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NONEXISTENCE RESULTS FOR A SYSTEM OF NONLINEAR
FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS

РЕЗУЛЬТАТИ ЩОДО НЕIСНУВАННЯ РОЗВ’ЯЗКIВ СИСТЕМИ НЕЛIНIЙНИХ
ДРОБОВИХ IНТЕГРО-ДИФЕРЕНЦIАЛЬНИХ РIВНЯНЬ

We investigate the nonexistence of (nontrivial) global solutions for a system of nonlinear fractional equations. Each equation
involves n fractional derivatives, a subfirst-order ordinary derivative, and a nonlinear source term. The fractional derivatives
are of the Caputo type of order between 0 and 1. The nonlinear sources have the form of the convolution of a function of
state with (possibly singular) kernel. We generalize the results available in the literature, in particular, the results obtained
by Mennouni and Youkana [Electron. J. Different. Equat., 152, 1 – 15 (2017)] and Ahmad and Tatar [Turkish J. Math., 43,
2715 – 2730 (2019)].

Дослiджено випадок неiснування (нетривiальних) глобальних розв’язкiв системи нелiнiйних дробових рiвнянь.
Кожне рiвняння мiстить n дробових похiдних, звичайну похiдну пiдпершого порядку та нелiнiйний член, що
вiдповiдає джерелу. Дробовi похiднi мають порядок типу Капуто мiж 0 та 1. Нелiнiйнi джерела мають форму
згортки функцiї стану з (можливо, сингулярним) ядром. У цiй статтi узагальнено деякi вiдомi з лiтератури результати,
зокрема результати Меннунi й Юкани [Electron. J. Different. Equat., 152, 1 – 15 (2017)] та Ахмада i Татара [Turkish J.
Math., 43, 2715 – 2730 (2019)].

1. Introduction. In this paper, we consider the following Cauchy problem of fractional integro-
differential equations:

\bigl( 
CD\alpha 

0+u
\bigr) 
(t) +

n\sum 
i=1

ai
\bigl( 
CD\alpha i

0+
u
\bigr) 
(t) =

t\int 
0

k(t - \tau )f(u(\tau ), v(\tau )) d\tau , t > 0,

\Bigl( 
CD\beta 

0+
v
\Bigr) 
(t) +

n\sum 
i=1

bi

\Bigl( 
CD\beta i

0+
v
\Bigr) 
(t) =

t\int 
0

h(t - \tau )g(u(\tau ), v(\tau )) d\tau , t > 0, (1)

u(0) = u0, v(0) = v0, u0, v0 \in \BbbR ,

where 0 < \alpha i < \alpha \leq 1, 0 < \beta i < \beta \leq 1, ai, bi, i = 1, . . . , n, are positive real numbers, the
fractional derivative CD\rho 

0+ is of Caputo type with order \rho . The two functions f and g are assumed
to be real continuous differentiable functions defined on \BbbR \times \BbbR . The kernels k and h defined on
[0,\infty ) are locally integrable functions different from zero almost everywhere.

We prove the nonglobal existence of nontrivial solutions to system (1) under some certain condi-
tions on the functions f and g, the kernels k and h, the parameters \alpha , \beta , \alpha i, \beta i, i = 1, 2, . . . , n,

and the initial conditions. The proof is based on the weak formulation of the problem with the test
function method, used in [18], with some suitable estimation inequalities.

Before stating and proving our result, let us have a glance at the existing literature. The local
and global existence of solutions for several classes of fractional differential equations have been
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studied in many papers, we refer to [1, 6, 9, 17] and the references therein. For results on blow-up
and nonexistence of solutions for fractional differential equations and inequalities, we may mention
the works in [3 – 5, 7, 8, 10, 11, 13 – 17].

It has been shown in [8] that the system

u\prime (t) +
\bigl( 
CD\alpha 

0+u
\bigr) 
(t) = | v(t)| p, t > 0, 0 < \alpha < 1, p > 1,

v\prime (t) +
\Bigl( 
CD\beta 

0+
v
\Bigr) 
(t) = | u(t)| q, t > 0, 0 < \beta < 1, q > 1, (2)

u(0) = u0, v(0) = v0,

admits no global solutions when u0 > 0 and v0 > 0 with 1 - 1

pq
\leq \beta +

\alpha 

q
or 1 - 1

pq
\leq \alpha +

\beta 

p
.

In [15], the authors presented estimates for the blowing-up solutions of the system (2) by matching
them to the solutions of the ordinary system

u\prime (t) = a| v(t)| p, t > 0, p > 1,

v\prime (t) = a| u(t)| q, t > 0, q > 1,

and the fractional system\bigl( 
CD\alpha 

0+u
\bigr) 
(t) = a| v(t)| p, t > 0, 0 < \alpha < 1, p > 1,\Bigl( 

CD\beta 
0+
v
\Bigr) 
(t) = a| u(t)| q, t > 0, 0 < \beta < 1, q > 1,

with either a =
1

2
or a = 1.

