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A NOTE ON THE WEIGHTED LOG CANONICAL THRESHOLD
OF TORIC PLURISUBHARMONIC FUNCTIONS?

PO 3BAKEHUM JJOI'-KAHOHIYHUM MMOPIT
IJISI TOPOIJAJIBHUX ITIOPUCYBIAPMOHIUHUX ®YHKIIN

We prove a semicontinuity theorem for a class of certain weighted log canonical threshold of toric plurisubharmonic
functions.

JloBeneHO TeopeMy PO HalliBHENEPEPBHICTh KJIACy AESKOro 3Ba)KEHOI'O JIOT-KaHOHIYHOTO MOPOTY JUIsl TOPOINaIbHUX ILIIO-
pUCyOTapMOHIYHUX (DYHKITIH.

1. Introduction and main result. Let €2 be a domain in C" and let u be in the set PSH({2) of
plurisubharmonic functions on 2. Following Demailly and Kollar [4], we introduce the log canonical
threshold of w at point 0 € ):

c(u) =sup {¢ > 0: e ** is L'(dVh,) on a neighborhood of 0} € (0,+0oc],

where dV5,, denotes the Lebesgue measure in C". It is an invariant of the singularity of w at 0. We
refer to [2, 3, 5, 8, 10— 12] for further information and applications to this number. In [4], the authors
investigated the semicontinuity theorem of log canonical thresholds. This theorem is a fundamental
result which have had many applications in complex geometry. For example, this theorem is precisely
what is needed in order to construct Kidhler — Einstein metric on Fano manifolds (see [4]).

For every nonnegative Radon measure p on a neighborhood of 0 € C”, following Pham [7], we
introduce the weighted log canonical threshold of u with the weight 4 at 0:

cu(u) =sup {e>0: e 2" is L'(1) on a neighborhood of 0} € [0, +o0].

In [7], Pham obtained the semicontinuity theorem of weighted log canonical thresholds with the
weight p = ||z||*!dVa,, for t € (—n,1].

A function u defined on €2 is called a toric plurisubharmonic function (v € TPSH(Q)) if w is
plurisubharmonic and u(z) depends only on |21, ..., |z,| for any z € Q. For every u € PSH™ (A")
with A" is the unit polydisc in C", we consider Kiselman’s refined Lelong numbers of u at 0 (see
[1, 10]):

max{u(z): |z1| = €1 ... |z,| = et®n}

= 1‘
o) = t
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This function is increasing in each variable x; and concave on R’} = [0, +00)".

In this paper, we use ideas in [4] and [7] to study weighted log canonical thresholds of toric
plurisubharmonic functions. The main result is contained in the following theorem.

Theorem 1.1. Let {u;};>1 C TPSH™(A"), v € TPSH™(A") and a nonnegative Radon
measure {1 on A". Assume that u; — u in Li (A™) and

WA X oo X Ay ) =h(ry,... ) Zkzlrls’“ c S s Sk >0, 1<k <m,

forall r1,...,my > 0, where h(ry,...,ry) is a function that is bounded above and below by two
positive constants and /A, is the disc of center O and radius r. Then
lm inf (1) > ¢, ().

Let M be the set of the measures that satisfy the conditions of the Theorem 1.1. It is easy to
check that M is a convex cone set. The following we will give some models of the measure in M.

Example1.1. Let f1,..., fi be some holomorphic functions on some neighborhood of the origin
and aj,...,ar > 0. Then pu = (|f1|™ + ... + | frx]|*)dVa, is in M. Indeed, since M is convex
cone, we only need to show that u = | f|*dVa, € M, where f is a holomorphic function on some
neighborhood of the origin and a > 0. This infers from the proof of the corollary in [9].

Example1.2. Let fi,..., f; be some real analytic functions on the real part (z1,...,x,) of
2 = (1 + iy, ..., Tn +iyn) € Apy X ... X A, We set u = (|f1|> + ... + |fe|?)dVen and
p(z + iy) = x is the real projection. Then p*u is in M. Indeed, since M is convex cone, we only
have to prove that p*;u € M for the case = |f|?dVin, where f is a real analytic function on the
real part (z1,...,2,). Then p*u = |f o p|?dVin o p. Set

f(z) = Z Caxit T
a=(au1,...,0n ) ENT

We define Zy to be the ideal generated by {z%: ¢, # 0}. From the Noetherian property of the
polynomial ring, Z; is generated by finite elements {xal, .., 2"}, We will prove the following:

m
k
|f o p|?dVin 0 p = O(1) Zr?l—i_l e ro‘fﬁ'l,
Ay X XAy k=1

where O(1) is a bounded positive quantity. First, we have

[(Fop)(2)] = f(2)] < > [Callza]* o[ <

a=(ag,...,an)ENT

k )
j j
< Z lcq|rft . ..o SC(f)Zr?l...rf{"
j=1

a=(ai,...,an)EN"

for every |z1]| < 71,...,|zn| < rn, where C(f) is a positive constant which only depends on f. So
we infer

m
k .
|f o p|2dVRn op< C(f)22” eral"‘l o Tiaﬁ—’—l.

Apy X XAy, k=1
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_ 2 _ a1+ n+0n 1
From [(f o p)(2)| = |f(2)|* = Za,ﬁeNn cacpr TP 20 tPr we obtain

|f o p|?dVin o p = f(2)2dz1 ... don =

Apy X X Apy, {—ri<zi1<ri}x..x{-rpn<z,<rp}

— Z CaCB / 2Bl .. dx,,.
{—ri<zi<ri}x x{—rn<zn<ra}

By the Fubini theorem we get

2Pz, .. dx, =

{—rm<ei<rmx  x{—rn<en<rn}

= / aﬁ‘ﬁﬁldxl . / aCn By, =

{—r1<z1<r1} {—rn<zn<ra}

0 if there exist j such that «; + §; is odd,
- 2”r?1+ﬂ1+1 Ot
(ar+p1+1)...(n+6n+1)
Moreover, we have the following matrix is strict positive definite symmetric:
1
[(al +601+1) ... (an+Bn+ 1)]%%]5
where E is the finite subset of N™. This implies

if aj+p; areeven j=1,2,...,n.

