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0-CENTRALIZERS OF TRIANGULAR ALGEBRAS
o-HEHTPAJIIBATOPU TPUKYTHUX AJIT'EBP

In this paper, we characterize Lie (Jordan) o-centralizers of triangular algebras. More precisely, we prove that, under
certain conditions, every Lie o-centralizer of a triangular algebra can be represented as the sum of a o-centralizer and a
central-valued mapping. Further, it is shown that every Jordan o-centralizer of a triangular algebra is a o-centralizer.

OxapakTepu3oBaHo o -tienTpanizatopu Jli (Jkopaana) TpUKyTHHX aireGp. Bibin TOUHO, TOBEAEHO, MO 3a MEBHUX YMOB
KOKeH o -IeHTpamizatop JIi TpuKyTHOI anreOpu MOXKHA 3alHcaTd SK CyMy o -LEHTpaji3aTropa Ta HEHTPaTbHO3HAYHOTO
BimoOpaxenus. Kpim Toro, mokasaHo, 1o KoxeH o -neHtpaiizarop J»opaaHa TPUKYTHOT aireOpH € o -IIeHTPaTi3aTopoM.

1. Introduction. Let R be a commutative ring with identity, .4 be a unital R-algebra and Z(.A)
be the centre of A. For any a,b € A, [a,b] = ab — ba (resp., a o b = ab + ba) will denote
the Lie product (resp., Jordan product). Let ¢ be an automorphism of 4. An R-linear mapping
L: A — A is called a left o-centralizer (resp., right o-centralizer) if L(ab) = L(a)o(b) (resp.,
L(ab) = o(a)L(b)) for all a,b € A. It is called a o-centralizer if it is both a left o-centralizer
as well as a right o-centralizer. An R-linear mapping L: A — A is called a Lie o-centralizer if
L([a,b]) = [L(a),o(b)] (or L([a,b]) = [o(a), L(b)]) for all a,b € A. An R-linear mapping L :
A — A is called a Jordan o-centralizer if L(aob) = L(a)oo(b) (or L(aob) = o(a)o L(b)) for all
a,b € A. One can easily see that the conditions L([a,b]) = [L(a),o(b)] (resp., L(aob) = L(a) o
o(b)) and L([a,b]) = [o(a), L(b)] (resp., L(a o b) = o(a) o L(b)) are equivalent. Obviously, every
o-centralizer is a Lie o-centralizer as well as a Jordan o-centralizer but the converse statements are
not true in general. If d: A — A is a o-centralizer and ¢: A — Z(A) is a linear mapping, then
d+ ( is a Lie o-centralizer on A if and only if ¢(]a,b]) = 0 for all a,b € A. A Lie o-centralizer
which can be written as the sum of a o-centralizer and a central valued mapping is called proper.
Over the past decades, a lot of work concerning characterizations of Lie (Jordan) maps on different
rings and algebras have been done (see [1, 3, 4, 6, 15] and references therein). In the year 1957,
Herstein [16] proved that every Jordan derivation on a 2-torsion free prime ring is a derivation. Bresar
[7] extended Herstein’s result for 2-torsion free semiprime rings. In the year 1964, Martindale [23]
obtained the first characterization of Lie derivations on a primitive ring and he proved that every Lie
derivation on a primitive ring is proper, that is, it can be written as the sum of a derivation and a
central mapping. In [9], Cheung initiated the study of Lie derivations of triangular algebras and gave a
sufficient condition under which every Lie derivation on a triangular algebra is proper. In [26], Zhang
an Yu showed that every Jordan derivation on a triangular algebra is a derivation. Han and Wei [15]
studied Jordan (c, )-derivations on triangular algebras. Yang and Zhu [24] characterized additive
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¢-Lie (o, B)-derivations on triangular algebras. Further, Gonzalez et al. considered o-biderivations
and o-commuting mappings of triangular algebras in [14]. Zalar [25] introduced the notion of Jordan
centralizers and proved that every Jordan centralizer on a 2-torsion free semiprime ring is centralizer.
Fosner and Jing [10] introduced the notion of Lie centralizer and investigated the additivity of Lie
centralizers on triangular rings. In addition, centralizers on different rings and algebras have been
broadly examined by many algebraists (see [5, 10—13, 17, 21, 22]).

