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ДОСЛIДЖЕННЯ КВАНТОВИХ НЕРIВНОСТЕЙ ТИПУ ОСТРОВСЬКОГО
ДЛЯ ДИФЕРЕНЦIЙОВНИХ ОПУКЛИХ ФУНКЦIЙ

We prove some new q-Ostrowski’s-type inequalities for differentiable and bounded functions. Moreover, we present the
relationship between the newly established and already known inequalities, which is very interesting for new readers. Some
applications to special means of real numbers are given to make the results more valuable.

Oбґрунтовано деякi новi нерiвностi q-Островського типу для диференцiйовних та обмежених функцiй. Крiм того,
встановлено зв’язок мiж новими нерiвностями та нерiвностями, отриманими ранiше, що дуже цiкаво для нових
читачiв. Наведено деякi застосування до спецiальних середнiх дiйсних чисел, щоб зробити нашi результати бiльш
цiнними.

1. Introduction. A. Ostrowski showed an inequality involving a function with bounded derivative
in 1938, which became known as the Ostrowski inequality [26].

Theorem 1.1. For a differentiable functions \frakF : [y1, y2] \rightarrow \BbbR over (y1, y2) with | \frakF (r)| \leq M,

the following inequality holds:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \frakF (r) - 1

y2  - y1

y2\int 
y1

\frakF (t)dt

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq M(y2  - y1)

\Biggl[ 
(r - y1)

2 + (y2  - r)2

2

\Biggr] 
, (1.1)

where r \in [y1, y2].

The following are two possible interpretations of the Ostrowski inequality:
(i) estimation of the functional value’s deviation from its average value;
(ii) a rectangle is used to approximate the area under the curve.
On the other hand, Budak et al. proved quantum version of the inequality (1.1) as follows:
Theorem 1.2 [15]. Let \frakF : [y1, y2] \rightarrow \BbbR be a q-differentiable function. If y1Dq\frakF and y2Dq\frakF are

continuous and integrable on [y1, y2] with | y1Dq\frakF | , | y2Dq\frakF | \leq M, then the following inequality
holds for r \in [y1, y2]:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \frakF (r) - 1

y2  - y1

\left[  r\int 
y1

\frakF (t)y1dqt+

y2\int 
r

\frakF (t)y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq qM

y2  - y1

\Biggl[ 
(r - y1)

2 + (y2  - r)2

[2]q

\Biggr] 
.
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It is also well-known that \frakF is convex if and only if it satisfies the Hermite – Hadamard inequality,
stated below:

\frakF 

\biggl( 
y1 + y2

2

\biggr) 
\leq 1

y2  - y1

y2\int 
y1

\frakF (r)dr \leq \frakF (y1) + \frakF (y2)

2
, (1.2)

where \frakF : \frakI \rightarrow \BbbR is a convex function and y1, y2 \in \frakI with y1 < y2.

In [8], Alp et al. proved the following version of quantum Hermite – Hadamard type for convex
functions using the left quantum integrals:

Theorem 1.3. For any convex function \frakF : [y1, y2] \rightarrow \BbbR , the following inequality holds:

\frakF 

\biggl( 
qy1 + y2

[2]q

\biggr) 
\leq 1

y2  - y1

y2\int 
y1

\frakF (r) y1dqr \leq 
q\frakF (y1) + \frakF (y2)

[2]q
. (1.3)

Recently, Bermudo et al. [10] used the right quantum integrals and proved the following variant
of Hermite – Hadamard type inequalities for convex functions:

Theorem 1.4. For any convex function \frakF : [y1, y2] \rightarrow \BbbR , the following inequalities holds:

\frakF 

\biggl( 
y1 + qy2

[2]q

\biggr) 
\leq 1

y2  - y1

y2\int 
y1

\frakF (r) y2dqr \leq 
\frakF (y1) + q\frakF (y2)

[2]q
(1.4)

and

\frakF 

\biggl( 
y1 + y2

2

\biggr) 
\leq 1

2(y2  - y1)

\left[  y2\int 
y1

\frakF (r) y1dqr+

y2\int 
y1

\frakF (r) y2dqr

\right]  \leq \frakF (y1) + \frakF (y2)

2
. (1.5)

Remark 1.1. It is obvious that if we take the limit as q \rightarrow 1 - in (1.3) – (1.5), then we obtain the
inequality (1.2).

For the left and right estimates of inequalities (1.3) and (1.4), one can consult [1, 5, 9, 11 – 13, 19,
23, 24, 31]. In [25], Noor et al. established a generalized version of (1.3). In [2, 3, 14, 21, 29], the
authors used convexity and coordinated convexity to prove Simpson’s- and Newton’s-type inequalities
via q-calculus. For the study of Ostrowski’s inequalities, one can consult [4, 6, 30].

Inspired by the ongoing studies, we prove a new parameterized quantum integral identity involving
left and right quantum derivatives to prove different variants of quantum integral inequalities for
quantum differentiable convex functions. The main advantage of the newly established inequalities
is that these can be turned into quantum Ostrowski’s-type inequalities for convex functions [15],
classical Ostrowski’s-type inequalities for convex functions [16], several classical integral inequalities
for convex functions [22] and several new quantum integral inequalities like midpoint type, trapezoidal
type, Ostrowski’s-type and Simpson’s-type without having to prove each one separately.

This paper is organized as follows. Section 2 provides a brief overview of the fundamentals
of q-calculus as well as other related studies in this field. In Section 3, we establish an identity
that plays an essential role in developing the main results of this paper. The different variants of
quantum integral inequalities for quantum differentiable convex functions are described in Section 4.
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The relationship between the findings reported here and similar findings in the literature are also
considered. In Section 5, we give some applications to special means of real numbers by using the
newly established results. Section 6 concludes with some recommendations for future research.

2. Preliminaries of \bfitq -calculus and some inequalities. This section first presents the definitions
and some properties of quantum derivatives and quantum integrals. We also mention some well-known
inequalities for quantum integrals. Throughout this paper, let 0 < q < 1 be a constant.

The q-number or q-analogue of n \in \BbbN is given by

[n]q =
1 - qn

1 - q
= 1 + q + q2 + . . .+ qn - 1.

Definition 2.1 [28]. Let \frakF : [y1, y2] \rightarrow \BbbR be a continuous function. Then the left q-derivative of
function \frakF at r \in [y1, y2] is defined by

y1Dq\frakF (r) =

\left\{     
\frakF (r) - \frakF (qr+ (1 - q)y1)

(1 - q)(r - y1)
for r \not = y1,

\mathrm{l}\mathrm{i}\mathrm{m}
r\rightarrow y1

y1Dq\frakF (r) for r = y1.
(2.1)

The function \frakF is said to be q-differentiable function on [y1, y2] if y1Dq\frakF (r) exists for all r \in [y1, y2].

