are two possible interpretations of the Ostrowski inequality:

(i) estimation of the functional value’s deviation from its average value;

(i1) a rectangle is used to approximate the area under the curve.

On the other hand, Budak et al. proved quantum version of the inequality (1.1) as follows:

Theorem 1.2 [15]. Let §: [91,92] — R be a g-differentiable function. If \, D& and "> D § are
continuous and integrable on [91,92] with |y, DS, ["2DgS| < M, then the following inequality
holds for v € [Ul, 1)2]1

M | (c=91)°+ (92 —1)°
N2 — M [2]4

T D2
1
3o - /M%MJ+/MWWJ <
Yo — 1 ; /
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It is also well-known that § is convex if and only if it satisfies the Hermite — Hadamard inequality,
stated below:
N2

D1+ 2 1 F(91) +F(v2)
5(M5%) < oty [t < SO0, (12
D1

where §: J — R is a convex function and 11,92 € J with 17 < o.

In [8], Alp et al. proved the following version of quantum Hermite — Hadamard type for convex
functions using the left quantum integrals:

Theorem 1.3. For any convex function §: [1,92] — R, the following inequality holds:

D2

3<QU1 +U2> < 1 /g(t) Uldqt S M (1‘3)

2]4 T 92— 2]q
D1

Recently, Bermudo et al. [10] used the right quantum integrals and proved the following variant
of Hermite — Hadamard type inequalities for convex functions:
Theorem 1.4. For any convex function §: [91,92] — R, the following inequalities holds:

2
D1+ qv2 1 92 F(h1) + g3 (n2)
g< 2l )SUQ—mU/ §(0) Pdgr < =g (9

and

2 2
() o Fanaer [ mae] <5002
V1 v1

Remark1.1. 1t is obvious that if we take the limit as ¢ — 1~ in (1.3)—(1.5), then we obtain the
inequality (1.2).

For the left and right estimates of inequalities (1.3) and (1.4), one can consult [1, 5,9, 11-13, 19,
23, 24, 31]. In [25], Noor et al. established a generalized version of (1.3). In [2, 3, 14, 21, 29], the
authors used convexity and coordinated convexity to prove Simpson’s- and Newton’s-type inequalities
via g-calculus. For the study of Ostrowski’s inequalities, one can consult [4, 6, 30].

Inspired by the ongoing studies, we prove a new parameterized quantum integral identity involving
left and right quantum derivatives to prove different variants of quantum integral inequalities for
quantum differentiable convex functions. The main advantage of the newly established inequalities
is that these can be turned into quantum Ostrowski’s-type inequalities for convex functions [15],
classical Ostrowski’s-type inequalities for convex functions [16], several classical integral inequalities
for convex functions [22] and several new quantum integral inequalities like midpoint type, trapezoidal
type, Ostrowski’s-type and Simpson’s-type without having to prove each one separately.

This paper is organized as follows. Section 2 provides a brief overview of the fundamentals
of g-calculus as well as other related studies in this field. In Section 3, we establish an identity
that plays an essential role in developing the main results of this paper. The different variants of
quantum integral inequalities for quantum differentiable convex functions are described in Section 4.
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The relationship between the findings reported here and similar findings in the literature are also
considered. In Section 5, we give some applications to special means of real numbers by using the
newly established results. Section 6 concludes with some recommendations for future research.

2. Preliminaries of g-calculus and some inequalities. This section first presents the definitions
and some properties of quantum derivatives and quantum integrals. We also mention some well-known
inequalities for quantum integrals. Throughout this paper, let 0 < ¢ < 1 be a constant.

The g-number or g-analogue of n € N is given by

[n)y = — =14+q+¢3+... +¢ 0

Definition 2.1 [28]. Let §: [b1,02] — R be a continuous function. Then the left q-derivative of
function § at v € [91, 92| is defined by

F(v) = F(gr+ (1 = g)v1)
0 Dy (t) = (1= a)(r=v1) for w7 m @.1)
lim y, Dy (v) for t=uv.

T—01

The function § is said to be q-differentiable function on [91,92] if y, DS (¢) exists for all v € [91,92).
Note that if y; = 0 and ¢D,§(tr) = D,§(r), then (2.1) reduces to

F(r) — Slgv)

SV ZOI for v £0,
Dqg(t) = (1 —q)r

113(1) Dy§(r)  for v=0,

which is the g-Jackson derivative (see [18, 20, 28] for more details).