It has been proved in [4], that the positive solution (u, v) of the system

u\prime (t) - 
\bigl( 
CD\alpha 

0+u
\bigr) 
(t) = up(t)vq(t), t > 0, 0 < \alpha < 1,

v\prime (t) - 
\Bigl( 
CD\beta 

0+
v
\Bigr) 
(t) = ur(t)v\tau (t), t > 0, 0 < \beta < 1,

u(0) = u0 > 0, v(0) = v0 > 0,

with 0 < p < 1, 0 < \tau < 1, r > 1 - p, q > 1 - \tau , blows up in finite time if 1 - 1

p\prime q\prime 
\leq \beta +

\alpha 

q\prime 
or

1 - 1

p\prime q\prime 
\leq \alpha +

\beta 

p\prime 
, where p\prime =

r

1 - p
and q\prime =

q

1 - \tau 
.

The present authors studied, in [3], the nonexistence of (nontrivial) global solutions for the
fractional integro-differential problem

(D\alpha 
0+u)(t) + \lambda 

\Bigl( 
D\beta 

0+
u
\Bigr) 
(t) \geq 

t\int 
0

k(t - \tau )| u(\tau )| p d\tau , t > 0, p > 1,

\bigl( 
I1 - \alpha u

\bigr) \bigl( 
0+
\bigr) 
= b, b \in \BbbR ,

(3)
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where D\alpha 
0+ and D\beta 

0+
, 0 < \beta < \alpha \leq 1, are fractional derivatives of Riemann – Liouville type with

orders \alpha and \beta , respectively, \lambda = 0, 1 and the kernel function k is nonnegative different from zero
almost everywhere. It has been shown that if

\Bigl( 
t - \alpha p\prime + \lambda p\prime t - \beta p\prime 

\Bigr) 
k1 - p\prime (t) \in L1

\mathrm{l}\mathrm{o}\mathrm{c}[0,\infty ) and

\mathrm{l}\mathrm{i}\mathrm{m}
T\rightarrow \infty 

T 1 - p\prime 

\left(  T\int 
0

t - \alpha p\prime k1 - p\prime (t) dt+ \lambda p\prime 
T\int 
0

t - \beta p\prime k1 - p\prime (t) dt

\right)  = 0,

where p\prime =
p

p - 1
, then the problem (3) does not have any nontrivial global solution when b \geq 0.

In [2], the following system of ordinary fractional differential equations has been considered:

\bigl( 
CD\alpha 

0+u
\bigr) 
(t) + a1

\bigl( 
CD\alpha 1

0+
u
\bigr) 
(t) =

t\int 
0

k(t - \tau )| v(\tau )| q1 d\tau , t > 0,

\Bigl( 
CD\beta 

0+
v
\Bigr) 
(t) + b1

\Bigl( 
CD\beta 1

0+
v
\Bigr) 
(t) =

t\int 
0

h(t - \tau )| u(\tau )| q2d\tau , t > 0,

u(0) = u0, v(0) = v0, u0, v0 \in \BbbR ,

where 0 < \alpha 1 < \alpha \leq 1, 0 < \beta 1 < \beta \leq 1, q1 > 1, q2 > 1, and a1, b1 are either 0 or 1.

The authors of [17], studied the system

u\prime (t) +
n\sum 

i=1

ai
\bigl( 
CD\alpha i

0+
u
\bigr) 
(t) =

t\int 
0

(t - \tau ) - \gamma 1

\Gamma (1 - \gamma 1)
f(u(\tau ), v(\tau )) d\tau , t > 0,

v\prime (t) +

n\sum 
i=1

bi

\Bigl( 
CD\beta i

0+
v
\Bigr) 
(t) =

t\int 
0

(t - \tau ) - \gamma 2

\Gamma (1 - \gamma 2)
g(u(\tau ), v(\tau )) d\tau , t > 0,

u(0) = u0 > 0, v(0) = v0 > 0,

where 0 < \alpha i < 1, 0 < \beta i < 1, i = 1, . . . , n, and 0 < \gamma j < 1, j = 1, 2.

System (1) is a generalization of several systems of ordinary and fractional equations. In particular,
it generalizes the systems that have been discussed in [2, 17].

When f(u, v) = | v| q1 and g(u, v) = | u| q2 , q1 > 1, q2 > 1 and i = 1, we have the problem
considered in [2] (see Theorems 3.3 and 3.4).