Note that if y1 = 0 and 0Dq\frakF (r) = Dq\frakF (r), then (2.1) reduces to

Dq\frakF (r) =

\left\{     
\frakF (r) - \frakF (qr)

(1 - q)r
for r \not = 0,

\mathrm{l}\mathrm{i}\mathrm{m}
r\rightarrow 0

Dq\frakF (r) for r = 0,

which is the q-Jackson derivative (see [18, 20, 28] for more details).
Theorem 2.1 [28]. If \frakF , g : J \rightarrow \BbbR are q-differentiable functions, then the following identities

hold:
(i) the product \frakF g : [y1, y2] \rightarrow \BbbR is q-differentiable on [y1, y2] with

y1Dq(\frakF g)(r) = \frakF (r)y1Dqg(r) + g(qr+ (1 - q)r)y1Dq\frakF (r) =

= g(r)y1Dq\frakF (r) + \frakF (qr+ (1 - q)r)y1Dqg(r);

(ii) if g(r)g(qr+ (1 - q)r) \not = 0, then \frakF /g is q-differentiable on [y1, y2] with

y1Dq

\biggl( 
\frakF 

g

\biggr) 
(r) =

g(r)y1Dq\frakF (r) - \frakF (r)y1Dqg(r)

g(r)g(qr+ (1 - q)r)
.

Definition 2.2 [28]. Let \frakF : [y1, y2] \rightarrow \BbbR be a continuous function. Then the left q-integral of
function \frakF at z \in [y1, y2] is defined by

z\int 
y1

\frakF (r)y1dqr = (1 - q)(z  - y1)
\infty \sum 
n=0

qn\frakF (qnz + (1 - qn)y1). (2.2)

The function \frakF is said to be q-integrable function on [y1, y2] if
\int z

y1

\frakF (r)y1dqr exists for all z \in [y1, y2].
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Note that if y1 = 0, then (2.2) reduces to

z\int 
0

\frakF (r)0dqr =

z\int 
0

\frakF (r)dqr = (1 - q)z
\infty \sum 
n=0

qn\frakF (qnz),

which is the q-Jackson integral (see [18, 20, 28] for more details).

Theorem 2.2 [28]. If \frakF : [y1, y2] \rightarrow \BbbR is a continuous function and z \in [y1, y2], then the
following identities hold:

(i) y1Dq

\int z

y1

\frakF (r)y1dqr = \frakF (z);

(ii)
\int z

c
y1Dq\frakF (r)y1dqr = \frakF (z) - \frakF (c) for c \in (y1, z).

On the other hand, Bermudo et al. [10] defined new quantum derivative and quantum integral
which are called right q-derivative and right q-integral as follows:

Definition 2.3 [10]. The right q-derivative of function \frakF : [y1, y2] \rightarrow \BbbR is defined as

y2Dq\frakF (r) =
\frakF (qr+ (1 - q)y2) - \frakF (r)

(1 - q)(y2  - r)
, r \not = y2.

If r = y2, we define y2Dq\frakF (y2) = \mathrm{l}\mathrm{i}\mathrm{m}r\rightarrow y2
y2Dq\frakF (r) if it exists and it is finite.

Definition 2.4 [10]. The right q-definite integral of function \frakF : [y1, y2] \rightarrow \BbbR on [y1, y2] is
defined as

y2\int 
y1

\frakF (r)y2dqr = (1 - q)(y2  - y1)
\infty \sum 
k=0

qk\frakF 
\bigl( 
qky1 + (1 - qk)y2

\bigr) 
.

Lemma 2.1 [7]. For continuous functions \frakF , g : [y1, y2] \rightarrow \BbbR , the following equality true:

c\int 
0

g(t)y1Dq\frakF (ty2 + (1 - t)y1)dqt =

=
g(t)\frakF (ty2 + (1 - t)y1)

y2  - y1

\bigm| \bigm| \bigm| \bigm| c
0

 - 1

y2  - y1

c\int 
0

Dqg(t)\frakF (qty2 + (1 - qt)y1)dqt.

Lemma 2.2 [27]. For continuous functions \frakF , g : [y1, y2] \rightarrow \BbbR , the following equality true:

c\int 
0

g(t)y2Dq\frakF (ty1 + (1 - t)y2)dqt =

=
1

y2  - y1

c\int 
0

Dqg(t)\frakF (qty1 + (1 - qt)y2)dqt - 
g(t)\frakF (ty1 + (1 - t)y2)

y2  - y1

\bigm| \bigm| \bigm| \bigm| c
0

.
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3. Identities. We deal with identities necessary to attain our main estimations in this section. We
first establish an identity based on two steps kernel in the following lemma.

Lemma 3.1. Let \frakF : [y1, y2] \rightarrow \BbbR be a q-differentiable function. If y1Dq\frakF and y2Dq\frakF are
continuous and integrable on [y1, y2], then, for r \in [y1, y2] and \lambda \geq 0, one has the identity

(1 - \lambda )\frakF (r) + \lambda 
\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (t) y1dqt+

y2\int 
r

\frakF (t) y2dqt

\right]  =

=
(r - y1)

2

y2  - y1

1\int 
0

\biggl( 
qt - \lambda 

2

y2  - y1
r - y1

\biggr) 
y1Dq\frakF (tr+ (1 - t)y1)dqt  - 

 - (y2  - r)2

y2  - y1

1\int 
0

\biggl( 
qt - \lambda 

2

y2  - y1
y2  - r

\biggr) 
y2Dq\frakF (tr+ (1 - t)y2)dqt. (3.1)

Proof. We have

I1 =

1\int 
0

\biggl( 
qt - \lambda 

2

y2  - y1
r - y1

\biggr) 
y1Dq\frakF (tr+ (1 - t)y1)dqt.

By using Lemma 2.1, we have

I1 =

\biggl( 
qt - \lambda 

2

y2  - y1
r - y1

\biggr) 
\frakF (tr+ (1 - t)y1)

r - y1

\bigm| \bigm| \bigm| \bigm| 1
0

 - q

r - y1

1\int 
0

\frakF (qtr+ (1 - qt)y1)dqt =

=

\biggl( 
q  - \lambda 

2

y2  - y1
r - y1

\biggr) 
\frakF (r)

r - y1
+

\lambda 

2

y2  - y1

(r - y1)
2\frakF (y1) - 

q

r - y1

1\int 
0

\frakF (qtr+ (1 - qt)y1)dqt =

=

\biggl( 
q  - \lambda 

2

y2  - y1
r - y1

\biggr) 
\frakF (r)

r - y1
+

\lambda 

2

y2  - y1

(r - y1)
2\frakF (y1)  - 

 - q

r - y1

\Biggl\{ 
1 - q

q

\infty \sum 
n=0

qn\frakF (qnr+ (1 - qn)y1) - 
1 - q

q
\frakF (r)

\Biggr\} 
=

=

\biggl( 
q  - \lambda 

2

y2  - y1
r - y1

\biggr) 
\frakF (r)

r - y1
+

\lambda 

2

y2  - y1

(r - y1)
2\frakF (y1)  - 

 - q

r - y1

\left\{   1

q(r - y1)

r\int 
y1

\frakF (t) y1dqt - 
1 - q

q
\frakF (r)