Theorem 2.1 [28]. If §,g: J — R are g-differentiable functions, then the following identities
hold:

(i) the product §g: [v1,92] — R is g-differentiable on [v1,v2] with

01 Dq(9)(x) = F(t)y; Dag () + g(qr + (1 = q)t)y, DgS(x) =
= 9()y1 DS (v) + F(gv + (1 = )y, Dgg(v);
(i) if g(v)g(qe + (1 — q)v) # 0, then §/g is q-differentiable on [v1,v2] with

§ _ g(t)me%'(t) — S(t)Uqug(t)
P <g> ()= g@)glqgr+ (1 —q)x)

Definition 2.2 [28]. Let §: [91,92] — R be a continuous function. Then the left q-integral of
function § at z € [91,92] is defined by

/ 3@yt = (1= )z —00) S (" + (1 — ¢")). 2.2)
v1 n=0

The function § is said to be q-integrable function on [91, 92] if/ §(t)y, dgt exists for all z € 91, 12].
D1
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Note that if n; = 0, then (2.2) reduces to

[ 800ty = [ 5= (1= 0)2 > a"5(a"2),
0 0 n=0

which is the g-Jackson integral (see [18, 20, 28] for more details).

Theorem 2.2 [28]. If §: [v1,92] — R is a continuous function and z € [y1,12], then the
following identities hold:

(@) 1Dy / §(O)dgt = F(2):
1

(i) / o DS (©)pydgt = §(2) — §() for ¢ € (01, 2).

On the other hand, Bermudo et al. [10] defined new quantum derivative and quantum integral
which are called right g-derivative and right ¢-integral as follows:

Definition 2.3 [10]. The right q-derivative of function §: [1,92] — R is defined as

S(gr+ (1 —q)y2) — F(v)
(I-q)(p2—1)

If v = v9, we define > D,F (02) = lim_,y, "2D,F(v) if it exists and it is finite.
Definition 2.4 [10]. The right q-definite integral of function §: [91,92] — R on [h1,b2] is

2 Dy(1) = ¢ # o,

defined as
n2 00
[ 807 = (1= )02 = 02) Y- (o + (1= )
91 k=0

Lemma 2.1 [7]. For continuous functions §,g: [91,92] — R, the following equality true:

C

/9(t)meS(tnz + (1= t)n)dgt =
0

[

g()F(ty2 + (1 —1)n1)
N2 — 91

1 (&
BT /Dqg(t)S(qtnz + (1 — qt)n1)dgt.
0
0

Lemma 2.2 [27]. For continuous functions §,g: [91,92] — R, the following equality true:

C

/g(t)‘”DqS(tm + (1 — t)ya)dyt =
0

1 C
BT /Dqg(t)S(qtm + (1 — qt)ya)dyt —
0

g(t)§(tyr + (1 = t)n2) |
2 — M 0.

ISSN 1027-3190. Ykp. mam. ocypn., 2023, m. 75, Ne 1
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3. Identities. We deal with identities necessary to attain our main estimations in this section. We

first establish an identity based on two steps kernel in the following lemma.

Lemma 3.1. Let §: [91,92] — R be a qg-differentiable function. If y, D,§ and "2 D,§ are

continuous and integrable on [91, 2], then, for v € [1,v92] and X\ > 0, one has the identity

4 92
(1) + F(v2) 1 2 _
(I =23 +A 2 T [/5@) yidgt + t/s(t) K dqt] =

1
2
= t_m) /(qt S > v DS (te + (1 = t)n1)dgt —
0

2 — 91 2 v—
1
o — t)2
_ / %Dyt + (1 — £)02)dyt.
02 - /

Proof. We have

1
Ao —
/< 5 U:_ Ul) 9 D (te + (1 = t)n1)dgt
0

By using Lemma 2.1, we have

I = (Qt_ AU2—t31>$(tt+(1_t)gl

1
_ / S(ate + (1 — qypr)d,t
0

2tv—m t— 1 — 01
A 3O A i
D2 — 1 v D2 — 91
=(q¢-2 + = dgt =
<q 2t—m> -0 2 —01)23(01) D1 J01)dg

_< )\\)2—1)1> 5 (v) A D2 —1
2tv—y1 Jr—m  2(ct—1)

|
]
|
=
—
/—/H
—_
|M8
'Q
f"
+
H
|
PQ
l-':/
=
|
[
|
Q
=
\_/
H/—/

:<q )\\)2—01> 3(v) +§02—01
2v—y1 Jr—91  2(t—1)

q 1 f - )
tm{q(tm)n/g(t)"ldqtqg(t)}

~ 2(t—=11) — Av2 —v1) A2 =1 1 p
= A S + 5 ) — o [ 80wt

ISSN 1027-3190. Ykp. mam. orcypn., 2023, m. 75, Ne 1
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By using Lemma 2.2, we obtain

