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SHARP INITIAL COEFFICIENT BOUNDS
AND THE FEKETE – SZEGÖ PROBLEM FOR SOME CERTAIN SUBCLASSES
OF ANALYTIC AND BI-UNIVALENT FUNCTIONS

TОЧНI ПОЧАТКОВI КОЕФIЦIЄНТНI МЕЖI
ТА ЗАДАЧА ФЕКЕТА – СЕГА ДЛЯ ДЕЯКИХ ПIДКЛАСIВ
АНАЛIТИЧНИХ ТА БIОДНОВАЛЕНТНИХ ФУНКЦIЙ

We introduce two new subclasses \scrU \Sigma (\alpha , \lambda ) and \scrB 1\Sigma (\alpha ) of analytic bi-univalent functions defined in the open unit disk
\BbbU , which are associated with the Bazilevich functions. In addition, for functions that belong to these subclasses, we obtain
sharp bounds for the initial Taylor – Maclaurin coefficients a2 and a3, as well as the sharp estimate for the Fekete – Szegö
functional a3  - \mu a2

2.

Введено два нових пiдкласи \scrU \Sigma (\alpha , \lambda ) i \scrB 1\Sigma (\alpha ) аналiтичниx бiодновалентних функцiй, що визначенi у вiдкритому
одиничному крузi \BbbU та асоцiюються з функцiями Базилевича. Крiм того, для функцiй, що належать до цих пiдкласiв,
отримано точнi межi для початкових коефiцiєнтiв Тейлора – Маклорена a2 i a3 , а також точну оцiнку функцiонала
Фекетa – Сега a3  - \mu a2

2.

1. Introduction. After the famous Bieberbach conjecture (1916) (for more details see [6]) many
researchers were attracted towards the study of univalent function theory and are studying the ge-
ometric and analytic properties of the analytic univalent functions. In continuation of this work,
in this paper we introduce and study two new subclasses of analytic bi-univalent functions that are
associated with the Bazilevich functions.

Let \scrA denote the family of functions of the form

f(z) = z + a2z
2 + a3z

3 + . . .+ akz
k + . . . , z \in \BbbU , (1)

which are analytic in the standard open unit disk \BbbU := \{ z \in \BbbC : | z| < 1\} and satisfies the norma-
lization conditions [f(z)](z=0) = 0 and [f

\prime 
(z)](z=0) = 1. \scrS denote a well-known function class that

contains all functions f \in \scrA which are univalent in \BbbU . Further, let \scrS \ast stands for all functions f \in \scrS ,
which are starlike in \BbbU . Whereas, f \in \scrA given by (1) is known as a starlike function, if it fulfil the
condition

\Re 

\Biggl\{ 
zf

\prime 
(z)

f(z)

\Biggr\} 
> 0, z \in \BbbU .

For a function f \in \scrA given by (1), let g be an analytic univalent extension of the inverse function
f - 1 to \BbbU (see [6, 19]) given by

g(w) = w + b2w
2 + b3w

3 + b4w
4 + . . . , (2)
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where b2 =  - a2, b3 = 2a22  - a3 and b4 = 5a2a3  - 5a32  - a4. A function f \in \scrA given by (1), is said
to be in the bi-univalent function class \Sigma if f and f - 1 both are in the class \scrS .

Lewin [10] has introduced the family \Sigma of bi-univalent functions and proved that | a2| f\in \Sigma <

< 1.51. Further, Brannan and Clunie [4] claimed that | a2| f\in \Sigma \leq 
\surd 
2. Subsequently, Styer and

Wright [24] proved that there are functions in \Sigma for which | a2| > 4/3 and then Tan [25] showed
that | a2| f\in \Sigma \leq 1.485. Since last fifty years several researchers have been taking efforts to correlate
the coefficient estimates and geometrical behavior of these functions.

In fact, after the research work of Brannan and Taha [5], the ground-breaking paper of Srivastava
et al. [23] revived the concept of coefficient problem of functions in the bi-univalent function class \Sigma .
Inspired by the investigation of Srivastava et al. [23], many researchers viz. [8, 9, 11, 17, 18, 20, 22]
(including the references therein) investigated various subclasses of \Sigma and worked out estimates on
initial coefficients for functions in them. However, still the coefficient estimation problem for | an| ,
n = 3, 4, 5, . . . , is open.

