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COMMUTATORS IN SPECIAL LINEAR GROUPS
OVER CERTAIN DIVISION RINGS

KOMYTATOPH B CHIELIAJBHUX JIHIHHUX T'PYIAX
HAJ AESAKUMM KUIBISIMM 3 JIJTEHHSIM

We consider the question whether an element of a special linear group SL,, (D) of degree m > 1 over a division ring D
is a commutator. Our first aim is to show that if the division ring D is algebraically closed and finite-dimensional over its
center, then every element of SL,, (D) is a commutator of SL,,,(D). We also indicate that this question is related to the
derived series in division rings and then describe the derived series in the Mal’cev—Neumann division rings of noncyclic
free groups over fields.

Po3mIsiHYTO NMMTaHHS, YU € eIEMEHT CIeUiaibHOl diHiiHOI rpymu SL., (D) cremens m > 1 Hax KimbLieM 3 AUICHHSIM
D xomyraropom. Hama nepiia Mera mossirae B TOMY, 1100 MOKa3aTH, L0 y BUMAJKY, KOJIM Kilble 3 jAineHHAM D €
anreOpaidHO 3aMKHEHNM 1 CKIHYCHHOBHMIPHHM HaJ HOro LEHTPOM, KOXKeH eleMeHT SL., (D) e komyratopom B SL, (D).
Taxox 3a3HA4YEHO, 10 1I¢ MUTAHHS OB S3aHEe 3 MOXIIHUM PSIIOM Y KUIBLAX 3 JUICHHSAM, OIMCAHO MOXIMAHUHN PSA y KiNbIsSX
3 pinendsiM Maspiea — HoiiMana HEMKITIYHUX BUTBHHUX TPy Ha MOJISIMH.

1. Introduction. Let G be a group. Let G = G’ = (aba—'b~! | a,b € G) be the derived subgroup
of G. Inductively, for an integer n > 1, G(™ is defined to be the derived subgroup of G("~1). The
subgroup G is called the nth derived subgroup of GG. For a subgroup H of G, the element a € G
is called a commutator of H if there exist a1, as € H such that a = a1a2af1a§1.

The question concerning groups of which each element in the derived subgroups is a commutator
or a product of commutators of certain subgroups has a long history with different types of groups
(see, e.g., [3, 5, 8, 13-15, 17, 18]). We refer to [6, 19] for a survey of this topic. The case
when G is the skew general linear group received more attention and is interesting. Let D be a
division ring, m a positive integer, GL,,, (D) the skew general linear group of degree m over D and
SL,,(D) = GL,,(D)" the skew special linear group of degree m over D. The following questions
are inspired by Shoda [16] and Thompson [18].

Question 1.1. For which division rings D, every element of SL,,(D) is a commutator of
GL,,(D)?

More interestingly, the following question.

Question 1.2. For which division rings D, every element of SL,,(D) is a commutator of
SL,,(D)?

Thompson showed that for fields different from the field of two elements, the answer to Questi-
on 1.1 is positive [ 18, Theorems 1 and 2]. Regarding the class of fields for which the answer to Questi-
on 1.2 is positive, Shoda showed in [16] that it contains algebraically closed fields. Thompson then
extended for fields in which the equation 22 +y? = —1 has a solution. Concerning to noncommutative
cases, in [7], Kursov showed that for the real quaternion division ring, the answer to Question 1.2 is
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positive. Observe that in [7] there is a mistake in the proof of Lemma 2 and D. Z. Dokovic presented
a new proof in [2]. It should be remarked that in case m = 1, the class of noncommutative division
rings for which the answer to Question 1.1 is positive includes finite-dimensional division rings whose
centers are p-adic number fields [12].