In this article, we characterize Lie (Jordan) o-centralizers of triangular algebras. In fact, we prove
that under certain restrictions every Lie o-centralizer of a triangular algebra is proper (Theorem 4.2);
every Jordan o-centralizer of a triangular algebra is a o-centralizer (Theorem 5.1).

2. Triangular algebras. Let R be a commutative ring with identity. Suppose that .A and B are
unital algebras over R and M is a nonzero (A, B)-bimodule. An R-algebra

2 = Tri(A, M, B) — { (Z TZ)

under the usual matrix operations is called a triangular algebra consisting of A, B and M. Basic
examples of triangular algebras are upper triangular matrix algebras, block upper triangular matrix
algebras and nest algebras. In view of [8, Theorem 1.4.1], the center of 2 is given by

Z) = b= o« 0
S

Define two natural projections 74 : 24 — A and m5: A — B by

a m a m
A =a and 7p =1b, respectively.
0 b 0 b

Recall that an (A, B)-bimodule M is said to be a faithful (A, B)-bimodule if for a € A, aM = {0}
implies a = 0 and for b € B, Mb = {0} implies b = 0.
By [8, Theorem 1.4.4], if M is a faithful (A, B)-bimodule, then the centre of 2 coincides with

ZA) = b= « 0
el ]

Moreover, m4(Z(2()) € Z(A) and 7p(Z()) C Z(A), and there exists a unique algebra isomor-
phism &: m4(Z()) — m5(Z(2)) such that am = mé(a) for all a € T4(Z(A)), m € M.

The study of group of automorphisms is an important key for understanding the underlying
algebraic structure and hence it has been extensively investigated. Automorphisms of triangular
algebras were studied in [2, 8, 18 —20]. In the year 2003, Khazal et al. [20] obtained the following
structure of automorphisms of triangular algebras.

Lemma 2.1 [20, Theorem 1]. Let A = Tri(A, M, B) be a triangular algebra consisting of A,
B and M, and o: 0 — A be an R-linear mapping. Suppose that A and B have only trivial
idempotents. Then o is an automorphism of 2L if and only if it is of the form

J a m\ v(a)  y(a)mo —mod(b) + u(m)
o ) \ o 5(b) ’

aEA,mG./\/l,bEB}

ac Z(A), be Z(B), am =mb for all mEM}.

a€ A, be B, am =mb for all mEM}.
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where my € M is a fixed element; v,6 are automorphisms of A, B, respectively; and u is an R
linear bijective mapping from M into itself such that u(am) = vy(a)u(m), u(mb) = u(m)d(b) for
alla € A, b€ B and m € M.

3. o-Centralizers on triangular algebras. In this section, we give the structure of o-centralizers
on triangular algebras with associated automorphism given in Lemma 2.1.

Proposition 3.1. Let A = Tri(A, M, B) be a triangular algebra consisting of A, B and M.
Suppose that A and B have only trivial idempotents. An R-linear mapping ©: 2 — 2 is a
o-centralizer on 2 if and only if © has the following form:

o a m B An(a) Au(a)mo—mong(b)—i-Clz(m)
0o b)) 0 Bas(b) ’

where A11: A = A, Cro: M — M, and Bos: B — B are R-linear mappings satisfying the
following conditions:
(1) Ay is a y-centralizer on A, Ci2(am) = Aji(a)u(m) = v(a)Cra(m);
(2) Bag is a 6-centralizer on B, C12(mb) = C12(m)d(b) = u(m)Baz(b).
Proof. Suppose that o-centralizer © on 2 has the form
o <a m) B <A11(a) + By1(b) + C11(m)  Agz(a) + Bya(b) + ClZ(m)>
0 b 0 Ao (a) + ng(b) + Co9 (m)

a m
for all ) € 2, where Ay1, Bii, Ci1 are R-linear mappings from A, B, M to A,
0

respectively; Aqo, Bio, (1o are R-linear mappings from A, B, M to M, respectively; Ao, Boo,
(99 are R-linear mappings from A, B, M to B, respectively.
Since O is o-centralizer on 2, we have