1
A —
0

1

q O/S(Qtt + (1 —gt)n2)dgt — (qt _ 5‘32 —m ) F(te + (1 —t)n9)

1

0

:Uz—t 2 pp—t no —t

= {HZq"%(q”tJr(l—qn)w)—H%(t)}—
¢ = q

Ny — 1t

A= () A p—m
22—t m—t 2(py—rx)

D2
! 1-4q Apa—91\ F() A y2—m
= ) 924 + — . A A _
(UQ_t)2/S:() q r)2_013’(t) <q 2 02_t>02—t 2(‘)2—t)23(02)
H2
1 Az =91\ () X y2—u
T (g —v) Pt = (13 -5 . 33
(‘)2—?)2/3@) ! < 2 UQ—t)Uz—t 2(02—025(02) G.3)

2
Thus, we obtain the required equality (3.1) by subtracting (3.3) from (3.2) after multiplying (;Ul)
2

2
and (UT)Ut) with (3.2) and (3.3), respectively.
291

Lemma 3.1 is proved.

Remark3.1. In Lemma 3.1, we have:

(i) if we take the limit as ¢ — 17, then we obtain Lemma 1 of [22];
(i1) if we set A = 0, then we obtain the equality

1
N2 — M

T 92
3(0) - [sOndit+ [0z -
D1 T

1
. 2
_ (e —91)" /tmeg(tr + (1 =t)91)dgt —
D2 — M ,

1
B 2
_ gl —v)° /t‘?2Dq;§(tt+ (1 — t)92)dyt,
N2 — 0

which is given by Budak et al. [15].

4. Ostrowski’s inequalities. In this section, we prove some new generalizations of Ostrowski’s,
midpoint and trapezoidal type inequalities for differentiable convex functions and bounded differenti-
able bounded functions. For brevity, we start this section with some following notations which will

ISSN 1027-3190. Ykp. mam. ocypn., 2023, m. 75, Ne 1
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be used in new results:

Ai(g; e N) /‘qt— %UQ_ L tdgt =
0
A2 —91) q AP — 1
o T T for 0<qg< z——,

_ ) 2=l B, , 2 t—1 @1
LDy e 1y (92 — 1) or A2-mo_ '
B, 2 (—v)2ly 4 (t—n)3(4 2 2tr—p, 155

q 91)[2]q (t—=91)"(4lg +¢*+q) D1
; A
e A2 =D _
Az(g;1 M) —/'qt R (1 —t)dgt
0
1 D2 — 91 ¢ )\02—01
= - for 0<g< ———-+—
2Rl My et A 2t—n
)P+l 1 (92 —m)° N 42)
[Ag+a+a* 47 (x—9)*([4]g +q+¢?) '
L, (—91)> 1 . pa—u Ay — 11
o 2T 2 2T g 2 <g<1,
27 (v—9)?2, 2 (-2, 2 t—1n;
; A
Ag(q;t;)\):/qt—w tdyt =
29—t
0
A2 —91) q Ap2 — 1
- for 0<g< - )
2(n2 —0)[2],  [3], 29—t ws)
L1 pp—m 1.3 (92 — 1)’ A2 — 91 _ <1 '
Bl, 2 (m2—v2g 4 (m—1)°(4];+¢*+q) 29—t — ’
A D2
_Z 1—
Ayl A) = /'t 2132_t( Dd,t
1 D2 — 91 ¢ A2 — 1
= - for 0<g< —
2, — 02y [y tata 2yt
3 3
C+qg -1 1.4 (92 — 91)
S I + 4.4
Wora+@ 2" (0% (s +at ) 9
L, (—91)> 1 . pa—u Ay — 1
L for — <g<1,
27 (ga—v)?2, 2 (n2—1v)[2], 29—t
; A
Ce )Y A2 —M _
AS(qa v )‘) _/'qt 92 t— 1 dqt

ISSN 1027-3190. Ykp. mam. ocypn., 2023, m. 75, Ne 1
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A2 —n1) 1 A2 — 01
A7) for 0<qg< 2221
2c—m1) 2, 1557y,
] 4 De—v1 1., (92 —11)? Ay2 — 1 *)
2 — U1l 2 — U1 2 —
e A N2 for S < g <1,
2l "2 —m) 27 (e—n)*2, 2t—n
Ay — B
q,t)\ /' t_51)2—t dqt—
A2 —n1) 1 A2 — 01
A7) for 0<q< 2221
2002 —v) (2] LI —
] 4 Da—v1 1., (92 —11)? Ap2 — 40
N2 o 2OV gy 2270 oo
2, “2m2—v) 27 (2 —1)%[2], 2 9y —t

Theorem 4.1. Under the assumption of Lemma 3.1, if |y, Dy§| and |72 Dy§| are convex mappings

92 — Ul — )\"22"1] , we have the following inequality:

over [91,92]. Then, for ¢ € [t) +A , D2

t 2
(1= () + AT S ! 50t + [50) nqut]
91 T

o 2
< (:;2_";)1(,41((1; 6 A) |y, D (v)] + A2(q; 5 A) [y, Dy (91)]) +

AV
220 (4 s )P D0 + A D))

where A1(q;t; N) — Aq(q; ¢ \) defined in (4.1)—(4.4).

