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GROUP OF UNITS OF FINITE GROUP ALGEBRAS OF GROUPS OF ORDER 24

ГРУПА ОДИНИЦЬ СКIНЧЕННОГРУПОВИХ АЛГЕБР ГРУП 24-ГО ПОРЯДКУ

Let F be a finite field of characteristic p. The structures of the unit groups of group algebras over F of the three groups
D24, S4 and SL(2,\BbbZ 3) of order 24 are completely described in numerous works. We present the unit groups of the group
algebras over F for the remaining groups of order 24, namely, C24, C12 \times C2, C

3
2 \times C3, C3 \rtimes C8, C3 \rtimes Q8, D6 \times C4,

C6 \rtimes C4, C3 \rtimes D8, C3 \times D8, C3 \times Q8, A4 \times C2, and D12 \times C2.

Нехай F — скiнченне поле характеристики p. Структури груп одиниць групових алгебр над F для трьох груп D24,
S4 та SL(2,\BbbZ 3) 24-го порядку повнiстю описано в багатьох роботах. Ми наводимо групи одиниць групових алгебр
над F для решти груп 24-порядку, а саме C24, C12\times C2, C

3
2 \times C3, C3\rtimes C8, C3\rtimes Q8, D6\times C4, C6\rtimes C4, C3\rtimes D8,

C3 \times D8, C3 \times Q8, A4 \times C2 та D12 \times C2.

1. Introduction. Let FG be the group algebra of a finite group G over a finite field F of characteristic
p containing q = pk elements and let U(FG) be the group of units in FG. Explicit calculations in
U(FG) are usually difficult, even when | G| is very small. So to find the structure of U(FG) is an
interesting as well as challenging problem. In this paper, we study U(FG), where G is a group of
order 24. We denote the Jacobson radical of FG by J(FG) and V = 1 + J(FG).

Let Dn, Qn, and Cn be the dihedral group, the quaternion group and the cyclic group of order n,
respectively. The fifteen nonisomorphic groups of order 24 are C24, C12 \times C2, C6 \times C2

2 , C3 \rtimes C8,

SL(2,\BbbZ 3), C3 \rtimes Q8, S4, C4 \times D6, D24, C6 \rtimes C4, C3 \rtimes D8, C3 \times D8, C3 \times Q8, C2 \times A4 and
D12 \times C2. The structures of U(FS4) and U(FSL(2,\BbbZ 3)) are given in [5, 7], respectively. Also, the
structure of U(FD24) for p \leq 3 is given in [7, 9] and for p > 3 in [12]. For p = 2, Maheshwari [7],
obtained the structure of U(FG), where G is a non-Аbelian group of order 24. For p = 3, Monaghan
[9], studied the structure of U(FG) where G is a non-Аbelian group of 24 such that G has a normal
subgroup of order 3. Here, we completely describe the structure of U(FG) in the remaining cases.

The group algebra FG and its Wedderburn decomposition have applications in coding theory.
Cyclic codes can be realized as ideals of group algebras over cyclic groups as well as many other
codes appear as ideals of group algebras of noncyclic groups (see [10, 11]). A good description of
the structure of U(FG) has applications in group ring cryptography, for investigation of the Lie
properties of group rings, isomorphism problem and other open questions in this area (see [1, 4]).
Our notations are same as in [12, 14].

The number of simple components of FG/J(FG) is given in [2]. Let m, \eta and T be as in [2].
We restate here that for a p-regular element g \in G, \gamma g is the sum of all the conjugates of g and the
cyclotomic F -class of \gamma g is SF (\gamma g) = \{ \gamma gt | t \in T\} .

Lemma 1.1 [2, Proposition 1.2]. The number of simple components of FG/J(FG) is equal to
the number of cyclotomic F -classes in G.
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Lemma 1.2 [2, Theorem 1.3]. Suppose that Gal(F (\eta )/F ) is cyclic. Let w be the number of
cyclotomic F -classes in G. If K1, K2, . . . , Kw are the simple components of Z(FG/J(FG)) and
S1, S2, . . . , Sw are the cyclotomic F -classes of G, then with a suitable reordering of indices,
| Si| = [Ki : F ].

2. Main results. Let l \in \{ 3, 6, 12, 24\} . If q \equiv \pm 5,\pm 7,\pm 11 mod l, then q2 \equiv 1 mod l. So
| T | = 2 and | SF (\gamma g)| \leq 2. Let r and s be the numbers of elements g \in G such that | SF (\gamma g)| = 1

and | SF (\gamma g)| = 2, respectively. Then, for p > 3, by Lemmas 1.1 and 1.2,

Z(FG) \sim = F r \oplus F s
2 .

As \mathrm{d}\mathrm{i}\mathrm{m}F (Z(FG)) = c = the number of conjugacy classes in G, so s = (c - r)/2.

Theorem 2.1. Let F be a finite field of characteristic p with | F | = q = pk.

(i) If p = 2, then

U(FC24) \sim =

\left\{   C3k
8 \times C3k

4 \times C6k
2 \times C3

2k - 1
, if q \equiv 1 mod 3,

C3k
8 \times C3k

4 \times C6k
2 \times C2k - 1 \times C22k - 1, if q \equiv  - 1 mod 3.