O(zy) = O(z)o(y) = o(x)O(y) forall =,y e (3.1

a O
0O O

Cii(am)  Cia(am) B 0 Ap(a)u(m)
0 Coolam)) \0O 0
_ (’Y(Q)Cu(m) ’Y(G)Cl2(m)+7(a)moc22(m)>
0 0 '

0 m
Let us choose = = < ) and y = ( ) in (3.1). Then, we obtain
0 O

This implies that Ci1(am) = 0 = y(a)Ci1(m), Cia(am) = Aji(a)u(m
v(a)moCaz(m) and Caoz(am) = 0. Putting a = 14, we get C11(m) = 0, Cy (m) = 0. Thus,

0 m 0 O
Ci2(am) = Aq1(a)u(m) = y(a)Cir2(m). Similarly, if we choose x = (O ) and y = b)

in (3.1), we can obtain C12(mb) = Ci2(m = u(m)Baa(b

aq 0
If we consider z = in (3.1). Then
0 0
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(An(amz) A12(a1az)>_<A11(a1)’Y(a2) All(al)'}/(a2)m0>
0 Agg(alag) B 0 0

_ <’Y(a1)A11(a2) y(a1)Ar2(az) +’Y(a1)moA22(a2)>
0 0 '

From the above relation, we find that Aqq(aja2) = A11(a1)y(a2) = v(a1)Ai1(az2), Ai2(aias) =
An(al)*y(ag)mo = ’y(al)Alg(ag) + ’}/(al)mQAQQ(CLQ) and Agg(alag) = 0. Putting as = 14, we
have Ajs(a;) = Aj1(a;)mo and Ass(a;) = 0. Thus, the above equations give Aji(ajaz) =
A11(ar)y(az2) = v(a1)Ai1(az), i.e., Ajj is a y-centralizer on A, Aj2(a) = Aj1(a)mo and Ags(a) =
0. Similarly, considering z = (0 O> and y = <0 O> in (3.1) to obtain Bji(b) = 0,
0 b 0 by
312(b) = —mOBQQ(b) and ng(blbg) = ng(b1)5(b2) = 5(b1)BQQ(b2), i.e., BQQ is a d-centralizer
on B.
Conversely, suppose that © is a linear mapping on 2 of the form

o a m B All(a) All(a)mo—mngg(b)—f—C’lz(m)
o ») \ o Bas(b)

satisfying the assumptions (1) and (2). Then it is easy to check that O satisfies the relation ©(zy) =
O(x)o(y) = o(x)O(y) for all x,y € A, that is, O is a o-centralizer on 2.

Proposition 3.1 is proved.

If M is a faithful (A, B)-bimodule, then conditions “A;; is a y-centralizer on .A” and “Bag is
a d-centralizer on B” in Proposition 3.1 become redundant.

Corollary3.1. Let A = Tri(A, M, B) be a triangular algebra consisting of A, B and M.
Suppose that A, B have only trivial idempotents and M is a faithful (A, B)-bimodule. An R-linear
mapping © : A — A is a o-centralizer on A if and only if © has the following form:

o a m\ A11(a)  Ap1(a)mg — moBaa(b) + Cr2(m)
0 b 0 Bas(b) ’

where A11: A = A, Cro: M — M, and Bos: B — B are R-linear mappings satisfying the
following conditions:

(1) Ciz(am) = Au(a)u(m) = y(a)Crz(m);

(2) Cra(mb) = Ci2(m)d(b) = u(m) Bas (b).

Proof. In view of Proposition 3.1, it suffices to show that if M is faithful, then A;; is a
~-centralizer on A and Bss is a d-centralizer on . For all a1,as € A and m € M, we have

Au(alag)u(m) = Clg(alagm) = An(al)u(agm) = An(al)’y(ag)u(m).
Thus, {A11(a1a2)—A11(a1)y(az) }M = {0}. Since M is faithful left A-module, we have A1 (ajaz) =
A11(ar)vy(ag). Again,

Ari(arag)u(m) = Cia(aragm) = vy(a1)Cra(aam) = v(a1)Ar1(az)u(m)

for all a1,as € A and m € M. Hence, {A11(a1a2) — v(a1)A11(az)} M = {0} which implies that
A11(araz) = y(a1)Ai1(ag). Therefore, Aj; is a y-centralizer on A. In a similar manner, one can
prove that Byo is a d-centralizer on B.