When k(t) =
1

\Gamma (1 - \gamma 1)
t - \gamma 1 and h(t) =

1

\Gamma (1 - \gamma 2)
t - \gamma 2 , t > 0, 0 < \gamma j < 1, j = 1, 2 and

\alpha = \beta = 1, the result of [17] (Theorem 4.1) follows as a special case, see Section 3, Corollary 5.

This paper is organized as follows. In Section 2, we recall briefly some preliminary definitions,
notions, and properties from fractional calculus that we use in this paper. In Section 3, we state and
prove our results and give some examples and special cases.
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2. Preliminaries. For the convenience of the reader, we recall the fractional integrals and
derivatives that are used in this paper. Some results concerning their properties will be mentioned.

The left-hand sided and right-hand sided Riemann – Liouville fractional integrals of \alpha > 0, are
defined by

(I\alpha 0+y)(t) =
1

\Gamma (\alpha )

t\int 
0

(t - \tau )\alpha  - 1y(\tau ) d\tau , t > 0,

(I\alpha T - y)(t) =
1

\Gamma (\alpha )

T\int 
t

(\tau  - t)\alpha  - 1y(\tau ) d\tau , t < T,

respectively, for all y(t) \in Lq(0, T ), T > 0, 1 \leq q \leq \infty , where \Gamma (\alpha ) is the Euler Gamma function.
We define I00+y = I0T - y = y.

The left-hand sided and right-hand sided Riemann – Liouville fractional derivatives of order \alpha ,

0 < \alpha < 1, are defined by

(D\alpha 
0+y)(t) =

d

dt

\bigl( 
I1 - \alpha 
0+

y
\bigr) 
(t), t > 0,

(D\alpha 
T - y)(t) =  - d

dt

\bigl( 
I1 - \alpha 
T - y

\bigr) 
(t), t < T,

respectively, for all y \in C1[0, T ]. In particular, D1
0+y =

dy

dt
, D1

T - y =  - dy

dt
.

It is shown in [12] that, for \alpha \geq 0, \beta > 0,\Bigl( 
I\alpha T - (T  - \tau )\beta  - 1

\Bigr) 
(t) =

\Gamma (\beta )

\Gamma (\beta + \alpha )
(T  - t)\beta +\alpha  - 1,

\Bigl( 
D\alpha 

T - (T  - \tau )\beta  - 1
\Bigr) 
(t) =

\Gamma (\beta )

\Gamma (\beta  - \alpha )
(T  - t)\beta  - \alpha  - 1.

The fractional integration by parts formula

T\int 
0

y1(t)(I
\alpha 
0+y2)(t) dt =

T\int 
0

y2(t)(I
\alpha 
T - y1)(t) dt

is proved in [19], for y1 \in Lp(0, T ) and y2 \in Lq(0, T ), p \geq 1, q \geq 1 and
1

p
+

1

q
\leq 1 + \alpha 

\Bigl( 
p \not = 1

and q \not = 1 in the case when
1

p
+

1

q
= 1 + \alpha 

\Bigr) 
, \alpha \geq 0.

The left-hand sided and right-hand sided Caputo fractional derivatives of order \alpha , 0 < \alpha < 1,

are defined by \bigl( 
CD\alpha 

0+y
\bigr) 
(t) = (D\alpha 

0+(y(\tau ) - y(0)))(t),\bigl( 
CD\alpha 

T - y
\bigr) 
(t) = (D\alpha 

T - (y(\tau ) - y(T )))(t),
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respectively, for all y \in C1[0, T ]. In particular, CD1
0+y =

dy

dt
= y\prime , CD1

T - y =  - dy

dt
=  - y\prime .

Note that if y(0) = 0, then CD\alpha 
0+y = D\alpha 

0+y, and if y(T ) = 0, then CD\alpha 
T - y = D\alpha 

T - y. For
more details on these fractional integrals and derivatives and other fractional operators, the reader is
advised to see the books [12, 19].

If y \in AC[0, T ], that is, y is absolutely continuous function, then CD\alpha 
0+y and CD\alpha 

T - y exist
almost everywhere on [0, T ] and are given by\bigl( 

CD\alpha 
0+y
\bigr) 
(t) =

\bigl( 
I1 - \alpha 
0+

y\prime 
\bigr) 
(t),\bigl( 

CD\alpha 
T - y

\bigr) 
(t) =  - 

\bigl( 
I1 - \alpha 
T - y\prime 

\bigr) 
(t).

To prove our main results in the next section, the following test function is considered:

\varkappa (t) :=

\left\{   T - \sigma (T  - t)\sigma , 0 \leq t \leq T, \sigma >> 1,

0, t > T,
(4)

that has been used in [8]. For \sigma > np - 1, n = 0, 1, 2, . . . and p > 1, it is shown in [2] that

T\int 
0

\varkappa 1 - p(t)| Dn\varkappa (t)| p dt = Cn,pT
1 - np, T > 0,

where Cn,p =
\Gamma p(\sigma + 1)

(\sigma  - np+ 1)\Gamma p(\sigma  - n+ 1)
.

