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ON THE POLYCONVOLUTION WITH THE WEIGHT FUNCTION ~(y) = cosy
OF HARTLEY INTEGRAL TRANSFORMS H,, H2, H1
AND INTEGRAL EQUATIONS

ITPO MOJI3IOPTKY 3 BATOBOIO ®YHKIIEIO ~(y) = cosy
JJISA IHTET'PAJIBHUX ITIEPETBOPEHDb XAPTJ Hq, Ho, Hi
TA IHTEI'PAJIbHUX PIBHAHD

We construct and investigate new polyconvolution with the weight function v(y) = cosy of Hartley integral transforms
Ha1, Ha, H1 and apply it to solve integral equations and a system of integral equations of polyconvolution type.

[ToGyn0BaHO Ta JOCIIIKEHO HOBY MOI3TOPTKY 3 BaroBoto (GyHKIi€w v (y) = cosy I iHTErpaIbHUX NEPETBOPEHD XapTii
Hi, Ha, Hi, Ky 3aCTOCOBAHO JUIS PO3B’SI3KY IHTETPaJbHUX PIBHSHb Ta CHCTEMH IHTErpaJbHUX PIBHSHB I0JTi3TOPTKOBOTO
THILY.

1. Introduction. In 1997, Kakichev [7] proposed the polyconvolution for n 4 1 arbitrary integral
transforms K, K1, Ko, ..., K, with the weight function ~(y) of functions fi, fa,..., f, which
satisfies the following factorization identity:

K|*(f1, for s fu) | () = 7)) (K 1) () (Ko f2) (1) - .. (K fa) (y).

In recently time, there were some polyconvolutions [13, 14] related to the Hartley integral transforms
and some differential integral transforms. At the same time, there were some polyconvolutions [10, 11]
related only to the Hartley integral transforms and some differential integral transforms.

In this article, we expand to construct and study the new polyconvolution with the weight function
v(y) = cosy related to Hartley integral transforms #,, Ha, H1. We will apply this polyconvolution
to solve some nonstandard integral equations and system of integral equations. We realize that for
such integral equation, a representation of their solution in a closed form is interesting and open
problem [4, 8, 9].

In this section, we recall some known convolution, generalized convolutions. The Hartley integral
transform 1, Ho was introduced in [3]

+oo
(3f) {1}(@;2? [ f@eas (say, yer
2 —00

Here cas(£6) = cos 6 + sin 6. The convolution for the Hartley integral transform #; [5, 6, 12]

(£5,9)@ = 57 [ st 40+ 9~ + gt 0) ~f-a - wldu, (LD
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satisfies the factorization identity

(1 9) ) = GuNG M0

The Hartley integral transform Hy, H1, s was introduced in [3]

(fm,vlkl,yz g> (2) = 2\/1% / [fl@+y) + flz—y) — f(—z+y) +f(—z — y)]g(y)dy
satisfies the factorization identity

e <f . g) (4) = (M) (4) (Hag) (4).

Hi,Hi,He

2. Polyconvolution with the weight function «(y) = cos y for Hartley integral transforms
H17 H2a Hl-

Definition 2.1. The polyconvolution with the weight function ~(y) = cosy for Hartley integral
transforms of the functions f,g and h is defined as follows:

[1(f,g,h)](x):81ﬂ/ /[f(w+v+w+1)+f(x+v+w—1)

—00 —00

+flx—v—w+ 1)+ f(z—v—w—1]gw)h(w)dvdw, zeR. (2.1)

Theorem 2.1. Let f,g and h be functions in L(R). Then the polyconvolution with the weight
Sfunction y(y) = cosy (2.1) for the Hartley integral transforms of the functions f, g and h belongs
to L(R) and the factorization identity holds

Ha [ ¥(£.9.0)|(4) = cos y(Ha £) () (Hag) W) (Hah)(y) ¥y € . (22)

Proof. First of all, we prove that 3 f,9,h)|(x) € L(R). Indeed, we have
p

[e.9]

/

—00

K, g, 1) (@)|da

< ;jo \g(v)\dvj h(w) 7 /Oonf@c +otwt1)

+lfetotw-D[+[f(z—v-w+D|+|f(z —v—-w-1)[d.