In 1973, Singh [21] investigated the Bazilevich class \scrB 1(\alpha ), which consists of functions f \in \scrA 
such that

\Re 

\Biggl\{ \biggl( 
f(z)

z

\biggr) \alpha  - 1

f
\prime 
(z)

\Biggr\} 
> 0, z \in \BbbU , \alpha \geq 0.

It is well-known that for \alpha \geq 0, this class \scrB 1(\alpha ) consists of functions in \scrS and, in particular, for
\alpha = 0 it reduces to functions in \scrS \ast . Moreover, for \alpha = 1 these functions satisfies the condition
\Re 
\Bigl\{ 
f

\prime 
(z)

\Bigr\} 
> 0, z \in \BbbU , and reduces to the close-to-convex class of functions.

For the family \scrU (\lambda ) of all functions f of the form (1) such that\bigm| \bigm| \bigm| \bigm| \bigm| 
\biggl( 

z

f(z)

\biggr) 2

f
\prime 
(z) - 1

\bigm| \bigm| \bigm| \bigm| \bigm| < \lambda for some 0 < \lambda \leq 1,

the problem of determining sharp bounds for the second coefficient of functions belong to this family
was solved recently by Vasudevarao and Yanagihara [26] with a complicated proof whereas by
Obradović et al. [16] with a simpler proof including sharp estimation for the Fekete – Szegö problem
(also for more such results see paper [15]).

In 1998, Obradović [13] defined the class \scrU (\alpha , \lambda ), that consists of functions f \in \scrA which satisfy
the condition \bigm| \bigm| \bigm| \bigm| \bigm| 

\Biggl\{ \biggl( 
z

f(z)

\biggr) 1+\alpha 

f
\prime 
(z) - 1

\Biggr\} \bigm| \bigm| \bigm| \bigm| \bigm| < \lambda , z \in \BbbU , 0 < \alpha < 1, 0 < \lambda \leq 1.

Observe that, for \alpha < 0, this class \scrU (\alpha , \lambda ) correlates to the class \scrB 1(\alpha ). Fournier and Ponnusamy
[7] worked on the univalency problem for this class \scrU (\alpha , \lambda ) with \alpha as a complex number.

We have used the following results to prove our theorems.

Lemma 1 [14]. Let f \in \scrU (\alpha , \lambda ), 0 < \alpha < 1, 0 < \lambda \leq 1. Then\biggl( 
z

f(z)

\biggr) \alpha 

= 1 - \alpha \lambda z\alpha 
z\int 

0

u(x)

x\alpha +1
dx, (3)

ISSN 1027-3190. Укр. мат. журн., 2023, т. 75, № 2



200 A. B. PATIL, T. G. SHABA

where u \in \Omega is of the form u(z) = c1z+c2z
2+c3z

3+ . . . with u(0) = 0, | u(z)| < 1 and is analytic
in \BbbU .

Lemma 2 [12]. Let \Omega be the class of functions u(z) which are univalent in \BbbU and satisfy the
conditions u(0) = 0, | u(z)| < 1 for z \in \BbbU . Then | u(z)| \leq | z| and if u(z) = c1z+c2z

2+c3z
3+. . . \in 

\in \BbbU then

| c1| \leq 1 and | c2| \leq 1 - | c1| 2.

Zaprawa [27], Ali et al. [2], Altinkaya and Yalçin [3] etc. have investigated Fekete – Szegö prob-
lem for various subclasses of \Sigma . Motivated by their work along with the above mentioned results
in [13 – 16, 21], in the present paper, for functions belong to the classes \scrU \Sigma (\alpha , \lambda ) and \scrB 1\Sigma (\alpha ), we
have obtained sharp bounds on the initial Taylor – Maclaurin coefficients and sharp estimate on the
Fekete – Szegö functional.