The first aim of this paper is to show that the answer to Question 1.2 is positive for division rings
which are finite-dimensional over its center and algebraically closed. Recall that a division ring D
is called algebraically closed if for every nonconstant polynomial f(t) € DJt], there exists a € D
such that f(a) = 0. Trivially, algebraically closed fields are algebraically closed division rings. It
is well-known that the real quaternion division ring is noncommutative algebraically closed. For a
description of algebraically closed division ring, we refer [9, p. 255-256].

Question 1.2 has a connection to the derived series of groups. To see this, let G be a group
and assume that each element of G’ is a commutator of G’. Then, for every a of G’, there exist
a1,as € G’ such that a = alagaflagl. Hence, a € G which implies that G2 = @, that is,
the derived series G’ O G® D GB) D ... stops at G'. Going back to Question 1.2, we need to
find division rings D such that the derived series of GL,,(D) stops at GL,,(D)" = SL,,(D). It is
well-known that if m > 1 and D contains at least 4 elements, then SL,,,(D)" = SL,,, (D). Hence, to
describe the derived series of GL,, (D), we focus on the case m = 1, that is, the derived series of the
unit group D* = D\{0} of D. The following question is essentially driven by M. Mahdavi-Hezavehi
[11, p. 82] (Problem 16).

Question 1.3. For which division rings D, D?) = D'?

Hence, to describe the derived series of the unit groups of division rings is itself an interesting
topic. The second aim of this paper is to describe the derived series of the unit groups of the
Mal’cev — Neumann division rings over fields of noncyclic free groups.

This paper is organized as follows. In Section 2, we present the first main result by showing
that if D is an algebraically closed division ring which is finite-dimensional over its center, then
every element in SL,,(D) is a commutator of SL,,(D) for all positive integers m. For a smooth
presentation, the proof will be separated in three cases: m = 1, m > 2 and m = 2. In Section 3, we
present a description of the derived subgroups in Mal’cev— Neumann division rings of noncyclic free
groups over fields.

Our notations in this paper are standard but it is always not redundant if ambiguous notations
should be explained clearly. For a division ring D, the general linear group of degree m > 1 over D
is denoted by GL,,,(D) as usual. In this paper, the notation SL,,(D) is for the special linear group
of degree m over D, that is, SL,,,(D) = GL,,(D)’. Remark that in some papers, this special linear
group is denoted by E,,(D) (and SL,,(D) for the group of matrices in GL,,(D) of reduced norm
1). For convenience, if D is a division ring, we write D(") and D’ for the rth derived subgroup
(D*)") and the first derived subgroup (D*)’, respectively.

In this paper, a finite-dimensional division ring is a division ring which is finite-dimensional over
its center.

2. Special linear groups over algebraically closed division rings. The aim of this section is
to show that for algebraically closed finite-dimensional division rings, the answer to Question 1.2 is
positive.
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Theorem 2.1. Let D be a finite-dimensional division ring and m be a positive integer. If D is
algebraically closed, then each element in SL,,(D) is a commutator of SL,(D).

We begin with the case m = 1. To do this, we firstly present a class of division rings D for
which the answer to Question 1.3 is positive, that is, D@ =D’

A (multiplicative) group G is called radicable if for every a € GG and a positive integer n, there
exists an element b € G such that b” = a. A division ring is called radicable if the unit group D*
of D is radicable (see [10]). Hence, it is trivial that algebraically closed division rings are radicable.
Radical division rings have many interesting results. We refer to [10] for an investigation of radicable
division rings.

We borrow the following lemma which is from [11].

Lemma 2.1 [11, Lemma 4.3]. Let D be a division ring with center F. If dimp D = m?2, then,
for every a € D*, there exist a € F* and d € D' such that a™ = ad.

Lemma 2.2. [f D is a division ring with center F such that dimp D = 4, then FND' = {+1}.

Proof. Let a € F N D" and Np(,y/p the norm of F(a) to F. Since a € D', Np(q)/p(a) = 1.
Moreover, as a € F, Np(q)/r(a) = a’. Hence, a®> = 1 which implies that either a = 1 or a = —1.
Thus, F N D' = {£1}.