(ii) If p = 3, then

U(FC24) \sim =

\left\{         
C16k
3 \times C8

3k - 1
, if q \equiv 1 mod 8,

C16k
3 \times C2

3k - 1
\times C3

32k - 1
, if q \equiv  - 1, 3 mod 8,

C16k
3 \times C4

3k - 1
\times C2

32k - 1
, if q \equiv  - 3 mod 8.

(iii) If p > 3, then

U(FC24) \sim =

\left\{                               

C24
pk - 1

, if q \equiv 1 mod 24,

C2
pk - 1

\times C11
p2k - 1

, if q \equiv  - 1, 11 mod 24,

C4
pk - 1

\times C10
p2k - 1

, if q \equiv 5 mod 24,

C6
pk - 1

\times C9
p2k - 1

, if q \equiv  - 5, 7 mod 24,

C8
pk - 1

\times C8
p2k - 1

, if q \equiv  - 7 mod 24,

C12
pk - 1

\times C6
p2k - 1

, if q \equiv  - 11 mod 24.

Proof. Let C24 = \langle x\rangle .
(i) If p = 2, then | C24 : C8| \not = 0 in F. So J(FC24) = \omega (C8) and FC24/J(FC24) \sim = FC3.

Thus,
U(FC24) \sim = V \times U(FC3).

Now, \alpha =
\sum 23

i=0
aix

i \in \omega (C8) if and only if
\sum 7

j=0
a3j+i = 0, i = 0, 1, 2. Also, \alpha 2 =

=
\sum 11

j=0

\sum 1

i=0
a212i+jx

2j , \alpha 4 =
\sum 5

j=0

\sum 3

i=0
a46i+jx

4j and \alpha 8 =
\sum 2

j=0

\sum 7

i=0
a83i+jx

8j = 0.

Since \mathrm{d}\mathrm{i}\mathrm{m}F (J(FG)) = 21, | V | = 221k. Let V \sim = C l1
2 \times C l2

4 \times C l3
8 , so that 221k = 2l1+2l2+3l3 . It is

easy to see that
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S = \{ \alpha \in \omega (C8) | \alpha 2 = 0 and \alpha = \beta 4 for some \beta \in \omega (C8)\} =

=

\Biggl\{ 
2\sum 

i=0

a4ix
4i(1 + x12) | a4i \in F

\Biggr\} 
.

Thus, | S| = 23k and l3 = 3k. Also,

S1 = \{ \alpha \in \omega (C8) | \alpha 2 = 0 and \alpha = \beta 2 for some \beta \in \omega (C8)\} =

=

\Biggl\{ 
5\sum 

i=0

a2ix
2i(1 + x12) | a2i \in F

\Biggr\} 
.

Hence, | S1| = 26k, l2 = 3k and l1 = 6k which leads to V \sim = C6k
2 \times C3k

4 \times C3k
8 .

For U(FC3), see [13, Theorem 2.2].
(ii) If p = 3, then | C24 : C3| = 8 \not = 0 in F, J(FC24) = \omega (C3) and FC24/J(FC24) \sim = FC8.

Thus,
U(FG) \sim = V \times U(FC8).

Since \mathrm{d}\mathrm{i}\mathrm{m}FJ(FC24) = 16 and J(FC24)
3 = 0, V \sim = C16k

3 . Hence,

U(FC24) \sim = C16k
3 \times U(FC8).

The structure of U(FC8) is given in [13, Theorem 3.3].
(iii) If p > 3, then m = 24.

If q \equiv \pm 1 mod 24, then we have [13, Lemma 2.2].
If q \equiv 5 mod 24, then T = \{ 1, 5\} and | SF (\gamma g)| = 1 for g = 1, x\pm 6 and x12. So r = 4, s = 10

and
FC24

\sim = F 4 \oplus F 10
2 .

If q \equiv  - 5, 7 mod 24, then | SF (\gamma g)| = 1 for g = 1, x\pm 4, x\pm 8, x12. So r = 6, s = 9 and

FC24
\sim = F 6 \oplus F 9

2 .

If q \equiv  - 7 mod 24, then T = \{ 1, 17\} mod 24. Thus, | SF (\gamma g)| = 1 for g = 1, x\pm 3, x\pm 6, x\pm 9,

x12. So r = s = 8 and
FC24

\sim = F 8 \oplus F 8
2 .

If q \equiv 11 mod 24, then T = \{ 1, 11\} mod 24. Thus, | SF (\gamma g)| = 1 for g = 1, x12. So r = 2,

s = 11 and
FC24

\sim = F 2 \oplus F 11
2 .

If q \equiv  - 11 mod 24, then T = \{ 1, 13\} mod 24. Thus, | SF (\gamma g)| = 1 for g = 1, x\pm 2, x\pm 4, x\pm 6,

x\pm 8, x\pm 10, x12. So r = 12, s = 6 and

FC24
\sim = F 12 \oplus F 6

2 .

Theorem 2.1 is proved.
Theorem 2.2. Let F be a finite field of characteristic p with | F | = q = pk and let G = C2\times C12.
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(i) If p = 2, then

U(FG) \sim =

\left\{   C9k
2 \times C6k

4 \times C3
2k - 1

, if q \equiv 1 mod 3,

C9k
2 \times C6k

4 \times C2k - 1 \times C22k - 1, if q \equiv  - 1 mod 3.