\right\}   =

=
2(r - y1) - \lambda (y2  - y1)

2(r - y1)
2 \frakF (r) +

\lambda 

2

y2  - y1

(r - y1)
2\frakF (y1) - 

1

(r - y1)
2

r\int 
y1

\frakF (t) y1dqt. (3.2)
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By using Lemma 2.2, we obtain

I2 =

1\int 
0

\biggl( 
qt - \lambda 

2

y2  - y1
y2  - r

\biggr) 
y2Dq\frakF (tr+ (1 - t)y2)dqt =

=
q

y2  - r

1\int 
0

\frakF (qtr+ (1 - qt)y2)dqt - 
\biggl( 
qt - \lambda 

2

y2  - y1
y2  - r

\biggr) 
\frakF (tr+ (1 - t)y2)

y2  - r

\bigm| \bigm| \bigm| \bigm| 1
0

=

=
q

y2  - r

\Biggl\{ 
1 - q

q

\infty \sum 
n=0

qn\frakF (qnr+ (1 - qn)y2) - 
1 - q

q
\frakF (r)

\Biggr\} 
 - 

 - q  - \lambda 

2

y2  - y1
y2  - r

\frakF (r)

y2  - r
 - \lambda 

2

y2  - y1

(y2  - r)2
\frakF (y2) =

=
1

(y2  - r)2

y2\int 
r

\frakF (t) y2dqt - 
1 - q

y2  - y1
\frakF (r) - 

\biggl( 
q  - \lambda 

2

y2  - y1
y2  - r

\biggr) 
\frakF (r)

y2  - r
 - \lambda 

2

y2  - y1

(y2  - r)2
\frakF (y2) =

=
1

(y2  - r)2

y2\int 
r

\frakF (t) y2dqt - 
\biggl( 
1 - \lambda 

2

y2  - y1
y2  - r

\biggr) 
\frakF (r)

y2  - r
 - \lambda 

2

y2  - y1

(y2  - r)2
\frakF (y2). (3.3)

Thus, we obtain the required equality (3.1) by subtracting (3.3) from (3.2) after multiplying
(r - y1)

2

y2  - y1

and
(y2  - r)2

y2y1
with (3.2) and (3.3), respectively.

Lemma 3.1 is proved.
Remark 3.1. In Lemma 3.1, we have:
(i) if we take the limit as q \rightarrow 1 - , then we obtain Lemma 1 of [22];
(ii) if we set \lambda = 0, then we obtain the equality

\frakF (r) - 1

y2  - y1

\left[  r\int 
y1

\frakF (t)y1dqt+

y2\int 
r

\frakF (t)y2dqt

\right]  =

=
q(r - y1)

2

y2  - y1

1\int 
0

ty1Dq\frakF (tr+ (1 - t)y1)dqt  - 

 - q(y2  - r)2

y2  - y1

1\int 
0

ty2Dq\frakF (tr+ (1 - t)y2)dqt,

which is given by Budak et al. [15].
4. Ostrowski’s inequalities. In this section, we prove some new generalizations of Ostrowski’s,

midpoint and trapezoidal type inequalities for differentiable convex functions and bounded differenti-
able bounded functions. For brevity, we start this section with some following notations which will
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be used in new results:

A1(q; r;\lambda ) =

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| tdqt =

=

\left\{         
\lambda (y2  - y1)

2(r - y1)[2]q
 - q

[3]q
for 0 < q <

\lambda 

2

y2  - y1
r - y1

,

1

[3]q
 - 1

2
\lambda 

y2  - y1
(r - y1)[2]q

+
1

4
\lambda 3 (y2  - y1)

3

(r - y1)
3([4]q + q2 + q)

for
\lambda 

2

y2  - y1
r - y1

\leq q < 1,

(4.1)

A2(q; r;\lambda ) =

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| (1 - t)dqt =

=

\left\{                     

1

2
q\lambda 

y2  - y1
(r - y1)[2]q

 - q3

[4]q + q + q2
for 0 < q <

\lambda 

2

y2  - y1
r - y1

,

q3 + q2  - 1

[4]q + q + q2
 - 1

4
\lambda 3 (y2  - y1)

3

(r - y1)
3([4]q + q + q2)

+

+
1

2
\lambda 2 (y2  - y1)

2

(r - y1)
2[2]q

 - 1

2
q\lambda 

y2  - y1
(r - y1)[2]q

for
\lambda 

2

y2  - y1
r - y1

\leq q < 1,

(4.2)

A3(q; r;\lambda ) =

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| tdqt =

=

\left\{         
\lambda (y2  - y1)

2(y2  - r)[2]q
 - q

[3]q
for 0 < q <

\lambda 

2

y2  - y1
y2  - r

,

1

[3]q
 - 1

2
\lambda 

y2  - y1
(y2  - r)[2]q

+
1

4
\lambda 3 (y2  - y1)

3

(y2  - r)3([4]q + q2 + q)
for

\lambda 

2

y2  - y1
y2  - r

\leq q < 1,

(4.3)

A4(q; r;\lambda ) =

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| (1 - t)dqt =

=

\left\{                     

1

2
q\lambda 

y2  - y1
(y2  - r)[2]q

 - q3

[4]q + q + q2
for 0 < q <

\lambda 

2

y2  - y1
y2  - r

,

q3 + q2  - 1

[4]q + q + q2
 - 1

4
\lambda 3 (y2  - y1)

3

(y2  - r)3([4]q + q + q2)
+

+
1

2
\lambda 2 (y2  - y1)

2

(y2  - r)2[2]q
 - 1

2
q\lambda 

y2  - y1
(y2  - r)[2]q

for
\lambda 

2

y2  - y1
y2  - r

\leq q < 1,

(4.4)

A5(q; r;\lambda ) =

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| dqt =
ISSN 1027-3190. Укр. мат. журн., 2023, т. 75, № 1
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=

\left\{         
\lambda (y2  - y1)

2(r - y1)
 - 1

[2]q
for 0 < q <

\lambda 

2

y2  - y1
r - y1

,

q

[2]q
 - \lambda 

y2  - y1
2(r - y1)

+
1

2
\lambda 2 (y2  - y1)

2

(r - y1)
2[2]q

for
\lambda 

2

y2  - y1
r - y1

\leq q < 1,

(4.5)

A6(q; r;\lambda ) =

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| dqt =

=

\left\{         
\lambda (y2  - y1)

2(y2  - r)
 - 1

[2]q
for 0 < q <

\lambda 

2

y2  - y1
y2  - r

,

q

[2]q
 - \lambda 

y2  - y1
2(y2  - r)

+
1

2
\lambda 2 (y2  - y1)

2

(y2  - r)2[2]q
for

\lambda 

2

y2  - y1
y2  - r

\leq q < 1.