Proposition 2.1. Let D be a finite-dimensional division ring. If D is radicable, then D@ = D'
Moreover, if an element of D' is a commutator of D*, then it is a commutator of D'.

Proof. To prove D®) = D/, it suffices to show D’ C D). Assume that dimp D = m?. Let
d = xyz~'y~! € D'. Since D is radicable, there exist a,b € D* such that a™ = z,b™ = y. By
Lemma 2.1, a™ = a,d, and b™ = aydp, where oy, o € F and d,,d, € D'. Hence,

d = xyz 'y~ = audaapdy(agds) Hoapdy) ™t = dudydy tdy b € D).

Therefore, d = zyz 'y~ belongs to D). Thus, D’ C D?). The rest is also implies from the above
arguments.

Proposition 2.1 is proved.

Recall that a field F is real-closed if F is not algebraically closed but the field extension F'(v/—1)
is algebraically closed. A division ring D with center F' is called an ordinary quaternion division
ring if D has the form

D:{a+bz’+cj+dk|a,b,c,deF,i2:j2:k2:—1,ij:_jz‘:k},

To show the next corollary, we need the following result which is known as Baer’s theorem for
algebraically closed finite-dimensional division rings (see, e.g., [9, p. 255-256]).

Lemma 2.3. Let D be a finite-dimensional division ring. If D is a algebraically closed, then
one of the following assertions satisfies:

(1) D is a algebraically closed field.

(2) The center F of D is a real-closed field and D is the ordinary quaternion division ring.

The following corollary is Theorem 2.1 with m = 1.

Corollary 2.1. Let D be a finite-dimensional division ring. If D is algebraically closed, then
every element in D' is a commutator of D’.

Proof. Assume that D is an algebraically closed division ring. Since algebraically closed division
rings are radicable, by Proposition 2.1, it suffices to show that every element of D’ is a commutator
of D*. According to Lemma 2.3, it suffices to consider the case when F' is real-closed and
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D={a+bi+cj+dk|abcdecFi*=j=k=—-1,ij=—ji=k}.

Let o € D'. If a € F, then either & = 1 or @ = —1 by Lemma 2.2. Observe that —1 = 4ji~'5~1
and 1 = 1.1.17'171, so in this case, the proof is complete. Now assume that o ¢ F. Then [F(a):
F] = 2. Since F(a)/F is a cyclic extension, by Hilbert’s theorem 90, there exists ay € F(a)\F
such that & = o(ag)ay ', where o is the nonidentity autormorphism of F(a) over F. By the
Skolem —Noether theorem, F'(«) contains an element o such that o(ag) = alozgozfl. Therefore,
a=o(mw)ay! =ajamartay

Corollary 2.1 is proved.

Now we move to the case m > 2. In this case, our arguments depend heavily on the following
two lemmas.

Lemma 2.4. Let F be a field containing at least 4 elements and m be a positive integer.

(1) If m — 2 is not a multiple of 4, then every element in SL,,(F) is a commutator of SL,,(F).

(2) If F contains an element x such that x> = —1, then every element in SL,,(F) is a
commutator of SL,(F).

Proof. This lemma is from [18, Theorems 1 and 2].

Lemma 2.5. Let D be a finite-dimensional division ring and m > 2. If every element of D’ is
a commutator, then every noncentral element of SL,,,(D) is a commutator of SLy, (D).

Proof. This lemma is just a corollary of [4, Theorem 1].

We are ready to show Theorem 2.1 for the case m > 2.

Theorem 2.2. Let D be a finite-dimensional division ring and m > 2. If D is algebraically
closed, then every element of SL,,(D) is a commutator of SLy, (D).

Proof. Let A € SL,,(D). We show that there exist A;, Ay € SL,,(D) such that A =
A1 A AT A Let F be the center of D. By Lemma 2.3, we consider two cases:

Case 1: D = F is an algebraically closed field. It is trivial that the equation 2> = —1 has a
solution in D, so by Lemma 2.4, there exist Ay, Ay € SL,,(F') such that A = A1A2A1_1A2_1. The
theorem is shown in this case.

