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GROUP OF UNITS OF FINITE GROUP ALGEBRAS OF GROUPS OF ORDER 24
I'PYIIA OJUHUIb CKIHYHEHHOI'PYIIOBUX AJITEBP I'PYII 24-I'0 TIOPAJIKY

Let F be a finite field of characteristic p. The structures of the unit groups of group algebras over F' of the three groups
Doy, S4 and SL(2,Z3) of order 24 are completely described in numerous works. We present the unit groups of the group
algebras over F' for the remaining groups of order 24, namely, Ca4, Ci2 X C2, C3 x Cs3, C3 x Cs, Cs x Qs, Dg x Cy,
Cﬁ A C4, 03 Del Dg, 05 X Ds, 03 X Qs, A4 X CQ, and D12 X CQ.

Hexaii F' — ckiHUEHHE T0JIe XapaKTepUCTHKH p. CTPYKTYpH TPyl ONUHHIL TPYIOBHX anreOp Hax F' mist Tpbox rpym Doy,
Sy ta SL(2,Z3) 24-ro nopsiKy MOBHICTIO OMHUCAHO B 6ararbox po0oTax. Mu HaBOAMMO IPyIH OAHHHIL IPYMOBHX alreop
Hax F' i perrtu rpyn 24-nopsinky, a came Coq, Cia X Co, C’S x Cs, C3xCs, C3xQs, DgxCy, CsxCy, C3x Dsg,
C3 X Dg, 03 X Qg, A4 X CQ Ta D12 X Cz.

1. Introduction. Let F'G be the group algebra of a finite group G over a finite field F’ of characteristic
p containing ¢ = p* elements and let U(F'G) be the group of units in F'G. Explicit calculations in
U(FG) are usually difficult, even when |G| is very small. So to find the structure of U(F'G) is an
interesting as well as challenging problem. In this paper, we study U(F'G), where G is a group of
order 24. We denote the Jacobson radical of F'G by J(FG) and V =1+ J(FG).

Let D,, @y, and C,, be the dihedral group, the quaternion group and the cyclic group of order n,
respectively. The fifteen nonisomorphic groups of order 24 are Coy, Cio X Cs, Cg X 6’22, C3 x Cg,
SL(2,Z3), C3 X Qg, 54, C4 X DG, D24, Cﬁ X C4, Cg bl Dg, Cg X Dg, C'3 X Qg, CQ X A4 and
D12 x Cy. The structures of U(F'Sy) and U(FSL(2,Z3)) are given in [5, 7], respectively. Also, the
structure of U(F Day) for p < 3 is given in [7, 9] and for p > 3 in [12]. For p = 2, Maheshwari [7],
obtained the structure of U(F'G), where G is a non-Abelian group of order 24. For p = 3, Monaghan
[9], studied the structure of U(F'G) where G is a non-Abelian group of 24 such that G has a normal
subgroup of order 3. Here, we completely describe the structure of U(F'G) in the remaining cases.

The group algebra F'G and its Wedderburn decomposition have applications in coding theory.
Cyclic codes can be realized as ideals of group algebras over cyclic groups as well as many other
codes appear as ideals of group algebras of noncyclic groups (see [10, 11]). A good description of
the structure of U(F'G) has applications in group ring cryptography, for investigation of the Lie
properties of group rings, isomorphism problem and other open questions in this area (see [1, 4]).
Our notations are same as in [12, 14].

The number of simple components of F'G/J(FG) is given in [2]. Let m, n and T be as in [2].
We restate here that for a p-regular element g € GG, v, is the sum of all the conjugates of g and the
cyclotomic F'-class of 74 is Sp(vy) = {74t | t € T}.

Lemma 1.1 [2, Proposition 1.2]. The number of simple components of FG/J(FQG) is equal to

the number of cyclotomic F'-classes in G.
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Lemma 1.2 [2, Theorem 1.3]. Suppose that Gal(F(n)/F) is cyclic. Let w be the number of

cyclotomic F-classes in G. If K1, Ko, ..., K, are the simple components of Z(FG/J(FG)) and
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S1, Sa, ..., Sy are the cyclotomic F-classes of G, then with a suitable reordering of indices,

2. Main results. Let [ € {3,6,12,24}. If ¢ = 45,47,+11 mod [, then ¢> = 1 mod . So

|T| = 2 and |Sp(vg)| < 2. Let r and s be the numbers of elements g € G such that |Sp(v,)| =1
and |SF(v4)| = 2, respectively. Then, for p > 3, by Lemmas 1.1 and 1.2,

Z(FG) = F" & F.