Proof. On taking modulus in Lemma 3.1, because of the properties of modulus, we find that

t 2
S(91) +3(v2) 1 2
(1= DB () + A= 02m!/%(t)mdqt+/s<t>"dqt]
n1

T

1
(t—01)2/ APz — 11

< &) _ A2z —(1—

< L flgr— 20U Dy(ie — (1= ) ldyt +
0

(Uz—t)Q/ AD2 — 91|y,
= 7 - == - — — <
+ o J L R 2 Dg§(tr — (1 — t)2)|dgt <

(x—11)" /’ Atn
T2 — M

[t\m Dy ()] + (1 = )]y, Dy (1) [Jdgt +

ISSN 1027-3190. Ykp. mam. ocypn., 2023, m. 75, Ne 1
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(p2 — )" /’ /\U2
N2 — M
L .

- 7(‘41(‘]7 v >‘)|‘)1Dqg(t)| + AQ(qvtv A)’Uqug(Ul)‘) +

N2 — M

2
i (2 — 1)
D2 — 1

[t\”D SO+ (1 =)Dy (2)[Jdgt =

(A3(q; 1 N[ DgF(v)| 4 Aalg; e M) "2 Dy (n2)])-

Theorem 4.1 is proved.
Corollary 4.1. In Theorem 4.1, we have:
(i) if we set |y, DgS§|, |">Dy§| < M, then we obtain the following inequality:

t 92
F(n1) + F(n2) 1 2
(T —=X)F(t)+ A 5 - — [/S(t) i dgt + /S(t) " dqt]

< oo [ (@Y + As(gw ) + (2~ 0 (s 0) + Aifass N @)
(i) if we set v = D1+ 02, then we obtain the following new inequality:
v1+92 92
1
2 2 D2 — Y1 J
1 D1+92

+ + +
(Al <Q§ o 9 025)‘> Uqu3<Ul 9 Uz)' + Ay <q7 o 9 %2, >|')1 qS(Ul)|>

<A3< Lt >\> U2Dq§<m;02>‘+A4<q, ntDh, )l‘”D smm)]

Remark4.1. In Theorem 4.1, we have:

(1) if we set A = 0, then we obtain the following Ostrowski inequality:

T 92
S { / 3 (E)y dgt + / 3(t)d,t
D2 — M
D1 v

(6= 00)° (2ol DaS () + 62l DaS(01)]) +

q
= (02— 02,0,

+ (02 = 0 (1204 DB ©)] + ¢ Dy (w2)]) .
which is proved by Budak et al. in [15];

ISSN 1027-3190. Ykp. mam. orcypn., 2023, m. 75, Ne 1
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(i1) if we set A = 1, then we obtain the following new version of quantum trapezoidal type
inequality for differentiable convex functions:

v 2
3(01)23(02) 1 /3(t) mdqt+/3(t) Pdgt| ] <
Y2 — M1 ; 4

i v1)*
2 — b1
(Uz—t)ZA e 1)[92 Au(q: v 1)|92
+ P ( 3(Q7t¢ 1)‘ D(Ig(t)’"’— 4(q7t7 1)’ Dq%(UQ)D
Remark4.2. In Corollary 4.1(i), we have:

(1) if we take the limit as ¢ — 17, then we obtain Theorem 6 for s = ¢ = 1 of [22];
D1+ 92

(A1(g; % Dy DS (v)] + Az(g; 6 1)y, DS (01)) +

(i) ifwesettv =
of [22];

(i) if we set A = 1 and ¢ — 17, then we obtain inequality (5) in [22] (Remark 2 for ¢ = 1);

(iv) ifweset A\ =0, v = n ;L 92 and ¢ — 17, then we obtain inequality (6) in [22] (Remark 2
for ¢ =1).