Corollary 3.1 is proved.
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o-CENTRALIZERS OF TRIANGULAR ALGEBRAS 439

4. Lie o-centralizers on triangular algebras. Fosner and Jing [10] introduced the notion of Lie
centralizer and investigated the additivity of Lie centralizers on triangular rings. Yang and Zhu [24]
studied Lie (v, 3)-derivations on triangular algebras and related mappings. Motivated by this work,
in this section, we characterize Lie o-centralizers on triangular algebras.

Proposition 4.1. Let A = Tri (A, M, B) be a triangular algebra consisting of A, B and M.
Suppose that A and B have only trivial idempotents. An R-linear mapping L: A — A is a Lie
o-centralizer on 2 if and only if L has the following form:

r (a m) B (Rn(a) +S11(b)  (Rui(a) + S11(b))mo — mo(Raz(a) 4+ S22 (b)) + le(m)>
0 b B 0 RQQ(G) + SQQ(b) ’

where Ri1: A — A, S11: B — Z(A), T1a: M — M, Res: A — Z(B) and Syz: B — B are
‘R-linear mappings satisfying the following conditions:
(1) Ry is a Lie y-centralizer on A, Th2(am) = Ry1(a)u(m) — u(m)Raz(a) = vy(a)Ti2(m);
(2) Sz is a Lie 6-centralizer on B, Ti2(mb) = T12(m)do(b) = u(m)Saz(b) — Si1(b)u(m);
(3) Raa([a1,az2]) =0 and Si1([b1,b2]) = 0.
Proof. Suppose that Lie o-centralizer £ on 2{ has the form

. (a m) _ (Rn(a) +511(b) + T11(m)  Riz(a) + Si2(b) + le(m)>
0 b 0 Rz (a) + S22(b) + Tra(m)

wn

a m
for all ) € G, where Ry1, S11, T11 are R-linear mappings from A, B, M to A, respecti-
0

vely; Ris, Si2, 112 are R-linear mappings from A, B, M to M, respectively; Rao, Soo, Tho are
R-linear mappings from A, B, M to B, respectively.
Since L is a Lie o-centralizer, we have

L([z,y]) = [£(x),0(y)] = lo(x), L(y)] forall z,y e (4.1)

0

a
Let us choose x =
0 O

) and y = (O m> in (4.1). Then we find that
0 O
Tii1(am)  Tia(am) B 0 Rii(a)u(m) — u(m)Ras(a)
0 Tos(am))  \0O 0

_ <[V(a)aT11(m)] v(a)Tia(m) + y(a)moTaz(m) — Tu(m)v(a)m0>
0 0 '

From the above equation, we get T11(am) = 0 = [y(a), T11(m)], Th2(am) = Rii(a)u(m) —
u(m)Raa(a) = v(a)Tia(m) + y(a)moTaa(m) — Ti1(m)y(a)mo and Tha(am) = 0. Putting a = 14,
we get T71(m) = 0 and The(m) = 0. Thus, T12(am) = Ri1(a)u(m) —u(m)Rez(a) = v(a)Ti2(m).

0 m 0 0
Similarly, if we choose = = ( ) and y = ( b) in (4.1), we can obtain T2(mb) =
0 0

u(m)Sa2(b) — S11(b)u(m) = T12(m)d(b).

e}
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. (al 0) (CLQ 0) .
If we consider z = and y = in (4.1). Then
0 0 0 0
(Rn([ah az])  Raa(lar, a2])>
0 RQQ([al, az])
_ ([Rn(al)a v(az)]  Rai(ar)v(az)mo — y(az)Riz(ar) — v(az)moRoz(ar)
0 0