As dimp(Z(F@G)) = ¢ = the number of conjugacy classes in G, so s = (¢ —1)/2.
Theorem 2.1. Let F be a finite field of characteristic p with |F| = q = pF.
() If p=2, then

U(FCyy) =

3k 3k 6k 3
Cg" x CFF x C3" x O3,

C3F x CF x C§F x Cor_y x Coze_q, if g =—1mod 3.

if ¢=1mod 3,

(i) If p= 3, then

(i) If p > 3, then

C§6k X 038k_17 if ¢=1mod S8,
U(FCa) = C3% x C2, | xC3, |, ifq=-1,3mod 38,
C§6k X Cgk_l X C§2k_1, if ¢=—3mod8.
C’E,f_l, if ¢ =1mod 24,

Cgk_l X C;zlk_la U[ q= —1, 11 mod 24,

C;Lk_l X C;gk_la ljf q= 5 mod 24,

I

UFC

() CcS, . xC? if ¢ =—5,7 mod 24
k1 p2k_1> q= ) )

08

N1 X C’g%_l, if ¢=—7mod 24,

Co % Chu_y, if ¢=—11mod 24.

Proof. Let Coy = (x).
(1) If p = 2, then ‘024 : Cg‘ 7& 0 in F. So J(F024) = w(Cg) and FCQ4/J(FCQ4) ~ F(Cs.

Thus,

Now, o« =

U(FCQ4) 2V x U(FCg)

23 . . . 7 '
Zi:O ailﬂ S W(Cg) if and only if ijo a3j+i = 0, 7 = 07172. Also’ aQ

11 1 . 5 3 . 2 7 .
. 2 27 4 4 44 8 __ 8 83 _
= i, a® = g g ag...x 7 and o® = g E as.. .x™ = 0.
Zj:@ Zizo 12i45+ =0 i—0 Bi+7 =0 i=0 3ty

Since dimp(J(FG)) = 21, [V| = 22 Let V = CI' x C2 x Cf2, so that 221k = 2h+2+3ls [t jg

easy to see that
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GROUP OF UNITS OF FINITE GROUP ALGEBRAS OF GROUPS OF ORDER 24 217

S ={acw(C)|a®=0and a=p*for some § € w(Cs)} =

2
= {Z a4i:z:4i(1 -+ x12) | aq; € F}
=0

Thus, |S| = 23 and I3 = 3k. Also,

S1 = {a € w(Cs) | a®=0and a = 2 for some 8 € w(Cg)} =

5
= {Z agi:IZQi(l -+ x12) | ao; € F}
=0

Hence, |S1| = 20%, Iy = 3k and [; = 6k which leads to V =2 C§% x C3F x Cg*.
For U(FC3), see [13, Theorem 2.2].
(11) pr = 3, then |CQ4 : Cg’ =38 75 0 in F, J(FCQ4) = w(Cg) and FCQ4/J(FCQ4) = FCg.
Thus,
UFG) =V xU(FCs).

Since dimpJ(FC24) = 16 and J(FCa4)? =0, V = C16% Hence,
U(FCyy) = CIF x U(FCy).

The structure of U(F'Cy) is given in [13, Theorem 3.3].
(iii) If p > 3, then m = 24.
If ¢ = £1 mod 24, then we have [13, Lemma 2.2].
If ¢ =5 mod 24, then T = {1,5} and |Sr(v,)| =1 for g = 1, ¥ and 2'2. So r = 4, s = 10
and
FCyy = F4 EBF210.

If ¢ = —5,7 mod 24, then |Sp(y,)| =1 for g =1, 2%, 2#8 2!2. So r =6, s =9 and
FCoy = Fb D Fg

If ¢ = —7 mod 24, then T = {1,17} mod 24. Thus, |Sg(v,)| =1 for g = 1, 253, 226 259,
2'2. Sor =s =8 and
FCyy = F* @ FS.

