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ON PERTURBATION OF DRAZIN INVERTIBLE LINEAR RELATIONS
PO 3BYPEHHS OBEPHEHUX JIHIMHUX CHIBBITHOIIEHD JIPA3IHA

We study the stability of regular, finite ascent, and finite descent linear relations defined in Banach spaces under commuting
nilpotent operator perturbations. As an application, we give the invariance theorem of Drazin invertible spectrum under
these perturbations. We also focus on the study of some properties of the left and right Drazin invertible linear relations. It
is proved that, for bounded and closed left (resp., right) Drazin invertible linear relation with nonempty resolvent set, O is
an isolated point of the associated approximate point spectrum (resp., surjective spectrum).

JociimkeHo cTabiibHICTh PETYISPHUX JIHIMHUX CIIBBITHOIIEHb CKIHYEHHOTO HiTHOMY Ta CKIHUCHHOTO CITyCKY, 10 BU3Ha-
4eHi B 6aHaXOBHX IPOCTOPAX AJIsI KOMYTYIOUUX 30ypeHb HUIBIIOTEHTHOTO oIeparopa. SIk 3acTOCYBaHHS HaBEICHO TEOPEMY
Ipo 1HBapiaHTHICTH 00epHEHOro crekTpa JlpasiHa mpu Takux 30ypeHHsX. Takok BUBYAIOTHCS NESKi BIACTUBOCTI JIIBHX i
MpaBUX O0EpPHEHMX JiHIWHKUX criBBiAHOIICHS [Ipasina. JloBeaeHo, mo Ajst 0OMEKEHOro Ta 3aMKHEHOTO JTiBOTO (BiMOBIIHO,
MpaBoro) oOepHEHOTO JiHIHHOTO cHiBBigHONMIEHHS Jpa3iHa 3 HEOPOXHBOIO PE30JIBBEHTHOI0 MHOKHHOIO, 0 € 130JIb0BaHOIO
TOYKOO BiIMOBIAHOTO HAOIMKEHOTO TOYKOBOTO CIIEKTPa (BiAMOBIIHO, CIOP’EKTHBHOTO CIICKTPA).

Introduction. Let A be a complex Banach algebra. An element a of A is called relatively regular
if there exists x € A such that axa = a. If a is relatively regular, then it has a generalized inverse,
which is an element b € A satisfying the equations aba = a and bab = b (see [27]). A relation
between a relatively regular element and its generalized inverse is reflexive in the sense that if b is
a generalized inverse of a, then a is a generalized inverse of b. M. P. Drazin introduced in [14],
another form of a generalized inverse in associative rings and semigroups that does not have the
reflexivity property but commutes with the element. In fact, for a and b two elements of a semigroup,
b is said to be a Drazin inverse of a, if ab = ba,b = ab® and a*b = a*+1b for some nonnegative
integer k. This notion is investigated in the setting of bounded linear operators on complex Banach
algebra by several authors [9, 15, 23, 27]. For X a Banach space, a bounded operator T € L(X)
is Drazin invertible if there exists an operator T” € L£(X) called the Drazin inverse of 7" such
that 7TP = TPT, TPTDP = TP and T*H'TP = T* for some k € N. In [23], C. F. King gives
another characterization of Drazin invertible operators by means of ascent and descent as follows:
An operator 7' is Drazin invertible if and only if asc(T") = des(T') < oo, where asc(T') and des(T')
define the smallest nonnegative integer n such that N(7™) = N(T"!) and R(T") = R(T"™M1),
respectively. Later the notion of Drazin invertibility was extended in [2] as follows: T' € £(X) is
said to be left Drazin invertible if p = asc(T) < oo and R(TP*1) is closed while T is said to be
right Drazin invertible if ¢ = des(T") < oo and R(T) is closed. The study of perturbation of these
classes have been carried by many authors recently [16, 17, 22].

Linear relations made their appearance in functional analysis in von Neumann [1] motivated by
the need to consider adjoints of nondensely defined operators used in applications to the theory of
generalized equations [8] and also by the need to consider the inverses of certain operators, used, for
example, in the study of some Cauchy problems associated with parabolic type equations in Banach
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spaces [19]. We can cite the following example: if T € £(X) and N(T) # {0}, then T~! is a linear
relation in £R(X). In particular, an ordinary differential operator T': C'™[a,b] C C[a,b] — C|a, b]
of the kind

(Tz)(#) = 2™ @) + a1 ()™ V@) + ...+ an(t)z(t),

where a;, € Cla,b], k = 1,...,n, that acts in the Banach space C|[a,b] of bounded continuous
complex functions on [a,b] C R has a finite-dimensional kernel N(T") of dimension n > 1, and

therefore T-1 € LR(C|a,b]) is a linear relation. If Tz = 2/, then T~ 'z = /az(t)dt, z € Cla, b].

This concept has been developed intensively in the last years since it has applications in many
problems in physics and other areas of applied mathematical: game theory and mathematical econo-
mics, discontinuous differential equations which occur in the biological sciences (for example,
population in dynamics and epidemiology), optimal control and digital imaging. A systematic bib-
liography on these applications including references to other and more recent contributions can be
found in [18].

As the interest of studying linear relations is relevant, the above concepts have been naturally
extended in the setting of linear relations in [21] as follows. A linear relation 7" defined on X is
said to be Drazin invertible of degree k£ € N if T' is everywhere defined and there exists a bounded
operator TP € £(X) such that

TTP =TT +7(0), TPTT? =TP and THITP = T + T (0).

If p(T) # &, the above definition is equivalent to the finiteness of the ascent and descent of T'
(see [21, Theorem 3.3]). The relation 7" is said to be left Drazin invertible if asc(T) = p < oo
and R(TP™1) is closed and is right Drazin invertible if ¢ = des(T) < oo and R(TY) is closed.
Furthermore, if p(7T') # @, then Drazin invertible linear relations are exactly those that are both left
and right Drazin invertible. The purpose of the present paper is to extend some perturbation results
given by B. P. Duggal in the context of linear relations. More precisely, in [17], sufficient conditions
for invariance of Drazin invertible operators under perturbation by commuting nilpotent operator are
given. We prove that the mentioned results remain valid in the general context of linear relations.
This paper is organized as follows. In Section 1, some notations and auxiliary results which
are needed in the sequel, are presented. In Section 2, some results involving ascent and descent of
linear relations are established. Precisely, if 1" is a closed everywhere defined linear relation and
N a nilpotent operator which commutes with 7" and such that asc(T") (resp., des(T)) is finite,
then asc(T 4+ N) (resp., des(T'+ N)) remains finite too. As a consequence, perturbation theorems
for the corresponding spectra are deduced. Section 3, concerns regular linear relations. We set up a
perturbation theorem for this class, as well for bounded below linear relations, by commuting nilpotent
operators. In Section 4, the sets of core and quasinilpotent part of linear relations are mentioned. We
gather some properties of these notions for left and right Drazin invertible linear relations, in relation
with their kernels and ranges. Then we prove that if 7" is a bounded and closed left (resp., right)
Drazin invertible linear relation with nonempty resolvent set, then 0 is an isolated point of the
associated approximate point (resp., surjective) spectrum of 7. The last section is devoted to the
study of perturbation of Drazin invertible linear relations by commuting nilpotent operators. For left
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ON PERTURBATION OF DRAZIN INVERTIBLE LINEAR RELATIONS 271

