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NONEXISTENCE RESULTS FOR A SYSTEM OF NONLINEAR
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS

PE3YJIBTATH 11010 HEICHYBAHHS PO3B’S13KIB CUCTEMM HEJIHIHHUX
APOBOBUX IHTEI'PO-IU®EPEHINIAJ/IBHUX PIBHSAHD

We investigate the nonexistence of (nontrivial) global solutions for a system of nonlinear fractional equations. Each equation
involves n fractional derivatives, a subfirst-order ordinary derivative, and a nonlinear source term. The fractional derivatives
are of the Caputo type of order between 0 and 1. The nonlinear sources have the form of the convolution of a function of
state with (possibly singular) kernel. We generalize the results available in the literature, in particular, the results obtained
by Mennouni and Youkana [Electron. J. Different. Equat., 152, 1-15 (2017)] and Ahmad and Tatar [Turkish J. Math., 43,
2715-2730 (2019)].

JlocmimkeHO BUMAIOK HEiCHYBaHHA (HETPUBIANBHUX) II00OAIbHUX PO3B’S3KIB CHCTEMH HENiHIMHUX APOOOBUX DPIBHSHD.
KoxHe piBHSHHS MICTUTH n JPOOOBHMX INMOXIZHUX, 3BHYAiHY MOXiJHY MiJNEpPIIOro MOPSAKY Ta HETiHIHUH WieH, 1o
BiAmoBimae mxepery. JIpoOoBi moxigHi MaioTe mopsaok tumy Kamyto mik 0 ta 1. HemimiiiHi mkepena MaioTh Gopmy
3ropTKu QYHKLII cTaHy 3 (MOXKIIMBO, CHHTYISIDHHAM) SiAPOM. Y LiiH CTaTTi y3arajabHEeHO JesKi BiZIOMI 3 JTiTepaTypy pe3yJIbTaTy,
30Kkpema pe3ynbrard MennyHi i Okanu [Electron. J. Different. Equat., 152, 1-15 (2017)] ra Axmana i Tarapa [Turkish J.
Math., 43, 2715-2730 (2019)].

1. Introduction. In this paper, we consider the following Cauchy problem of fractional integro-
differential equations:

n

(CD3+U) (t) + Zai (CDS‘iu) (t) = /k‘(t —7)f(u(r),v(r))dr, t>0,
0

=1

n t
(CDgw) )+ S b(CDfw) (1) = / h(t — Dg(u(r), () dr, &> 0, )
=1 0

u(0) =wup, v(0) =wvg, wug,v0€R,

where 0 < a; < a < 1,0< 8; < B <1, a;b;, i =1,...,n, are positive real numbers, the
fractional derivative CDS  is of Caputo type with order p. The two functions f and g are assumed
to be real continuous differentiable functions defined on R x R. The kernels k£ and h defined on
[0, 00) are locally integrable functions different from zero almost everywhere.

We prove the nonglobal existence of nontrivial solutions to system (1) under some certain condi-
tions on the functions f and g, the kernels k£ and h, the parameters «, (5, «;, B, ¢ = 1,2,...,n,
and the initial conditions. The proof is based on the weak formulation of the problem with the test
function method, used in [18], with some suitable estimation inequalities.

Before stating and proving our result, let us have a glance at the existing literature. The local
and global existence of solutions for several classes of fractional differential equations have been
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studied in many papers, we refer to [1, 6, 9, 17] and the references therein. For results on blow-up
and nonexistence of solutions for fractional differential equations and inequalities, we may mention
the works in [3-5, 7, 8, 10, 11, 13-17].