Theorem 4.2. Under the assumption of Lemma 3.1, if |y, D§|® and |2 D §|°, where s > 1
D2 — 1

2

and take the limit as ¢ — 17, then we obtain Corollary 2 for s = q =1

are convex mappings over [91,92]. Then, for v € [1)1 +A , we have the

following inequality:

t D2
(1= () 4 ATEIO L ) et [0 || <
n1 T

|+
]

_ 2
< EE I ) [ (A5 5 V)l SO + Al DS 00

@ =

_ )2 1
02 =043 s ) [(Aa(asms N DO + sl Dy (0]

where A;(q;t;N), i =1,2,3,4,5,6, are defined in (4.1)—(4.6).
Proof. By taking modulus in (3.1) and using power mean inequality, we have

@ =

+

t V2
(1 . )\)S(t) + )\S(Ul) ‘;S(UQ) . 5 i 0 /S(t) n1dqt+ /%(t) Uqut <
D1

T

< (t=91) /th—m

D F(te — (1 —t)n1)|dgt +
<o [ 1 By [ Pee (v

1
+(U2—t)2/ A2 — 1

t_f
N2 — M 1
0

V2 _ _ <
SO P Dyt = (1~ )yt <

ISSN 1027-3190. Ykp. mam. oscypn., 2023, m. 75, Ne 1
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1—-1
(v — A
< (t—n1)? / ' D2 — dq ; "
v2 — 01 2t —
1 \ s
N2 — M
x ( / \qt— . o Dyt — (1 t)m)sdqt) -
2t—y
0

(92 —v)* /‘ AD2—m|, /'t)\\h
N2 — 11 2 hg—t dgt
By using the convexity, we obtain

t h2
(1= NF() + 250 ‘;3("2) o i 0 |:/8’(t) grdgt + /s(t) U2dqt]

T
1—1
< t—l)1 /' )\02 dqt X
D2 — 1 2t—y
1
1 \ s
A2 —
X(/'Qt 2 tv—m
0

[tly, DS ()" + (1 — t)meS(m)s]dqt) +
(p2 —v)° )\02
D2 — M (/‘ o — ¢

1—1
dqt) X
1 \ s
D2 — 01
X t— —
(/q 2 o —
0

[ 2Dy (v)]” + (1 t)’”DqS(nz)s]dqt) =
2 L :
=0 g {(fh(q;t; Ml DgB(0)|* + Aa2(g;v; A)Inqug(‘)l)'s)g} *

K]

|U2D F(tr— (1 —t)y2)|°d t) )

<

D2 — 01
_ )2 1 1
+ 2240 ) (sl s VDS + Aulas N D30 |

Theorem 4.2 is proved.
Corollary 4.2. In Theorem 4.2, we have:
(i) if we set |y, DgS|, "2 DyS| < M, then we obtain the following inequality:

T V2
(1= (o) + ATET0D) T ! 30 i+ [ 50 nqut]

T

ISSN 1027-3190. Ykp. mam. ocypn., 2023, m. 75, Ne 1



18 M. A. ALI, M. FECKAN, A. MATEEN

@ =

(G55 N) [(fh(q; 6 A) + Aa(g; 55 \)) } +

2 1 )
+ 7)14%_5 (Q§ T )\) [(Ag(q; T >\) + A4(q; T )\))E] : (4.8)

1+ 12

(i) if we set v = , then we obtain the following new inequality:

v1+v2

2 92
1
(1- A)S(Ul +"2> FPRICIDRA:{U2) — [ s ndi+ [ 07| <
2 2 D2 — 01
D1 D1+9s
2
D2 —v1| ,1-1 91+ 92
< S . .
= 1 A5 (‘L 9 7)\> X
1
+ + ° + s\
x{(Al <q; N1 ) U2;/\> meg(Ul . U2> + Ay (q; Y1 : 02;)\>|01Dq3(01)| ) } +
—i—Aéi( ;014—02’)\)
2
+ +92) |’ + AY
x{ <A3<q; D1 . 02;)\> ”2Dq$<m : 02) +A4<q; N1 : \92;)\) 12Dy F ()] > }]

Remark4.3. In Theorem 4.2, we have:
(i) if we set A = 0, then we obtain the following Ostrowski inequality:

r D2
1
3(0) - { / F(tyidgt + / § (1) dyt
D2 — M ; J

q
= (02 — Ul)[2]q[3]q [(t - 01)2([2]Q|U1Dq3(t)| + q2|n1Dq3(Ul)‘) +

<

+ (92 = ¥ (121 DS ()] + 22 Dy (v2)]) |
which is proved by Budak et al. in [15];

(i) if we set A = 1, then we obtain the following new version of quantum trapezoidal type
inequality for differentiable convex functions:

v 2
S) +8(2) 1 /g(t) mdqt+/3(t) "qut] <
2 Y2 — 01 ; .
2
< (;2—011))1(141(% 5 1)]y, DgS(v)] + Aa(g; 5 1) |y, DgS(91)]) +

)2
! H%(q; 6 DI DyB ()] + As(g 15 1) Dy (02)))-
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Remark4.4. In Corollary 4.2 (i), we have:
(i) if we take the limit as ¢ — 17, then we obtain Theorem 6 for s = 1 of [22];

(i) if we set v = b1 192 and take the limit as ¢ — 17, then we obtain Corollary 2 for s = 1
of [22];

(iii) if we set A =1 and ¢ — 17, then we obtain inequality (5) in [22] (Remark 2);

(iv) ifweset A\ =0, v = n ;— 92 and ¢ — 17, then we obtain inequality (6) in [22] (Remark 2).