(4.6)

Theorem 4.1. Under the assumption of Lemma 3.1, if | y1Dq\frakF | and | y2Dq\frakF | are convex mappings

over [y1, y2]. Then, for r \in 
\biggl[ 
y1 + \lambda 

y2  - y1
2

, y2  - \lambda y2 - y1
2

\biggr] 
, we have the following inequality:

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 
\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (t) y1dqt+

y2\int 
r

\frakF (t) y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq (r - y1)

2

y2  - y1

\bigl( 
A1(q; r;\lambda )| y1Dq\frakF (r)| +A2(q; r;\lambda )| y1Dq\frakF (y1)| 

\bigr) 
+

+
(y2  - r)2

y2  - y1

\bigl( 
A3(q; r;\lambda )| y2Dq\frakF (r)| +A4(q; r;\lambda )| y2Dq\frakF (y2)| 

\bigr) 
,

where A1(q; r;\lambda ) – A4(q; r;\lambda ) defined in (4.1) – (4.4).

Proof. On taking modulus in Lemma 3.1, because of the properties of modulus, we find that\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 
\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (t) y1dqt+

y2\int 
r

\frakF (t) y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 

\leq (r - y1)
2

y2  - y1

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| | y1Dq\frakF (tr - (1 - t)y1)| dqt +

+
(y2  - r)2

y2  - y1

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| | y2Dq\frakF (tr - (1 - t)y2)| dqt \leq 

\leq (r - y1)
2

y2  - y1

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| [t| y1Dq\frakF (r)| + (1 - t)| y1Dq\frakF (y1)| ]dqt +
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+
(y2  - r)2

y2  - y1

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| [t| y2Dq\frakF (r)| + (1 - t)| y2Dq\frakF (y2)| ]dqt =

=
(r - y1)

2

y2  - y1
(A1(q; r;\lambda )| y1Dq\frakF (r)| +A2(q; r;\lambda )| y1Dq\frakF (y1)| ) +

+
(y2  - r)2

y2  - y1
(A3(q; r;\lambda )| y2Dq\frakF (r)| +A4(q; r;\lambda )| y2Dq\frakF (y2)| ).

Theorem 4.1 is proved.
Corollary 4.1. In Theorem 4.1, we have:

(i) if we set | y1Dq\frakF | , | y2Dq\frakF | \leq M, then we obtain the following inequality:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 
\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (t) y1dqt+

y2\int 
r

\frakF (t) y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq M

y2  - y1

\Bigl[ 
(r - y1)

2(A1(q; r;\lambda ) +A2(q; r;\lambda )) + (y2  - r)2(A3(q; r;\lambda ) +A4(q; r;\lambda ))
\Bigr] 
; (4.7)

(ii) if we set r =
y1 + y2

2
, then we obtain the following new inequality:

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF 

\biggl( 
y1 + y2

2

\biggr) 
+ \lambda 

\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[    
y1+y2

2\int 
y1

\frakF (t) y1dqt+

y2\int 
y1+y2

2

\frakF (t) y2dqt

\right]    
\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 

\leq y2  - y1
4

\Biggl[ \biggl( 
A1

\biggl( 
q;

y1 + y2
2

;\lambda 

\biggr) \bigm| \bigm| \bigm| \bigm| y1Dq\frakF 

\biggl( 
y1 + y2

2

\biggr) \bigm| \bigm| \bigm| \bigm| +A2

\biggl( 
q;

y1 + y2
2

;\lambda 

\biggr) 
| y1Dq\frakF (y1)| 

\biggr) 
+

+

\biggl( 
A3

\biggl( 
q;

y1 + y2
2

;\lambda 

\biggr) \bigm| \bigm| \bigm| \bigm| y2Dq\frakF 

\biggl( 
y1 + y2

2

\biggr) \bigm| \bigm| \bigm| \bigm| +A4

\biggl( 
q;

y1 + y2
2

;\lambda 

\biggr) 
| y2Dq\frakF (y2)| 

\biggr) \Biggr] 
.

Remark 4.1. In Theorem 4.1, we have:

(i) if we set \lambda = 0, then we obtain the following Ostrowski inequality:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \frakF (r) - 1

y2  - y1

\left[  r\int 
y1

\frakF (t)y1dqt+

y2\int 
r

\frakF (t)y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq q

(y2  - y1)[2]q[3]q

\Bigl[ 
(r - y1)

2\bigl( [2]q| y1Dq\frakF (r)| + q2| y1Dq\frakF (y1)| 
\bigr) 
+

+ (y2  - r)2
\bigl( 
[2]q| y2Dq\frakF (r)| + q2| y2Dq\frakF (y2)| 

\bigr) \Bigr] 
,

which is proved by Budak et al. in [15];
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(ii) if we set \lambda = 1, then we obtain the following new version of quantum trapezoidal type
inequality for differentiable convex functions:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (t) y1dqt+

y2\int 
r

\frakF (t) y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq (r - y1)

2

y2  - y1
(A1(q; r; 1)| y1Dq\frakF (r)| +A2(q; r; 1)| y1Dq\frakF (y1)| ) +

+
(y2  - r)2

y2  - y1
(A3(q; r; 1)| y2Dq\frakF (r)| +A4(q; r; 1)| y2Dq\frakF (y2)| ).

Remark 4.2. In Corollary 4.1(i), we have:
(i) if we take the limit as q \rightarrow 1 - , then we obtain Theorem 6 for s = q = 1 of [22];

(ii) if we set r =
y1 + y2

2
and take the limit as q \rightarrow 1 - , then we obtain Corollary 2 for s = q = 1

of [22];
(iii) if we set \lambda = 1 and q \rightarrow 1 - , then we obtain inequality (5) in [22] (Remark 2 for q = 1);

(iv) if we set \lambda = 0, r =
y1 + y2

2
and q \rightarrow 1 - , then we obtain inequality (6) in [22] (Remark 2

for q = 1).
Theorem 4.2. Under the assumption of Lemma 3.1, if | y1Dq\frakF | s and | y2Dq\frakF | s, where s \geq 1

are convex mappings over [y1, y2]. Then, for r \in 
\biggl[ 
y1 + \lambda 

y2  - y1
2

, y2  - \lambda 
y2  - y1

2

\biggr] 
, we have the

following inequality:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 
\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (r) y1dqr+

y2\int 
r

\frakF (r) y2dqr

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq (r - y1)

2

y2  - y1
A

1 - 1
s

5 (q; r;\lambda )
\Bigl[ 
(A1(q; r;\lambda )| y1Dq\frakF (r)| s +A2(q; r;\lambda )| y1Dq\frakF (y1)| s)

1
s

\Bigr] 
+

+
(y2  - r)2

y2  - y1
A

1 - 1
s

6 (q; r;\lambda )
\Bigl[ 
(A3(q; r;\lambda )| y2Dq\frakF (r)| s +A4(q; r;\lambda )| y2Dq\frakF (y2)| s)

1
s

\Bigr] 
,

where Ai(q; r;\lambda ), i = 1, 2, 3, 4, 5, 6, are defined in (4.1) – (4.6).
Proof. By taking modulus in (3.1) and using power mean inequality, we have\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 

\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (r) y1dqr+

y2\int 
r

\frakF (r) y2dqr

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 

\leq (r - y1)
2

y2  - y1

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| | y1Dq\frakF (tr - (1 - t)y1)| dqt +

+
(y2  - r)2

y2  - y1

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| | y2Dq\frakF (tr - (1 - t)y2)| dqt \leq 
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\leq (r - y1)
2

y2  - y1

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| dqt
\right)  1 - 1

s

\times 

\times 

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| | y1Dq\frakF (tr - (1 - t)y1)| sdqt

\right)  
1
s

+

+
(y2  - r)2

y2  - y1

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| dqt
\right)  1 - 1

s
\left(  1\int 

0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| | y2Dq\frakF (tr - (1 - t)y2)| sdqt

\right)  
1
s

.