It has been shown in [8] that the system

4 (t) + (Dgu) () = ()P, t>0, 0<a<l, p>1,
() + (OD)w) () = [u®)t, >0, 0<B<L, g>1, 2)
u(0) = up, v(0) = vo,

g

1 1
admits no global solutions when ug > 0 and vg > 0 with 1 — — < 5+ Por1- — <a+-—.
p

q q p
In [15], the authors presented estimates for the blowing-up solutions of the system (2) by matching
them to the solutions of the ordinary system

u'(t) = alp®)P, t>0, p>1,
V() = alu(t)|?, t>0, ¢>1,
and the fractional system
(CD0+u)( )=alv()|P, t>0, 0<a<l, p>1,
( D0+v>( y=alu®)?, t>0, 0<f<1, ¢>1,
with either a = % ora=1.
It has been proved in [4], that the positive solution (u,v) of the system
u'(t) — (CD0+u)( ) =uP(t)vi(t), t>0, 0<a<l,
J(t) — ( DM)( y=uT(UT(E), t>0, 0<pB<I,

u(0) =ug >0, v(0)=wvy>0,

. . T 1
with0<p<1,0<7<1,r>1-p, ¢>1—r, blows up in finite time if 1 — —— Sﬂ-ﬁ-g, or
praq q
1
1-— < a+5 where p' = ! andq’zi.
p'q 4 1=p 1—7 .. .
The present authors studied, in [3], the nonexistence of (nontrivial) global solutions for the

fractional integro-differential problem
t
(Dgru)(t) + A D0+u /kt—7’|u )Pdr, t>0, p>1,
3)
0

(I'*u)(07) =b, beER,
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480 A. MUGBIL

where Df, and D€+, 0 < 8 < a < 1, are fractional derivatives of Riemann - Liouville type with
orders o and 3, respectively, A = 0,1 and the kernel function & is nonnegative different from zero
almost everywhere. It has been shown that if (t_o‘p/ + )\plt_ﬁp/)kl_p (t) € LL.[0,00) and

T T
lim 7' / PP (8) dt 4+ A / PP () dt | =0,

T—o0
0 0

where p’ = Ll’ then the problem (3) does not have any nontrivial global solution when b > 0.
p

In [2], the following system of ordinary fractional differential equations has been considered:

¢
(CDO+u)(t) + a1 (CDgiu /k: (t—7)|v(r)|®"dr, t>0,
0
¢
( D0+v>(t)—|—b1<cD§1 /h (t — 1)|u(r)|2dr, t>0,
0

U(O) = Uo, U(O) = o, Uug, Vo € Rv

where 0 <oy <a<1,0< B <B<1,q >1,¢20 > 1, and a1, by are either 0 or 1.
The authors of [17], studied the system

1)+ as(C D% u) (1) :/Wf(u(7>,v(7))d7, >0,
0

=1

+Zb(cDﬂ’ v)( ):/Wg(u(T),v(T))dT, £>0,
0

u(0) =ug >0, v(0)=wvy >0,

where 0 < a; <1,0< 3, <1,i=1,...,n,and 0 < y; <1, j =1,2.

System (1) is a generalization of several systems of ordinary and fractional equations. In particular,
it generalizes the systems that have been discussed in [2, 17].

When f(u,v) = |v|% and g(u,v) = |u|?, ¢1 > 1, ¢2 > 1 and i = 1, we have the problem
considered in [2] (see Theorems 3.3 and 3.4).

1
When k(t) =

. g Mandh(t) = ——— 2, t>0,0<~; <1, j =12 and
T W= Ty s b

a = [ =1, the result of [17] (Theorem 4.1) follows as a special case, see Section 3, Corollary 5.

This paper is organized as follows. In Section 2, we recall briefly some preliminary definitions,
notions, and properties from fractional calculus that we use in this paper. In Section 3, we state and
prove our results and give some examples and special cases.
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2. Preliminaries. For the convenience of the reader, we recall the fractional integrals and
derivatives that are used in this paper. Some results concerning their properties will be mentioned.

The left-hand sided and right-hand sided Riemann - Liouville fractional integrals of o > 0, are
defined by

1

(Igvy)(t) = Ta) (t—7)"""y(r)dr, >0,

o _

(I7-y)( (r)dr, t<T,

“\ﬂ

respectively, for all y(¢) € L1(0,T), T > 0, 1 < g < oo, where I'(«) is the Euler Gamma function.
We define 10,y = I9_y = y.