(ii) If p = 3, then

U(FG) \sim =

\left\{   C16k
3 \times C8

3k - 1
, if q \equiv 1 mod 4,

C16k
3 \times C4

3k - 1
\times C2

32k - 1
, if q \equiv  - 1 mod 4.

(iii) If p > 3, then

U(FG) \sim =

\left\{                 

C24
pk - 1

, if q \equiv 1 mod 12,

C4
pk - 1

\times C10
p2k - 1

, if q \equiv  - 1 mod 12,

C8
pk - 1

\times C8
p2k - 1

, if q \equiv 5 mod 12,

C12
pk - 1

\times C6
p2k - 1

, if q \equiv  - 5 mod 12.

Proof. Let G = \langle x, y | x12 = y2 = (x, y) = 1\rangle .
(i) Let H = \langle x3\rangle \times \langle y\rangle . If p = 2, then | G : H| \not = 0 in F, J(FG) = \omega (H) and FG/J(FG) \sim =

\sim = FC3. Thus,
U(FG) \sim = V \times U(FC3).

Now, let \alpha =
\sum 11

j=0

\sum 11

i=0
a12j+ix

iyj . Then \alpha \in \omega (H) if and only if
\sum 7

i=0
a3i+j = 0

for j = 0, 1, 2. Also, \alpha 2 =
\sum 5

j=0

\sum 3

i=0
a26i+jx

2j and \alpha 4 =
\sum 2

j=0

\sum 7

i=0
a43i+jx

4j = 0. Since

\mathrm{d}\mathrm{i}\mathrm{m}F (J(FG)) = 21, | V | = 221k. Let V \sim = C l1
2 \times C l2

4 , so that 221k = 2l1+2l2 . Clearly

S = \{ \alpha \in \omega (H) | \alpha 2 = 0 and \alpha = \beta 2 for some \beta \in \omega (H)\} =

=

\Biggl\{ 
2\sum 

i=0

a2ix
2i(1 + x6) | a2i \in F

\Biggr\} 
.

Thus, | S| = 23k and l2 = 3k. So V \sim = C15k
2 \times C3k

4 .

(ii) Let K = \langle x4\rangle . If p = 3, then | G : K| \not = 0 in F, J(FG) = \omega (K) and FG/J(FG) \sim =
\sim = F (C2 \times C4). Hence,

U(FG) \sim = V \times U(F (C2 \times C4)).

Since \mathrm{d}\mathrm{i}\mathrm{m}FJ(FG) = 16 and J(FG)3 = 0, V \sim = C16k
3 .

The rest follows by [13, Theorem 3.4].
(iii) If p > 3, then m = 12.

If q \equiv 1 mod 12, then T = \{ 1\} mod 12. Thus, | SF (\gamma g)| = 1 for all g \in G. Therefore, by
Lemmas 1.1 and 1.2,

FG \sim = F 24.
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If q \equiv  - 1 mod 12, then T = \{ 1, 11\} mod 12. Thus, | SF (\gamma g)| = 1 for g = 1, x6, y, x6y. So
r = 4, s = 10 and

FG \sim = F 4 \oplus F 10
2 .

If q \equiv 5 mod 12, then T = \{ 1, 5\} mod 12. Thus, | SF (\gamma g)| = 1 for g = 1, x\pm 3, x6, y, x\pm 3y,

x6y. So r = s = 8 and
FG \sim = F 8 \oplus F 8

2 .

If q \equiv  - 5 mod 12, then T = \{ 1, 7\} mod 12. Thus, | SF (\gamma g)| = 1 for g = 1, x\pm 2, x\pm 4, x6, y,

x\pm 2y, x\pm 4y, x6y. So r = 12, s = 6 and

FG \sim = F 12 \oplus F 6
2 .

Theorem 2.2 is proved.
Theorem 2.3. Let F be a finite field of characteristic p with | F | = q = pk and let G = C3

2\times C3.

(i) If p = 2, then

U(FG) \sim =

\left\{   C21k
2 \times C3

2k - 1
, if q \equiv 1 mod 3,

C21k
2 \times C2k - 1 \times C22k - 1, if q \equiv  - 1 mod 3.

(ii) If p = 3, then
U(FG) \sim = C16k

3 \times C8
3k - 1.

(iii) If p > 3, then

U(FG) \sim =

\left\{   C24
pk - 1

, if q \equiv 1 mod 6,

C8
pk - 1

\times C8
p2k - 1

, if q \equiv  - 1 mod 6.

Proof. Let C3
2 \times C3 = \langle x, y, z, w | x3 = 1, y2 = z2 = w2 = 1, xy = yx, xz = zx, xw =

= wx, yz = zy, yw = wy, zw = wz\rangle .
(i) Let H = \langle y\rangle \times \langle z\rangle \times \langle w\rangle . If p = 2, then | G : H| \not = 0 in F, J(FG) = \omega (H) and

FG/J(FG) \sim = FC3. Hence,
U(FG) \sim = V \times U(FC3).

Since \mathrm{d}\mathrm{i}\mathrm{m}FJ(FG) = 21 and \alpha 2 = 0 for all \alpha \in \omega (H), V \sim = C21k
2 .

(ii) Let K = \langle x\rangle . If p = 3, then | G : K| \not = 0 in F, J(FG) = \omega (K) and FG/J(FG) \sim = FC3
2 .