3. Main results. To obtain main results in this paper, we need to start with the following lemmas.
Lemma 1 [2]. Let 0 < \alpha \leq 1 and \varkappa be as in (4). Suppose that \omega \in AC[0, T ]. Then

T\int 
0

\varkappa (t)
\bigl( 
CD\alpha 

0+\omega 
\bigr) 
(t) dt =

T\int 
0

\omega (t)(D\alpha 
T - \varkappa )(t) dt - G\alpha T

1 - \alpha \omega (0),

where G\alpha =
\Gamma (\sigma + 1)

\Gamma (\sigma + 2 - \alpha )
.

Lemma 2 [2]. Let 0 < \gamma \leq 1, p > 1 and \varkappa be as in (4) with \sigma > p  - 1. Suppose that h is a
function that is different from zero almost everywhere, nonnegative and t - p\gamma h1 - p(t) \in L1

\mathrm{l}\mathrm{o}\mathrm{c}[0,+\infty ).

Then, for any T > 0,

T\int 
0

\bigl( 
D\gamma 

T - \varkappa 
\bigr) p
(t)

\left(  T\int 
t

h(\tau  - t)\varkappa (\tau ) d\tau 

\right)  1 - p

dt \leq \Omega \gamma ,pT
1 - p

T\int 
0

t - p\gamma h1 - p(t) dt,

where \Omega \gamma ,p =
\sigma p

(\sigma  - p+ 1)\Gamma p(2 - \gamma )
.

In the sequel, we assume that the following hypotheses on the functions f and g, the kernels k

and h, the parameters \alpha , \beta , \alpha i, \beta i, i = 1, 2, . . . , n:
(H1) The functions f and g satisfy the following growth condition:

f(x, y) \geq b| y| q1 for all x, y \in \BbbR ,
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g(x, y) \geq a| x| q2 for all x, y \in \BbbR 

for some constants a and b, where q1 > 1 and q2 > 1.

(H2) The functions k and h are nonnegative functions different from zero almost everywhere with

t
 - \alpha q2
q2 - 1 h

 - 1
q2 - 1 (t), t

 - \alpha iq2
q2 - 1 h

 - 1
q2 - 1 (t), t

 - \beta q1
q1 - 1 h

 - 1
q1 - 1 (t) and t

 - \beta iq1
q1 - 1 k

 - 1
q1 - 1 (t) \in L1

\mathrm{l}\mathrm{o}\mathrm{c}[0,+\infty ), i = 1, 2, . . . , n,

such that

\mathrm{l}\mathrm{i}\mathrm{m}
T\rightarrow \infty 

T
 - q1 - 1
q1q2 - 1

\left(    
\left(  T\int 

0

t
 - \beta q1
q1 - 1 k

 - 1
q1 - 1 (t)dt

\right)  
q1 - 1

q1q2 - 1

+
n\sum 

i=1

\left(  T\int 
0

t
 - \beta iq1
q1 - 1 k

 - 1
q1 - 1 (t)dt

\right)  
q1 - 1

q1q2 - 1

\right)    

\times 

\left(    
\left(  T\int 

0

t
 - \alpha q2
q2 - 1 h

 - 1
q2 - 1 (t) dt

\right)  
q1(q2 - 1)
q1q2 - 1

+
n\sum 

i=1

\left(  T\int 
0

t
 - \alpha iq2
q2 - 1 h

 - 1
q2 - 1 (t) dt

\right)  
q1(q2 - 1)
q1q2 - 1

\right)    = 0

or

\mathrm{l}\mathrm{i}\mathrm{m}
T\rightarrow \infty 

T
 - q2 - 1
q1q2 - 1

\left(    \biggl( t - \alpha q2
q2 - 1 h

 - 1
q2 - 1 (t) dt

\biggr) q2 - 1
q1q2 - 1

+
n\sum 

i=1

\left(  T\int 
0

t
 - \alpha iq2
q2 - 1 h

 - 1
q2 - 1 (t) dt

\right)  
q2 - 1

q1q2 - 1

\right)    

\times 

\left(    
\left(  T\int 

0

t
 - \beta q1
q1 - 1 k

 - 1
q1 - 1 (t) dt

\right)  
q2(q1 - 1)
q1q2 - 1

+

n\sum 
i=1

\left(  T\int 
0

t
 - \beta iq1
q1 - 1 k

 - 1
q1 - 1 (t) dt

\right)  
q2(q1 - 1)
q1q2 - 1

\right)    = 0.