2. Sharp inequalities for the class \bfscrU \bfSigma (\bfitalpha , \bfitlambda ).
Definition 1. A function f \in \Sigma of the form (1) is said to be in the class \scrU \Sigma (\alpha , \lambda ), 0 < \alpha < 1,

0 < \lambda \leq 1, if the following two conditions are fulfilled:\bigm| \bigm| \bigm| \bigm| \bigm| 
\Biggl\{ \biggl( 

z

f(z)

\biggr) 1+\alpha 

f \prime (z) - 1

\Biggr\} \bigm| \bigm| \bigm| \bigm| \bigm| < \lambda , z \in \BbbU ,

and \bigm| \bigm| \bigm| \bigm| \bigm| 
\Biggl\{ \biggl( 

w

g(w)

\biggr) 1+\alpha 

g\prime (w) - 1

\Biggr\} \bigm| \bigm| \bigm| \bigm| \bigm| < \lambda , w \in \BbbU ,

where g is of the form (2), be an extension of f - 1 to \BbbU and hence g \in \scrS .
Remark 1. The subclass \scrU \Sigma (\alpha , \lambda ) forms a branch of bi-univalent functions that belong to the

analytic and univalent function class \scrU (\alpha , \lambda ) defined by Obradović [13].
Remark 2. For \alpha = 1, the subclass \scrU \Sigma (\alpha , \lambda ) forms a branch of bi-univalent functions that

belong to the analytic and univalent function class \scrU (\lambda ) studied by Obradović et al. [16] (see also
the references therein).

Theorem 1. Let f(z) \in \scrU \Sigma (\alpha , \lambda ), 0 < \alpha < 1, 0 < \lambda \leq 1, is given by (1). Then the following
sharp estimates hold:

| a2| \leq 

\left\{       
\sqrt{} 

\lambda 

2 - \alpha 
, 0 < \lambda \leq 2(1 - \alpha )2

(1 + \alpha )(2 - \alpha )
,

\lambda 

1 - \alpha 

\sqrt{} 
1 + \alpha 

2
,

2(1 - \alpha )2

(1 + \alpha )(2 - \alpha )
\leq \lambda \leq 1,

| a3| \leq 

\left\{       
\lambda 

2 - \alpha 
, 0 < \lambda \leq 2(1 - \alpha )2

(1 + \alpha )(2 - \alpha )
,

(1 + \alpha )\lambda 2

2(1 - \alpha )2
,

2(1 - \alpha )2

(1 + \alpha )(2 - \alpha )
\leq \lambda \leq 1,

| a3  - \mu a22| \leq 

\left\{       
\lambda 

2 - \alpha 
, 0 < \lambda \leq 2(1 - \alpha )2

(1 + \alpha  - 2\mu )(2 - \alpha )
,

(1 + \alpha  - 2\mu )\lambda 2

2(1 - \alpha )2
,

2(1 - \alpha )2

(1 + \alpha  - 2\mu )(2 - \alpha )
\leq \lambda \leq 1,
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where a3  - \mu a22 is the Fekete – Szegö functional with \mu as a real number.
Proof. Let u(z), v(w) \in \Omega as in Lemma 1 are of the form

u(z) = c1z + c2z
2 + c3z

3 + . . . (4)

and

v(w) = d1w + d2w
2 + d3w

3 + . . . . (5)

By using equation (3) to the pairs of functions (f, u) and (g, v), we get\biggl( 
z

f(z)

\biggr) \alpha 

= 1 - \alpha \lambda 
\infty \sum 
j=1

cj
j  - \alpha 

zj

and \biggl( 
w

g(w)

\biggr) \alpha 

= 1 - \alpha \lambda 
\infty \sum 
j=1

dj
j  - \alpha 

wj ,

where j \in \BbbN and f and g are as given in (1) and (2), respectively. For principal values, these
equations are equivalent to

f(z)

z
=

\left(  1 - \alpha \lambda 
\infty \sum 
j=1

cj
j  - \alpha 

zj

\right)   - 1/\alpha 

and

g(w)

w
=

\left(  1 - \alpha \lambda 

\infty \sum 
j=1

dj
j  - \alpha 

wj

\right)   - 1/\alpha 

.