([7(‘11): Ryi(a2)]  ~(a1)Ria(a2) +y(a1)moRaz(a2) — Ri1(az)y(ai)mo
0 0

From the above relation, we find that Rll([al,ag} [Ri1(a1),7v(a2)] = [v(a1), Ri11(a2)], i.e., R11

is a Lie «y-centralizer on A, Ri2(a) = Ry1(a)mo — moRa2(a) and Raa([ar, as]) = 0.
0
Similarly, by considering x = ( > andy = < > in (4.1) we obtain S11([b1, b2]) = 0,
2
Slg(b) = Sll(b)mo — m()SQQ( ) and S22 522 bl),(s(b )] = [5(61), Sgg(bg)], i.e., SQQ isa

Lie §-centralizer on 5.

a 0 0 O
Taking x = and y = in (4.1), we have
0 O 0 b

(0 0) B (0 —Rll(a)mo5(b) + ng(a)5(b) + m05(b)R22(b)>
~\o [Ras(a), 5(b)]
_ ([v(a), S1(0)]  v(a)S12(b) +v(a)moS22(b) — Sll(b)v(a)mo>

0 0 '

From the above equation, we obtain [Raz(a),d(b)] = 0 and [y(a), S11(b)] =0 forall a € A, b € B.
Since v and § are automorphisms on A and B, respectively, we conclude Raz(a) € Z(B) and

Sll(b) S Z(A)
Conversely, suppose that £ is a linear mapping on 2l of the form
r a m B Rn(a) + Sll(b) (Rn(a) + 511(b))m0 — mO(RQQ(a) + Sgg(b)) + Tlg(m>
0 b 0 RQQ(CL) + SQQ(b)

satisfying the assumptions (1)—(3). Then it is easy to check that L satisfies the relation
L([z,y]) = [£(x), 0(y)] = [o(x), L(y)] forall z,y A

that is, £ is a Lie o-centralizer on 2.

Proposition 4.1 is proved.

If M is a faithful (A, B)-bimodule, then the conditions Raa([a1, az]) = 0 and Si1([b1,b2]) =0
in the above theorem become superfluous.
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Corollary4.1. Let A = Tri(A, M, B) be a triangular algebra consisting of A, B and M.
Suppose that A, B have only trivial idempotents and M is a faithful (A, B)-bimodule. An R-linear
mapping L: A — A is a Lie o-centralizer on 2 if and only if L has the following form:

r (a m) B <R11(a) +S1(b)  (Rii(a) + S11(b))mo — mo(Raz(a) 4+ Sa2(b)) + T12(m)>
0 b B 0 RQQ(Q) + SQQ(b) ’

where Ri1: A — A, S11: A — Z(A), Thia: M — M, Raa: A — Z(B) and Sao: B — B are
R-linear mappings satisfying the following conditions:
(1) Ry is a Lie vy-centralizer on A, T2(am) = Ri1(a)u(m) — u(m)Raz(a) = vy(a)T12(m);
(2) Soo is a Lie d-centralizer on B, Ti2(mb) = Ti2(m)d(b) = u(m)Saz(b) — S11(b)u(m).
Proof. In view of Proposition 4.1, it is sufficient to show that if M is faithful, then Ras([a1, a2]) =
0 and S11([b1, b2]) = 0. For all aj,as € A and m € M, we have

Rui([ar, az])u(m) — u(m)Raa([a1, az]) =
= Ta([a1, azlm) = Tha(araem) — Tia(agarm)
= Rui(ar)u(agm) — u(agm)Raz(a1) — v(az)Tiz2(a1m)
= Rui(a1)y(az)u(m) — v(az)u(m)Raz(a1) — v(az)(Rii(ar)u(m) — u(m)Raz(a1))
= [Ri1(a1), v(az)Ju(m).

This implies that MRos([a1,a2]) = {0}. Since M is a faithful right B-module, we obtain
Ros([a1, az]) = 0. Similarly, one can prove that S11([by, ba]) = 0.

Corollary 4.1 is proved.

The following theorem gives a necessary and sufficient for a Lie o-centralizer on a triangular
algebras to be proper.