An example about functions k and h satisfying the above hypothesis is given at the end of this
section in Corollary 1.

Theorem 1. Assume that the functions f and g and kernels k and h satisfy (H1) and (H2).
Then problem (1) does not admit any nontrivial global solution when u0 \geq 0 and v0 \geq 0.

Proof. We prove by contradiction. We assume that there exists a nontrivial solution (u, v) for all
T > 0. Multiply both sides of each equation in (1) by \varkappa and integrating from 0 to T, we obtain

T\int 
0

\varkappa (t)
\bigl( 
CD\alpha 

0+u
\bigr) 
(t) dt+

T\int 
0

\varkappa (t)
n\sum 

i=1

ai
\bigl( 
CD\alpha i

0+
u
\bigr) 
(t) dt = J1,

T\int 
0

\varkappa (t)
\Bigl( 
CD\beta 

0+
v
\Bigr) 
(t) dt+

T\int 
0

\varkappa (t)
n\sum 

i=1

bi

\Bigl( 
CD\beta i

0+
v
\Bigr) 
(t) dt = J2,

where

J1 :=

T\int 
0

\varkappa (t)

\left(  t\int 
0

k(t - \tau )f(u(\tau ), v(\tau )) d\tau 

\right)  dt,
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J2 :=

T\int 
0

\varkappa (t)

\left(  t\int 
0

h(t - \tau )g(u(\tau ), v(\tau )) d\tau 

\right)  dt.

These integrals can be rewritten in the following forms:

J1 =

T\int 
0

f(u(\tau ), v(\tau ))

\left(  T\int 
\tau 

k(t - \tau )\varkappa (t) dt

\right)  d\tau =

T\int 
0

f(u(\tau ), v(\tau ))K(\tau ) d\tau 

and

J2 =

T\int 
0

g(u(\tau ), v(\tau ))

\left(  T\int 
\tau 

h(t - \tau )\varkappa (t) dt

\right)  d\tau =

T\int 
0

g(u(\tau ), v(\tau ))H(\tau ) d\tau ,

where

K(\tau ) :=

T\int 
\tau 

k(t - \tau )\varkappa (t) dt,

H(\tau ) :=

T\int 
\tau 

h(t - \tau )\varkappa (t) dt, 0 \leq \tau < t \leq T.

It follows from Lemma 1 that

J1 + u0

\Biggl( 
G\alpha T

1 - \alpha +
n\sum 

i=1

G\alpha iT
1 - \alpha i

\Biggr) 
=

T\int 
0

u(t)(D\alpha 
T - \varkappa )(t) dt+

T\int 
0

u(t)
n\sum 

i=1

ai
\bigl( 
D\alpha i

T - \varkappa 
\bigr) 
(t) dt (5)

and

J2 + v0

\Biggl( 
G\beta T

1 - \beta +

n\sum 
i=1

G\beta i
T 1 - \beta i

\Biggr) 
=

T\int 
0

v(t)
\Bigl( 
D\beta 

T - \varkappa 
\Bigr) 
(t) dt+

T\int 
0

v(t)

n\sum 
i=1

bi

\Bigl( 
D\beta i

T - \varkappa 
\Bigr) 
(t) dt. (6)

The integrals on the left-hand sides of (5) and (6) can be expressed as

T\int 
0

u(t)(D\alpha 
T - \varkappa )(t) dt+

T\int 
0

u(t)
n\sum 

i=1

ai
\bigl( 
D\alpha i

T - \varkappa 
\bigr) 
(t) dt

\leq 

\left(  T\int 
0

| u(t)| q2H(t) dt

\right)  
1
q2
\left(  T\int 

0

H
 - q\prime 2

q2 (t)(D\alpha 
T - \varkappa )q

\prime 
2(t) dt

\right)  
1
q\prime 2

+

\left(  T\int 
0

| u(t)| q2H(t) dt

\right)  
1
q2 n\sum 

i=1

ai

\left(  T\int 
0

H
 - q\prime 2

q2 (t)
\bigl( 
D\alpha i

T - \varkappa 
\bigr) q\prime 2(t) dt

\right)  
1
q\prime 2

(7)
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and

T\int 
0

v(t)
\Bigl( 
D\beta 

T - \varkappa 
\Bigr) 
(t) dt+

T\int 
0

v(t)
n\sum 

i=1

bi

\Bigl( 
D\beta i

T - \varkappa 
\Bigr) 
(t) dt

\leq 

\left(  T\int 
0

| v(t)| q1K(t) dt

\right)  
1
q1
\left(  T\int 

0

K
 - q\prime 1

q1 (t)
\Bigl( 
D\beta 

T - \varkappa 
\Bigr) q\prime 1

(t) dt

\right)  
1
q\prime 1

+

\left(  T\int 
0

| v(t)| q1K(t) dt

\right)  
1
q1 n\sum 

i=1

bi

\left(  T\int 
0

K
 - q\prime 1

q1 (t)
\Bigl( 
D\beta i

T - \varkappa 
\Bigr) q\prime 1

(t) dt

\right)  
1
q\prime 1

, (8)

where q\prime j are the conjugates of qj , j = 1, 2.