If ¢ = 11 mod 24, then T = {1,11} mod 24. Thus, |Sp(7,)| = 1 for g = 1, 2. So r = 2,
s =11 and
F024gF2@F211.

If ¢ = —11 mod 24, then T = {1,13} mod 24. Thus, |Sg(y,)| =1 for g = 1, 2*2, 2*4 256,
8, 210 212 So r =12, s =6 and

FCy = F? @ FS.

Theorem 2.1 is proved.
Theorem 2.2. Let F be a finite field of characteristic p with |F| = q = p* and let G = Cyx C1s.
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218 M. SAHAI S. F. ANSARI
(1) If p =2, then

CI x Ok x C3

k1> if ¢ =1mod 3,

U(FG) =
CI x O%% x Cyr_y x Coyor_q, if ¢ = —1mod 3.

(i) If p = 3, then

U(FG) = Ci6k x C'3k 1 if ¢ =1 mod 4,
- Ci6k x 04, x C? ifg=—1mod 4
3k_1 32k _1> q = .
@11) If p > 3, then
C’;f}_l, if ¢ =1 mod 12,

C4k_ X Clgk_ , If ¢q=—1mod 12,
UFG) = Pt
CSk_l X CSQk_la lf‘ q= 5 mod 12,

\C;Ig_l X CSQk_la lf‘ q= —5 mod 12.

Proof. Let G = (z,y | 22 = y? = (x,9) = 1).
(i) Let H = (x3) x (y). If p=2, then |G : H| #0 in F, J(FG) = w(H) and FG/J(FG) =
=~ F'(C5. Thus,
U(FG) =2V x U(FCs).

11 11 o 7
Now, let o = ijo Zi:O ai2j+:x'y’. Then o € w(H) if and only if Zz‘:o asiyj = 0

5 3 , 2 7 .
for j = 0,1,2. Also, o* = ijo > adiyr? and ot = Z >, ahia® = 0. Since
dimp(J(FQ)) =21, [V| = 22 Let V = CL x C%2, so that 22'F = 2h1+22_ Clearly

S={acwH)|a*=0and a = > for some § € w(H)} =

{Zagl l—i-a: |agZ€F}

Thus, |S| = 23* and Iy = 3k. So V =2 C1%% x C3F.
(i) Let K = (z%). If p = 3, then |G : K| # 0 in F, J(FG) = w(K) and FG/J(FG) =
= F(Cy x Cy). Hence,
UFG) =V x U(F(Cy x Cy)).

Since dimpJ(FG) = 16 and J(FG)? = 0, V = Ci6*.
The rest follows by [13, Theorem 3.4].
(ii1) If p > 3, then m = 12.
If ¢ =1 mod 12, then T' = {1} mod 12. Thus, |Sp(v,)| = 1 for all g € G. Therefore, by
Lemmas 1.1 and 1.2,
FG = F*,
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GROUP OF UNITS OF FINITE GROUP ALGEBRAS OF GROUPS OF ORDER 24 219

If g = —1 mod 12, then T = {1,11} mod 12. Thus, |Sp(vy,)| = 1 for g = 1, 2%, y, 2°y. So
r=4, s =10 and
FG=F'o R)°.

If ¢ =5 mod 12, then T = {1,5} mod 12. Thus, [Sr(v,)| = 1 for g = 1, 23, 25, y, 2®3y,
2%y. So r = s = 8 and
FG=F3gqFS.
If ¢ = —5 mod 12, then 7' = {1,7} mod 12. Thus, |Sg(v,)| = 1 for g = 1, 22, 2%, 25, 4,
x 2y, x4y, 25y. So r =12, s = 6 and

FG=F2gFJ.

Theorem 2.2 is proved.
Theorem 2.3. Let I be a finite field of characteristic p with |F| = q = p* and let G = C3 x Cs.
(1) If p=2, then

C3k x C3

k1> if ¢q=1mod 3,

1

U(FG
) C2k % C x C fq=—
D) ok _1 22k _1; l](q = 1 mOd 3.