Theorem 4.3. Under the assumption of Lemma 3.1, if s > 1 is a real number and |y, Dy§|’

and |"2D,§|° are convex mappings over [91,v2]. Then, for v € [1)1 + A2 ; Ul,t)g a2 ; n ,
we have following inequality:
o0+ 1| ] r
. 91) +82) .
(1= 036 + ATOETO) D ) e [ 500 e | <
V1 t
_ 2 1 s s %
L T (e L L
D2 — D1 [2]q
1
(92 —v)* 2 <|"2Dq3(t)|5 + (J!'”Dqﬁ(m)\sy
+ A (N7 ;
ha— 1 ( ) [2]q
where 1 + E =1 and
s T
1 )\ T o0 )\ r
N2 — M1 n| n+l D2 — 01
A e ) — t— — = (1 — .
g i) 0/]q e I DY T
and
1 )\ r 0 )\ r
VR _71)2_01 _(1_ n n+1_702_01
As(q,t,%r)—o/'qt 20| = q)n;)q q P
Proof. By taking modulus in (3.1) and applying Holder inequality, we have
S(0) + 5 1| 7
(1= () 4+ ATEIO L ) e [0 || <
v1 t

(t_01)2/ Az — 01

< I a2z L —(1—
T qt 2t —1, lp: DgS(tr — (1 = £)91)|dgt +
0

(Uz—t)2/ A2 =91 |y,
UQ t)l J qt 2 02 T ’ q (tt (]' t)02)|dqt —
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1
(t—m)" (/ >\02
< qt —
N2 — M
0
U2—t /’ )\02
Y2 — 91

By using the convexity, we obtain

T H2
(1- V30 + S50 ] { [ 560 e+ [ 50 d]
2 D2 — 11 ; /
1 \ . :
t_Ul D2 —
D2 — 91 (/'qt 2 t—Ul dqt) .
1 o
X(/ [t]y, DgS(v)]” + (1 t)meg(Ul)S]dqt) +
0
(p2 —v)° Agz =" ’
D2 — H1 (/‘ 2‘)2—t dqt)x

1 B
) (/[t”DqS(f)s +(1 t)”Dqg(M)s]dqt) =
0

L :
dqt) (/DQDqS(tt(lt)‘D)sdqt) .

0

= 0 i (28O q\mme)i

Cop— 2]q
P 022 gy (DS DS 0T
Y2 — 01 [Q]q

Theorem 4.3 is proved.
Corollary 4.3. In Theorem 4.3, we have:

(i) if we set |y, DgS|, "2 DyS| < M, then we obtain the following inequality:

T H2
(1) + F(n2) 1 2
(1= X)F(x) + A 2 - D2 — M L/S(t) yidgt + t/g(t) ! dqt]

M
<
Y2 — Y1

1 1
(t—91)°AZ (g5 A7) + (92 — ©)2AZ (515 s r)} ;

<

M. A. ALL, M. FECKAN, A. MATEEN

T H
dqt) (/meS(tt -(1- t)Ul)sdqt) +
0

(4.9)
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91 + 92 then we obtain the following new inequality

(i1) if we set v =
v1+v2 B2

1
2 ! n1 n1+92
2
1
+ s
N (25| + a2l
cD2=h H1 + 92 A\ n
D A 2ls
+ ° s\*
=0(25 )| Do
+A < b1t 02;)\;7’)
2 [2]q

Remark4.5. In Theorem 4.3, we have:
(1) if we set A = 0, then we obtain the following Ostrowski inequality