Theorem 4.1. Let A = Tri(A, M, B) be a triangular algebra consisting of A, B and M.
Suppose that A and B have only trivial idempotents. A Lie o-centralizer L on 2 of the form presented
in Proposition 4.1 is proper if and only if there exist linear mappings {4: A — Z(A) and (5 :
B — Z(B) satisfying the following conditions:

(1) Ri1 — €4 is a y-centralizer on A and Sao — L5 is a §-centralizer on B,

(2) La(a) ® Raa(a) € Z(A) and S11(b) ® lg(b) € Z(A) forall a € A, b € B.

Proof. Assume that L is a Lie o-centralizer on 2 of the form presented in Proposition 4.1 and
there exist linear mappings ¢4 : A — Z(A) and ¢5: B — Z(B) satisfying conditions (1) and (2).
Define two mappings © and 7 as follows:

@ (a m) _ ((RH — KA)(a) (R11 — EA)(a)mo — mQ(SQQ — gg)(b) + Tm(?ﬂ))
a 0 (S22 — £5)(b)

(a m) B (&4(@) + S11(b) 0 )
0o b 0 Roo(a) + £(b) )

It is easy to see that © and 7 are R-linear mappings and £ = © + 7. Moreover, it follows from
Proposition 3.1 that © is a o-centralizer on 2. It only remains to show that 7(2) C Z(2(). Using

and
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assumption (2), we have
(EA(CL) + 511<b))m = KA(a)m + Sn(b)m = mRQQ(a) + mﬁg(b) = m(RQQ(a) + 53(1)))

for all m € M. Hence, 7(2() C Z(2).

Conversely, suppose that £ is proper, that is, £ = © + 7, where © is a o-centralizer and 7 is a
central valued mapping. In view of the representations of £ and ©, the mapping 7 = £ — © has the
following form:

_ (a m) B ((Rll - All)(a) + Sll(b) 0 )
0 b B 0 Rgz(a) + (SQQ — BQQ)(b) ‘

Set 4 = R11 — A1 and g = S99 — Boas. Since 7 is a central valued mapping, it follows that £ 4
and ¢ are the desired mappings satisfying assumptions (1) and (2).

Theorem 4.1 is proved.

Note that if M is a faithful (A, B)-bimodule, then the condition (1) of the above theorem
becomes superfluous. As a consequence of Theorem 4.1, we have the following corollary.

Corollary4.2. Let A = Tri (A, M,B) be a triangular algebra consisting of A, B and M.
Suppose that A and B have only trivial idempotents. If L is proper, then Ras(A) C mp(Z(A)) and
S11(B) C ma(Z(20)). The converse also holds provided M is faithful.

Proof. Assume that L is a proper Lie o-centralizer on 2[. Then the required conditions directly
follow from Theorem 4.1. Conversely, suppose that L is a Lie o-centralizer on 2 satisfying Roa(A) C
m(Z(A)) and S11(B) C ma(Z(2A)). Since M is faithful (A, B)-bimodule, there exists a unique
algebra isomorphism £ : m4(Z(2)) — m5(Z(2)) such that a ® £(a) € Z(A) for all a € T4(Z(A)).
Define £4: A — Z(A) and lg: B — Z(B) by {4 = £~ ! 0 Ry and £ = £ o Sy, respectively. It
is easy to verify that /4 and ¢ satisfy £ 4(a) ® Ra2(a) € Z(2) and S11(b) & €p(b) € Z() for all
a € A, b € B. Therefore, by Theorem 4.1, L is proper.

Corollary 4.2 is proved.

Now, we are in a position to state and prove our first main result of this paper which provides a
sufficient condition for a Lie o-centralizer on a triangular algebra to be proper.

Theorem 4.2. Let A = Tri(A, M, B) be a triangular algebra consisting of A, B and M.
Suppose that A, B have only trivial idempotents and M is a faithful (A, B)-bimodule. A Lie
o-centralizer on 2 is proper if TA(Z()) = Z(A) and m3(Z(2)) = Z(B).

Proof. Assume that £ is a Lie o-centralizer on 2 of the form presented in Proposition 4.1. Then
Ry (A) C Z(B) = mp(Z(2)) and S11(B) € Z(A) = m4(Z(2)). Hence, the theorem follows from
Corollary 4.2.

If o is the identity automorphism of the triangular algebra 2 = Tri(.4, M, B), then Theorem 4.2
gives the following result.