and right Drazin invertible operators, analogous perturbations results have been proved by Duggal
in [17], under supplementary conditions, that is, 7" and 7"+ N satisfy a specified property noted
(P). Same invariance results are covered for left and right Drazin invertible linear relations, without
the conditions below. In that way, results of [19] about operators in Banach spaces are improved.
The stated results are applied to give the invariance theorem of Drazin invertible spectrum under
commuting nilpotent operator perturbations.

1. Preliminaries. We adhered to the notations and terminology of the monographs [10, 30].
Let X be an infinite-dimensional Banach space over K = R or C. A multivalued linear operator
T:X — X or simply a linear relation is a mapping from a subspace D(7T) C X, called the
domain of 7', into the collection of nonempty subsets of X such that T'(ax + fy) = o1 (z) + BT (y)
for all nonzero scalars «, 5 and =,y € D(T). We denote by LR(X) the class of all linear relations
on X. If T" maps the points of its domain to singletons, then T is said to be a single valued linear
operator or simply an operator. A linear relation 7" in X is uniquely determined by its graph, G(T'),
which is defined by

G(T) :={(z,y) e X x X:2 € D(T),y € Tx}.

The inverse 7! of T is given by G(T ') := {(y,): (z,y) € G(T)}. For T, S € LR(X), the
linear relations 7'+ S and 745 are defined by

G(T+8):={(z,y+2) € X xX: (z,y) € G(T), (z,2) € G(S)}

and
G(T+S) = {(:E +u,y+0): (x,y) € GT), (u,v) € G(S)},

the last sum is direct when G(T") N G(S) = {(0,0)}. In this case we write 7" @ S. The product TS
is given by

G(TS) = {(z,2) € X x X : (z,y) € G(S) and (y, z) € G(T) for some y € X }.

Since the product of linear relations is clearly associative, if n € Z, T™ is defined as usual with
T'=Tand T'=T.

For a given closed subspace M of X, we denote by T, the linear relation given by G(T,) =
= G(T)N(M x X) and Qr stands for the quotient map from X onto X/T'(0). Clearly Q7T is a
linear operator and hence we can define the quantity ||T’|| = [|Q7T|.

The kernel of a linear relation T is the subspace N(T) := T~ '(0). The subspace R(T) :=
:= T(D(T)) is called the range of 7. T is called injective if N(7) = {0} and surjective if
R(T) = X. When T is both injective and surjective, we say that T is bijective. We define the
generalized kernel and the generalized range of T respectively by

N*(T)= | JN(T") and R*(T)=()R(T").

n>1 n>1

We say that T € LR(X) has a trivial singular chain manifold if R.(T) = {0}, where R.(T) =
= N°°(T) N R>*(T). A linear relation T' € LR(X) is said to be closed if its graph is a closed
subspace of X x X. The class of such linear relations will be denoted by CR(X). T is continuous
if for each open set U € R(T), T~(U) is an open set in D(T). We say that T is open if 77! is
continuous, equivalently v(7") > 0, where «(7') is the minimum modulus of 7" defined by
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+(T) = sup {)\ > 0: M(z, N(T)) < |Tz|,z € D(T)}.

Continuous everywhere defined linear relations are referred as bounded relations. The class of all
bounded and closed linear relations on X is denoted by BCR(X). The resolvent set of 7' € CR(X)
is defined by

p(T) = {X € C: A\I — T is injective and surjective}

and o(T) = C\p(T) is called the spectrum of 7.

For two bounded linear relations 7" and S, we say that S commutes with 7', if ST C T'S and T
and S commute mutually if 7S = ST.

We begin by recalling some basics results from the theory of linear relations in normed linear
spaces.

Lemma 1.1 [10, Proposition 1.3.1]. Let X be a normed space, T € LR(X) and M be a subset
in X. Then:

1) TT-Y(M) =M N R(T) + T(0),

2) T7'T(M) = MnD(T) +T7(0).

Lemma 1.2 [10, Definition I1.5.1 and Theorem I11.4.2], [20, Lemma 3.1]. Let X be a normed
and T € LR(X). Then

1. If T is closed, then T(0) and N(T') are closed subspaces.

2. If T is continuous and D(T) and T'(0) are closed, then T is closed.

3. If T is closed, then T is continuous if and only if D(T) is closed.

4. If T is closed with p(T) # &, then T™ is closed for all n € N.

Lemma 1.3 [10, Corollary 11.3.13], [3, Lemma 14]. Let X be a Banach space and T,S €
€ LR(X). Then

1. If T and S are continuous with T(0) C D(S), then ST is continuous.

2. If T and S are closed and continuous with S(0) C T'(0) and D(T) C D(S), then T + S is
closed.

The adjoint of a linear relation 7" is defined by G(T*) := G(—=T~1)*, that is,

(v',2") € G(T*) if and only if, for all (z,y) € G(T), v'y=a'x.

Lemma 1.4 [10, Chapter I1I], [13, Lemma 9]. Let X be a normed space and T € LR(X). Then

1. N(T*) = R(T)* and N(T) = R(T*)".

2. If T is closed, then T is open if and only if R(T') is closed if and only if R(T*) is closed.

3. If T is closed and bounded relation, then T*™ = T™ for all n € N.

Lemma 1.5 [12, Lemma 2.3]. Let T be an everywhere defined linear relation in a Banach space
X and let M be a closed subspace of X such that T(0) C M. Then T—1(M) is closed.

Remark1.1. 1f T has a nonempty resolvent set, then N(7™) NT™(0) = {0} for all m,n € N,
which implies that R.(T") = {0}. The proof of such implication can be found in [29, Lemma 6.1].

Lemma 1.6 [5, Lemma 2.4]). Let X be a Banach space and A, B € LR(X). Let A self-
commutes, i.e., A(D(A)) C D(A) and B is an everywhere defined operator which commutes
mutually with A. Then R.(A) = {0} if and only if R.(A+ B) = {0}.

Remark 1.2. The equivalence given in Lemma 1.6, holds if the relation A and the operator B
verify just the inclusion BA C AB instead of A and B commute mutually.