Hence,
U(FG) \sim = V \times U(FC3

2 ).

Since \mathrm{d}\mathrm{i}\mathrm{m}FJ(FG) = 16 and J(FG)3 = 0, V \sim = C16k
3 .

U(FC3
2 ) is given in [13, Theorem 3.5].

(iii) If p > 3, then m = 6. If q \equiv 1 mod 6, then T = \{ 1\} mod 6. Thus, | SF (\gamma g)| = 1 for all
g \in G. Therefore, by Lemmas 1.1 and 1.2,

FG \sim = F 24.

If q \equiv  - 1 mod 6, then T = \{ 1, 5\} mod 6. Thus, | SF (\gamma g)| = 1 for g = 1, y, z, w, yz, yw, zw,

yzw. So r = s = 8 and
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FG \sim = F 8 \oplus F 8
2 .

Theorem 2.3 is proved.
Now, we discuss non-Abelian groups of order 24. Since the case p = 2 is dealt with in [7], we

consider p \geq 3 only.

Table 1. Conjugacy classes in C2 \times A4

Representative Elements in the class Order of element
[1] \{ 1\} 1

[x] \{ x\} 2

[y] \{ y, yz, yw, yzw\} 3

[z] \{ z, w, zw\} 2

[xy] \{ xy, xyz, xyw, xyzw\} 6

[xz] \{ xz, xw, xzw\} 2

[y - 1] \{ y - 1, y - 1z, y - 1w, y - 1zw\} 3

[xy - 1] \{ xy - 1, xy - 1z, xy - 1w, xy - 1zw\} 6

Theorem 2.4. Let F be a finite field of characteristic p with | F | = q = pk and let G = C2\times A4.

(i) If p = 3, then
U(FG) \sim = C4k

3 \rtimes (C2
3k - 1 \times GL(3, F )2).

(ii) If p > 3, then

U(FG) \sim =

\left\{   C6
pk - 1

\times GL(3, F )2, if q \equiv 1 mod 6,

C2
pk - 1

\times C2
p2k - 1

\times GL(3, F )2, if q \equiv  - 1 mod 6.

Proof. Let G = \langle x, y, z, w | x2 = y3 = z2 = w2 = 1, xyx = y, xz = zx, xw = wx, zw =

= wz,wy = ywz, zy = yw\rangle .
(i) Let p = 3. Clearly, \widehat T3 = 1 + (y + y - 1)(1 + z)(1 + w). Let \alpha = a0 + a1z + a2w + a3zw +

+ a4x+ a5xz+ a6xw+ a7xzw+ a8y+ a9yz+ a10yw+ a11yzw+ a12y
 - 1+ a13y

 - 1z+ a14y
 - 1w+

+a15y
 - 1zw+a16xy+a17xyz+a18xyw+a19xyzw+a20xy

 - 1+a21xy
 - 1z+a22xy

 - 1w+a23xy
 - 1zw.

If \alpha \widehat T3 = 0, then, for j = 0, 1, 2, 3, we have

aj +

3\sum 
i=0

(a8+i + a12+i) = 0, a12+j +

3\sum 
i=0

(ai + a8+i) = 0,

a4+j +
3\sum 

i=0

(a16+i + a20+i) = 0, a16+j +
3\sum 

i=0

(a4+i + a20+i) = 0,

a8+j +

3\sum 
i=0

(ai + a12+i) = 0, a20+j +

3\sum 
i=0

(a4+i + a16+i) = 0.

After solving these equations, we get a4i = ak+4i for k = 1, 2, 3 and i = 0, 1, 2, 3, 4, 5. Also,
a0 + a8 + a12 = 0 and a4 + a16 + a20 = 0. Hence, \mathrm{A}\mathrm{n}\mathrm{n} (\widehat T3) = \{ ((b0 + b1x)(1  - y - 1) + (b2 +

+ b3x)(y  - y - 1))(1 + z + w + zw) | bi \in F\} .
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Since x and (1+z)(1+w) \in Z(FG), \mathrm{A}\mathrm{n}\mathrm{n} (\widehat T3)
3 = 0. Thus, \mathrm{A}\mathrm{n}\mathrm{n} (\widehat T3) \subseteq J(FG). By [16, Lemma

2.2], J(FG) = \mathrm{A}\mathrm{n}\mathrm{n} (\widehat T3) and \mathrm{d}\mathrm{i}\mathrm{m}F (J(FG)) = 4. Hence, V \sim = C4k
3 .

As [1], [x], [z] and [xz] are the 3-regular conjugacy classes, so m = 2. Thus, q \equiv 1 mod 2 and
SF (\gamma g) = \{ \gamma g\} for g = 1, x, z, xz. Therefore, by [2, Theorem 1.3], this yield four components in
the Wedderburn decomposition of FG/J(FG). Since \mathrm{d}\mathrm{i}\mathrm{m}F (FG/J(FG)) = 20, we have

FG/J(FG) \sim = F 2 \oplus M(3, F )2.

Hence,
U(FG) \sim = C4k

3 \rtimes (C2
3k - 1 \times GL(3, F )2).