T 92
[sOndit+ [ 01| <
D1 v

0y DS + gl DF (o)
( 2], )*

8 - D2 — M

1

2
Tt — 1
< w/l; (q;¢;0;7)

2 — 91
2 2 s 2 3%
+&m—®f%@m&ﬂ<PDﬁ@lEﬁ”&ﬂmﬂ>;
q

D2 — 1
(i) if we set A = 1, then we obtain the following new version of quantum trapezoidal type

inequality for differentiable convex functions

3 v2
5(01)—2%3(02) 1 /g(t) rndq7t+/3(t) Pyt || <
Y2 — 1 ; 4

<o)y (cz,r,l,r)(\me%(t)“rqlmeg(m)!s)i +
D2 — M1 [2]4
F+ﬂ”%MmWf'
[2]g

_ )2 1 92 D)
LA Ag (a3 1;?‘)<| 500
2 — 11
Remark 4.6. In Corollary 4.3 (i), we have:
—, then we obtain Theorem 5 for s = 1 of [22];

(i) if we take the limit as ¢ — 17,
91+ 92 and take the limit as ¢ — 17, then we obtain Corollary 1 for s = 1

(i) if we set v =
of [22];
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(iii) if we set A =1 and ¢ — 17, then we obtain inequality (2) in [22] (Remark 2);

(iv) ifweset A\ =0, v = n _g 92 and ¢ — 17, then we obtain inequality (3) in [22] (Remark 2).

5. Applications to special means of real numbers. For any positive number 1,92 € R, we
consider the following means:

(i) the arithmetic mean:

_l’_
A(n1,92) = L 5 02;

(i1) the harmonic mean

29112
H(H1,02) = ;
(91,12) D1+ 92

(iii) the geometric mean

G(n1,92) = VD192
Proposition 5.1. For y1,92 € R with 11 < 19, the following inequality holds:

AF(91,12) — — 01«4(91, O2)| <
_ M (s — 1) | A(A1(g; A(91,92);0), A2(q; A(91,92); 0)) +
- 2 + A(A3(q; A(91,92); 0), Aa(g; A(n1,2); 0))
where -
O1=(1-q)(n2—m) Y ¢"(¢"(AW1,m2)) + (1 - ¢")n)"
n=0
and

O = (1= q)(v2 = 1) Y _ q"(¢"(A(m1,2) + (1 — ¢")n2)".
n=0

Proof. The inequality (4.7) for function F(t) = t*, A= 0and t = w
result.

Proposition 5.2. For y1,92 € R with v, < 12, the following inequality holds:

‘A(n’f,n’é) 5 &

2— M1

leads to the required

A(@h 92) <

_ Mz — o) [ AMAL(@ADL 12, Ao Alor 02 D) + ]
-2 + A(A3(g; A1, 92): 1), Aa(gs A1, 92): 1)) |
where -
O1=(1-¢q)(v2 —v1) Z;)qn(qn(«“(% 92)) + (1 — ¢")y1)"
and

Oy = (1—q)(n2 —91) Y ¢"(¢"(A1,92)) + (1 — ¢")2)".
n=0
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Proof. The inequality (4.7) for function F(t) = t*, A =1and v = b1 + 92
result.

Proposition 5.3. For y1,92 € R with v, < v2, the following inequality holds:

leads to the required

2
H(91,92) B A(©3,04)] <

G(vi,92)  v2—11

_ M{ye — 9y) [ AC1( Al1,92):0), Aa(g5 A1, 92); 0)) +
= 2 + A(As(q; A(91,92);0), Aa(g; A(v1,92); 0))
where 00
O3=(1-¢q)(n2—m Z A(yy, Ug)) (1—¢")m)
and oo
J— — — qn
O4 = (1—¢q)(n2 Ul)nzz;) (q"(A(n1,92)) + (1 — ¢™)n2)

1
Proof. The inequality (4.7) for function F(t) = . A=0and t = htye

result.
Proposition 5.4. For 11,92 € R with 11 < 19, the following inequality holds:

leads to the required

‘7‘1_1(01, D2) — — mA(@& ©4) <
< M(py — 1) | A(A1(g; A(n1,92)5 1), A2(q; A(v1,92); 1)) +
B 2 + A(A3(q; A(n1,92); 1), Aalg; A(v1,92); 1))
where -
O = (L= a2 =) Z 01,02)) (1= q")m)
and .
— 1 B q"
O1=(1-q)(n2 m);) TG T A=

1
Proof. The inequality (4.7) for function F(¢) = o A=1landt = leads to the required
result.

Proposition 5.5. For y1,92 € R with 1)1 < 19, the following inequality holds:

N1+ 9o
2

\A%l,m) _ 2 _aene)|<

D2 — Y1

0 =

<25 Mgy — 1) [Aé_l(q;ft(m, D2); 0){(«4(A1(q;«4(01, D2); 0), A2(q; A(91,92);0)))

J+

1
s

+Aé7 (q;A(Uly‘)2);0){(A(A3(Q;A(Ul,UQ);O),A4((];A(UI7U2) )))1}]7
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where

O1=(1-q)(v2 = 1) Y_ q"(¢"(AW1,2) + (1 — ¢")m)"

and

0= (1- )02 — 1) 3 4" (" (Aly1,m2)) + (1 — ¢")na)".