Lemma 1.7 [4, Lemma 20]. Let X be a Banach space and T' € LR(X). Then

1. If e K*, N(T — \) C R™(T).
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2. If A\, p € K are distinct, then N ((T — X\)") C R®(T — p) for all n € N.

3. If there exists d € N such that N(T) N R(T?%) = N(T) N R(T"*%) for all n € N, then
T(D(T)N R>®(T)) = R™(T).

4. If N(T) C R®(T) or dim N(T') < oo, then T(D(T) N R>*(T)) = R>(T).

Recall that ' € CR(X) is said to be upper semi-Fredholm if its range is closed and has
finite dimensional null space, lower semi-Fredholm if its range is finite codimensional. 7' is said
Fredholm if it is both upper and lower semi-Fredholm. The set of upper semi-Fredholm and lower
semi-Fredholm are denoted respectively by R¢(X) and Ro_(X).

Lemma 1.8 [6, Lemma 3.5]. Let X be a Banach space, T € LR(X) and n € N. Then

1. If T € Rp+(X), then T™ € Rp4(X).

2. If T € Rp_(X) such that D(T) = X and p(T) # &, then T™ € Rop_(X).

In the following, we gather some properties concerning the sum and product of two commuting
linear relations 7" and N where 7' is everywhere defined and NV is a bounded operator which verifies
TN = NT + T(0). We begin by recalling this useful lemma.

Proposition 1.1 [10, Proposition 1.4.2]. Let X be a normed spaces, T, S and R € LR(X).
Then

1) (R+S)Tz C (RT + ST)x for all x € X, with equality if T is single valued,

2) TR+TS C T(R+S), with equality if D(T') contains the ranges of both R and S.

Lemma 1.9. Let X be a Banach space, A,B € LR(X) be everywhere defined and C be
a bounded operator in X. Suppose that A and B commute mutually, A(0) C B(0) and AC =
= CA+ A(0). Then

A"(B+C)=(B+C)A" = A"B+ A"C forall ne€N.

Proof. For n = 1, by applying Proposition 1.1, we get A(B+C) = AB+ AC and (B+C)A C
C BA+CA C AB+AC = A(B+C). Now, let (z,y) € A(B+C), theny € ABx+CAz+A(0) C
C BAz+CAz+ BA(0) = BAx+CAx. This implies that y € (B+C)y; +C(y2 —y1) for some yi,
y2 € Az. So,y € (B+C)Axz+CA(0) andas CA(0) C A(0) C (B+C)(0), then (z,y) € (B+C)A.
Thus, A(B+C) = (B+ C)A. Assume now that the desired equality holds for some integer n. Then
A" (B + C) = AA"(B+C) = A(B+ C)A™ = (B + C)AA™ = (B + C)A™"!. Therefore, for
all n € N, A" and B + C commute mutually.

Lemma 1.10. Let X be a Banach space, T € LR(X) be everywhere defined and N be a
bounded operator in X such that TN = NT + T(0). Then:

1) forall k,n € N, N*T* c TFN",

2) forall k,n € N, TEFN™ = N*T* + Tk(0),

3) foralln e N, (T + N)N™ = N"(T + N) + T(0),

4) forall k,n €N, (T + N)"T* = TH(T + N)",

5) forall n € N, (T'+ N)™(0) =T1T"(0).

Proof. 1. The first assertion is evident since N commutes with 7.

2.Let k = 1. For n = 0, 1, the equality is given. Let n > 1 and suppose that TN = N"T+T(0).
Then TN"+! = [N"T + T(0)]N = N"T'N + T(0) = N*[NT + T(0)] + T(0) = N"*1T + T(0),
since NT'(0) C T'(0). Hence, for all n € N, TN™ = N"T' 4 T'(0). Now, for £k > 1 and n € N,
suppose that T N™ = N"T* 4 T*(0). Then T*+*'N = T[N"T* + T*(0)] = TN"T* + T*+1(0) =
= [N"T + T(0)]T* + TF*t1(0) ¢ N*Tk+! + TF+1(0) ¢ TFIN™ + TF+1(0) = THTIN"™. Thus,
Tk+an — NnTk:—H + Tk+1(0)
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3.Letn € N. Then (T+N)N" = TN"+ N"tl = N"T+T(0)+N"*' = N*(T+ N)+T(0).

4. The result follows immediately from Lemma 1.9.

5. The equality is obtained by induction, since 1" and 7"+ N commute mutually.

Proposition 1.2. Let X be a Banach space, T € LR(X) be everywhere defined and N be a
bounded operator in X such that TN = NT + T(0). Then:

D (T+N)CY " CLN'T"™™ foralln €N,

1 -1
2) T" — N" = (Zj_o T”—l—tNt) (T — N) = (T — N) (Zj_o T"‘l_tNt) forall n > 1.
Proof. 1. For n = 0, 1, the inclusion is obvious. Suppose that the result holds for some integer
n > 1. Then

(T +N)" > CLT + N)N'T"" < Y "CLINYT + N) + T(0)] 7" C
t=0 t=0

n n
C Y CIN'T"HT+ N)+T(0) C Y CLN'T"'T + CLN'[NT"™" + T"7'(0)] + T(0) C
t=0 t=0

n n+1
C Tn+1 + Z(Cfl + Cz—l)NtTn-l-l—t + Nn+1 + T'rl(o) C Z CZ+1NtTn+1_t.
t=1 t=0

Thus, the required equality is verified for all n € N.
2. The equality holds for n = 1. To get the desired result, we shall prove by induction, that, for
all n > 2,

TT '+ TV 2N+ ...+ TN ) = (T" ' +T" 2N 4+ ...+ TN")T. (1.1)
The case n = 2 is evident. Suppose that (1.1) holds for some n > 2. Then, since
T+ T !N+ ...+ TN =TT ' 4+ T 2N +... + TN" 2 4 N* 1),
according to Lemma 1.9, with A=T, B=T""'4+T" 2N +...+TN" 2 and C = N" ! we get
T+ TN 4. + TN = (T 4 4+ TN 2 L N T
It follows that
T(T"+T"'N+...+TN" ) =(T"+ TN +.. .+ TN" DT

Therefore,

n—1
(Z T”l’th) (T—N)=
t=0
=T '+ T 2N+ ...+ N"HT — (T +T" >N+ ...+ N )N =
=T"4+T" N+, .+ TN — (T IN4+ T 2N? 4 ...+ N") =
=T" - N"4+T"Y0)=T" -~ N".
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At present, proving the second inclusion. The result is obvious for n = 1. Let n > 2, we can see
from (1.1) that

(T '+ T 2N+ ...+ TN" T =
=T+ TN 4. +T?N" 2 =
=T"+T" 2[NT+T(0)] +...+ TIN" 2T + T(0)] =
=T"+T" 2NT + ...+ TN"*T + T }0) =
=T"+T" 2NT +...+ TN"*T.