By using the convexity, we obtain\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 
\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (r) y1dqr+

y2\int 
r

\frakF (r) y2dqr

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 

\leq (r - y1)
2

y2  - y1

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| dqt
\right)  1 - 1

s

\times 

\times 

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| [t| y1Dq\frakF (r)| s + (1 - t)| y1Dq\frakF (y1)| s]dqt

\right)  
1
s

+

+
(y2  - r)2

y2  - y1

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| dqt
\right)  1 - 1

s

\times 

\times 

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| [t| y2Dq\frakF (r)| s + (1 - t)| y2Dq\frakF (y2)| s]dqt

\right)  
1
s

=

=
(r - y1)

2

y2  - y1
A

1 - 1
s

5 (q; r;\lambda )
\Bigl[ 
(A1(q; r;\lambda )| y1Dq\frakF (r)| s +A2(q; r;\lambda )| y1Dq\frakF (y1)| s)

1
s

\Bigr] 
+

+
(y2  - r)2

y2  - y1
A

1 - 1
s

6 (q; r;\lambda )
\Bigl[ 
(A3(q; r;\lambda )| y2Dq\frakF (r)| s +A4(q; r;\lambda )| y2Dq\frakF (y2)| s)

1
s

\Bigr] 
.

Theorem 4.2 is proved.
Corollary 4.2. In Theorem 4.2, we have:
(i) if we set | y1Dq\frakF | , | y2Dq\frakF | \leq M, then we obtain the following inequality:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 

\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (t) y1dqt+

y2\int 
r

\frakF (t) y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
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\leq M(r - y1)
2

y2  - y1
A

1 - 1
s

5 (q; r;\lambda )
\Bigl[ 
(A1(q; r;\lambda ) +A2(q; r;\lambda ))

1
s

\Bigr] 
+

+
M(y2  - r)2

y2  - y1
A

1 - 1
s

6 (q; r;\lambda )
\Bigl[ 
(A3(q; r;\lambda ) +A4(q; r;\lambda ))

1
s

\Bigr] 
; (4.8)

(ii) if we set r =
y1 + y2

2
, then we obtain the following new inequality:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF 

\biggl( 
y1 + y2

2

\biggr) 
+ \lambda 

\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[    
y1+y2

2\int 
y1

\frakF (t) y1dqt+

y2\int 
y1+y2

2

\frakF (t) y2dqt

\right]    
\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 

\leq y2  - y1
4

\Biggl[ 
A

1 - 1
s

5

\biggl( 
q;

y1 + y2
2

;\lambda 

\biggr) 
\times 

\times 

\Biggl\{ \biggl( 
A1

\biggl( 
q;

y1 + y2
2

;\lambda 

\biggr) \bigm| \bigm| \bigm| \bigm| y1Dq\frakF 

\biggl( 
y1 + y2

2

\biggr) \bigm| \bigm| \bigm| \bigm| s +A2

\biggl( 
q;

y1 + y2
2

;\lambda 

\biggr) 
| y1Dq\frakF (y1)| s

\biggr) 1
s

\Biggr\} 
+

+ A
1 - 1

s
6

\biggl( 
q;

y1 + y2
2

;\lambda 

\biggr) 
\times 

\times 

\Biggl\{ \biggl( 
A3

\biggl( 
q;

y1 + y2
2

;\lambda 

\biggr) \bigm| \bigm| \bigm| \bigm| y2Dq\frakF 

\biggl( 
y1 + y2

2

\biggr) \bigm| \bigm| \bigm| \bigm| s +A4

\biggl( 
q;

y1 + y2
2

;\lambda 

\biggr) 
| y2Dq\frakF (y2)| s

\biggr) 1
s

\Biggr\} \Biggr] 
.

Remark 4.3. In Theorem 4.2, we have:
(i) if we set \lambda = 0, then we obtain the following Ostrowski inequality:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \frakF (r) - 1

y2  - y1

\left[  r\int 
y1

\frakF (t)y1dqt+

y2\int 
r

\frakF (t)y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq q

(y2  - y1)[2]q[3]q

\Bigl[ 
(r - y1)

2\bigl( [2]q| y1Dq\frakF (r)| + q2| y1Dq\frakF (y1)| 
\bigr) 
+

+ (y2  - r)2
\bigl( 
[2]q| y2Dq\frakF (r)| + q2| y2Dq\frakF (y2)| 

\bigr) \Bigr] 
,

which is proved by Budak et al. in [15];
(ii) if we set \lambda = 1, then we obtain the following new version of quantum trapezoidal type

inequality for differentiable convex functions:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (t) y1dqt+

y2\int 
r

\frakF (t) y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq (r - y1)

2

y2  - y1
(A1(q; r; 1)| y1Dq\frakF (r)| +A2(q; r; 1)| y1Dq\frakF (y1)| ) +

+
(y2  - r)2

y2  - y1
(A3(q; r; 1)| y2Dq\frakF (r)| +A4(q; r; 1)| y2Dq\frakF (y2)| ).
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Remark 4.4. In Corollary 4.2 (i), we have:

(i) if we take the limit as q \rightarrow 1 - , then we obtain Theorem 6 for s = 1 of [22];

(ii) if we set r =
y1 + y2

2
and take the limit as q \rightarrow 1 - , then we obtain Corollary 2 for s = 1

of [22];
(iii) if we set \lambda = 1 and q \rightarrow 1 - , then we obtain inequality (5) in [22] (Remark 2);

(iv) if we set \lambda = 0, r =
y1 + y2

2
and q \rightarrow 1 - , then we obtain inequality (6) in [22] (Remark 2).