(ii) If p > 3, then m = 6. Since G/G\prime \sim = C6, thus, by [8, Proposition 3.6.11],

FG \sim = FC6 \oplus 

\Biggl( 
l\bigoplus 

i=1

M(ni, Fi)

\Biggr) 
. (2.1)

Since \mathrm{d}\mathrm{i}\mathrm{m}F (Z(FG)) = 8, l \leq 2.

If q \equiv 1 mod 6, then | SF (\gamma g)| = 1 for all g \in G. Therefore, by (2.1), [13, Theorem 4.1],
Lemmas 1.1 and 1.2,

FG \sim = F 6 \oplus 

\Biggl( 
2\bigoplus 

i=1

M(ni, F )

\Biggr) 
.

Now
\sum 2

i=1
n2
i = 18 gives ni = 2 for i = 1, 2. Hence,

FG \sim = F 6 \oplus M(3, F )2.

If q \equiv  - 1 mod 6, then | SF (\gamma g)| = 1 for g = 1, x, z, xz. So r = 4, s = 2 and

FG \sim = F 2 \oplus F 2
2 \oplus M(3, F )2.

Theorem 2.4 is proved.
All the remaining groups of order 24 contain a normal subgroup of order 3 and in view of [9],

we need to consider only the semisimple case p > 3.

Table 2. Conjugacy classes in C3 \rtimes C8

Representative Elements in the class Order of element
[1] \{ 1\} 1

[x] \{ x, x - 1\} 3

[y] \{ y, xy, x - 1y\} 8

[y2] \{ y2\} 4

[y3] \{ y3, xy3, x - 1y3\} 8

[y4] \{ y4\} 2

[y - 1] \{ y - 1, xy - 1, x - 1y - 1\} 8

[y - 2] \{ y - 2\} 4

[y - 3] \{ y - 3, xy - 3, x - 1y - 3\} 8

[xy2] \{ xy2, x - 1y2\} 4

[xy - 2] \{ xy - 2, x - 1y - 2\} 4

[xy4] \{ xy4, x - 1y4\} 2
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Theorem 2.5. Let F be a finite field of characteristic p with | F | = q = pk and let G = C3\rtimes C8.

If p > 3, then

U(FG) \sim =

\left\{         
C8
pk - 1

\times GL(2, F )4, if q \equiv 1, - 7 mod 24,

C2
pk - 1

\times C3
p2k - 1

\times GL(2, F )2 \times GL(2, F2), if q \equiv  - 1, - 5, 7, 11 mod 24,

C4
pk - 1

\times C2
p2k - 1

\times GL(2, F )4, if q \equiv 5, - 11 mod 24.

Proof. Let G = \langle x, y | x3 = y8 = 1, yxy - 1 = x - 1\rangle .
FG is semisimple, so all the conjugacy classes of G are p-regular and m = 24. Since G/G\prime \sim = C8,

thus, by [8, Proposition 3.6.11],

FG \sim = FC8 \oplus 

\Biggl( 
l\bigoplus 

i=1

M(ni, Fi)

\Biggr) 
, (2.2)

where each Fi is a finite extension of F. Since \mathrm{d}\mathrm{i}\mathrm{m}F (Z(FG)) = 12, l \leq 4.

If q \equiv 1,  - 7 mod 24, then | SF (\gamma g)| = 1 for all g \in G. Therefore, by (2.2), [13, Theorem 3.3],
Lemmas 1.1 and 1.2,

FG \sim = F 8 \oplus 

\Biggl( 
4\bigoplus 

i=1

M(ni, F )

\Biggr) 
.

Now \mathrm{d}\mathrm{i}\mathrm{m}F (FG) = 24, gives ni = 2 for i = 1, 2, 3, 4. Hence,

FG \sim = F 8 \oplus M(2, F )4.

If q \equiv 5,  - 11 mod 24, then | SF (\gamma g)| = 1 for g = 1, x, y\pm 2, y4, xy\pm 2, xy4. So r = 8, s = 2

and
FG \sim = F 4 \oplus F 2

2 \oplus M(2, F )4.

If q \equiv  - 1,  - 5, 7, 11 mod 24, then | SF (\gamma g)| = 1 for g = 1, x, y4, xy4. So r = s = 4 and

FG \sim = F 2 \oplus F 3
2 \oplus M(2, F )2 \oplus M(2, F2).

Theorem 2.5 is proved.

Table 3. Conjugacy classes in C3 \rtimes Q8

Representative Elements in the class Order of element
[1] \{ 1\} 1

[x] \{ x, x - 1\} 12

[x2] \{ x2, x - 2\} 6

[x3] \{ x3, x - 3\} 4

[x4] \{ x4, x - 4\} 3

[x5] \{ x5, x - 5\} 12

[x6] \{ x6\} 2

[y] \{ y, x\pm 2y, x\pm 4y, x6y\} 4

[xy] \{ x\pm 1y, x\pm 3y, x\pm 5y\} 4
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Theorem 2.6. Let F be a finite field of characteristic p with | F | = q = pk and let G = C3\rtimes Q8.

If p > 3, then

U(FG) \sim =

\left\{   C4
pk - 1

\times GL(2, F )5, if q \equiv \pm 1 mod 12,

C4
pk - 1

\times GL(2, F )3 \times GL(2, F2), if q \equiv \pm 5 mod 12.