Moreover, set A = T — N, B = T" ' + T" 2N + ... + TN" 2 and C = N"!'. Then
(Z;:Ol T 1IN (T = N) = (B + C)A, where A(0) C B(0), AC = CA + A(0) and
AB= (T - N)T" ' +T" 2N+ ...+ TN"?) =
=(T-N)T" '+ (T —N)T" 2N +...+ (' = N)TN" 2 =
=T" TN+ T 2[N(T — N) +T(0)] +... + T[N" (T — N) + T(0)] =
= (T 4+ T 2N+ . .+ TN HT — (T L+ T iN + ...+ TN" 2)N =

= BT — BN = BA.

Therefore, Lemma 1.9 implies that, for all n > 1, Z T" "Nt and T — N commute mutually.

Remark1.3. Let T is a bounded and closed hnear relatlon with p(T)) # @ and N a bounded
operator such that TN = NT + T'(0). Then (T'+ N)™ is closed for each n € N. Indeed, p(T') # @
ensures that 7™ is closed for all n € N and, hence, by Lemma 1.10, (7' + N)™(0) = T™(0) is
closed. Moreover, according to Lemmas 1.2 and 1.3, 7'+ N is continuous and since (7'+ N)™(0) C
C D(T + N), then (T + N)™ is also continuous with closed domain and such that (7" + N)"(0) is
closed. Thus, (7'+ N)" is a closed linear relation.

2. Ascent and descent perturbation. In [11, Corollary 4.1], it was shown that if F' is a bounded
operator, then oges(T + F) = 040s(T) for every T € Kp if and only if F¥ is of finite rank
for some integer k, where Kp = {T' € LR(X): D(T) = X,TF = FT and T(0) C N(T)}.
Later, in [12, Corollary 4.1], analogous perturbation result was proved for ascent spectrum, that is,
Oasc(T + F) = 04sc(T) for every T € K/, if and only if F k is of finite rank for some integer k,
where Kj, = {T' € CR(X): D(T) = X,TF = FT,p(T) # @ and p(T + F) # @}. The above
results includes strictly perturbations by nilpotent operators since every nilpotent operator is a power
finite rank operator.

In this section, we give similar invariance results of ascent and descent spectrum under commuting
nilpotent operators perturbations, without the assumptions 7°(0) C N(7T') for descent spectrum, and
p(T) # @ and p(T + F) # @ for ascent spectrum.

Before this, we quote some properties of ascent and descent of linear relations needed in the
sequel. Recall that, for ' € LR(X), we write n(T) = dim N(T") and d(7') = codim R(T) and
the index is the quantity i(7") = n(T) — d(T') provided that n(7T") and d(T') are not both infinite.
The kernels and the ranges of the iterates 7™, n € N, form two increasing and decreasing chains
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respectively, i.e., the chain of kernels N(7°) = 0 ¢ N(T) C N(T?) C ... and the chain of
ranges R(T") = X D R(T) D R(T?) D .... The ascent and the descent of a linear relation 7' are
respectively defined by

asc(T) :=inf {n € N: N(IT") = N(T""")} and des(T) :=inf {n € N: R(T") = R(T"*")}.

The corresponding spectra are defined by o4s(T) := {\ € C: asc(T — \) = oo} and o4es(T) :=
={AeC:des(T -\ }

In the following lemma we recall some results relating nullity and defect to ascent and descent.

Lemma 2.1 [30]. Let X be a Banach space and T € LR(X). Then

1. If R.(T) = {0} and asc(T) < p for some p € N, then N(T*)N R(TP) = {0} for all k € N.

2. If R(T) = {0} and asc(T') < oo, then n(T) < d(T).

3. If D(T) = X and des(T) < oo, then d(T) < n(T).

4. If R.(T) = {0}, asc(T) < oo and n(T') = d(T), then asc(T') = des(T).

Let T be a linear relation in a linear space X. For any A € K the notation 7" — X stands for
T—M, ie, T—X={(z,y—Az): 2,y € G(T)}.

The following proposition is important for future use.

Proposition 2.1. Let X be a Banach space, T € CR(X) be everywhere defined and N be a
nilpotent operator of degree m such that TN = NT+T(0). If asc(T) = p < oo, then asc(T+N) <
<m+p-1.

Proof. Let x € N((T + N)™P). Then (T + N)™P(z) = (T + N)™P(0) = T™P(0).
However, using Proposition 1.2, we obtain

m—1
(T +N)™P(z) C Y CL L NT™ P (2)+
t=0

m-—+p m—1
+ > CL GNP ) € Oy NITT T (),
t=m t=0
Thus,
T P(0) = (T + N)™P(z Z TN (2). 2.1

It follows that
m—1
0€ N NT+N)™P(z)c > Ch, TP INTH(g) C
t=0

C TP N™ () 4 T P7H0) € TP N (2).

Hence, N™~1(x) € N(T™P) = N(T™P~1) = N(TP).
Similarly,

m—1
0€ N 2T+ N)™P(z) C > C TP INT2H(g) C
t=0
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CT™PN™*(z) + Ch, T PTINT @) + THP72(0) C
C T™PN™2(g) + O, T PTINT T ().

Since N™~!(z) € N(T™*P~1), then N™~2(x) € N(T™*?) = N(TP). Using the same technique,
we can prove that, forall 1 < k <m — 1,

N™F(z) € N(TP) = N(TP+*) = N(TPTF1),

and, as by (2.1),
m—1
0 T™P(z)+ ZCfnerTmﬂ’_tNt(x) = T™FP(z) + T™P=L(0) = T™P (1),
t=1
then z € N(T™*P) = N(T™P~1) = N(TP). Now, since

1Tm+pflftNt(x) C

m—1
(T + N)"™ @) CT™ P (@) + Y Chype
t=1

C Tm—&-P—l(x) +Tm+p—2(0) C Tm+p—1($) C (T—I— ]V)m—l-p—l(o)7

then z € N ((T 4+ N)™*?~1) and hence asc(T + N) <m+p — 1.

In a similar way, we state the following proposition.

Proposition 2.2. Let X be a Banach space, T € CR(X) be everywhere defined and N be a
nilpotent operator of degree m such that TN = NT+T(0). If des(T) = p < oo, then des(T+N) <
<m+p-—1.

Proof. Assume without loss of generality that p > m. We first claim that, forall n > m+p—1,
R((T+N)") C R(T?). For this, let n > m+p—1and y € R((T 4+ N)™). Then there exists z € X
such that y € (T + N)"(z). Furthermore, we have

m—1
(T+N)"(x) C Y _ CLT"'N'(z) C
t=0

CT™z) + CMT" IN(z) + C2T"2N?(2) + ... + Cmtpn=mHIN™=1(g)
CR(T™) + R(T™ Y + ...+ R(T" ™).