It is easy to see that

o0

/[|f(x+v+w+1)|+|f(x+v+w—1)|

—00
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lf@—v— w4 D]+ [fl@—v—w—1)[dz =4 / 1wl du,

For this reason, we obtain

7 l(ﬂg, h)(x))dl' < % /OO lg(v)|dv 7 |h(w)|dw 7 | (w)]du < +00.

So, 1( f,g,h)(x) belong to L(R). Now, we prove the factorization identity (2.2). Since

2mV/2m cos y(Ha f) () (H29) (y) (H1h) (y)

[e.o]

= 7 /OO / cos y cas (yu) cas (—yv) cas (yw) f (u)g(v) h(w)dudvdw,

—00 —00 —00

and using the trigonometric identity, we get
cos y cas (yu) cas (yv) cas (yw)
= %[casy(uij—i—w—i—l)—l— casy(u+v+w—1)+ casy(u —v—w+1)
+ casy(u —v—w—1)].
Thus,

cosy(H1f)(y)(Hag)(y)(Hih)(y)

oo o0

///[Casy(u+v+w+1)+casy(u—l—v—i—w—l)

—00 —00 —O0

g

1
B 821

+ casy(u —v—w+ 1)+ casy(u —v —w — 1)] f(u)g(v)h(w)dudvdw

///Cas(yt)[f(t—v—w—1)+f(t_v_w+1)

—00 —00 —00

1
8TV 21

+ft+v+w—1)+ f(t+v+w+ 1)]g(v)h(w)dtdvdw
=Hi[H(f.9.0)|() VyeR

Theorem 2.1 is proved.
Corollary2.1. In the space L(R) the polyconvulution (2.1) has following equality:

(%(f, 9, W))(z) = [*(h, g, ) (2)].
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Proof. From factorization identity (2.2), we have

H[H(f,9,1)] (9) = (M) () (Hag) () (Ha ) ()
= (Hah)(y) (Ha9)(9) M £) () = H[H(h. 0, 1)) (0).

Thus, [+(f,9, 1))(z) = [*(h,g, ) (@)]
Theorem 2.2. [f f, g, h belong to L(R), then the following inequality holds:

g, < 170l 1A

Proof- From the proof of Theorem 2.1, we get

_7 1(f,g,h)(x)‘dx < 217r_7 |f(t)]dt_7 |g(v)|dv_/oo I (w)|dw

1 T 1 T 1 T
=%_4 f(t)ldt%_é \g<v>|dv%_4 h(w)ldw.

Hence,

Kt m)| < 17 MglAL

Theorem 2.2 is proved.

1 1
Theorem 2.3. Let g € L,(R), h € Ly(R) and f € L, (R) such that p, g, v > 1 and —+—+
p q

2. Then the following inequality holds:

v 1 r
H(Fog. )| < oo lol, Pl e 71 o

Proof. From (2.1), we have the following estimation

Wam@| <o [ [ la@In@Ife+ o+ w e 1jdode

—00 —O0

o0

1 o

+r | [ I+ o+ =Dl
1 oo 0

tor [ [ ls@In@Ife = 0w+ 1jdode

8

—00 —O0
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Let I,1s,...,1; be the corresponding integral terms in the above expression. Without loss of
generality we consider

1

87r//!g(v)!\h(w)llf(x+v+w+1)ydvdw, z €R.

— 00 —O0

I =

Let p1, g1, 71 be the conjugate exponentials of p, ¢,  and
Ay, v) = W) 7P [ f(z + v +w+ 1) € L, (R?),
As(u,0) = | f(@ + v +w+ 1) g(0) /T € L, (R?),
As(u,v) = |g(0) [P/ h(w)| "7 € Ly, (R?).