Proof. Let G = \langle x, y | x12 = 1, x6 = y2, yxy - 1 = x - 1\rangle .
Since p > 3 and G/G\prime \sim = C2

2 , thus, by [8, Proposition 3.6.11],

FG \sim = FC2
2 \oplus 

\Biggl( 
l\bigoplus 

i=1

M(ni, Fi)

\Biggr) 
. (2.3)

Since \mathrm{d}\mathrm{i}\mathrm{m}F (Z(FG)) = 9, l \leq 5.

If q \equiv \pm 1 mod 12, then | SF (\gamma g)| = 1 for all g \in G. Therefore, by (2.3), [13, Theorem 3.2],
Lemmas 1.1 and 1.2,

FG \sim = F 4 \oplus 

\Biggl( 
5\bigoplus 

i=1

M(ni, F )

\Biggr) 
.

Now \mathrm{d}\mathrm{i}\mathrm{m}F (FG) = 24 gives ni = 2 for i = 1, 2, 3, 4, 5. Hence,

FG \sim = F 4 \oplus M(2, F )5.

If q \equiv \pm 5 mod 12, then | SF (\gamma g)| = 1 for g = 1, x2, x3, x4, x6, y, xy. So r = 7, s = 1 and

FG \sim = F 4 \oplus M(2, F )3 \oplus M(2, F2).

Theorem 2.6 is proved.

Table 4. Conjugacy classes in C4 \times D6

Representative Elements in the class Order of element
[1] \{ 1\} 1

[x] \{ x, x - 1\} 3

[y] \{ y, xy, x - 1y\} 2

[z] \{ z\} 4

[z2] \{ z2\} 2

[z - 1] \{ z - 1\} 4

[xz] \{ xz, x - 1z\} 12

[xz2] \{ xz2, x - 1z2\} 6

[xz - 1] \{ xz - 1, x - 1z - 1\} 12

[yz] \{ yz, xyz, x - 1yz\} 4

[yz2] \{ yz2, xyz2, x - 1yz2\} 2

[yz - 1] \{ yz - 1, xyz - 1, x - 1yz - 1\} 4
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Theorem 2.7. Let F be a finite field of characteristic p with | F | = q = pk and let G = C4\times D6.

If p > 3, then

U(FG) \sim =

\left\{   C8
pk - 1

\times GL(2, F )4, if q \equiv 1, 5 mod 12,

C4
pk - 1

\times C2
p2k - 1

\times GL(2, F )2 \times GL(2, F2), if q \equiv  - 1, - 5 mod 12.

Proof. Let G = \langle x, y, z | x3 = y2 = z4 = xyxy = 1, xz = zx, yz = zy\rangle .
Since G/G\prime \sim = (C2 \times C4), thus, by [8, Proposition 3.6.11],

FG \sim = F (C2 \times C4)\oplus 

\Biggl( 
l\bigoplus 

i=1

M(ni, Fi)

\Biggr) 
. (2.4)

Since \mathrm{d}\mathrm{i}\mathrm{m}F (Z(FG)) = 12, l \leq 4.

If q \equiv 1, 5 mod 12, then | SF (\gamma g)| = 1 for all g \in G. Therefore, by (2.4), [13, Theorem 3.4],
Lemmas 1.1 and 1.2,

FG \sim = F 8 \oplus 

\Biggl( 
4\bigoplus 

i=1

M(ni, F )

\Biggr) 
.

Now
\sum 4

i=1
n2
i = 16 gives ni = 2 for i = 1, 2, 3, 4. Hence,

FG \sim = F 8 \oplus M(2, F )4.

If q \equiv  - 1,  - 5 mod 12, then | SF (\gamma g)| = 1 for g = 1, x, y, z2, xz2, yz2. So r = 6, s = 3 and

FG \sim = F 4 \oplus F 2
2 \oplus M(2, F )2 \oplus M(2, F2).

Theorem 2.7 is proved.

Table 5. Conjugacy classes in C6 \rtimes C4

Representative Elements in the class Order of element
[1] \{ 1\} 1

[x] \{ x, xy2, xy - 2\} 4

[x2] \{ x2\} 2

[x - 1] \{ x - 1, x - 1y - 2, x - 1y2\} 4

[y] \{ y, y - 1\} 6

[y2] \{ y2, y - 2\} 3

[y3] \{ y3\} 2

[xy] \{ xy, xy - 1, xy3\} 4

[x2y] \{ x2y, x2y - 1\} 6

[x - 1y] \{ x - 1y, x - 1y - 1, x - 1y3\} 4

[x2y2] \{ x2y2, x2y - 2\} 4

[x2y3] \{ x2y3\} 2
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Theorem 2.8. Let F be a finite field of characteristic p with | F | = q = pk and let G = C6\rtimes C4.

If p > 3, then

U(FG) \sim =

\left\{   C8
pk - 1

\times GL(2, F )4, if q \equiv 1, 5 mod 12,

C4
pk - 1

\times C2
p2k - 1

\times GL(2, F )4, if q \equiv  - 1, - 5 mod 12.

Proof. Let G = \langle x, y | x4 = y6 = 1, yxy = x\rangle .
Since G/G\prime \sim = (C2 \times C4), thus, by [8, Proposition 3.6.11],

FG \sim = F (C2 \times C4)\oplus 

\Biggl( 
l\bigoplus 

i=1

M(ni, Fi)

\Biggr) 
. (2.5)

Since \mathrm{d}\mathrm{i}\mathrm{m}F (Z(FG)) = 12, l \leq 4.