The left-hand sided and right-hand sided Riemann-— Liouville fractional derivatives of order «,
0 < a < 1, are defined by

(D)) = S (19) (1), 150

(D y)(1) =~ 5 (=) (1), +<T,

d d
respectively, for all y € C1[0,T]. In particular, D,y = Y pl Y= Y

A dt
It is shown in [12] that, for o > 0, 8 > 0,

(1@ =) 0) = O e,

(D5 = 7)) = 5w e,

The fractional integration by parts formula

T T
/y1 IS y2)( /y2 (IS—y1)(t) dt
0 0

1 1
is proved in [19], for y; € LP(0,T) and y2 € L9(0,T), p>1,¢g>1and -+ - <1+« (p #1
P 9

1 1
andq;élinthecasewhenf+f:1+oz),aZO.

P q
The left-hand sided and right-hand sided Caputo fractional derivatives of order o, 0 < @ < 1,
are defined by

(CDgey) (t) = (DG (y(7) — y(0)))(1),

(“Dg_y)(t) = (DF—(y(1) — y(T)))(t),
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482 A. MUGBIL

respectively, for all y € C[0, T]. In particular, CDé+y =0 = Y, CD}_y =——=—y

Note that if y(0) = 0, then CD8‘+y = D§,y, and if y(T') = 0, then D2 y = D% y. For
more details on these fractional integrals and derivatives and other fractional operators, the reader is
advised to see the books [12, 19].

If y € AC[0,T], that is, y is absolutely continuous function, then CD8‘+y and CD%,y exist
almost everywhere on [0, 7] and are given by

(“Dfey) (1) = (L") (1),
(°D§-) (1) = — (1)) (1),
To prove our main results in the next section, the following test function is considered:

T-0(T—t)7, 0<t<T, o>>1,
#(t) = “4)
0, t>T,

that has been used in [8]. For c >np —1, n=10,1,2,... and p > 1, it is shown in [2] that
T
/ AP D () dt = C ) TV, T > 0,
0

I'P(oc+1)
(c—np+1)IP(c—n+1)
3. Main results. To obtain main results in this paper, we need to start with the following lemmas.
Lemma 1 [2]. Let 0 < o < 1 and » be as in (4). Suppose that w € AC[0,T)]. Then

where C,, , =

T T
/ (1) (CD2, ) (1) dt = / () (D2 52)(t) dt — GaT'~*w(0),
0 0

I'(c+1)
Lemma 2 [2]. Let 0 < v <1, p> 1 and » be as in (4) with o > p — 1. Suppose that h is a
function that is different from zero almost everywhere, nonnegative and t"PYh'~P(t) € Li. [0, 400).
Then, for any T > 0,

where G, =

T 1-p T

T
(DY s)P(#)| | h(r —t)s(7)dr dt < Q. , TP [ ¢ PYRIP () dt,
o] /

t 0

oP
(0 —p+1)IP(2—7)

In the sequel, we assume that the following hypotheses on the functions f and g, the kernels &
and h, the parameters «, 8, «;, B, i =1,2,...,n:

(H1) The functions f and g satisfy the following growth condition:

where (1, , =

f(@,y) = byl forall =z,y€R,
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g(z,y) > alz|® forall z,yeR

for some constants a and b, where ¢; > 1 and ¢o > 1.
(H2) The functions k and h are nonnegative functions different from zero almost everywhere with
—agqy  _—1 —ajq2 -1 —Bay -1 —Bia1 -1
ta2=tha=1(t), t 22=1 he2=1(t), tan-Thai-1(¢t) and ¢t -1 kai-1(t) € LIOC[O, +o00), i =1,2,...,n
such that

q1—1 q1—1
T q192—1 n T q192—1
—q1—1 —Ba1 -1 —Bia -
lim 7T a1a2—1 ta-lka-1(t)dt +Z ta-1 ka- 1 (t)dt
T—o00
0 =1\
q1(g92—1) 91(g2—1)
T q192—1 n T q192—1
—xq2 70‘1‘12
(Jenmoa) T s (fetioa) |-
0 i=1 \(
or
go—1
q2—1 T q192—1
- —aag qraz—1 —ajay =
lim Tq1q2 1| (te-tho- 1( ) dt t a2l ha2— 1 (t)dt
T—o0
2—1 0
a2(q1—1) q2(q1—1)
T q192—1 T qraa—1
Bia1 —
/ ta— 1kll1 1 dt /tq1 1 kai— 1 )dt =0.
0 i=1\0

An example about functions k£ and h satisfying the above hypothesis is given at the end of this
section in Corollary 1.