Theorem 4.3. Under the assumption of Lemma 3.1, if s > 1 is a real number and | y1Dq\frakF | s

and | y2Dq\frakF | s are convex mappings over [y1, y2]. Then, for r \in 
\biggl[ 
y1 + \lambda 

y2  - y1
2

, y2  - \lambda 
y2  - y1

2

\biggr] 
,

we have following inequality:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 
\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (r) y1dqr+

y2\int 
r

\frakF (r) y2dqr

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq (r - y1)

2

y2  - y1
A

1
r
7 (q; r;\lambda ; r)

\biggl( 
| y1Dq\frakF (r)| s + q| y1Dq\frakF (y1)| s

[2]q

\biggr) 1
s

+

+
(y2  - r)2

y2  - y1
A

1
r
8 (q; r;\lambda ; r)

\biggl( 
| y2Dq\frakF (r)| s + q| y2Dq\frakF (y2)| s

[2]q

\biggr) 1
s

,

where
1

s
+

1

r
= 1 and

A7(q; r;\lambda ; r) =

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| r = (1 - q)
\infty \sum 
n=0

qn
\bigm| \bigm| \bigm| \bigm| qn+1  - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| r
and

A8(q; r;\lambda ; r) =

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| r = (1 - q)
\infty \sum 
n=0

qn
\bigm| \bigm| \bigm| \bigm| qn+1  - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| r.
Proof. By taking modulus in (3.1) and applying Hölder inequality, we have\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 

\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (r) y1dqr+

y2\int 
r

\frakF (r) y2dqr

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 

\leq (r - y1)
2

y2  - y1

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| | y1Dq\frakF (tr - (1 - t)y1)| dqt +

+
(y2  - r)2

y2  - y1

1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| | y2Dq\frakF (tr - (1 - t)y2)| dqt \leq 
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\leq (r - y1)
2

y2  - y1

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| rdqt
\right)  

1
r
\left(  1\int 

0

| y1Dq\frakF (tr - (1 - t)y1)| sdqt

\right)  
1
s

+

+
(y2  - r)2

y2  - y1

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| rdqt
\right)  

1
r
\left(  1\int 

0

| y2Dq\frakF (tr - (1 - t)y2)| sdqt

\right)  
1
s

.

By using the convexity, we obtain\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 
\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (r) y1dqr+

y2\int 
r

\frakF (r) y2dqr

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 

\leq (r - y1)
2

y2  - y1

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
r - y1

\bigm| \bigm| \bigm| \bigm| rdqt
\right)  

1
r

\times 

\times 

\left(  1\int 
0

[t| y1Dq\frakF (r)| s + (1 - t)| y1Dq\frakF (y1)| s]dqt

\right)  
1
s

+

+
(y2  - r)2

y2  - y1

\left(  1\int 
0

\bigm| \bigm| \bigm| \bigm| qt - \lambda 

2

y2  - y1
y2  - r

\bigm| \bigm| \bigm| \bigm| rdqt
\right)  

1
r

\times 

\times 

\left(  1\int 
0

[t| y2Dq\frakF (r)| s + (1 - t)| y2Dq\frakF (y2)| s]dqt

\right)  
1
s

=

=
(r - y1)

2

y2  - y1
A

1
r
7 (q; r;\lambda ; r)

\biggl( 
| y1Dq\frakF (r)| s + q| y1Dq\frakF (y1)| s

[2]q

\biggr) 1
s

+

+
(y2  - r)2

y2  - y1
A

1
r
8 (q; r;\lambda ; r)

\biggl( 
| y2Dq\frakF (r)| s + q| y2Dq\frakF (y2)| s

[2]q

\biggr) 1
s

.

Theorem 4.3 is proved.

Corollary 4.3. In Theorem 4.3, we have:

(i) if we set | y1Dq\frakF | , | y2Dq\frakF | \leq M, then we obtain the following inequality:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF (r) + \lambda 
\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (t) y1dqt+

y2\int 
r

\frakF (t) y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq M

y2  - y1

\biggl[ 
(r - y1)

2A
1
r
7 (q; r;\lambda ; r) + (y2  - r)2A

1
r
8 (q; r;\lambda ; r)

\biggr] 
; (4.9)
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(ii) if we set r =
y1 + y2

2
, then we obtain the following new inequality:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (1 - \lambda )\frakF 

\biggl( 
y1 + y2

2

\biggr) 
+ \lambda 

\frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[    
y1+y2

2\int 
y1

\frakF (t) y1dqt+

y2\int 
y1+y2

2

\frakF (t) y2dqt

\right]    
\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 

\leq y2  - y1
4

\left[     A 1
r
7

\biggl( 
q;

y1 + y2
2

;\lambda ; r

\biggr) \left(    
\bigm| \bigm| \bigm| \bigm| y1Dq\frakF 

\biggl( 
y1 + y2

2

\biggr) \bigm| \bigm| \bigm| \bigm| s + q| y1Dq\frakF (y1)| s

[2]q

\right)    
1
s

+

+ A
1
r
8

\biggl( 
q;

y1 + y2
2

;\lambda ; r

\biggr) \left(    
\bigm| \bigm| \bigm| \bigm| y2Dq\frakF 

\biggl( 
y1 + y2

2

\biggr) \bigm| \bigm| \bigm| \bigm| s + q| y2Dq\frakF (y2)| s

[2]q

\right)    
1
s
\right]     .

Remark 4.5. In Theorem 4.3, we have:
(i) if we set \lambda = 0, then we obtain the following Ostrowski inequality:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \frakF (r) - 1

y2  - y1

\left[  r\int 
y1

\frakF (t)y1dqt+

y2\int 
r

\frakF (t)y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq (r - y1)

2

y2  - y1
A

1
r
7 (q; r; 0; r)

\biggl( 
| y1Dq\frakF (r)| s + q| y1Dq\frakF (y1)| s

[2]q

\biggr) 1
s

+

+
(y2  - r)2

y2  - y1
A

1
r
8 (q; r; 0; r)

\biggl( 
| y2Dq\frakF (r)| s + q| y2Dq\frakF (y2)| s

[2]q

\biggr) 1
s

;

(ii) if we set \lambda = 1, then we obtain the following new version of quantum trapezoidal type
inequality for differentiable convex functions:\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \frakF (y1) + \frakF (y2)

2
 - 1

y2  - y1

\left[  r\int 
y1

\frakF (t) y1dqt+

y2\int 
r

\frakF (t) y2dqt

\right]  \bigm| \bigm| \bigm| \bigm| \bigm| \bigm| \leq 
\leq (r - y1)

2

y2  - y1
A

1
r
7 (q; r; 1; r)

\biggl( 
| y1Dq\frakF (r)| s + q| y1Dq\frakF (y1)| s

[2]q

\biggr) 1
s

+

+
(y2  - r)2

y2  - y1
A

1
r
8 (q; r; 1; r)

\biggl( 
| y2Dq\frakF (r)| s + q| y2Dq\frakF (y2)| s

[2]q

\biggr) 1
s

.

Remark 4.6. In Corollary 4.3 (i), we have:
(i) if we take the limit as q \rightarrow 1 - , then we obtain Theorem 5 for s = 1 of [22];

(ii) if we set r =
y1 + y2

2
and take the limit as q \rightarrow 1 - , then we obtain Corollary 1 for s = 1

of [22];
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(iii) if we set \lambda = 1 and q \rightarrow 1 - , then we obtain inequality (2) in [22] (Remark 2);

(iv) if we set \lambda = 0, r =
y1 + y2

2
and q \rightarrow 1 - , then we obtain inequality (3) in [22] (Remark 2).