It follows that y € R(TP) and so R((T'+ N)™) C R(TP).

Now, let T}, be the restriction of 7" to R(1”) and N, be the restriction of N to R(7%). We will
show that T}, + N, is a surjective relation from R(7?) to R(T?). Indeed, as N commutes with 77,
then T, + N, : R(T?) — R(T?). Let y € R(T?) and n > m +p — 1, then y € T" 'z for some
x € X. Proposition 1.2 entails that

m—1
T (@) = (=N)"*(z) = (T + N) (Z(—l)tT”_tNt> ().

t=0

However, as N commutes with 7', then, for all 0 < ¢ < m — 1, T" 'N*(R(T*)) C R(T?). This
implies that y € (T + N)(R(T?)) = R(T, + Np). Thus, T, + N, is surjective. It follows that
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R(TP?) C R™(T+ N). We have proved that, forall n > m+p—1, R((T+ N)") = R(T?). Hence,
des(T+N)<m+p—1.

As an immediate consequence of Propositions 2.1 and 2.2, we obtain the main result of this
section.

Theorem 2.1. Let X be a Banach space, T € CR(X) be everywhere defined and N be a
nilpotent operator such that TN = NT + T(0). Then

Uasc(T) = Uasc(T + N) and Udes(T) = Udes(T + N)

3. Regular relations. This section is devoted to study the stability of regular linear relations
under perturbation by commuting nilpotent operators.

Lemma 3.1 [25, Lemma 2.7]. Let X be a vector space and T be a linear relation in X. The
following properties are equivalent:

1) N(T) C R(T™) for all m € N,

2) N(T™) C R(T) for all m € N,

3) N(T™) C R(T™) for all n, m € N.

Definition 3.1. A linear relation T € LR(X) is called regular if R(T) is closed, and T verifies
one of the equivalent conditions of Lemma 3.1.

Proposition 3.1 [4, Proposition 12]. Let X be a Banach space and T' € LR(X). If T is regular,
then, for each n € N, we have:

1) R(T*™) = N(T™)*,

2) R(T") = N(T*™)T.

The following proposition yields the small perturbation result of regular linear relations.

Proposition 3.2 [4, Theorem 23]. Let X be a Banach space and T € LR(X). If T is a regular
relation, then there exists € > 0 such that, if |\| < €, then T — X is regular.

Recall that a linear relation 7', defined on a Banach space X is said to be bounded below if it is
injective and open. Note that if 7" is closed, then T is bounded below if it is injective and R(T') is
closed.

Next, we exhibit the stability of regular linear relations by perturbation by a commuting nilpotent
operator. For this, we need to prove the following characterization.

Proposition 3.3. Let X be a Banach space and T € BCR(X). Then a relation T is regular if
and only if there exists M a closed subspace in X such that TM = M and T:X /M — X /M is
a bounded below operator.

Proof. By virtue of Proposition 3.1, R(T") is closed for every n € N so that R>*(T) is
closed. Further we have from Lemma 1.7 that T(R>(T)) = R>®(T). Let T: X/R™(T) —»
— X/R>(T). We claim that T is a bounded below operator. In fact, T'(0) = {y: y € T(0)} =
= 0, since T(0) C R™(T). Furthermore, let T € X/R>(T) such that TZ = 0. Then, for all
y € Tz, § = 0 which is equivalent to y € R™®(T). As x € T~y and T(R®(T)) = R>(T),
then z € T-'T(R>(T)) = R®(T) + N(T) = R>®(T) since T is regular. Hence, T is injective.
However, R(T) = R(T)/R>®(T) and R(T) and R>(T) are closed, then R(T) is closed and as
T is closed, then it is bounded below. Conversely, if © € N(T'), then 0 € Tz, which implies that

T € N(T) = {0}. So, z € M C R>®(T), since TM = M. Now, consider the canonical projection
P: X — X/M. Then R(T) = P~*(R(T)). Lemma 1.5 entails that R(T') is closed and hence the
relation T is regular.

We state now the main theorem of this section.

ISSN 1027-3190. Ykp. mam. scypn., 2023, m. 75, Ne 2



ON PERTURBATION OF DRAZIN INVERTIBLE LINEAR RELATIONS 279

Theorem 3.1. Let X be a Banach space, T € BCR(X) and N be a nilpotent operator such
that TN = NT + T(0). If T is a regular linear relation, then T+ N is regular.

Proof. As T is regular, then by Proposition 3.3, there exists a closed subspace which is R>°(T")
such that T(R™(T)) = R>®(T),T: X/R™®(T) — X/R>(T) is a bounded below operator.
However, we have N (R>(T)) C R*(T) by Lemma 1.10. Given, the operator induced by N, N :
X/R™(T) — X/R>(T). Then N is a nilpotent operator and so, using [24, Theorem 6], we get
T+ N =T+ N is a bounded below operator. Now, we claim that (T + N)(R>(T)) = R™(T).
Indeed, the first inclusion is satisfied. For the second, let y € R>°(T"). Then, for n > m, where m be
the degree of nilpotency of N, we have y € T"x,, for some x,, € R°(T"). Proposition 1.10 ensures
that

n—1
T"(wn) = (=N)"(2n) = (T + N) (Z(—l)tT"_l_tNt> (@n).
t=0
However, since, for all k,p € N, T*NP(R®(T)) C T*(R>(T)) = R>®(T), then y € (T +
+ N)(R>(T)). We have shown that (T + N)(R>*(T)) = R>°(T). Thus, using Proposition 3.3,
T + N is a regular relation.

Here, we give a perturbation result for bounded below linear relations by commuting nilpotent
operator.

Corollary3.1. Let X be a Banach space, T € BCR(X) and N be a nilpotent operator such
that TN = NT +T(0). If T is a bounded below relation, then T + N is bounded below too.

Proof. Using Theorem 3.1, T'+ N is regular, in particular R(7 + N) is closed. Now, reasoning
as in the proof of Proposition 2.1, we will show that 7'+ N is injective. Indeed, let x € N(T' + N),
then (T + N)(x) = T(0). Applying N™~!, where m is the degree of nilpotency of the operator NV,
we obtain N™ YT + N)(z) = N™'T(0) c T(0). So, TN™!(z) = T(0), which implies that
N™1(x) = 0. Similarly, we can prove that, for all 1 < k < m — 1, N™*(z) = 0. However, as
(T'+ N)(x) = T(0), it follows that T'(z) = 7'(0). Thus, 2 = 0 and hence T'+ N is bounded below.

4. Properties of left and right Drazin invertible relations. The this section deals with left and
right Drazin invertible linear relations introduced by A. Ghorbel and M. Mnif in [21]. We focus on
the study of some of their properties. We begin by recalling the definitions.