(i) If p= 3, then
U(FG) = C3% x C5,_,.

(iii) If' p > 3, then

C;,ffl, if g =1mod 6,
U(FG) =
Cgkfl X CEQLP if ¢q=—1 mod 6.

2 = 1l,2y = yz,22 = 20,00 =

Proof. Let C3 x C3 = (z,y,z,w | 2° = 1,9° = 22 = w
= wWT, Yz = 2Y, Yyw = Wy, 2w = wz).
(i) Let H = (y) x (2) x (w). If p = 2, then |G : H| # 0 in F, J(FG) = w(H) and
FG/J(FG) = FCs. Hence,
U(FG) 2V x U(FC3).
Since dimpJ(FG) =21 and o = 0 for all o € w(H), V = C3*.
(ii) Let K = (z). If p=3, then |G : K| # 0 in F, J(FG) = w(K) and FG/J(FG) = FC3.
Hence,
U(FG) =V x U(FCS).
Since dimpJ(FG) = 16 and J(FG)3 =0, V = Cik,
U(FC3) is given in [13, Theorem 3.5].
(iii) If p > 3, then m = 6. If ¢ = 1 mod 6, then 7" = {1} mod 6. Thus, |Sp(v,)| = 1 for all
g € G. Therefore, by Lemmas 1.1 and 1.2,

FG =~ %4,

If g = —1 mod 6, then T = {1,5} mod 6. Thus, |Sp(yy)| =1 for g =1, y, 2, w, yz, yw, zw,
yzw. So r = s = 8 and
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220 M. SAHAL S. F. ANSARI

FG=F®a Fs.

Theorem 2.3 is proved.
Now, we discuss non-Abelian groups of order 24. Since the case p = 2 is dealt with in [7], we
consider p > 3 only.

Table 1. Conjugacy classes in Co X Ay

Representative Elements in the class Order of element
[1] {1} 1
[z] {=} 2
[y] {y, yz, yw, yzw} 3
(2] {z,w, zw} 2
[xy] {zy, zyz, zyw, ryzw} 6
[27] {zz, 2w, 20} 2
v~ {v Ly 'z twy taw} 3
[y~ !] {ey= Y 2y, 2y~ w, 2y~ 2w} 6

Theorem 2.4. Let F be a finite field of characteristic p with |F| = q = p* and let G = Cy x Ay.
(1) If p =3, then
U(FG) = C5F % (C3,_| x GL(3,F)?).

@11) If p > 3, then

C;?k_1 x GL(3, F)?, if g =1 mod 6,
U(FG) =
Cgk_l X Cg%_l x GL(3,F)%, if ¢=—1mod 6.
Proof. Let G = (z,y,z,w | 22 = 3® = 22 = w? = L,oyx = y, 22 = 22,00W = W, 2W =

= wz,wy = Yywz, 2y = yw).

(i) Let p = 3. Clearly, T3 = 1 + (y + vy~ 1) (1 + 2)(1 + w). Let a = ag + a1z + asw + azzw +
+ a4z + a5xz + agrw + arrzw + agy + agyz + ajoyw + a11yzw + aroy "t + a3y Lz 4+ anay " w +
1 1 1

+a15yi/zw+a16$y+a17xyz+a18xyw+a19xyzw+a20$yfl+a2133y712+a22:vy7 w+a3ry” 2w.
If oT3 = 0, then, for j =0, 1, 2, 3, we have
3 3
aj + Z(agﬂ' +a1244) =0, @+ Z(ai + as+i) =0,

=0 =0

3 3

s+ Z(am“ +a204:) =0, a6 + Z(a4+i + ago+i) = 0,
=0 i=0
3 3
G+ + Z(ai +ai24i) =0, a4 + Z(a4+i + a164:) = 0.

=0 =0

After solving these equations, we get a4, = ajy4; for kzi 1,2,3 and : = 0,1,2,3,4,5. Also,
ag + ag + a1z = 0 and ay + ajg + azy = 0. Hence, Ann (T3) = {((bg + biz)(1 —y= 1) + (be +
+b3z)(y —y ™)1+ 2 +w+zw) | b; € F}.
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GROUP OF UNITS OF FINITE GROUP ALGEBRAS OF GROUPS OF ORDER 24 221

Since z and (1+2)(1+w) € Z(FG), Ann (?3)3 = 0. Thus, Ann (ﬂ) C J(FG).By[16,Lemma
2.2], J(FG) = Ann (T3) and dimp(J(FG)) = 4. Hence, V = C4F.