We see that
A1.Ag. As = |g(0)||h(w)]|f(z +v+w + 1)].

Using the definition of the norm on the space Ly, (R)? and with the help of the Fubini theorem, we
get

P
1A oy = [ [ {1+ o+ )

—00 —O0

= [m@l| [ 1ot v nras | de

— [ 1RSI, ey = A, o 11 e

Similarly, we have
1428 gy = 1F115, a0 19112,
(2.4)

HA3HE1 (R2) = HQHIEP(R)HthLq(R)-

1 1 1 1 1 1 . .
From the hypothesis — + — + — = 2, it follows that — + — + — = 1. Using Holder inequality and
g T P T
(2.4), we obtain following estimation:

Il = i / /AlAQAgd’wa
8T

—00 —00

< 1 / /Afldvdw / /Agldvdw / /Agldvdw
8w

—00 —O0 —00 —00 —00 —00

1

T1
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1 r
= g 1L, ey 142117, ey 14S11E gy

1
= gl IBIIE gy 111, o 2.5)

In the same way, we get following estimations for I, I3, I4:

1 » q T
1 < g1l oy 1R o 11 o 20

for all £k = 2, 3, 4. Furthermore, from (2.3)—(2.6), we obtain

¥ 1 r
H(Fog.m)| < 5= llgl IR e 717 e

Theorem 2.3 is proved.

Theorem 2.4 (Titchmarch-type theorem). Let f,g,h € L(R). If, for all x € R, l(f, g,h)(x) =
0, then either f(x) =0, or g(x) =0, or h(z) =0 for all x € R.

Proof. The hypothesis l(f,g,h)(x) = 0 implies that Hl[l(f,g, h)](y) = 0 Yy € R. Due to
Theorem 2.1, we get

cosy(H1f)(y)(Hag)(y)(Hih)(y) =0 Vy eR. 2.7)

As (H1f)(y), (H29)(y), (H1h)(y) are analytic for all y € R, (2.7) implies that (H1f) = 0 Vy € R,
or (Hz2g) =0 Vy € R, or (H1h) =0 Vy € R.

It follows that either f(x) =0 Vo € R, or g(x) =0 Vz € R, or h(xz) =0 Vz € R.

Theorem 2.4 is proved.

3. Application to solving an integral equation and system of integral equations of polyconvoluti-
on type. 3.1. A single integral equation. In this subsection, we apply the obtained result in solving
an integral equation of polyconvolution type. To deal with this equation, we prove the existence of a
solution as well a present it in a closed form. We examine the following integral equation:

f(x)+817r/ /[f(x+v+w+1)+f(m+v+w—1)

+flz—v—w+1)+ f(z —v—w—1)]|g(v)h(w)dvdw = k(z) Yy e R. (3.1)

Here, g, h and k are functions of L(R), f is an unknown function.
Theorem 3.1. Let k, g, h € L(R) be given. Equation (3.1) has a unique solution f(x) =
k(x) — <k; l> (x) in L(R) if 1 + cosy(Hag)(y)(Hih)(y) # 0 Yy € R. Here, | € L(R) and it is

determined by the equation

_cosy(Hag)(y)(Hih)(y)
MOW) = T cos y(ag) (1) Fah) (3)

Proof. The equation (3.1) can be rewriten in the form
y
f(@)+ [*9(f,9,1)] (@) = k(2).
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Due to Theorem 2.1, we have

(H1f)(y) + cosy(Hif)(y)(Hag)(y) (Hah)(y) = (Hak)(y) Vy € R.

It follows that
(H1f) (W)L + cosy(Hag)(y)(Hih)(y)] = (H1k)(y).