Definition 4.1. Let X be a Banach space and T € BCR(X). We say that T is left Drazin
invertible if there exists p € N such that asc(T) = p < oo and R(TP*1) is closed, right Drazin
invertible if there exists q € N such that des(T) = q < oo and R(T?) is closed. The corresponding
left Drazin and right Drazin spectra of T, are defined respectively by

01a(T) = {X € 04(T),T — X is not left Drazin invertible}
and
ora(T) = {X € 05(T), T — X is not right Drazin invertible},

where o,(T) and o4(T) denote the approximate point spectrum and the surjective spectrum of T,
respectively,

0a(T) = {\ € C,T — X is not bounded below }

and
os(T) = {\ € C,T — X is not surjective }.

Here, we introduce the notions of quasinilpotent part and analytical core of linear relations and
collect some of their basic properties which are important for what will follow.
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Definition 4.2. Let X be a Banach and T' € LR(X). The quasinilpotent part of T, denoted by
Hy(T), is defined as the set of all x € X, for which there exists a sequence (u,)n, C X, satisfying

x* = xo, Tpy1 € Txy,  forall neN and nliHmOO ||mnH% =0.

The algebraic core of T, denoted by C(T), is defined to be the greatest subspace M of X for which
T(M) = M. It is clear that C(T) C R>*(T), and the analytical core of T, denoted by K(T), is
defined as the set of all x € X, for which there exists a > 0 and a sequence (uy), C X satisfying

x = ug, Uy, € Tupy1 and dis(uy,, T(0) N N(T)) < a™dis(z, T(0) N N(T)) for all n € N.

Lemma 4.1 [28, Lemmas 2.3, 2.8, 3.2 and Proposition 3.3], [26, Theorem 2.8]. Let X be a
Banach space and T € BCR(X). Then

1. If there exists m € N such that N(T) N R(T™) = N(T) N R(T™**) Vk € N*, then
C(T) = R>(T).

2. If C(T) is closed, then C(T) = K(T).

3. N(T7) C Ho(T) Vj € N.

4. If p(T) # @, then Ho(T) C K(T*)".

Definition 4.3. If'T is a bounded linear relation on a Banach space X, then, for each nonnegati-
ve integer m, T induces a linear transformation from the vector space R(T™)/R(T™) to the
space R(T"™Y)/R(T™2). Let k,(T) be the dimension of the null space of the induced map and
k‘,l(T) = OQ.

Lemma 4.2 [7, Proposition 3.1]. Let X be a Banach space and T € LR(X) be bounded. Then,
for each nonnegative integer n,

kn(T) = dim(N(T) N R(T™))/(N(T) N R(T™1)).

Equivalently,
En(T) = dim(R(T) + N(T"™)) /(R(T) + N(T™)).

The following lemma is useful to the proof of the coming propositions.

Lemma 4.3 [7, Lemma 4.1]. Let X be a Banach space, T € BCR(X) and d € N such that
p(T) # @ and k,(T) < oo for every n > d. Then the following statements are equivalent:

1) there exists ng > d + 1 such that R(T™) is closed,

2) R(T™) is closed for every n > d,

3) R(T™) + N(T™) is closed for all n,m with n+m > d.

Remark4.1. According to Lemma 4.3, the hypothesis p(7') # @ is necessary to ensure that the
relation T™ 1is closed for all n € N. Therefore, if the closure of T™ is verified for all n, then this
hypothesis can be omitted.

Now, we are ready to state the first result of this section.

Proposition 4.1. Let X be a Banach space and T € BCR(X) with p(T) # @.

1. If T is left Drazin invertible, then there exists d € N such that Hyo(T) = N(T?) and hence
Hy(T) is closed.

2. If T is right Drazin invertible, then there exists d € N such that K(T) = R(T?).
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Proof. 1. Since T is left Drazin invertible, then there exists d such that asc(T') = d and
R(T%*1) is closed. The inclusion N (T%) C Ho(T) is given by Lemma 4.1. To get the reverse one,
we will prove that R*°(T*) = K(T™). In fact, as asc(T) = d, then k,(T') = 0 for all n > d and
N(T%) = N(T™) for all n > d. As T is closed and p(T) # @, then for all n > d, T™ is closed,
which implies that R(T%)T = R(T™)'. However, since R(T%*!) is closed, then Lemma 4.3
leads to R(T™) is closed for all n > d. Hence, using Lemma 1.4, we get that, for all n > d,
R(T*%) = R(T%™) = R(T™) = R(T*"). Thus, for all n > d, N(T*) N R(T*%) = N(T*) N R(T™)
and so O(T*) = R®(T*) = R(T*%) which is closed. This implies by Lemma 4.1, that C(T*) =
= K(T*) = R>®(T"). According to Lemma 4.1, we have

Ho(T) ¢ K(T*)* = R®(T*)* = R(T*)* = N(T?).

2. As T is right Drazin invertible, then there exists d such that R(7¢) = R(T™) for all n > d
and R(T?) is closed. Lemma 4.1 ensures that C(T') = R>®(T) = R(T?) which is closed and hence
K(T) = C(T) = R(T%).

In the second part of this section, we will prove that if T" is left or right Drazin invertible then
there exists € > 0 such that, for all | A |[< e, R(T — A) is closed.

Definition 4.4. Let X be a Banach space and T € BCR(X). We say that T is strictly quasi-
Fredholm of degree d € N, if k,(T) = 0 for all n > d, kg_1(T) # 0 and R(T%*') is closed.

Remark4.2. Clearly every left or right Drazin invertible relation is strictly quasi-Fredholm rela-
tion.

Proposition 4.2. Let X be a Banach space and T € BCR(X). If T is strictly quasi-Fredholm
of degree d, then there exists € > 0 such that, for 0 <| X |< €, R(T — \) is closed.

Proof. Let T be the restriction of T to R(T?). We claim that T is a regular linear relation.
First, note that R(T,;) = R(T%*') which is closed. Furthermore, we can show by induction on j
that, for all j > 1, N(T9) N R(T%) ¢ R™(T). In fact, since, for all n > d, k,(T) = 0, then
for j = 1 the inclusion is obvious by Lemma 4.2. Suppose that the inclusion holds for ;7 > 1
and let * € N(T9Y) N R(TY) and n > d. Then, for some y € Tz, y € N(T7) N R(TY) C
C R(T™*1). Thus, y € T" "2 for some z € X and as x € Ty, then x € T-'T" 2 C R(T™) +
+ N(T) € R(T% + N(T) C R(T™). Hence, the desired inclusion is verified and so N>(T}) C
C R(T%1) = R(T}). Thus, T} is regular. The use of Proposition 3.2 implies that there exists ¢ > 0,
0 < |\l <& R(Ty—Xg) = R((T—X\)T?) is closed. As T%(0) € R((T—\)T?)) then, by Lemma 1.5,
T=4(R((T — N\)T?)) is closed. Finally, we verify that R(T — A) = T~%(R((T — A\)T?)). Indeed,
T=HR((T — N\)T9)) = T9TYR(T — \)) = R(T — ) + N(T?). However, Lemma 1.7 leads to
N(T?%) C R(T — \). Hence, R(T — X\) =T~ %(R((T — A\)T?)) which is closed.