Theorem 1. Assume that the functions f and g and kernels k and h satisfy (H1) and (Ho2).
Then problem (1) does not admit any nontrivial global solution when uy > 0 and vy > 0.

Proof. We prove by contradiction. We assume that there exists a nontrivial solution (u, v) for all
T > 0. Multiply both sides of each equation in (1) by s and integrating from 0 to 7', we obtain

T T n

/%(t)(CD8‘+u) (t) dt—l—/%(t)Zai(cDgiu) (t)dt = J,
0 0 i=1

T T
/%()( D0+v)( dt+/% Zb (CDB’ ) t)dt = Js,
0 0

where

T t
J1 ::/%(t) /kz(t—T)f(u(T),v(T))dT dt,
0

0
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484 A. MUGBIL

T t
Jo 1= O/%(t) (0/ h(t — T)g(U(T),’U(T))dT) dt.

These integrals can be rewritten in the following forms:

and

where

It follows from Lemma 1 that
n T
J1 + ug (GaTl—a + ZG%TI_‘”> - / u(t)(D—»)(t) dt + / u(t) Yy ai(DSs)(t)dt (5)
i=1 s
and
n T T n
Jy + v (GﬁTl—ﬁ +3 GﬁiTl—ﬂi> _ / u(t) (Déi, %) (t) dt + / o(t) > b (Déff, %) (t)dt. (6)
i=1 0 0 i=1
The integrals on the left-hand sides of (5) and (6) can be expressed as

T

T n
/ w(t)(DS5)(¢) dt + / u(t) S i (D2 52) (1) dt
0

0 =1

T s /T ,
< ( [t dt) ( [ 0mg b dt)
0

0

WS-

1

T @, T " o é
+ ( 0/ |u(t)]| H (t) dt) ;ai ( / H™ = (t) (DS 5) (1) dt) (7

0
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and

1=

T T n
/ u(t) (Di_ %) (t) dt + / ()Y b (Dgf_ %) (t)dt
0 0 =1

,_’F\‘r—t

T s , /
< /\v(t)\qlK(t)dt /K‘Zi(t)(Dg_%)ql(t)dt

0 0

Q
=

T
/yv(t)ymK(t)dt Zb /K e )(D?f_%)ql(t)dt
0

where ¢; are the conjugates of g;, j = 1,2.
Denote

485

®)

©)

then, with the help of (7), (8) and the growth condition in (H1), the relations (5) and (6) reduce to

1
J1+u0<G 7= °‘+ZG Tl az) <a quq2 (A42+Zaz "2>,

=1 i=1
n 1 L 1 n L
Ja + g (GﬁTl—ﬁ +) GﬁiT1—5i> <b wJP <B T+ bB" ) .
i=1 =1

Since ug, vo, Go, Gg, G, and Gp, are nonnegative, we deduce that

1 L 1 n + 1 L/
Ji <a ©J° (Aqé +ZaiA§2> and Jy <b g0 (Bql +ZbB )

=1 =1

Consequently,

»Q‘H

e
m\\H

1
Ji<a qzb qlquq”Q (Bql +ZbB > (Aq2+zaz
=1

)

(Bql +;b3 )