If q \equiv 1, 5 mod 12, then | SF (\gamma g)| = 1 for all g \in G. Therefore, by (2.5), [13, Theorem 3.4],
Lemmas 1.1 and 1.2,

FG \sim = F 8 \oplus 

\Biggl( 
4\bigoplus 

i=1

M(ni, F )

\Biggr) 
.

Now
\sum 4

i=1
n2
i = 16 gives ni = 2 for i = 1, 2, 3, 4. Hence,

FG \sim = F 8 \oplus M(2, F )4.

If q \equiv  - 1,  - 5 mod 12, then | SF (\gamma g)| = 1 for g = 1, x2, y, y2, y3, x2y, x2y2, x2y3. So r = 8,

s = 2 and
FG \sim = F 4 \oplus F 2

2 \oplus M(2, F )4.

Theorem 2.8 is proved.

Table 6. Conjugacy classes in C3 \rtimes D8

Representative Elements in the class Order of element
[1] \{ 1\} 1

[x] \{ x\pm 1\} 3

[y] \{ y\pm 1, xy\pm 1, x - 1y\pm 1\} 4

[z] \{ z, y2z\} 2

[y2] \{ y2\} 2

[yz] \{ y\pm 1z, xy\pm 1z, x - 1y\pm 1z\} 2

[xz] \{ xz, x - 1y2z\} 6

[x - 1z] \{ x - 1z, xy2z\} 6

[xy2] \{ x\pm 1y2\} 6

Theorem 2.9. Let F be a finite field of characteristic p with | F | = q = pk and let G = C3\rtimes D8.

If p > 3, then

U(FG) \sim =

\left\{   C4
pk - 1

\times GL(2, F )5, if q \equiv 1, 5 mod 12,

C4
pk - 1

\times GL(2, F )3 \times GL(2, F2), if q \equiv  - 1, - 5 mod 12.
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Proof. Let G = \langle x, y, z | x3 = y4 = z2 = yzyz = 1, xyx = y, xz = zx\rangle .
Since G/G\prime \sim = C2

2 , thus, by [8, Proposition 3.6.11],

FG \sim = FC2
2 \oplus 

\Biggl( 
l\bigoplus 

i=1

M(ni, Fi)

\Biggr) 
. (2.6)

Since \mathrm{d}\mathrm{i}\mathrm{m}F (Z(FG)) = 9, l \leq 5.

If q \equiv 1, 5 mod 12, then | SF (\gamma g)| = 1 for all g \in G. Therefore, by (2.6), [13, Theorem 3.2],
Lemmas 1.1 and 1.2,

FG \sim = F 4 \oplus 

\Biggl( 
5\bigoplus 

i=1

M(ni, F )

\Biggr) 
.

Now
\sum 5

i=1
n2
i = 20 gives ni = 2 for i = 1, 2, 3, 4, 5. Hence,

FG \sim = F 4 \oplus M(2, F )5.

If q \equiv  - 1,  - 5 mod 12, then | SF (\gamma g)| = 1 for g = 1, x, y, z, y2, yz, xy2. So r = 7, s = 1

and
FG \sim = F 4 \oplus M(2, F )3 \oplus M(2, F2).

Theorem 2.9 is proved.

Table 7. Conjugacy classes in C3 \times D8

Representative Elements in the class Order of element
[1] \{ 1\} 1

[x] \{ x\} 3

[x - 1] \{ x - 1\} 3

[y] \{ y, y - 1\} 4

[y2] \{ y2\} 2

[z] \{ z, y2z\} 2

[xy] \{ xy, xy - 1\} 12

[x - 1y] \{ x - 1y, x - 1y - 1\} 12

[xy2] \{ xy2\} 6

[x - 1y2] \{ x - 1y2\} 6

[xz] \{ xz, xy2z\} 6

[x - 1z] \{ x - 1z, x - 1y2z\} 6

[yz] \{ yz, y - 1z\} 2

[xyz] \{ xyz, xy - 1z\} 6

[x - 1yz] \{ x - 1yz, x - 1y - 1z\} 6

Theorem 2.10. Let F be a finite field of characteristic p with | F | = q = pk and let G = C3\times D8.

If p > 3, then

U(FG) \sim =

\left\{   C12
pk - 1

\times GL(2, F )3, if q \equiv 1, - 5 mod 12,

C4
pk - 1

\times C4
p2k - 1

\times GL(2, F )\times GL(2, F2), if q \equiv  - 1, 5 mod 12.
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Proof. Let G = \langle x, y | x3 = y4 = z2 = yzyz = 1, xy = yx, xz = zx\rangle .
Since G/G\prime \sim = (C2 \times C6), thus, by [8, Proposition 3.6.11],

FG \sim = F (C2 \times C6)\oplus 

\Biggl( 
l\bigoplus 

i=1

M(ni, Fi)

\Biggr) 
. (2.7)

Since \mathrm{d}\mathrm{i}\mathrm{m}F (Z(FG)) = 15, l \leq 3.