Case 2: F is real-closed and D is the ordinary quaternion division ring. Assume that

D={a+bi+cj+dk|abcdecFi’=j=k=—-1,ij=—ji=k}.

By Corollary 2.1, every element of D’ is a commutator of D', so if A is noncentral, then there
exist Ay, Ay € SL,,(D) such that A = A; A3 AT A according to Lemma 2.5. Now assume that
A is central. Then A = Al,, where A € F. Since A € SL,,,(D), ™ € D’. By Lemma 2.2,
A e {1,-1}. If \™ =1, then A = A\, € SL,,,(F(4)). By Lemma 2.4 (2), there exist A, Ay €
SL;(F(i)) € SL,u(D) such that A = A; Ag A7 A If A™ = —1 and m = 2m; is even, then
(A™1)2 = —1 which contradicts to the fact that F' is real-closed. Hence, \™ = —1 and m is
odd. Therefore, A = A, = (—Ip,)(—A)I,,. Regarding the matrix (—AI,,), one has (—\)™ =
(=1)™A\™ = (=1)(=1) = 1, so —AI,, = B1BaBy By " where By, By € SL,,(F) (Lemma 2.4 (1)).
Observe both I, and jI,, commute to all matrices in GL,,(F), so

(iB1)(jB2)(iB1) "' (jB2) ™" = (i) (jIm) (L) " (jLm) ' B1BaBy ' By ' = (—Ln)(=Alm) = A.

Put A} = iB; and Ay = jBy. Then Ay, Ay € SL,,,(D) and A = A; As A7 AL

Theorem 2.2 is proved.

Now we focus on the case m = 2. Assume that a is an element of G which is a commutator
of H, that is, a = alagaflagl for some a1,a2 € H. Then, for every ¢ € G, it is clear that
cac™! = (carc 1) (cazc 1) (carc™) " (caac™) L. Hence, we have following lemmas.
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Lemma 2.6. If G is a group and H is a normal subgroup of G, then an element of G is a
commutator of H if and only if so are all its conjugates.
1 ai

Lemma 2.7. Let D be a finite-dimensional division ring and A, = (0 1

> and Ay =

1

(1 0> two matrices in GLo(D). If h # 1 and H = <0

0 ) B
ay 1 h)’ then there exist By =

<(1) bf),BQ = <b1 (1)> S GLQ(D) such that A1 = HilBl_lHBl and Ay = BQHBQ_lHil.
2

Proof. This lemma is just a corollary of [4, Proposition 4.1].
Lemma 2.8. Let D be a finite-dimensional division ring. For every noncentral matrix A €

GLa(D), there exists B € GLy(D) such that BAB™! has the form

=6 D69

Additionally, if A € SLy(D), then b € D'.

Proof. This lemma is a special case of [4, Theorem 2.1].

It is time to show Theorem 2.1 for the case m = 2.

Theorem 2.3. Let D be a finite-dimensional division ring. If D is algebraically closed, then
every element of SLa(D) is a commutator of SLa(D).

Proof. For every element A € SLo(D), we must show that there exist Ay, Ay € SLy(D) such
that A = A1A2A1_1A2_1. By Lemma 2.3, ecither D = F' is an algebraically closed field or F' is
real-closed and D is the ordinary quaternion division ring. In the first case, by Lemma 2.4, there
exist Ay, Ag € SLo(F') such that A = AlAgAflAg 1 Now we consider the latter case, that is, F' is
real-closed and

D={a+bi+cj+dk|abcdcF,i?=j?=k=—-1,ij=—ji=k}.