With the condition 1 + cos y(Ha29)(y)(H1h)(y) # 0 Vy € R, we get

_cosy(Hag)(y)(Hih)(y)
1+ cosy(Hag)(y)(Hih)(y) |

Therefore, by Wiener—Levy’s theorem [1, 12], there exists a function [ € L(RR) such that

cosy(H29)(y)(H1h)(y)

(H1f)(y) = (Hak)(y) |1

D) = T cos y (Hag) (1) Fah) ()
Hence,
(1) () = (Hak)(y) — (k) () (Fa) ()
= )~ (k1) )
Thus,

f(z) = k(z) - (k: « z) ().

Hi

Theorem 3.1 is proved.
3.2. A system of two integral equations of polyconvolution type

o0

f(a:)—|—817T/[f(a:+v+w+1)+f(m+v+w—1)

—0o0

+fle—v—w+1)+ f(zr —v—w—1)]p)Y(w)dvdw = h(z),
(3.2)

2\}%_/ f)p(x +v) +p(z —v) + p(—2 +v) — p(—z — v)]dv

+ g(z) = k(z), zeR.

Here, o, 1, p, h and k are given functions in L(R), f and g are the unknown functions.
Theorem 3.2. Assume that 1 — H; [1(p, o, 1/))} (y) # 0 Vy € R, there exists a unique solution
in L(R) of (3.2), which is defined by

@) =na) + (e 1) @) = [t @) = { [tk w)] 1 @)

o) = o+ (i )00 (1 )0 [(1.5) .
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Here, | € L(R) and defined by the equations

Ha [Hp, 0,0)| )
1—H, [l(p, @, wﬂ (v)

(Hal)(y) =

Proof. System (3.2) can be written in the form

[@)+ [Hg.0,)] @) = la),

<fﬁk1p> (z) +g(z) = k(z), zeR

Using the factorization property of the polyconvolution (2.1) and the convolution (1.1), we obtain the
linear system of algebraic equations with, respectively, to (H1f)(y) and (H1g)(y):

(H1f)(y) + cosy(Hig)(y) (Hae) () (Hav)(y) = (H1h)(y),
(Mo f) () (Hap)(y) + (Hig)(y) = (Hak)(y), vy €R.
We calculate the determinants of the system

1 cos y(stO)(y)(%ﬂb)(y)‘
(H1p)(y) 1

= 1 — cosy(Hap)(y) (Ha) () (Ha) (9) = 1 — Ha [H(p, 0, 9)| (),

-

A — ‘(th)(y) cos y(sz)(y)(le)(y)‘
(Hak)(y) 1

= (Fah)(y) — Ha [H(k, 0.9)| (),

1 (H1h)(y)
(Hip)(y)  (Hik)(y)

Since 1 — H; [1(19, ©, 1/;)} (y) # 0 Vy € R, we have

Ag = ‘ ‘ = (M1k)(y) — Ha (h;1p> (y)-

1
1= [Hp0,0)] ()

Ha [+, 0. 4)| () }
1-H, F(p,so,w)} W]

(1)) = { Fah) () = Ha [#(k 0, 0)| ()}

= {Gun)y) - i [}k e 0)| )] {1 +

Furthermore, according to Wiener—Levy’s theorem [1, 12], there exists a function [ € L(R) such
that .,

(Hal)(y) = - .
1= [$p, 0, 0)| W)
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It follows that
(1 £)(y) = { (Fah) () = Ha [F(k, 0,0 | ) 11+ (Fal) ()}

= ) + 3 (1 1) ) = 20 [k )] )

o k0] 1 1}
. () = hiz) + <h \ z) (2) ~ [k, 0)] () - {[% o)) l}(aa) € L(R).

Hi 1

in the same way, we obtain

i) = { k) — 21 (nz 0) 0 b+ G0 )

= (H1k)(y) + Ha (kﬁl l) (y) =M (h?j1 p) (y) —Ha [(hﬁi p) x l] (y)-

1

It follows that

o) = bt + (b 1)1 (g )00 [ (1)1 0 0

Ha 1

Theorem 3.2 is proved.
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