5. Applications to special means of real numbers. For any positive number y1, y2 \in \BbbR , we
consider the following means:

(i) the arithmetic mean:

\scrA (y1, y2) =
y1 + y2

2
;

(ii) the harmonic mean

\scrH (y1, y2) =
2y1y2
y1 + y2

;

(iii) the geometric mean
\scrG (y1, y2) =

\surd 
y1y2.

Proposition 5.1. For y1, y2 \in \BbbR with y1 < y2, the following inequality holds:\bigm| \bigm| \bigm| \bigm| \scrA k(y1, y2) - 
2

y2  - y1
\scrA (\Theta 1,\Theta 2)

\bigm| \bigm| \bigm| \bigm| \leq 
\leq M(y2  - y1)

2

\Biggl[ 
\scrA (A1(q;\scrA (y1, y2); 0), A2(q;\scrA (y1, y2); 0)) +

+ \scrA (A3(q;\scrA (y1, y2); 0), A4(q;\scrA (y1, y2); 0))

\Biggr] 
,

where

\Theta 1 = (1 - q)(y2  - y1)

\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y1)
k

and

\Theta 2 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y2)
k.

Proof. The inequality (4.7) for function \frakF (t) = tk, \lambda = 0 and r =
y1 + y2

2
leads to the required

result.
Proposition 5.2. For y1, y2 \in \BbbR with y1 < y2, the following inequality holds:\bigm| \bigm| \bigm| \bigm| \scrA \Bigl( 

yk1, y
k
2

\Bigr) 
 - 2

y2  - y1
\scrA (\Theta 1,\Theta 2)

\bigm| \bigm| \bigm| \bigm| \leq 
\leq M(y2  - y1)

2

\left[  \scrA (A1(q;\scrA (y1, y2); 1), A2(q;\scrA (y1, y2); 1)) +

+ \scrA (A3(q;\scrA (y1, y2); 1), A4(q;\scrA (y1, y2); 1))

\right]  ,
where

\Theta 1 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y1)
k

and

\Theta 2 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y2)
k.
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Proof. The inequality (4.7) for function \frakF (t) = tk, \lambda = 1 and r =
y1 + y2

2
leads to the required

result.
Proposition 5.3. For y1, y2 \in \BbbR with y1 < y2, the following inequality holds:\bigm| \bigm| \bigm| \bigm| \scrH (y1, y2)

\scrG (y1, y2)
 - 2

y2  - y1
\scrA (\Theta 3,\Theta 4)

\bigm| \bigm| \bigm| \bigm| \leq 
\leq M(y2  - y1)

2

\Biggl[ 
\scrA (A1(q;\scrA (y1, y2); 0), A2(q;\scrA (y1, y2); 0)) +

+ \scrA (A3(q;\scrA (y1, y2); 0), A4(q;\scrA (y1, y2); 0))

\Biggr] 
,

where

\Theta 3 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn

(qn(\scrA (y1, y2)) + (1 - qn)y1)

and

\Theta 4 = (1 - q)(y2  - y1)

\infty \sum 
n=0

qn

(qn(\scrA (y1, y2)) + (1 - qn)y2)
.

Proof. The inequality (4.7) for function \frakF (t) =
1

t
, \lambda = 0 and r =

y1 + y2
2

leads to the required

result.
Proposition 5.4. For y1, y2 \in \BbbR with y1 < y2, the following inequality holds:\bigm| \bigm| \bigm| \bigm| \scrH  - 1(y1, y2) - 

2

y2  - y1
\scrA (\Theta 3,\Theta 4)

\bigm| \bigm| \bigm| \bigm| \leq 
\leq M(y2  - y1)

2

\Biggl[ 
\scrA (A1(q;\scrA (y1, y2); 1), A2(q;\scrA (y1, y2); 1)) +

+ \scrA (A3(q;\scrA (y1, y2); 1), A4(q;\scrA (y1, y2); 1))

\Biggr] 
,

where

\Theta 3 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn

(qn(\scrA (y1, y2)) + (1 - qn)y1)

and

\Theta 4 = (1 - q)(y2  - y1)

\infty \sum 
n=0

qn

(qn(\scrA (y1, y2)) + (1 - qn)y2)
.

Proof. The inequality (4.7) for function \frakF (t) =
1

t
, \lambda = 1 and r =

y1 + y2
2

leads to the required

result.
Proposition 5.5. For y1, y2 \in \BbbR with y1 < y2, the following inequality holds:\bigm| \bigm| \bigm| \bigm| \scrA k(y1, y2) - 

2

y2  - y1
\scrA (\Theta 1,\Theta 2)

\bigm| \bigm| \bigm| \bigm| \leq 
\leq 2

1 - 2s
s M(y2  - y1)

\biggl[ 
A

1 - 1
s

5 (q;\scrA (y1, y2); 0)
\Bigl\{ 
(\scrA (A1(q;\scrA (y1, y2); 0), A2(q;\scrA (y1, y2); 0)))

1
s

\Bigr\} 
+

+ A
1 - 1

s
6 (q;\scrA (y1, y2); 0)

\Bigl\{ 
(\scrA (A3(q;\scrA (y1, y2); 0), A4(q;\scrA (y1, y2); 0)))

1
s

\Bigr\} \biggr] 
,
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where

\Theta 1 = (1 - q)(y2  - y1)

\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y1)
k

and

\Theta 2 = (1 - q)(y2  - y1)

\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y2)
k.

Proof. The inequality (4.8) for function \frakF (t) = tk, \lambda = 0 and r =
y1 + y2

2
leads to the required

result.
Proposition 5.6. For y1, y2 \in \BbbR with y1 < y2, the following inequality holds:\bigm| \bigm| \bigm| \bigm| \scrA \Bigl( 

yk1, y
k
2

\Bigr) 
 - 2

y2  - y1
\scrA (\Theta 1,\Theta 2)

\bigm| \bigm| \bigm| \bigm| \leq 
\leq 2

1 - 2s
s M(y2  - y1)

\biggl[ 
A

1 - 1
s

5 (q;\scrA (y1, y2); 1)
\Bigl\{ 
(\scrA (A1(q;\scrA (y1, y2); 1), A2(q;\scrA (y1, y2); 1)))

1
s

\Bigr\} 
+

+ A
1 - 1

s
6 (q;\scrA (y1, y2); 1)

\Bigl\{ 
(\scrA (A3(q;\scrA (y1, y2); 1), A4(q;\scrA (y1, y2); 1)))

1
s

\Bigr\} \biggr] 
,

where

\Theta 1 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y1)
k

and

\Theta 2 = (1 - q)(y2  - y1)

\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y2)
k.