Corollary 4.3 [10, Corollary 3.3]. Let A = Tri(A, M, B) be a triangular algebra with faithful
M. A Lie centralizer on 2 is proper if T A(Z(21)) = Z(A) and 7p(Z()) = Z(B).

5. Jordan o-centralizer on triangular algebras. Zalar [25] introduced the notion of Jordan
centralizers and proved that every Jordan centralizer on a 2-torsion free semiprime ring is centralizer.
Han and Wei [15] studied Jordan («, 3)-derivations on triangular algebras. In this section, we show
that every Jordan o-centralizer on a 2-torsion free triangular algebra is a o-centralizer.
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Proposition 5.1. Let 21 = Tri(A, M, B) be a 2-torsion free triangular algebra consisting of
A, B and M. Suppose that A and B have only trivial idempotents. An R-linear mapping J :
A — A is a Jordan o-centralizer on 2 if and only if J has the following form:

; a m\ Ri1(a)  Rii(a)mg —moSa2(b) + Ti2(m)
o ) \ o0 Sa22(b) ’

where Ri1: A — A, Ti1a: M — M and Sas: B — B are R-linear mappings satisfying the
following conditions:
(1) Ruy is a Jordan ~y-centralizer on A, Tia(am) = Ri1(a)u(m) = v(a)T12(m);
(2) Sa2 is a Jordan d-centralizer on B, Tia(mb) = Ti2(m)d(b) = u(m)Saa(b).
Proof. Suppose that Jordan o-centralizer J on 2( has the form

J(a m) B (Rn(a) +811(b) + T11(m)  Riz(a) + S12(b) + TlZ(m))
0 b B 0 Rgg(a) + SQQ(b) + ng(m)

a m
for all < , € 2, where Ri1, S11, Th1 are R-linear mappings from A, B, M to A, respecti-
n

vely; Ria, S12, Ti2 are R-linear mappings from A, B, M to M, respectively; Raos, Soo, Tho are
‘R-linear mappings from A, B, M to B, respectively.
Since J is a Jordan o-centralizer, we have

J(xoy)=J(x)oo(y) =0c(x)oJ(y) forall z,ye (5.1)
a 0 0 0
If we consider x = and y = in (5.1), we have
0 0 0 b

0 0 B 0 —Rn(a)moé(b) + ng(a)é(b) — mU(S(b)RQQ(b)
o o/ \o Roa(a) 0 5(b)
_ (’Y(a) 0 S11(b)  v(a)Si2(b) + v(a)moS2(b) + 511(5)7(a)m0>
0 0 '

From the above equation, we obtain Rga(a) o 6(b) = 0 and ~y(a) o S11(b) = 0 for all a € A,
b € B. Putting b = 13 and a = 14 in the above equations, respectively, we get 2Ro2(a) = 0 and
2511(b) = 0. Since 2 is 2-torsion free, we obtain Rgo(a) = 0 and S11(b) = 0.

a 0 0 m
and y = 0 in (5.1). Then we find that
0

Let us choose x =
0 O

Tii1(am)  Tia(am) B 0  Rii(a)u(m)
0 ng(am) B 0 0

_ ('y(a) oTii(m)  ~(a)Ti2(m) +v(a)moTaz(m) + Tll(m)’Y(a)m0>
0 0 '
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This implies that Ty1(am) = 0 = ~(a) o T11(m), Ti2(am) = Rii(a)u(m) = ~v(a)Ti2(m) +
v(a)moTa2(m) + T11(m)y(a)mo, and Tre(am) = 0. Putting a = 14, we get T11(m) = 0 and

0 m
Tha(m) = 0. Thus, Ti2(am) = Ry1(a)u(m) = v(a)Ti2(m). Similarly, if we choose z = < )
0 O

0 0
and y = ( b) in (5.1), we can obtain T12(mb) = u(m)Sa2(b) = T12(m)d(b).
0
al 0 ag 0
If we consider x = and y = in (5.1). Then
0 O 0 O

Rll(al (e] az) Rlz(al o ag)
0 0

<R11(a1) ov(az)  Rii(a1)y(az)mo + V(GQ)Rlz(a1)>
0 0

_ (’Y(al) o Rii(az)  v(a1)Riz(az) + Rn(az)’Y(al)Wm)
0 0 '