\\H
Q ‘)_,
Y

Joy<b qla ‘1142J‘“q2 (qu +Zaz q)
=1

Furthermore,
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486 A. MUGBIL

1
aa2-1 1 o1 a IN\Na/ 1+ 4
- 7 q 7 q
J, 1?2 < gwepae | B 4+ g bB 1 A2 + g a; A’
=1
-1 -1 1 L
< a® pirs  BAR b%B"l” A Al
< g2 bue 1922 2 + a;A; R
=1 =1
1
q192—1 1 -1 a1 ? a1 ER qi,
Jy 1?2 <aguubpa | A2 + g a; A2 B + E b;B;!
1 . 1 e
< qibn | AR +§ a ‘“A B+ § biB;*
=1 =1
Using basic power inequalities we end up with
9192 q192
—q 1 1 o1 A\ qee-1 1 n L\ a192-1
—_—— gy 7 !
J; < anaz-Tparee—1 [ Ba9z E biq2 Biqlq2 AL + E aiAti
i=1 =1
a192
1 B a1 noo1 A\ aen-1
q1 -1 -1 4} (a1a2—-1) a2 3 9192
< (a®*b)are2-T4ae-1 [ Balae-b 4 g b? B,
=1
14z
_ ajaa i, arag—1
1 § : 2
X AqQ(qlqz )_|_ az
=1
1 n .
4 qao—1 q1—1 1 q1 T a1 T
< Baraz—1 4 paa-1 E pire— paas
— aqub 7 7
=1
a1(ga—1) 9192 a1(a2—1)
% A qa2—1 —|—’I’Lq1q2 1 E :a‘Zl‘D 1A q192—1 ) (10)
=1
Analogously, we have
4192 4142
1 —q9 1 LG S N 1 n L\ a192-1
e —— e —— 7 7
J2 S aq1q2flbq1q271 A‘I1q2 + E a;l Aiqlq2 Ba + E biB:l
i=1 =1
9192
S S S 1 "L | aeel
< (abq2)Q1‘12*1441‘12*1 Ana E aiql A:lq?
=1
4192
9192 n L\ q1a2-1
x | Beilaaa—1 4 § bel
=1

1
—— q2 Q2_1
4 araz—1 ag—1
- ( ) ATET i 0 T g

abiz
=1
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a2(q1—1) 1 n q192 a2(q1=1)
x | B @ia2=T 4 paraa—1 Zbi‘hqul Biqlwﬂ . (11)

i=1

Now, the integrals A, B, A; and B; defined in (9) can be estimated using Lemma 2 as follows:

T /T 1-d5 T
A= / /h(T —t)s(T)dr (DF- %(t))qé dt < QavqéTl_qé /t_aqéhl_qé (t) dt,
0 0

(12)
T /T 1-q; , T
B= / / k(r — t)5(7) dr (Dg_ %)ql (t)dt < Qo T / 184 141 (1) it
0 t 0
T
A < Qg T % /t—"‘iqéhl—qé(t) dt,
i,dg
0
(13)

T
B; < Qg, T / Al (t) dt.
0

Substituting (12) and (13) in (10) and (11), we obtain

q1—1
A 1 T q192—1
q192—1 ’ ’ /
Jp < Qg TN [ P00 (¢) dt
adth sl
q1—1
X n o T q192—1
S S — / i o
+ nq1q2—1 Zbiq1Q2 1 QBZ.’q/lTl*ql /tﬁ'LQ1k1 q1 (t) dt
i=1 0
q1(g2—1)
T q192—1
! ! !
< || Qo T / t— o2 pl =% (t) dt
0
q1(92—-1)
1 o a1 L a2l
— q1aa—1 1—4 —aiqh 1, 1—q5
+ parae—1 Zai Qai,qéT 2/t 2h () dt
i=1 0
and
g2—1
q192—1

1 T

4 qra2—1 o P o

Jy < <aqu> Qo T / tOBpI TR (t) dt
0
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488 A. MUGBIL

q92—1
n T q192—1
_ 1 q271 1— gl 11 /
4 parae—1 Zai‘h@ m qéT QQ Y p 2 (t) dt
= 0
q2(q1—1)
T q1a2—1
1—¢’ —Bq, 1.1—¢'
< | | QpqTt /t A (1) dt
0
T a2(q1—1)
—1
) n q1q21 / / / 9192
4 paaz—1 Zbiqwz* Qﬁi,qiTl_ql /t—ﬂiql kl—lh (t) dt
i=1 0

This leads to a contradiction, in the light of the condition (Hs), as the solution is assumed to be
nontrivial.

Theorem 1 is proved.