9

m
2ab+1 k
ez .. de, > D(f)Y ™ p2ontl
k=1

)

{—ri<z1<r}x . x{—rn<an<rn}

where D(f) is a positive constant which only depends on f.
Remark 1.1. The semicontinuity theorem for the weighted log canonical thresholds is no longer
true in case of the measure pu = |21 \QdVgn without the condition toric function. Indeed, as in Remark

1
loc

1.3 [6], we have ¢; = In — ¢ =In|z] in L, .(C™). However c¢,(¢;) =1 and c,(¢) = 2

z
Z1+f.2
J

do not satisfy Theorem 1.1.
2. Proof of the main result. First, we need the following lemma.
Lemma 2.1. Let u,v € TPSH™ (A™) and a nonnegative Radon measure 11 on A™. Assume that

m
p(Ar, X oo X Ay) = h(rg,.. .,rn)ers“ corESkn (Y, > 0),
k=1

where Sg1,...,8kn > 0, 1 < k < m and h(r1,...,r,) is a function, that is, bounded above and
below by two positive constants and A, is the disc of center 0 and radius r. Then

-1

n
cu(max(u,v)) < cu(u) + |max | max vy(z): xz € RY, 2:1 spjry =1
J:
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Proof. From the definition of Kiselman’s refined Lelong numbers, we have

Vmax(u,w) = min (Vua VU)-

Moreover, by the main theorem in [9], we obtain

n
cu(max(u,v)) = 1g]lclgnm max< min(v,(x), vy(x)) 1 © € R, E:lskja:j =1
J:
and
-1
n
= i : R" s =1
cu(u)  in | max vu(z): x € RY, z;sk]x]
‘7:
0,0 : " — _ 1
Take k € {1,...,m} and 2", y” € {x e R} : ijl SkjTj = 1} such that ¢, (u) = (@) and
n
max vy(x) 1 v € RY, Zskja:j =17 =uv,(y").
j=1
Take t = voly) and 20 = ta+ (1 —1)y° € {:L" e R} : Zn SkjTj = 1} Since vy, v
vy (20) + vy (y°) + 2y kit : ws Vo

are concave functions on R’} , we have

VU($O)VU(?/O)
vu(20) 4 v (y°)

Vu(zo) > tl/u(l‘o) +(1- t)l/u(yo) > tuu(xo) =

and

Vu{xo)yv (?JO)

Vo(2%) > t1p(2%) + (1 — D) > (1 — () = Va(29) + o (y9)°

Hence

VU@O)Vv (yO)
v (20) + v (y0)

Vmax(u,v) (ZO) = min(Vu(zo)v VU(ZO)) 2>

This implies that

1 va(2%) +1(y°) 1 1 _
ulmax(u,0) < D S T T ) @) T )

-1

n
— . n . . —
= cy(u) + max | max Vy(z): x € RY, E 1 spjr; =1
‘]:

Lemma 2.1 is proved.
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Proof of the main result. First, we consider the case uj, v > C'max(In|zi|,...,In|z,|) for all
j>1(C >0). We have

Vu; (2) < CVnax(in |z, In |2 ) (Z) = Cmin(zy, ..., 2,) Vo € RY.
By Proposition 3.12 and Example 4.11 in [1], we obtain

j@oo vy, (z) < vy(z) Vo e RY.

We will prove that {1y, };>1 is a sequence of uniformly continuous functions on {ac € R} :
Z:Zl xj < D} for all D > 0. Let ¢ > 0. Since {uu]. }jzl is a sequence of uniformly bounded,

concave functions on {:U SN Zn T <D+ 1}, we can find K > 0 such that
J:

v, (@) = v,y (y)| < Kz — |

n . € )
for all xz,y € {x € R} : ijl zj < D, min(z,...,2,) > E} We will show that }uu]. (x) —

— vy, (y)| < e forall ,y € {x € RY: Z:Zla:j < D}, |z —y|| < 6 = min (i

€
— ). 1
K’4C> ndeed,

i € ) €
if min(z1,...,2,) < — or min(yy,...,yn) < —, then

4C 4C

v, () = v, ()| < v, () + v, (y) < C(min(zy, ..., @,) + min(y, ..., yn)) < €.

Otherwise, if min(z1,...,x,) > % and min(yy,...,Yyn) > %, we have

[V, (&) = vy (9)] < Kl —yl| < K6 < e.

By the Arzela—Ascoli theorem we can assume that {1y, };>1 uniformly converges to ¢ < v, on
{x e R} : Z:Zl x; < D} for all D > 0. This implies that

n
jgiinoomax vy () €RY, I =1,...,m, Zskjwjzl <
i=1

n
<max{ v (z):z eRY, Ik=1,...,m, Zsijjzl
i=1

Moreover, by the main theorem in [9], we obtain

liminf ¢, (u;) > c,(u).

400

In general case, we set
ué = max (uj, Imax(log|z1],...,log|z])),
w; = max (u, Imax(log|z1|,...,log|z|)).
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By the first case, we get

- ! !
ljlinﬁ&f culuy) 2 cp(uw’) = cu(u).

On the other hand, by Lemma 2.1 we have

Therefore,

liminf ¢, (u;) > .
lim inf cu(uj) = cplu)
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