Denote

A :=

T\int 
0

H
 - q\prime 2

q2 (t)(D\alpha 
T - \varkappa )q

\prime 
2(t) dt, Ai :=

T\int 
0

H
 - q\prime 2

q2 (t)
\bigl( 
D\alpha i

T - \varkappa 
\bigr) q\prime 2(t) dt,

B :=

T\int 
0

K
 - q\prime 1

q1 (t)
\Bigl( 
D\beta 

T - \varkappa 
\Bigr) q\prime 1

(t) dt, Bi :=

T\int 
0

K
 - q\prime 1

q1 (t)
\Bigl( 
D\beta i

T - \varkappa 
\Bigr) q\prime 1

(t) dt,

(9)

then, with the help of (7), (8) and the growth condition in (H1), the relations (5) and (6) reduce to

J1 + u0

\Biggl( 
G\alpha T

1 - \alpha +
n\sum 

i=1

G\alpha iT
1 - \alpha i

\Biggr) 
\leq a

 - 1
q2 J

1
q2
2

\Biggl( 
A

1
q\prime 2 +

n\sum 
i=1

aiA

1
q\prime 2
i

\Biggr) 
,

J2 + v0

\Biggl( 
G\beta T

1 - \beta +

n\sum 
i=1

G\beta i
T 1 - \beta i

\Biggr) 
\leq b

 - 1
q1 J

1
q1
1

\Biggl( 
B

1
q\prime 1 +

n\sum 
i=1

biB

1
q\prime 1
i

\Biggr) 
.

Since u0, v0, G\alpha , G\beta , G\alpha i and G\beta i
are nonnegative, we deduce that

J1 \leq a
 - 1

q2 J
1
q2
2

\Biggl( 
A

1
q\prime 2 +

n\sum 
i=1

aiA

1
q\prime 2
i

\Biggr) 
and J2 \leq b

 - 1
q1 J

1
q1
1

\Biggl( 
B

1
q\prime 1 +

n\sum 
i=1

biB

1
q\prime 1
i

\Biggr) 
.

Consequently,

J1 \leq a
 - 1

q2 b
 - 1

q1q2 J
1

q1q2
1

\Biggl( 
B

1
q\prime 1 +

n\sum 
i=1

biB

1
q\prime 1
i

\Biggr) 1
q2

\Biggl( 
A

1
q\prime 2 +

n\sum 
i=1

aiA

1
q\prime 2
i

\Biggr) 
,

J2 \leq b
 - 1

q1 a
 - 1

q1q2 J
1

q1q2
2

\Biggl( 
A

1
q\prime 2 +

n\sum 
i=1

aiA

1
q\prime 2
i

\Biggr) 1
q1

\Biggl( 
B

1
q\prime 1 +

n\sum 
i=1

biB

1
q\prime 1
i

\Biggr) 
.

Furthermore,
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J
q1q2 - 1
q1q2

1 \leq a
 - 1
q2 b

 - 1
q1q2

\Biggl( 
B

1
q\prime 1 +

n\sum 
i=1

biB

1
q\prime 1
i

\Biggr) 1
q2

\Biggl( 
A

1
q\prime 2 +

n\sum 
i=1

aiA

1
q\prime 2
i

\Biggr) 

\leq a
 - 1
q2 b

 - 1
q1q2

\Biggl( 
B

1
q\prime 1q2 +

n\sum 
i=1

b
1
q2
i B

1
q\prime 1q2
i

\Biggr) \Biggl( 
A

1
q\prime 2 +

n\sum 
i=1

aiA

1
q\prime 2
i

\Biggr) 
,

J
q1q2 - 1
q1q2

2 \leq a
 - 1
q1q2 b

 - 1
q1

\Biggl( 
A

1
q\prime 2 +

n\sum 
i=1

aiA

1
q\prime 2
i

\Biggr) 1
q1

\Biggl( 
B

1
q\prime 1 +

n\sum 
i=1

biB

1
q\prime 1
i

\Biggr) 

\leq a
 - 1
q1q2 b

 - 1
q1

\Biggl( 
A

1
q1q

\prime 
2 +

n\sum 
i=1

a
1
q1
i A

1
q1q

\prime 
2

i

\Biggr) \Biggl( 
B

1
q\prime 1 +

n\sum 
i=1

biB

1
q\prime 1
i

\Biggr) 
.