This, on some calculations shows that

\infty \sum 
j=1

aj+1z
j =

\infty \sum 
j=1

\lambda cj
j  - \alpha 

zj +
1 + \alpha 

2

\left(  \infty \sum 
j=1

\lambda cj
j  - \alpha 

zj

\right)  2

+

+
(1 + \alpha )(1 + 2\alpha )

6

\left(  \infty \sum 
j=1

\lambda cj
j  - \alpha 

zj

\right)  3

+ . . . (6)

and

\infty \sum 
j=1

bj+1w
j =

\infty \sum 
j=1

\lambda dj
j  - \alpha 

wj +
1 + \alpha 

2

\left(  \infty \sum 
j=1

\lambda dj
j  - \alpha 

wj

\right)  2

+

+
(1 + \alpha )(1 + 2\alpha )

6

\left(  \infty \sum 
j=1

\lambda dj
j  - \alpha 

wj

\right)  3

+ . . . , (7)

where b2 =  - a2, b3 = 2a22  - a3 and b4 =  - 
\bigl( 
5a32  - 5a2a3 + a4

\bigr) 
.
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By comparing coefficients in equation (6) and (7), we get

a2 =
\lambda 

1 - \alpha 
c1, (8)

a3 =
\lambda 

2 - \alpha 
c2 +

(1 + \alpha )\lambda 2

2(1 - \alpha )2
c21, (9)

b2 =  - a2 =
\lambda 

1 - \alpha 
d1, (10)

b3 = 2a22  - a3 =
\lambda 

2 - \alpha 
d2 +

(1 + \alpha )\lambda 2

2(1 - \alpha )2
d21. (11)

Also, we have | c1| \leq 1, | d1| \leq 1, | c2| \leq 1 - | c1| 2 and | d2| \leq 1 - | d1| 2 (see Lemma 2).
Hence, equations (8) and (10) together yields

c1 =  - d1 and | a2| \leq 
\lambda 

1 - \alpha 
.

Adding (9) and (11), we get

2a22 =
\lambda 

2 - \alpha 
(c2 + d2) +

(1 + \alpha )\lambda 2

2(1 - \alpha )2
\bigl( 
c21 + d21

\bigr) 
.

This, by using Lemma 2, we obtain

| a2| 2 \leq 
\lambda 

2 - \alpha 

\bigl( 
1 - | c1| 2

\bigr) 
+

(1 + \alpha )\lambda 2

2(1 - \alpha )2
| c1| 2 =

=
\lambda 

2 - \alpha 
+

\biggl[ 
(1 + \alpha )\lambda 2

2(1 - \alpha )2
 - \lambda 

2 - \alpha 

\biggr] 
| c1| 2,

which gives the desired estimate on a2 according to the cases when the coefficient of | c1| 2 is either
positive or negative along with | c1| \leq 1.

Further, we have

a3 =
\lambda 

2 - \alpha 
c2 +

(1 + \alpha )\lambda 2

2(1 - \alpha )2
c21. (12)

It shows that

| a3| \leq 
\lambda 

2 - \alpha 
| c2| +

(1 + \alpha )\lambda 2

2(1 - \alpha )2
| c1| 2 \leq 

\leq \lambda 

2 - \alpha 

\bigl[ 
1 - | c1| 2

\bigr] 
+

(1 + \alpha )\lambda 2

2(1 - \alpha )2
| c1| 2 =

=
\lambda 

2 - \alpha 
+

\biggl[ 
(1 + \alpha )\lambda 2

2(1 - \alpha )2
 - \lambda 

2 - \alpha 

\biggr] 
| c1| 2,

which gives the desired estimate on a3 similarly as in the case of a2.
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Finally, for some real \mu , we have

a3  - \mu a22 =
\lambda 

2 - \alpha 
c2 +

\biggl[ 
(1 + \alpha )\lambda 2

2(1 - \alpha )2
 - \mu \lambda 2

(1 - \alpha )2

\biggr] 
c21 =

=
\lambda 

2 - \alpha 
c2 +

(1 + \alpha  - 2\mu )\lambda 2

2(1 - \alpha )2
c21,

which then by following the steps as in a3 starting from (12) proves the last inequality for the
Fekete – Szegö functional a3  - \mu a22.