The next results can be considered as special cases of Theorem 1.

Theorem 2. Let k and h be nonnegative functions which are different from zero almost everywhere.
For any T > 0, suppose that there are some positive constants c, c¢;, €, €;, A\, N, 1n; and \;,
i1=1,2,...,n, with

Ma—1)+na(ee—1)<a+1, Ma-1)+nqa(e—-1)<q+1,

Ailgt =) +ngi(e —1) <qi+1, Xilgr — 1) +miqi(ge — 1) < q1 + 1, (14)
or

(g2 — 1) +Ag2(q1 —1) <g2+1, nlgz—1)+ Niga(q1 — 1) < g2 + 1,

ni(ez — 1) + Aga(q1 — 1) < g2+ 1, ni(g2 — 1) + Niga(q1 — 1) < @2 + 1,
such that

(15)

T

—Bay
/tfn T 1( t)dt < eT?,
0

—Bia1 —1

T T
—aqo —a;q
/tq2 TpaT 1 t)dt < 1™, /t et T L(t)dt < cT™,
/ -1 -1 )dtgeiT’\i.
0

Then problem (1) does not admit any nontrivial global solution when uy > 0 and vy > 0.
Proof. 1t is clear that (15) implies that
—1 q1—1

a1
q192—1 T q192—1
n
—Biq1 —

T
—q1—1
O<Tq1(11121 /tql 1k;q11 dt +Z /tq11]<;q1 1()dt
; :
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91(92—1) q1(q2—1)
T q199—1 n T q192—1
—agqy -1 —ajay -1
’ /tqzlhqzl(t) dt Y /t R (1) di
0 =1 \o
—q1—1 )\(q1 i) Ai(g1—1) 71(11(«12 1) n;qa1(a2—1)
< My Tae-1 | T a1 + T a1az—1 qra2—-1 | E T aia2-1
Mar—=1)+ng1(92—1)—q1 -1 n Mar=1D)+Ai(g1—1)—a3 =1
<M |T q192—1 _|_E T q192—1
=1
n nq1(g2—=D)+X(q1—-1)—q; -1 "> Ai(g1—1)+njq1(a2—1)—q1—1
+ g q192—1 —+ E E T q1a2—1
i=1 j=1
and
92—1
q3-1 T a192—1
—aq2—1 —®92 q192—1 392
0 < Taraz—1 taz— 1h‘12 1()dt + tqz T haa— 1()dt
i=1 0
92(q1—1) a2(q1—1)
T arag—1 T q1a2—1
_Bqy
X /t‘hlkqll()dt /tﬂlkqll()dt
0 =1 \0
n(gg—1)+Aq2(91—1)—qa—1 n(qz 1+Aja9(q1—1)—qa—1
< Mo T araz—1 + E a1ga—1
n Aga(q1 =1 +mi(92—1)—go—1 nZ ni(a2—1D+Xjq2(q1—1)—g2—1
+ E T a1a2-1 + E E T a1a2-1 ,
i=1 i=1 j=1
where
a1(ga—1) QI(QZ*P q1—1 <I1*11
My = maxqcane-l 9P enn-l M 5
go—1 g2—1 T qo(q1—1) %1*1)
My = maxq can=1 277 e a1 e W , 1=1,2,...,n.

Therefore, the hypothesis (H2) of Theorem 1, follows from (14).
Theorem 2 is proved.

Similarly, the following special case of Theorem 1 can be easily proved by just verifying the
condition (H2). Also, it can be considered as a special case of Theorem 2.

Corollaryl. Let 0 < o <a <1, 0< B <B<l,1>1—q(1—-05), 2>1—-¢(—-a)
and q1,q2 > 1. Suppose that k(t) > rit=7, h(t) > rot=72, t > 0, for some constants ri,r9 > 0,
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and
M+qave <qa(Bi+ (o —1)g) +q1 +2
or

Y2+ @1 < @2(0oj + (B — 1)q1) + g2 + 2

foreachi=1,2,...,nand j =1,2,...,n. Then problem (1) does not admit any nontrivial global
solution when ug > 0 and vg > 0.
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