From the above relation, we find that R;;(a; o a2) = Ri1(a1) o y(a2) = v(a1) o Ri1(a2), ie., Ri1

0 0
is a Jordan v-centralizer on A and Rj2(a) = Ri1(a)mg. Similarly, by considering = = ( , )
0 1

0 O
and y = (0 b ) in (5.1) to get Slg(b) = —mQSQQ(b) and Sgg(bl o bg) = Sgg(bl) o ’}/(bz) =
2

v(b1) 0 S22(b2), i.e., Soo is a Jordan d-centralizer on B.
Conversely, suppose that J is a linear mapping on 2 of the form

p a m\ (Ru(a) Ri(a)mo—moSa(b) + Tiz(m)
0o b)) 0 Sa2(b)

satisfying the assumptions (1) and (2). Then it is easy to check that .J satisfies the relation J(zoy) =
J(x)oo(y) =o(x)o J(y) forall z,y € A, that is, J is Jordan o-centralizer on 2.

Proposition 5.1 is proved.

If M is a faithful (A, B)-bimodule, then the conditions “R;; is a Jordan y-centralizer of A” and
“Soo is a Jordan §-centralizer of B” in Proposition 5.1 become superfluous.

Corollary5.1. Let A = Tri(A, M, B) be a 2-torsion free triangular algebra consisting of A, B
and M. Suppose that A, B have only trivial idempotents and M is a faithful (A, B)-bimodule. An
R-linear mapping J : A — A is a Jordan o-centralizer on A if and only if J has the following form:

p a m\ (Ru(a) Rufa)mo—moSa(b) + Tia(m)
0o b)) 0 Sa2(b) ’

where Ri1: A — A, Ti1o: M — M and Sao: B — B are R-linear mappings satisfying the
following conditions:

(1) Tiz(am) = Rii(a)u(m) = ~y(a)Tiz(m);
(2) Tiz(mb) = Ti2(m)6(b) = u(m)S2(b).
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Proof. In view of Proposition 5.1, it suffices to show that if M is a faithful (A, B)-bimodule,
then Ry; is a Jordan ~y-centralizer of A and Sy, is a Jordan d-centralizer of 5. For any ay,as € A
and m € M, we have

Rur(a1 0 as)u(m) = Tia((az1 © ag)m) = Tia(aragm + agarm)
= Rui(a1)u(agm) + v(az)Ti2(a1m)
= Rui(a1)y(az)u(m) + ~(az)Rii(a1)u(m)
= (Ru1(a1) o y(az))u(m).

This implies that { R11(aj 0ag) — Ri1(ai)oy(az)} M = {0}. Since M is faithful as a left A-module,
we conclude Rji(a; o ag) = Ri1(ay) o7y(az). In a similar manner, one can obtain Rjq(a; o ag) =
v(a1)o Ri1(ag) forall aj,as € A. Thus, Ry is a Jordan ~y-centralizer of .A. Similarly, we can show
that Sy is a Jordan J-centralizer of 5.

Corollary 5.1 is proved.

In view of Corollaries 3.1 and 5.1, we obtain the second main result of this paper.

Theorem 5.1. Let A = Tri (A, M, B) be a 2-torsion free triangular algebra consisting of A,
B and M. Suppose that A, B have only trivial idempotents and M is a faithful (A, B)-bimodule.
Then every Jordan o-centralizer on 2 is a o-centralizer.

Bahmani et al. [5, Corollary 2.12] proved that every Jordan centralizer on a 2-torsion free
triangular algebra 2 = Tri (A, M, B) is a centralizer provided 1.Ann4(M) = {0} = r.Anng(M).
If M is a faithful (A, B)-bimodule, then the condition 1.Ann4(M) = {0} = r.Anng(M) holds
trivially. Thus, as a direct consequence of Theorem 5.1, we obtain the following result.

Corollary5.2 [5, Corollary 2.12]. Let 20 = Tri(A, M, B) be a 2-torsion free triangular algebra
with faithful M. Then every Jordan centralizer on 2l is a centralizer.
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