a
0
Lemma 2.2, either a? = 1 or a®> = —1. Observe that F is real-closed, so a® # —1. As a corollary,

a? = 1 which implies that A = <8 2) € SLo(F) C SLo(F'(7)). Hence, by Lemma 2.4 (2), there

exist A;, As € SLQ(F(Z)) such that A = AlAQAIlAgl.
Case 2: A isnoncentral. By Lemmas 2.6 and 2.8, it suffices to consider A of the form A = UHV,

where U = (i 0), V = <1 U) and H = (1 0) for some u,v € D and h € D'. By

Case 1: A is central, that is, A = < 2) with @ € F and a® € D’. Then a®> € FND'. By

1 0 1 0 h
Corollary 2.1, h = sts~'t~! for some s,t € D’. If h = 1, then h = sss~'s~! for every s € D', so
without loss of generality, we assume that s £ 1. Put H; = ((1) 2) and Hy = (é ts_(l) t_1>.

Then H = HiH>. According to Lemma 2.7, there exist U} = (ul (1)> and V; = (é 1}11> such
1

that U = Uy H1U; ' Hy b and V = Hy 'V ' Hy V7. Hence,
A=UHV = U HU; 'H{ ' HiHyHy 'V P Hy Vi = Uy H U PV P HO VYL
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0 t
Ay A2 AT AT Moreover, since Uy, Hy, T, V; € SLy, (D), one has Ay, Ay € SL,,,(D).

Theorem 2.3 is proved.

Proof of Theorem 2.1. The theorem follows from Corollary 2.1, Theorems 2.2 and 2.3.

3. Derived series of Mal’cev - Neumann division rings of free groups. The aim of this section
is to describe the derived subgroups of Mal’cev—Neumann division rings of noncyclic free groups
over fields. As a corollary, it is shown that if D is the Mal’cev—Neumann division ring of a noncyclic
free group over a field, then the derived series

-1
If T = (t O), A = U1H1U1_1 and Ay = VI_ITUl_l, then we may check that A =

2
D’;p()g...

never stops. In particular, for the class of these division rings, the answer to Question 1.3 is negative.

We recall briefly the definition of Mal’cev—Neumann division rings of totally ordered groups.
Recall that a group G with total order < is called a totally ordered group if a < b, then ca < ¢b and
ac = be for every a, b, c € G. Assume that S is a subset of the totally ordered group G. We say that
S is well-ordered (or WO for short) if every nonempty subset of .S has a least element. We denote
min(.S) the least element of a WO subset S.

Let F' be a field and G a totally ordered group. For a formal sum o = Z .

e agg, where a4 € F,

put supp(a) = {g € G | ag # 0} and call it the support of a.. Put

F((Q)=qa= Z aqg | supp(c) is WO
geG

For every a = deG agg, = deG byg € F((G)), we define

a+p= Z(ag""bg)g

geG

and

aﬁzz Z agby |1t.

teG \ gh=t

The above operators are well-defined [9] and moreover F'((G)) is a division ring called the Mal 'cev—
Neumann division ring of G over F' [9, Theorem 14.21].

Lemma 3.1. Let F' be a field G be a totally ordered group and F((G)) be the Mal'cev—
Neumann division ring of G over F. If F* - G denotes {ag | a € F*,g € G}, then the map

o: F((G)" = F" -G, a= Z Qgg — Qmin(supp(a)) min(supp(a))
geG

is a surjective group morphism.

Proof. First note that F™* - G is a subgroup of the multiplicative group F'((G))*. If o € F((G))*
then supp(«) is a nonempty subset of G' and min(supp(«)) exists. Thus o is well-defined. Moreover,
o is trivially surjective since the restriction of o to F* - GG is the identity map. To conclude our
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arguments, we now show that o preserves the multiplication in F'((G))*. Indeed, if o = Z i 99
g

and § = Z o Bgg from F((G))* with z = min(supp(«)) and y = min(supp(f3)), then o(a) =
g
agx and o(f) = Byy. Recall that o8 can be written in the form

aB=>| > ab|u

ueG \ (g,h)E€Su

where S, = {(g, h) € supp(e) x supp(53) : gh = u}. For every (g, h) € supp(c) X supp(5) \ (z,y),
we have xy < gh. Therefore, zy = min(supp(af3)) and Sy, = {(z,y)}, which clearly imply the
following:

olaf)=| D agbu |(wy) = (auBy)(zy) = (awa)(Byy) = o(a)o(B).