As [1], [z], [2] and [zz] are the 3-regular conjugacy classes, so m = 2. Thus, ¢ = 1 mod 2 and
Sr(vg) = {vg} for g =1, x, 2z, xz. Therefore, by [2, Theorem 1.3], this yield four components in
the Wedderburn decomposition of FG/J(FG). Since dimp(FG/J(FG)) = 20, we have

FG/J(FG) = F*® M(3,F)%

Hence,
U(FG) = C5F % (C3,_| x GL(3,F)?).
(ii) If p > 3, then m = 6. Since G/G’ = Cj, thus, by [8, Proposition 3.6.11],

l
FG2FCsa (@ M (ni, Fi)> . 2.1)

i=1
Since dimp(Z(FG)) =8, 1 < 2.
If ¢ =1 mod 6, then |Sp(v,)| = 1 for all ¢ € G. Therefore, by (2.1), [13, Theorem 4.1],

Lemmas 1.1 and 1.2,
2
FG=FSq (@ M (ng, F)).
i=1

Now ijl n? = 18 gives n; = 2 for i = 1,2. Hence,
FG=F%a® M(3,F)*.
If ¢ = —1 mod 6, then |Sp(yy)| =1forg=1, z, 2, xzz. Sor =4, s =2 and
FG=F’q Fy & M(3,F)>.

Theorem 2.4 is proved.
All the remaining groups of order 24 contain a normal subgroup of order 3 and in view of [9],
we need to consider only the semisimple case p > 3.

Table 2. Conjugacy classes in C3 x Cy

Representative | Elements in the class | Order of element
[1] {1} 1
[x] {271} 3
[y] {y, zy, "'y} 8
[v°] {v°} 4
[y’] {2y’ 27} 8
[y"] {v'} 2

'] {y Loy taly !} 8
[y (v} 4
vy~ {y 3 2y a7 "y} 8
[zy”] {zy*, 27 y%} 4
[zy 2] {zy %27y %) 4
[zy* {zy* 2~ 1y"} 2
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Theorem 2.5. Let F be a finite field of characteristic p with |F| = q = p* and let G = C3x Cs.
If p > 3, then

8

U(FG) = c;k_l X Cﬁ%_l x GL(2,F)? x GL(2,F,), if ¢=—1,-5,7,11 mod 24,

x GL(2, F)*, ifg=1,—7 mod 24,

04

1 ¥ C’If%_l x GL(2, F)*, ifg=5,—11 mod 24.

Proof. Let G = (z,y | 23 =98 = 1,yzy~ ! =271).
FG is semisimple, so all the conjugacy classes of G are p-regular and m = 24. Since G/G’ = Cs,
thus, by [8, Proposition 3.6.11],

l
FG~ FCs@® (@ M (n;, Fi)> , (2.2)

=1

where each Fj is a finite extension of F. Since dimp(Z(FG)) =12, 1 < 4.
If g =1, —7 mod 24, then |Sp(vy)| =1 for all g € G. Therefore, by (2.2), [13, Theorem 3.3],

Lemmas 1.1 and 1.2,
4
FG=F%g <@ M(ni,F)>.
i=1

Now dimp(FG) = 24, gives n; = 2 for i = 1,2, 3, 4. Hence,
FG = F8 @ M(2,F).

If =5, —11 mod 24, then |Sp(v,)| =1 for g = 1, z, y*2, y*, 2y, 2y*. Sor =8, s =2
and
FG=F'a F;o M2, F)~

If g=—1, =5, 7, 11 mod 24, then |Sp(vy,)| =1 for g =1, z, y*, 2y*. So r = s =4 and
FG=F?’®F3 o M(2,F)*® M(2,F,).
Theorem 2.5 is proved.