Corollary4.1. Let X be a Banach space and T € BCR(X) with p(T) # @. If T is left or right
Drazin invertible, then there exists € > 0 such that, for | X\ |< e, R(T — \) is closed.

Let iso M denotes the isolated points of the subset M. The last corollary allows us to get the
following result.

Theorem 4.1. Let X be a Banach space and T € BCR(X) with p(T) # @.

1. If T is left Drazin invertible, then 0 € iso o,(T).

2. If T is right Drazin invertible, then 0 € isoos(T).

Proof. 1. Suppose that T is left Drazin invertible and 0 ¢ isoo,(T"). Then there exists \,, €
€ 04(T) such that lim, ,o A, = 0. Hence, Proposition 4.2 leads to R(T — \,) is closed and
hence A\, € 0,(T") where 0,(T) denotes the injective spectrum of 7. Let Ty = Tgreo(7) be the
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restriction of 7" to R*°(T") and A, be the restriction of \,I to R*°(T). Then, from Lemma 2.1,
11 is injective. Further, combining Lemma 4.2 with Lemma 1.7, we get that T} is surjective and so
invertible. However, N (11 — A\p1) = N(T = X\p) NR>®(T) = N(T' —\p). So, A1 € 04(T1) C o(Th)
which is closed. This implies that 0 € o(7}) which contradict the fact that 77 is invertible. Hence,
0 € isoa,(T).

2. Suppose that 0 ¢ isoos(T) = isoo,(T™*), then there exists A\, € o0,(T*) such that
lim,, 00 A, = 0. As T is right Drazin invertible then we have, from Corollary 4.1, that R(T" — \,,)
is closed and so R(T™ — \,,) is closed. Hence, A, € 0,,(T™). Let S = TEOO(T*)DD(T*) — R(T™).
We claim that S is an invertible operator. Evidently, N (S) = N(T%) N R*(T*) = {0}. Thus, S is
injective. Now the fact that 7" is right Drazin invertible implies that asc(T*) = d. Furthermore, since
R.(T*) = {0}, then [30, Lemma 4.4] leads to N (7™) N R(T*"+?4) ~ N(T*"+d+1)/N(T*"*4) and
N(T*)NR(T*¥) ~ N(T**Y /N (T*?). Thus, N(T*) N R(T*?) = N(T*)N R(T*"*9). Lemma 1.7
ensures that R(S) = T*(D(T*)NR>(T*)) = R>°(T™*) and so S is invertible. On the other hand, let
An, be the restriction of A\, I to R°(T™*). Then N(S—\,,) = N(T* =X, )NR>®(T*) = N(T*—\,)
by Lemma 1.7. So, Ap1 € 04(5) C a(5). As o(5) is closed, then 0 € o(S) which is absurd.

5. Perturbation results for left and right Drazin invertible linear relations. In the remainder
of this paper, we intend to set up a perturbation theorem of Drazin invertible linear relations under
commuting nilpotent operators. For this, we begin by recalling the definition of such relations.

Definition 5.1. Let X be a Banach space and T € LR(X). The relation T is said to be
Drazin invertible of degree k € N if T is everywhere defined and there exists a bounded operator
TP € L(X) such that:

() TTP =TP°T +1(0),

(i) TPTTP =TV,

(i) TFHTP =TF + T++1(0).

TP is called a Drazin inverse of T.

The Drazin spectrum of an everywhere defined linear relation 7" is defined by

04(T) = {X € C,T — AI is not Drazin invertible}.

Note that, if p(T") # @, then T' € BCR(X) is Drazin invertible if T is both left and right Drazin
invertible which is equivalent to the fact that asc(T") and des(T') are finite (see [21, Proposition 3.5
and Theorem 3.3]). Hence,

O'ld(T) U O'Td(T) = O'd(T).

In [21, Theorem 3.3], it was shown that, for 7" € BCR(X), if there exist two closed subspaces M
and N of X suchthat X = M @& N and T = Ty © TN, where T); is an invertible linear relation
and T is a bounded nilpotent operator, then 7" is Drazin invertible. Through this, we may give
an example of such relation. Consider the separable Hilbert space (?(N) and let k > 2. Define the
following linear relation in 1?(N):

T: (x1,x9,...)— (x2+ ...+ zp, 23+ ... + Tk, ..., Tk, 0,0, T4 1, Thyo,...) + span(epi1).

Let N = span(ei)f:1 and Ty is the following matrix with k zeros on its diagonal, that is, Ty =
o 1 ... 1

0 0
. Then Ty is a bounded nilpotent operator of degree k. Now, let M =

S ==
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= span(e;)°, ., and Tyy = L™, where L is the left shift operator in M defined by

L: (xk+l7xk+27 . ) — (xk+2>$k+37 . )

Then Ty € BCR(M) is an invertible linear relation and hence 7" = T); @ T is Drazin invertible
of degree k.

Recently, the concept of semi-B-Browder and B-Browder linear relations was introduced by Mnif
and Ghorbel [21] as follows. For a bounded and closed linear relation 7" defined on a Banach space
X, we say that T is upper (resp., lower) semi-B-Browder if there exists d € N such that R(T?)
is closed and the restriction Ty = Tp(pay is upper (resp., lower) semi-Fredholm with finite ascent
(resp., finite descent). And 7' is called B-Browder if 7' is both upper and lower semi-B-Browder.
For T' € BCR(X), let ou(T), opp(T") and opy(T") denote respectively the upper semi-B-Browder,
the lower semi-B-Browder and the B-Browder spectrum of 7'

The following lemma gives another characterization of upper and lower semi-B-Browder linear
relations.

Lemma 5.1. Let X be a Banach space, T € BR(X) and d € N*. Let T, denotes the restriction
of T on R(T?), then:

1) des(T) is finite if and only if des(Ty) is finite,

2) if furthermore R.(T) = {0}, then asc(T) is finite if and only if asc(Ty) is finite.

Proof. 1.1f des(Ty;) = q, then R(T9t9) = R(T9t9%!) and so des(T) is finite. Suppose now
that des(T) = q. If d > q, then R(T;) = R(T™!) = R(T%?) = R(T?) and if d < ¢, then
R(TI™% = R(T%) = R(T**') = R(T? *™). In both cases, des(Ty) is finite.

2. The first implication is obvious. For the second one, suppose that asc(Ty) = p. Since R.(T) =
= {0}, then according to [30, Lemma 4.4], N(T%*P) = N(T9P*1) and so asc(T) is finite.