Using basic power inequalities we end up with

J1 \leq a
 - q1

q1q2 - 1 b
 - 1

q1q2 - 1

\Biggl( 
B

1
q\prime 1q2 +

n\sum 
i=1

b
1
q2
i B

1
q\prime 1q2
i

\Biggr) q1q2
q1q2 - 1

\Biggl( 
A

1
q\prime 2 +

n\sum 
i=1

aiA

1
q\prime 2
i

\Biggr) q1q2
q1q2 - 1

\leq (aq1b)
 - 1

q1q2 - 1 4
1

q1q2 - 1

\left(  B
q1

q\prime 1(q1q2 - 1) +

\Biggl( 
n\sum 

i=1

b
1
q2
i B

1
q\prime 1q2
i

\Biggr) q1q2
q1q2 - 1

\right)  

\times 

\left(  A
q1q2

q\prime 2(q1q2 - 1) +

\Biggl( 
n\sum 

i=1

aiA

1
q\prime 2
i

\Biggr) q1q2
q1q2 - 1

\right)  
\leq 
\biggl( 

4

aq1b

\biggr) 1
q1q2 - 1

\Biggl( 
B

q1 - 1
q1q2 - 1 + n

1
q1q2 - 1

n\sum 
i=1

b
q1

q1q2 - 1

i B
q1 - 1

q1q2 - 1

i

\Biggr) 

\times 

\Biggl( 
A

q1(q2 - 1)
q1q2 - 1 + n

1
q1q2 - 1

n\sum 
i=1

a
q1q2

q1q2 - 1

i A
q1(q2 - 1)
q1q2 - 1

i

\Biggr) 
. (10)

Analogously, we have

J2 \leq a
 - 1

q1q2 - 1 b
 - q2

q1q2 - 1

\Biggl( 
A

1
q1q

\prime 
2 +

n\sum 
i=1

a
1
q1
i A

1
q1q

\prime 
2

i

\Biggr) q1q2
q1q2 - 1

\Biggl( 
B

1
q\prime 1 +

n\sum 
i=1

biB

1
q\prime 1
i

\Biggr) q1q2
q1q2 - 1

\leq (abq2)
 - 1

q1q2 - 1 4
1

q1q2 - 1

\left(  A
1

q1q
\prime 
2 +

\Biggl( 
n\sum 

i=1

a
1
q1
i A

1
q1q

\prime 
2

i

\Biggr) q1q2
q1q2 - 1

\right)  

\times 

\left(  B
q1q2

q\prime 1(q1q2 - 1) +

\Biggl( 
n\sum 

i=1

biB

1
q\prime 1
i

\Biggr) q1q2
q1q2 - 1

\right)  
\leq 
\biggl( 

4

abq2

\biggr) 1
q1q2 - 1

\Biggl( 
A

q2 - 1
q1q2 - 1 + n

1
q1q2 - 1

n\sum 
i=1

a
q2

q1q2 - 1

i A
q2 - 1

q1q2 - 1

i

\Biggr) 
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\times 

\Biggl( 
B

q2(q1 - 1)
q1q2 - 1 + n

1
q1q2 - 1

n\sum 
i=1

b
q1q2

q1q2 - 1

i B
q2(q1 - 1)
q1q2 - 1

i

\Biggr) 
. (11)

Now, the integrals A, B, Ai and Bi defined in (9) can be estimated using Lemma 2 as follows:

A =

T\int 
0

\left(  T\int 
t

h(\tau  - t)\varkappa (\tau ) d\tau 

\right)  1 - q\prime 2

(D\alpha 
T - \varkappa (t))q

\prime 
2 dt \leq \Omega \alpha ,q\prime 2

T 1 - q\prime 2

T\int 
0

t - \alpha q\prime 2h1 - q\prime 2(t) dt,

B =

T\int 
0

\left(  T\int 
t

k(\tau  - t)\varkappa (\tau ) d\tau 

\right)  1 - q\prime 1\Bigl( 
D\beta 

T - \varkappa 
\Bigr) q\prime 1

(t) dt \leq \Omega \beta ,q\prime 1
T 1 - q\prime 1

T\int 
0

t - \beta q\prime 1k1 - q\prime 1(t) dt,

(12)

Ai \leq \Omega \alpha i,q\prime 2
T 1 - q\prime 2

T\int 
0

t - \alpha iq
\prime 
2h1 - q\prime 2(t) dt,

Bi \leq \Omega \beta i,q\prime 1
T 1 - q\prime 1

T\int 
0

t - \beta iq
\prime 
1k1 - q\prime 1(t) dt.