Table 3. Conjugacy classes in C'5 x Qg

Representative | Elements in the class | Order of element
[1] {1} 1
[z {x, 271} 12
[2%] {22, 272} 6
2] {23,273} 4
[24] {2*, o4} 3
[2°] {2, 27°} 12
[2°] {=°} 2
[y] {y, 2™y, 2™y, 2%} 4
[zy] {z™ly, 2™y, a0y} 4
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Theorem 2.6. Let F be a finite field of characteristic p with |F| = q = p* and let G = C3 % Qs.
If p > 3, then

Of;,t1 x GL(2, F)>, if ¢= 41 mod 12,

I

U(FG)
C’;‘Ll x GL(2,F)? x GL(2,Fy), if ¢ =45 mod 12.

Proof. Let G = (z,y | 212 = 1,20 = 92, yay~! = 271).
Since p > 3 and G/G’ = C3, thus, by [8, Proposition 3.6.11],

l
FG=FC?a (@ M (ng, E)) . (2.3)
=1

Since dimp(Z(FG)) =9, 1 < 5.

If ¢ = £1 mod 12, then |Sp(v,)| = 1 for all g € G. Therefore, by (2.3), [13, Theorem 3.2],
Lemmas 1.1 and 1.2,

5
FG~F'a (@ M (n;, F)) :
i=1
Now dimp(FG) = 24 gives n; = 2 for : = 1,2, 3,4, 5. Hence,
FG = F* @ M(2,F)°.
If ¢ = +5 mod 12, then |SF(v4)| =1 for g =1, 22, 23, 2%, 2%, y, zy. Sor =7, s=1 and
FG=F'a M2,F) & M2,F,).

Theorem 2.6 is proved.

Table 4. Conjugacy classes in Cy x Dg

Representative Elements in the class Order of element
1] {1} 1
] {271} 3
9] {y, 2y, 2"y} 2
[z {z} 4
Ed {=%} 2

[=~"] {==1) 4

[x2] {zz, 2712} 12
[12?%] {22, 27122} 6
[2271] {zz=t 271271} 12

[y2] {yz, zyz, a7 "yz} 4
ly2] {y2?, ay2? 2" 'y2?) 2
lyz""] {yz" oyt oyt 4
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Theorem 2.7. Let F be a finite field of characteristic p with |F| = q = p* and let G = Cy x Dg.
If p > 3, then

Cgk—l X GL(27F)47 lfq = 1,5 mod 12,

12

U(FG)
C;*,c_l X Cg%_l x GL(2,F)? x GL(2,F), if ¢=—1,—5mod 12.

Proof. Let G = (x,y,2 | 23 = 9? = 24 = zyry = 1,22 = 22,y2 = 29)).
Since G/G’ = (Cy x Cy), thus, by [8, Proposition 3.6.11],

!
FG 2= F(Cy x Cy) ® (@ M (n;, F)) (2.4)
=1

Since dimp(Z(FG)) =12, 1 < 4.
If ¢ =1, 5 mod 12, then |Sp(7yy)| = 1 for all g € G. Therefore, by (2.4), [13, Theorem 3.4],
Lemmas 1.1 and 1.2,

FG=F%g <é M(ni,F)>.
i=1
Now ijl nf =16 gives n; = 2 for i = 1,2, 3,4. Hence,
FG=F*® M(2,F)~
If = —1, =5 mod 12, then |Sp(y,)| =1 for g =1, =, y, 2%, 222, y2%. Sor =6, s = 3 and
FG=F'aFlo M2 F)*® M(2,F,).
Theorem 2.7 is proved.

Table 5. Conjugacy classes in Cg x Cy

Representative Elements in the class Order of element
[1] {1} 1
[] {z, 2y, 2y~?} 4
[2°] {=%} 2

[:E_l] {:13_1, l‘_ly_Q, :L“_lyQ} 4
] {v,y7"} 6
[y°] {v’,y %} 3
[y°] {v’} 2
[zy] {zy, xy~"!, xy®} 4

[2%y] {z%y, 2%y~ "} 6

2~ {z y,aly a1y 4
[°y”] {z%y* 2%y} 4
%y {z%y°} 2
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Theorem 2.8. Let F be a finite field of characteristic p with |F| = q = p* and let G = Csx Cy.
If p > 3, then

C8_, x GL(2,F)*, if g =1,5mod 12,

U(FG) =
Cﬁk_l X Cz%_l x GL(2,F)*, if ¢=—1,—5 mod 12.