Theorem 1 is proved.
In this theorem, sharpness for the first part of all the three inequalities are ensure by setting

u(z) = z2 and v(w) = w2;

whereas sharpness for the second part of all the three inequalities are ensure by setting

u(z) = z and v(w) =  - w.

Moreover, the sharp coefficient bounds on a2 and a3 for the class \scrU (\alpha , \lambda ) given by Ali et al. [1]
ensures the sharpness of these results.

3. Sharp inequalities for the class \bfscrB \bfone \bfSigma (\bfitalpha ). For function f of the form (1) belonging to
the Bazilevich function class \scrB 1(\alpha ), in 1973 Ram Singh [21] obtained sharp bounds on initial three
coefficients a2, a3 and a4. Also, in 2020 Ali et al. [1] gave an alternating proof for the same
in their paper. In this section, we define the corresponding analytic and bi-univalent function class
\scrB 1\Sigma (\alpha ) and using the approach of Ali et al. [1], obtain sharp bounds on the initial Taylor – Maclaurin
coefficients a2 and a3 and sharp estimate on the Fekete – Szegö functional a3  - \mu a22.

Definition 2. A function f \in \Sigma of the form (1) is said to be in the class \scrB 1\Sigma (\alpha ), \alpha > 0, if the
following two conditions are fulfilled:

\Re 

\Biggl\{ \biggl( 
f(z)

z

\biggr) \alpha  - 1

f \prime (z)

\Biggr\} 
> 0, z \in \BbbU ,

and

\Re 

\Biggl\{ \biggl( 
g(w)

w

\biggr) \alpha  - 1

g\prime (w)

\Biggr\} 
> 0, w \in \BbbU ,

where g is of the form (2), be an extension of f - 1 to \BbbU and hence g \in \scrS .
Remark 3. The subclass \scrB 1\Sigma (\alpha ) forms a branch of bi-univalent functions that belong to the

Bazilevich function class \scrB 1(\alpha ) defined by Ram Singh [21].
Theorem 2. Let f(z) \in \scrB 1\Sigma (\alpha ), \alpha > 0, is given by (1). Then the following sharp estimates

hold:

| a2| \leq 

\left\{         
\sqrt{} 

2(3 + \alpha )

(2 + \alpha )(1 + \alpha )2
, 0 < \alpha \leq 1,\sqrt{} 

2

2 + \alpha 
, \alpha \geq 1,
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| a3| \leq 

\left\{     
2(3 + \alpha )

(2 + \alpha )(1 + \alpha )2
, 0 < \alpha \leq 1,

2

2 + \alpha 
, \alpha \geq 1,

| a3  - \mu a22| \leq 

\left\{     
2[(2 + \alpha )(1 - 2\mu ) + 1]

(2 + \alpha )(1 + \alpha )2
, 0 < \alpha \leq 1 - 2\mu or 0 < \mu \leq 1 - \alpha 

2
,

2

2 + \alpha 
, \alpha \geq 1 - 2\mu or \mu \geq 1 - \alpha 

2
,

where a3  - \mu a22 is the Fekete – Szegö functional with \mu as a real number.
Proof. Given f(z) \in \scrB 1\Sigma (\alpha ), \alpha > 0, we have\Biggl[ \biggl( 

f(z)

z

\biggr) \alpha  - 1

f \prime (z)

\Biggr] 
=

1 + u(z)

1 - u(z)

and \Biggl[ \biggl( 
g(w)

w

\biggr) \alpha  - 1

g\prime (w)

\Biggr] 
=

1 + v(w)

1 - v(w)
,

where u, v \in \Omega are as in (4) and (5). Thus, we obtain

\biggl( 
f(z)

z

\biggr) \alpha 

= 1 +
2\alpha 

z\alpha 

z\int 
0

x\alpha  - 1 u(x)

1 - u(x)
dx

and \biggl( 
g(w)

w

\biggr) \alpha 

= 1 +
2\alpha 

w\alpha 

w\int 
0

x\alpha  - 1 v(x)

1 - v(x)
dx,

which are equivalent to

f(z)

z
=

\left[  1 + 2\alpha 

z\alpha 

z\int 
0

x\alpha  - 1
\bigl( 
u(x) + u2(x) + . . .