(9,:h) €Sy

Lemma 3.1 is proved.

Let G be a free group. It is known that G always has the lexicographic order which is defined
by the Magnus automorphism. With this order, GG is a totally ordered group.

Lemma 3.2. Let G be a free group with lexicographic order and F be a field. For every
a € F((Q)) with y = min(supp(c)) > 1, there exists 3 € F((G))* such that faf~! = Zoi a;y’,
where n € Z and a; € F for every i > n. o

Proof. This follows from [1, Lemma 4.2].

Now we show the main result of this section.

Theorem 3.1. Let G be a noncyclic free group, F' be a field and D = F((G)) be the Mal cev—
Neumann division ring of G over F. Then:

(1) If o: D — G- F* is the map defined in Lemma 3.1, then J(D(T)) = G for every positive
integer 7.

(2) For every positive integer v, D) is the normal closure in D* of the set

=1

{a: 1+Za¢yi: aeD y> 1} UG,

In particular, D' 2 D® 2 DB 2 -+ is a strictly descending sequence.
Proof.- 1. We shall show by induction on r that a(D(r)) C G). For r = 1, consider the
generator aBa 137! of D’ where o, 3 € D* and put x = min(supp(c)), y = min(supp(3)). Then

o(aBa'B7") = a(a)a(B)(o(a) H(o(B) " =ayx~ty € GW.

This means that o(D’) C GW. For r > 2, let afa 1571 be a generator of D), where a, 8 €
D=1 Using the inductive hypothesis, we have o(a),o(3) € G~ which implies that

o(aBa™B7") = min(supp(a))o(B)(min(supp(a))) ' (o(8)) " € G,
Therefore, O'(D(T)) c G, Moreover, G c p) yields

ar) — J<G<r>> C a( D(r)) cam.
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Hence, U(D(’")) = G for all positive integer -

2. Fix a positive integer r and put S, = {a =1+ Zool aiy' s a € DUy > 1}. Let N be the

1=

normal closure in D* of S, UG, It is obvious that D(") is a normal subgroup of D* containing
S, UG, so N C D). To show the reverse inclusion, we may assume that v is an element of
D). Let y = min(supp(a)).

Case 1: y > 1. By Lemma 3.2, there exists 3 € D* such that faf~!' = ZOO a;y’, where

1=n

n € Z and a; € F for every ¢ > n, a, € F*. Then

U(ﬁ_l (i az‘yi) 5) = g(a) € o(DM) = G

min(supp(8)) ' any™ min(supp()) € G

implies that

Since G(") is normal in G, we have a,,y™ € min(supp(5))G") min(supp(8)) ' = G, s0 a, =1
and y" € G("). Therefore,

(BB Yy~ —1+Z 'yt € D7)

where a; € F for every ¢ > 1. This shows that (,Baﬁ_l)y_” is contained in S, and therefore it is
contained in /N. Hence,

a€ B (Ny")BC B HN-G)BC BINE=N.

Case 2: y < 1. Then min(supp(e')) > 1. Repeating the arguments in the proof of Case 1 for
a~ !, one has a~! € N, which also deduces that o € N.

Case 3: y = 1. Then ag € D) and min(supp(ag)) # 1, where g € G\ {1}. According to
the above two cases, ag € N, so a = (ag)g~' € N.

The three cases considered above prove that N = D(") as desired.

Now by the fact that G is a noncyclic free group, one has G(") 3 G+ and we can easily
deduce that D’ 2 D®) 2 DB ) -+ is a strictly descending sequence.

Theorem 3.1 is proved.
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