Proof. Let G = (z,y | 2* =% = 1,yzy = ).
Since G/G’ = (Cy x Cy), thus, by [8, Proposition 3.6.11],

l
FG=F(Cy x Cy) @ (@ M(ni,Fi)) (2.5)
=1

Since dimp(Z(FG)) =12, 1 < 4.
If ¢ =1, 5 mod 12, then |Sp(7y)| = 1 for all g € G. Therefore, by (2.5), [13, Theorem 3.4],
Lemmas 1.1 and 1.2,

4
FG=Fg (@ M (n;, F)).
i=1
4
Now Z . nf =16 gives n; = 2 for i = 1,2, 3,4. Hence,
1=

FG = F8 @ M(2,F).

If g= —1, =5 mod 12, then |Sr(v,)| = 1 for g = 1, 22, y, 32, v, 2%y, 2%y?, 2%y>. Sor =8,
s =2 and
FG=F'@ Fio M2, F)

Theorem 2.8 is proved.

Table 6. Conjugacy classes in C'5 x Dsg

Representative Elements in the class Order of element
[1] {1} 1
[#] {==1} 3
[] {y*!, ay* 2 1yF) 4
] (%7 2
[v°] {v°} 2
ly2] {y='z, o™z, 0 Ty 2} 2
[x2] {zz, 2 1y?2} 6
[z 12] {x7 12, 2?2} 6
[zy”] {z='y*} 6

Theorem 2.9. Let F be a finite field of characteristic p with |F| = q¢ = p* and let G = C3x Ds.
If p> 3, then

C;fk_l x GL(2, F)?, if ¢ =1,5 mod 12,

12

U(FG)
Ch_ X GL(2, F)® x GL(2, Fy), if q=—1,-5mod 12.
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Proof. Let G = (z,y,z | 23 =y* = 22 = yzyz = 1, zyr = y, 12 = 22).
Since G/G’ = (3, thus, by [8, Proposition 3.6.11],

l
FG=FC?o (@ M (n;, E)) : (2.6)
=1

Since dimp(Z(FG)) =9, [ <5.
If g =1, 5 mod 12, then [Sp(74)| = 1 for all g € G. Therefore, by (2.6), [13, Theorem 3.2],

Lemmas 1.1 and 1.2,
5
FG=F'g <EB M (n;, F)).
i=1

5
Now Z'—1 nf =20 gives n; = 2 for : = 1,2, 3,4, 5. Hence,
FG=F'@ M(2,F)°.

If g = —1, =5 mod 12, then |[Sp(v,)|=1forg =1, z, y, 2z, ¥*, yz, 2y*>. Sor =7, s =1
and
FG=F'a M©2,F) e M2, F).

Theorem 2.9 is proved.

Table 7. Conjugacy classes in Cs x Dg

Representative | Elements in the class | Order of element
[1] {1} 1
[z] {z} 3

[z~ {="} 3
] {v, v~} 4
[y°] {v°} 2
[2] {z,9°2} 2
[y {zy, zy~"} 12

[z~ y] {zy, 2y} 12

[zy”] {zy*} 6

[z~ 1y’ {z7'y*} 6
[x2] {zz, %2} 6

[z712] {71z, 27 1y?2} 6
lyz] {yz,y~'2} 2

[zy2] {zyz,ay~ 'z} 6

[z~ yz] {ztyz, 2ty 12} 6

Theorem 2.10. Let I be a finite field of characteristic p with |F| = q = p* and let G = C3x Ds.
If p> 3, then

O;I?_l X GL(QaF)37 lj{q = 17 —5 mod 12,

12

U(FQ)
C;}k_l X C;%_l x GL(2,F) x GL(2,F), if ¢=—1,5mod 12.
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Proof. Let G = (z,y | 23 = y* = 22 = yzyz = 1,0y = yx, 22 = 21).
Since G/G’ = (Cy x Cg), thus, by [8, Proposition 3.6.11],

l
FG%H@XC@@GBMWMM) (2.7)
=1

Since dimp(Z(FG)) =15, 1 < 3.
If g =1, —5 mod 12, then |Sp(v4)| =1 for all g € G. Therefore, by (2.7), [15, Theorem 3.5],