Proof. The inequality (4.8) for function F(t) = t*, A=0and ¢ =
result.
Proposition 5.6. For y1,92 € R with 1)1 < 19, the following inequality holds:

leads to the required

N1+ 0o
2

2
Al nk) — A(01,0,)] <
‘ (Ul U2> D2 — 01 (©1,02)] <

* (a5 A1, 92); D{ (A(A1 (G Al1,92); 1), As (g Alr, 02); 1))

0 |

I+

< Q%M(‘h -91) [A;

1
s

+Ag (‘J3A(017‘)2)%1){(A(A3(Q;A(U1,Uz);1),A4(q;.A(U1702) )))1}],

where

O1=(1—q)(n2—91) Y ¢"(¢"(AW1,92)) + (1 — ¢")y1)"

and

9 = (1—)(n2 — 1) > ¢ (" (Alyr,m2)) + (1 — ¢")n2)".

Proof. The inequality (4.8) for function F(t) = t*, A =1and t =
result.
Proposition 5.7. For y1,92 € R with v, < v2, the following inequality holds:

w leads to the required

H(91,92) 2
— A(O3,04)] <
G(vi,92)  v2—m (©3,64)

*(g; A(v1,92); 0){(A(A1(q; A(91,92);0), A2(q; A(v1,92);0)))

® =

}+

< Q%M(Uz —91) [A5

A (g Al 92);0) (A(As(g: Al 92)50), Aa(a Al o) o>>>i}] :

where -
O3 =(1-q)(y2 —
3=t 2 7;) Ul,nz)) (1—q")n)
and -
O4=(1-q)(n2 — :
£ = 2 nZ—O 01,02)) (1—q")y2)
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1
Proof. The inequality (4.8) for function §(¢) = e A=0andt leads to the required
result.

Proposition 5.8. For 11,92 € R with 1)1 < 19, the following inequality holds:

_ N1+ 02
2

‘H_I(Ula 2) — A(©3,04)| <

N2 — M

® =
@ =

<25 M(yy — 1) [A; (¢; A1, 92); 1){(A(A1(Q;«4(01,1)2); 1), A2(q; A(n1,92);1)))

}+

AT (@ Al 02) D{ (A (@ Al 9203 1), As(a; A, 2); 1>>>i}] :

where -
O3 1-— —
=000 =9 3 ) 7 ()
and -
qTL
Os=(1—¢q — .
1= =002 =90 D G ) ()
. . . 1 _ it .
Proof. The inequality (4.8) for function F(t) = 7 A=landt= leads to the required
result.

Proposition 5.9. For 11,192 € R with 1)1 < 19, the following inequality holds:

AF(h1,92) — A(B1,09)| <
Y2 — 01
M(yy — 1 1
< (022 ) [A<A%(Q;A(01,02);0; r), Ag (a; «4(01,02);0;7“))],
where .
O1=(1-q)(n2—m) > ¢"("(AW1,m2)) + (1 —q")n)"
and

O =(1—q)(n2 =) > ¢"(q"(A(y1,92)) + (1 — ¢")n2)".
Proof. The inequality (4.9) for function F(t) = t*, A =0 and t = leads to the required

result.
Proposition 5.10. For y1,92 € R with w1 < v2, the following inequality holds:

N1+ 92
2

A(©1,02)| <

‘A(n’f,n’é) -

—

M (2

<
- 2
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where -
O1=(1-q)(n2—m) Y ¢"(q"(AW1,m2)) + (1 —¢")n)"
n=0
and
O = (1-q)(n2— 1) Y ¢"(¢" (A1, m2)) + (1 — ¢")n2)".
n=0
Proof. The inequality (4.9) for function F(t) = t*, A =1and t = w leads to the required
result.

6. Conclusions. In this paper, we demonstrate multiple forms of quantum integral inequality
for quantum differentiable convex functions using a new parameterized quantum integral identity,
including left and right quantum derivatives. We also showed that the newly established inequalities
could be transformed into quantum Ostrowski’s-type inequalities for convex functions [15], classi-
cal Ostrowski’s-type inequalities for convex functions [16], several classical integral inequalities for
convex functions [22], and several new quantum integral inequalities such as midpoint type, trapezoi-
dal type, Ostrowski’s-type, and Simpson’s type without having to prove each one separately. To
illustrate the findings, some applications to special means of real numbers were given. The researcher
can find similar inequalities for various types of convexity and coordinated convexity in their future
studies, which is a new and exciting idea.
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