Remark5.1. Thanks to Lemma 5.1, a linear relation 7' € BCR(X) with R.(T) = {0} is upper
(resp., lower) semi-B-Browder, if asc(T") < oo (resp., des(T') < oo) and there exists d € N such
that R(T?) is closed and the restriction T); = T'r(ray is upper (resp., lower) semi-Fredholm.

The connection between Drazin invertible linear relations and semi-B-Browder linear relations is
establised in the following proposition.

Proposition 5.1 [21, Corollary 3.15]. Let X be a Banach space and T € BCR(X) with
p(T) # . Then:

1) 01a(T) = oun(T),

2) ora(T) = oums(T),

3) Ud(T) = Ubb(T)-

Remark5.2. The hypothesis p(T) # @ can be replaced by the following conditions R.(T') =
= {0} and T™ is closed for all n € N. So in the sequel, according to Remarks 1.2 and 1.3, if T is a
bounded linear relation with p(7') # @ and N a bounded operator which verifies TN = NT +T'(0),
then the results of Proposition 5.1, remains true for 7'+ N, without the assumption p(T' + N) # &.

In [17, Theorem 2.6], B. P. Duggal showed that, if T" and N are two bounded mutually commuting
operators such that IV is nilpotent, a sufficient condition for 0,(T) = 0, (T + N), where o, = oup
or oy, 1s that T and T+ N satisfy a specified property, henceforth referred to as property (P):

If for every A\ €isoo,(T) suchthat asc(T —\)=d < oo,

the subspace R(T — A) + N((T — A\)?) is closed, then it is complemented.
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However, in the proof he used the fact that, if 7" and N are two commuting operators, defined on a
decomposable space X = E; ¢ E5, where E; and E» are two T'-invariant closed subspaces of X
and such that 7' = T, ® Tkg,, then N = Ng, ® Ng,, which is not the case in general.

In what follows, adopting different proofs from those given by Duggal in [17], we will extend the
above invariance results, in one hand for the more general case of left Drazin and right Drazin linear
relations spectra, on another hand without using the conditions 7" and 1"+ N verify the property (P).

To achieve this, we need the following Neubauer lemma.

Lemma 5.2. Let X be a Banach space, M and N be two paracomplete subspaces of X. If
M NN and M + N are closed, then both M and N are closed.

Now, we are ready to state our first main result.

Theorem 5.1. Let X be a Banach space, T € BCR(X) with p(T') # @ and N be a nilpotent
operator which verifies TN = NT + T(0). Then

o1(T + N) = 01a(T).

Proof. Let \ & 014(T). Then there exists d such that asc(T — \) = d < oo and R((T — \)4*1)
is closed. As p(T' — \) # &, then Lemma 4.3 entails that R((T" — \)") is closed for all n > d. Let
m be the degree of nilpotency of N. We claim that, for every n > m +d, R((T — A+ N)") is
closed. Indeed, let (T'— A); and N; be the restrictions of 7'— A and NN respectively to R((T — )\)”)
Since N commutes with 7', then Ny : R((T —\)") — R((T —\)"). We obtain that R((T — \);) =
= R((T — \)"*1) is closed and N((T — \)1) = N(T — X\) N R((T — \)") = {0} by Lemma 2.1.
Hence, (T'— A); is a bounded below relation in R((T" — A\)™). Corollary 3.1 leads to (T'— A+ N);
is bounded below too and hence regular. It follows, by Proposition 3.1, that R((T - A+ N )1) is
closed in R((T — A)™) which is closed in X. Hence, R((T'— A + N)1) is closed in X. Moreover,
the commutativity of (7" — A+ N)™ and (7" — X\)™ implies that

R((T =X+ N)1) = (T = A+ N)"R((T = \)") =
= R(T =2+ N)"(T = \)") =
= R((T = N™T = A+ N)") = (T = N)"R((T = A+ N)").

Thus, (T — N\)"R((T— A+ N)") is a closed subspace, and since (7" — \)" is bounded and closed,
(T—=N)"(0) C (T=AN)"R((T—A+N)"), then, by Lemma 1.5, (T—X\)""(T—=A\)"R((T—A+N)") =
= R((T' =X+ N)™) + N((T — \)") is closed. Further, similarly to the proof of Proposition 2.2,
we can see that R((T'— A+ N)") NN ((T = \)") € R((T — NN N((T — \)") = {0}. Hence,
using the Neubauer lemma, we get R((7T— A + N)™) is closed. Now, let ny = m + d. Then, by
Proposition 2.1, asc(T'+ N — A) < ny. On the other hand, if (7" — A + NN),, denotes the restriction
of T — A+ N to R((T — XA+ N)™), then R((T — A+ N),,) = R((T — XA+ N)™*+1) which is
closed and N((T'—= A+ N)p,)) = N(T—A+N))NR(T—A+N)") = {0}. So, (T — A+ N)y,)
is bounded below, in particular is upper semi-Fredholm. Hence, \ & oyp,(T + N) = 03q(T + N).
By the same way, the reverse inclusion can be verified.

The same invariance result for right Drazin spectrum of linear relations under perturbation by
commuting nilpotent operators, is given in the following theorem.

Theorem 5.2. Let X be a Banach space, T € BCR(X) and N be a nilpotent operator which
verifies TN = NT + T(0). Then

ord(T+ N) = 0,q(T).
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Proof. Let \ & 0,4(T). Then des(T — M) = d < oo and R((T — \)?) is closed. If m is the
degree of nilpotency of IV, then, by Proposition 2.2, des(T'+ N —\) < m+d—1 forall n > m+d—1,
R((T + N —X\)") = R((T — \)?) and the relation (T — AI) p(r—xy2) + Np(r—xa) is surjective.
Let n; = m+d. Then R((T +N —\)™) = R((T — \)?) is closed. Now, if (T + N — \),,, denotes
the restriction of 7'+ N — X to R((T'+ N — \)™), then

R((T+ N = N,) = R((T = M) gerny) + Nar—ayn ) = BT = 0%,

It follows that (T'+ N — \),, is a surjective linear relation. Thus A & oy (T + N) = 0,4(T + N).
Let T' € BCR(X) with p(T') # @, as

O'Zd(T) U Udes(T) = Urd(T) U O'asc(T) = (fld(T) U Urd(T) = O’d(T),

then a straightforward consequence of Proposition 2.2 and Theorem 5.1 or Proposition 2.1 and
Theorem 5.2 or Theorems 5.1 and 5.2, which provides the stability of Drazin invertible linear
relations under perturbations by commuting nilpotent operators, is stating below.

Corollary5.1. Let X be a Banach space, T € BCR(X) with p(T) # @ and N be a nilpotent
operator which verifies TN = NT + T(0). Then o4(T + N) = o4(T).
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