Lemmas 1.1 and 1.2,
3
FG%FH®<@MHWF0.
i=1

Now ijl n? = 12 gives n; = 2 for i = 1,2,3. Hence,
FG=F2q M(2,F)>.
If = —1, 5 mod 12, then |Sp(y,)| =1 for g =1, y, ¥, 2, y2. Sor =s =5 and
FG=F*® Ff o M(2,F)® M(2,F).
Theorem 2.10 is proved.

Table 8. Conjugacy classes in C'5 x Qg

Representative | Elements in the class | Order of element
[1] {1} 1
[z] {x, 271} 4
7] {=*} 2
ly] {yv™"} 4
[y {zy,z~ "y} 4
[2] {z} 3
[2] =71 3
[x2] {zz, 2712} 12
[222] {222} 6

[z271] {wz=t =17 h) 12
[22271] {x?271} 6
lyz] {yz,y~ "2} 12
[xyz] {xyz, o 1yz} 12
[zyz~1] {wyz=H o~ ly2~1) 12
e {yz=""y 271} 12

Theorem 2.11. Let F be afinite field of characteristic p with |F| = q = p* and let G = C3xQs.
If p> 3, then

O;I?_l X GL(QaF)37 lj{q = 17 —5 mod 12,

12

U(FQ)
cﬁ_lxcg%_lxcuxzfvxcnxzﬁm, if ¢=—1,5mod 12.
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Proof. Let G = (z,y,z |2t =22 = 1,22 =y yay ! =27 22 = 20, yz = 2y).

Since G/G’ = (Cy x Cg), thus, by [8, Proposition 3.6.11],

l
FG = F(Cy x Cs) ® (@ M(ni,Fi)) (2.8)
=1

Since dimp(Z(FG)) =15, 1 < 3.
If g =1, —5 mod 12, then |Sp(7,)| =1 for all g € G. Therefore, by (2.8), [15, Theorem 3.5],

Lemmas 1.1 and 1.2,
3
FG=F2g (@ M (n;, F)) .
i=1

Now Zj:o nf = 12 gives n; = 2 for ¢ = 1,2, 3. Hence,
FG=F2ao M(2,F)3.
If ¢ = —1,5 mod 12, then |Sp(7,)| =1 for g =1, z, 22, y, xy. Sor = s =5 and
FG2F'oF o M2, F)® M(2,F).
Theorem 2.11 is proved.

Table 9. Conjugacy classes in D1o x Cs

Representative | Elements in the class | Order of element
[1] {1} 1
[x] {, 271} 6
[2?] {22,072} 3
[27] {=°} 2
] {y, =%y, 2%y, } 2
[zy] {zy, "'y, 2y} 2
[2] {z} 2
[x2] {zz, 2712} 6

[222] {2z, 2722} 6
[232] {232} 2
lyz] {yz, #%yz, 2 %yz} 2
[zyz] {xyz, 2 tyz, 23y2} 2

Theorem 2.12. Let F' be a finite field of characteristic p with |F| = q = p* and let G =
= Do x Cy. If p > 3, then

U(FG) = C_y x GL(2,F)*, if ¢=+1 mod 6.

Proof. Let G = (z,y |25 =y? = 22 = ayay = 1,22 = z2,y2 = 27).
Since G/G’ = CS, thus, by [8, Proposition 3.6.11],
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l
FG=FCo (P Mn,F)|. (2.9)
=1

Since dimp(Z(FG)) =12, 1 < 4.
If ¢ = =1 mod 6, then |Sp(yy)| = 1 for all g € G. Therefore, by (2.9), [13, Theorem 3.5],
Lemmas 1.1 and 1.2,

4
FG=F*a P M, F)
=1

4
Now Zi:l n? =16 gives n; = 2 for i = 1,2, 3,4. Hence,
FG=F*® M(2,F)~

Theorem 2.12 is proved.
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