\bigr) 
dx

\right]  1/\alpha 

and

g(w)

w
=

\left[  1 + 2\alpha 

w\alpha 

w\int 
0

x\alpha  - 1
\bigl( 
v(x) + v2(x) + . . .

\bigr) 
dx

\right]  1/\alpha 

.

Calculating and comparing initial coefficients in these equations, we get

a2 =
2

1 + \alpha 
c1,

a3 =
2

2 + \alpha 
c2 +

\biggl[ 
2

2 + \alpha 
+

2(1 - \alpha )

(1 + \alpha )2

\biggr] 
c21,

 - a2 =
2

1 + \alpha 
d1,
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2a22  - a3 =
2

2 + \alpha 
d2 +

\biggl[ 
2

2 + \alpha 
+

2(1 - \alpha )

(1 + \alpha )2

\biggr] 
d21.

These equations after some simple computations, yields

2a22 =
2

2 + \alpha 
(c2 + d2) +

\biggl[ 
2

2 + \alpha 
+

2(1 - \alpha )

(1 + \alpha )2

\biggr] \bigl( 
c21 + d21

\bigr) 
, (13)

a3 =
2

2 + \alpha 
c2 +

\biggl[ 
2

2 + \alpha 
+

2(1 - \alpha )

(1 + \alpha )2

\biggr] 
c21 (14)

and

a3  - \mu a22 =
2

2 + \alpha 
c2 +

\biggl[ 
2

2 + \alpha 
+

2(1 - \alpha  - 2\mu )

(1 + \alpha )2

\biggr] 
c21. (15)

Now, by using the inequalities | c1| \leq 1 and | c2| \leq 1  - | c1| 2 in the equations (13) to (15), we can
complete the further proof as in the proof of Theorem 1.

In the above theorem, the first parts of all the three inequalities are sharp for\Biggl[ \biggl( 
f(z)

z

\biggr) \alpha  - 1

f \prime (z)

\Biggr] 
=

\biggl( 
1 + z

1 - z

\biggr) 
and

\Biggl[ \biggl( 
g(w)

w

\biggr) \alpha  - 1

g\prime (w)

\Biggr] 
=

\biggl( 
1 - w

1 + w

\biggr) 
,

whereas the second parts of all the three inequalities are sharp for\Biggl[ \biggl( 
f(z)

z

\biggr) \alpha  - 1

f \prime (z)

\Biggr] 
=

\biggl( 
1 + z2

1 - z2

\biggr) 
and

\Biggl[ \biggl( 
g(w)

w

\biggr) \alpha  - 1

g\prime (w)

\Biggr] 
=

\biggl( 
1 + w2

1 - w2

\biggr) 
.

Also, to ensure the sharpness of the inequalities in this theorem we may refer the results given by
Singh [21] and Ali et al. [1] for the class \scrB 1(\alpha ).

4. Conclusion. In the present paper, we introduce the subclasses \scrU \Sigma (\alpha , \lambda ) and \scrB 1\Sigma (\alpha ) of ana-
lytic and bi-univalent functions that are defined on the unit disk and are associated with the Bazilevich
functions. Moreover, to study the interrelationship between geometric behaviour and analytic charac-
terization of the functions belong to these subclasses, we have obtain sharp coefficient bounds on the
initial Taylor – Maclaurin coefficients and sharp estimation on the Fekete – Szegö functional. In the
present investigation the research work by Obradović [13, 14], Obradović et al. [15, 16] and Singh
[21] played an important role.

After the Biberbach conjecture, study of the univalent/multivalent/bi-univalent functions by
means of various interesting problems concerning the relationship between geometric behavior and
analytic characterization actually became the main key of interest of the researchers in this field. Dur-
ing the development of the univalent function theory, many researchers have obtained non-sharp/sharp
estimations on initial coefficients of univalent/multivalent/bi-univalent functions. The results in the
present paper can motivate researchers to obtain more interesting results in this field.
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