Proof. The inequality (4.8) for function \frakF (t) = tk, \lambda = 1 and r =
y1 + y2

2
leads to the required

result.
Proposition 5.7. For y1, y2 \in \BbbR with y1 < y2, the following inequality holds:\bigm| \bigm| \bigm| \bigm| \scrH (y1, y2)

\scrG (y1, y2)
 - 2

y2  - y1
\scrA (\Theta 3,\Theta 4)

\bigm| \bigm| \bigm| \bigm| \leq 
\leq 2

1 - 2s
s M(y2  - y1)

\biggl[ 
A

1 - 1
s

5 (q;\scrA (y1, y2); 0)
\Bigl\{ 
(\scrA (A1(q;\scrA (y1, y2); 0), A2(q;\scrA (y1, y2); 0)))

1
s

\Bigr\} 
+

+ A
1 - 1

s
6 (q;\scrA (y1, y2); 0)

\Bigl\{ 
(\scrA (A3(q;\scrA (y1, y2); 0), A4(q;\scrA (y1, y2); 0)))

1
s

\Bigr\} \biggr] 
,

where

\Theta 3 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn

(qn(\scrA (y1, y2)) + (1 - qn)y1)

and

\Theta 4 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn

(qn(\scrA (y1, y2)) + (1 - qn)y2)
.
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Proof. The inequality (4.8) for function \frakF (t) =
1

t
, \lambda = 0 and r =

y1 + y2
2

leads to the required

result.
Proposition 5.8. For y1, y2 \in \BbbR with y1 < y2, the following inequality holds:\bigm| \bigm| \bigm| \bigm| \scrH  - 1(y1, y2) - 

2

y2  - y1
\scrA (\Theta 3,\Theta 4)

\bigm| \bigm| \bigm| \bigm| \leq 
\leq 2

1 - 2s
s M(y2  - y1)

\biggl[ 
A

1 - 1
s

5 (q;\scrA (y1, y2); 1)
\Bigl\{ 
(\scrA (A1(q;\scrA (y1, y2); 1), A2(q;\scrA (y1, y2); 1)))

1
s

\Bigr\} 
+

+ A
1 - 1

s
6 (q;\scrA (y1, y2); 1)

\Bigl\{ 
(\scrA (A3(q;\scrA (y1, y2); 1), A4(q;\scrA (y1, y2); 1)))

1
s

\Bigr\} \biggr] 
,

where

\Theta 3 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn

(qn(\scrA (y1, y2)) + (1 - qn)y1)

and

\Theta 4 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn

(qn(\scrA (y1, y2)) + (1 - qn)y2)
.

Proof. The inequality (4.8) for function \frakF (t) =
1

t
, \lambda = 1 and r =

y1 + y2
2

leads to the required

result.
Proposition 5.9. For y1, y2 \in \BbbR with y1 < y2, the following inequality holds:\bigm| \bigm| \bigm| \bigm| \scrA k(y1, y2) - 

2

y2  - y1
\scrA (\Theta 1,\Theta 2)

\bigm| \bigm| \bigm| \bigm| \leq 
\leq M(y2  - y1)

2

\biggl[ 
\scrA 
\biggl( 
A

1
r
7 (q;\scrA (y1, y2); 0; r), A

1
r
8 (q;\scrA (y1, y2); 0; r)

\biggr) \biggr] 
,

where

\Theta 1 = (1 - q)(y2  - y1)

\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y1)
k

and

\Theta 2 = (1 - q)(y2  - y1)

\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y2)
k.

Proof. The inequality (4.9) for function \frakF (t) = tk, \lambda = 0 and r =
y1 + y2

2
leads to the required

result.
Proposition 5.10. For y1, y2 \in \BbbR with y1 < y2, the following inequality holds:\bigm| \bigm| \bigm| \bigm| \scrA \Bigl( 

yk1, y
k
2

\Bigr) 
 - 2

y2  - y1
\scrA (\Theta 1,\Theta 2)

\bigm| \bigm| \bigm| \bigm| \leq 
\leq M(y2  - y1)

2

\biggl[ 
\scrA 
\biggl( 
A

1
r
7 (q;\scrA (y1, y2); 1; r), A

1
r
8 (q;\scrA (y1, y2); 1; r)

\biggr) \biggr] 
,
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where

\Theta 1 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y1)
k

and

\Theta 2 = (1 - q)(y2  - y1)
\infty \sum 
n=0

qn(qn(\scrA (y1, y2)) + (1 - qn)y2)
k.

Proof. The inequality (4.9) for function \frakF (t) = tk, \lambda = 1 and r =
y1 + y2

2
leads to the required

result.
6. Conclusions. In this paper, we demonstrate multiple forms of quantum integral inequality

for quantum differentiable convex functions using a new parameterized quantum integral identity,
including left and right quantum derivatives. We also showed that the newly established inequalities
could be transformed into quantum Ostrowski’s-type inequalities for convex functions [15], classi-
cal Ostrowski’s-type inequalities for convex functions [16], several classical integral inequalities for
convex functions [22], and several new quantum integral inequalities such as midpoint type, trapezoi-
dal type, Ostrowski’s-type, and Simpson’s type without having to prove each one separately. To
illustrate the findings, some applications to special means of real numbers were given. The researcher
can find similar inequalities for various types of convexity and coordinated convexity in their future
studies, which is a new and exciting idea.

References

1. M. A. Ali, H. Budak, M. Abbas, Y.-M. Chu, Quantum Hermite – Hadamard-type inequalities for functions with convex
absolute values of second qy2 -derivatives, Adv. Different. Equat., 2021, 1 – 12 (2021).

2. M. A. Ali, H. Budak, Z. Zhang, H. Yildrim, Some new Simpson’s type inequalities for co-ordinated convex functions
in quantum calculus, Math. Methods Appl. Sci., 44, 4515 – 4540 (2021).

3. M. A. Ali, M. Abbas, H. Budak, P. Agarwal, G. Murtaza, Y.-M. Chu, New quantum boundaries for quantum Simpson’s
and quantum Newton’s type inequalities for preinvex functions, Adv. Different. Equat., 2021, 1 – 21 (2021).

4. M. A. Ali, Y.-M. Chu, H. Budak, A. Akkurt, H. Yildrim, Quantum variant of Montgomery identity and Ostrowski-type
inequalities for the mappings of two variables, Adv. Different. Equat., 2021, 1 – 26 (2021).

5. M. A. Ali, N. Alp, H. Budak, Y.-M. Chu, Z. Zhang, On some new quantum midpoint type inequalities for twice
quantum differentiable convex functions, Open Math., 19, 427 – 439 (2021).

6. M. A. Ali, H. Budak, A. Akkurt, Y.-M. Chu, Quantum Ostrowski type inequalities for twice quantum differentiable
functions in quantum calculus, Open Math., 19, 440 – 449 (2021).

7. M. A. Ali, H. Budak, K. Nanlaopon, Z. Abdullah, Simpson’s and Newton’s inequalities for (\alpha ,m)-convex functions
via quantum calculus (2021).
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