If q \equiv 1,  - 5 mod 12, then | SF (\gamma g)| = 1 for all g \in G. Therefore, by (2.7), [15, Theorem 3.5],
Lemmas 1.1 and 1.2,

FG \sim = F 12 \oplus 

\Biggl( 
3\bigoplus 

i=1

M(ni, F )

\Biggr) 
.

Now
\sum 3

i=1
n2
i = 12 gives ni = 2 for i = 1, 2, 3. Hence,

FG \sim = F 12 \oplus M(2, F )3.

If q \equiv  - 1, 5 mod 12, then | SF (\gamma g)| = 1 for g = 1, y, y2, z, yz. So r = s = 5 and

FG \sim = F 4 \oplus F 4
2 \oplus M(2, F )\oplus M(2, F2).

Theorem 2.10 is proved.

Table 8. Conjugacy classes in C3 \times Q8

Representative Elements in the class Order of element
[1] \{ 1\} 1

[x] \{ x, x - 1\} 4

[x2] \{ x2\} 2

[y] \{ y, y - 1\} 4

[xy] \{ xy, x - 1y\} 4

[z] \{ z\} 3

[z - 1] \{ z - 1\} 3

[xz] \{ xz, x - 1z\} 12

[x2z] \{ x2z\} 6

[xz - 1] \{ xz - 1, x - 1z - 1\} 12

[x2z - 1] \{ x2z - 1\} 6

[yz] \{ yz, y - 1z\} 12

[xyz] \{ xyz, x - 1yz\} 12

[xyz - 1] \{ xyz - 1, x - 1yz - 1\} 12

[yz - 1] \{ yz - 1, y - 1z - 1\} 12

Theorem 2.11. Let F be a finite field of characteristic p with | F | = q = pk and let G = C3\times Q8.

If p > 3, then

U(FG) \sim =

\left\{   C12
pk - 1

\times GL(2, F )3, if q \equiv 1, - 5 mod 12,

C4
pk - 1

\times C4
p2k - 1

\times GL(2, F )\times GL(2, F2), if q \equiv  - 1, 5 mod 12.
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Proof. Let G = \langle x, y, z | x4 = z3 = 1, x2 = y2, yxy - 1 = x - 1, xz = zx, yz = zy\rangle .
Since G/G\prime \sim = (C2 \times C6), thus, by [8, Proposition 3.6.11],

FG \sim = F (C2 \times C6)\oplus 

\Biggl( 
l\bigoplus 

i=1

M(ni, Fi)

\Biggr) 
. (2.8)

Since \mathrm{d}\mathrm{i}\mathrm{m}F (Z(FG)) = 15, l \leq 3.

If q \equiv 1,  - 5 mod 12, then | SF (\gamma g)| = 1 for all g \in G. Therefore, by (2.8), [15, Theorem 3.5],
Lemmas 1.1 and 1.2,

FG \sim = F 12 \oplus 

\Biggl( 
3\bigoplus 

i=1

M(ni, F )

\Biggr) 
.

Now
\sum 3

i=0
n2
i = 12 gives ni = 2 for i = 1, 2, 3. Hence,

FG \sim = F 12 \oplus M(2, F )3.

If q \equiv  - 1, 5 mod 12, then | SF (\gamma g)| = 1 for g = 1, x, x2, y, xy. So r = s = 5 and

FG \sim = F 4 \oplus F 4
2 \oplus M(2, F )\oplus M(2, F2).

Theorem 2.11 is proved.

Table 9. Conjugacy classes in D12 \times C2

Representative Elements in the class Order of element
[1] \{ 1\} 1

[x] \{ x, x - 1\} 6

[x2] \{ x2, x - 2\} 3

[x3] \{ x3\} 2

[y] \{ y, x2y, x - 2y, \} 2

[xy] \{ xy, x - 1y, x3y\} 2

[z] \{ z\} 2

[xz] \{ xz, x - 1z\} 6

[x2z] \{ x2z, x - 2z\} 6

[x3z] \{ x3z\} 2

[yz] \{ yz, x2yz, x - 2yz\} 2

[xyz] \{ xyz, x - 1yz, x3yz\} 2

Theorem 2.12. Let F be a finite field of characteristic p with | F | = q = pk and let G =

= D12 \times C2. If p > 3, then

U(FG) \sim = C8
pk - 1 \times GL(2, F )4, if q \equiv \pm 1 mod 6.

Proof. Let G = \langle x, y | x6 = y2 = z2 = xyxy = 1, xz = zx, yz = zy\rangle .
Since G/G\prime \sim = C3

2 , thus, by [8, Proposition 3.6.11],
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FG \sim = FC3
2 \oplus 

\Biggl( 
l\bigoplus 

i=1

M(ni, Fi)

\Biggr) 
. (2.9)

Since \mathrm{d}\mathrm{i}\mathrm{m}F (Z(FG)) = 12, l \leq 4.

If q \equiv \pm 1 mod 6, then | SF (\gamma g)| = 1 for all g \in G. Therefore, by (2.9), [13, Theorem 3.5],
Lemmas 1.1 and 1.2,

FG \sim = F 8 \oplus 

\Biggl( 
4\bigoplus 

i=1

M(ni, F )

\Biggr) 
.

Now
\sum 4

i=1
n2
i = 16 gives ni = 2 for i = 1, 2, 3, 4. Hence,

FG \sim = F 8 \oplus M(2, F )4.

Theorem 2.12 is proved.
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