(13)

Substituting (12) and (13) in (10) and (11), we obtain

J1 \leq 
\biggl( 

4

aq1b

\biggr) 1
q1q2 - 1

\left(    
\left(  \Omega \beta ,q\prime 1

T 1 - q\prime 1

T\int 
0

t - \beta q\prime 1k1 - q\prime 1(t) dt

\right)  
q1 - 1

q1q2 - 1

+ n
1

q1q2 - 1

n\sum 
i=1

b
q1

q1q2 - 1

i

\left(  \Omega \beta i,q\prime 1
T 1 - q\prime 1

T\int 
0

t - \beta iq
\prime 
1k1 - q\prime 1(t) dt

\right)  
q1 - 1

q1q2 - 1

\right)    

\times 

\left(    
\left(  \Omega \alpha ,q\prime 2

T 1 - q\prime 2

T\int 
0

t - \alpha q\prime 2h1 - q\prime 2(t) dt

\right)  
q1(q2 - 1)
q1q2 - 1

+ n
1

q1q2 - 1

n\sum 
i=1

a
q1q2

q1q2 - 1

i

\left(  \Omega \alpha i,q\prime 2
T 1 - q\prime 2

T\int 
0

t - \alpha iq
\prime 
2h1 - q\prime 2(t) dt

\right)  
q1(q2 - 1)
q1q2 - 1

\right)    
and

J2 \leq 
\biggl( 

4

abq2

\biggr) 1
q1q2 - 1

\left(    
\left(  \Omega \alpha ,q\prime 2

T 1 - q\prime 2

T\int 
0

t - \alpha q\prime 2h1 - q\prime 2(t) dt

\right)  
q2 - 1

q1q2 - 1
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+ n
1

q1q2 - 1

n\sum 
i=1

a
q2

q1q2 - 1

i

\left(  \Omega \alpha i,q\prime 2
T 1 - q\prime 2

T\int 
0

t - \alpha iq
\prime 
2h1 - q\prime 2(t) dt

\right)  
q2 - 1

q1q2 - 1

\right)    

\times 

\left(    
\left(  \Omega \beta ,q\prime 1

T 1 - q\prime 1

T\int 
0

t - \beta q\prime 1k1 - q\prime 1(t) dt

\right)  
q2(q1 - 1)
q1q2 - 1

+ n
1

q1q2 - 1

n\sum 
i=1

b
q1q2

q1q2 - 1

i

\left(  \Omega \beta i,q\prime 1
T 1 - q\prime 1

T\int 
0

t - \beta iq
\prime 
1k1 - q\prime 1(t) dt

\right)  
q2(q1 - 1)
q1q2 - 1

\right)    .

This leads to a contradiction, in the light of the condition (H2), as the solution is assumed to be
nontrivial.

Theorem 1 is proved.
The next results can be considered as special cases of Theorem 1.
Theorem 2. Let k and h be nonnegative functions which are different from zero almost everywhere.

For any T > 0, suppose that there are some positive constants c, ci, e, ei, \lambda , \eta , \eta i and \lambda i,

i = 1, 2, . . . , n, with

\lambda (q1  - 1) + \eta q1(q2  - 1) < q1 + 1, \lambda (q1  - 1) + \eta iq1(q2  - 1) < q1 + 1,

\lambda i(q1  - 1) + \eta q1(q2  - 1) < q1 + 1, \lambda i(q1  - 1) + \eta iq1(q2  - 1) < q1 + 1, (14)

or

\eta (q2  - 1) + \lambda q2(q1  - 1) < q2 + 1, \eta (q2  - 1) + \lambda iq2(q1  - 1) < q2 + 1,

\eta i(q2  - 1) + \lambda q2(q1  - 1) < q2 + 1, \eta i(q2  - 1) + \lambda iq2(q1  - 1) < q2 + 1,

such that

T\int 
0

t
 - \alpha q2
q2 - 1 h

 - 1
q2 - 1 (t) dt \leq cT \eta ,

T\int 
0

t
 - \alpha iq2
q2 - 1 h

 - 1
q2 - 1 (t) dt \leq ciT

\eta i ,

T\int 
0

t
 - \beta q1
q1 - 1 k

 - 1
q1 - 1 (t) dt \leq eT \lambda ,

T\int 
0

t
 - \beta iq1
q1 - 1 k

 - 1
q1 - 1 (t) dt \leq eiT

\lambda i .

(15)

Then problem (1) does not admit any nontrivial global solution when u0 \geq 0 and v0 \geq 0.

Proof. It is clear that (15) implies that

0 \leq T
 - q1 - 1
q1q2 - 1

\left(    
\left(  T\int 

0

t
 - \beta q1
q1 - 1 k

 - 1
q1 - 1 (t) dt

\right)  
q1 - 1

q1q2 - 1

+

n\sum 
i=1

\left(  T\int 
0

t
 - \beta iq1
q1 - 1 k

 - 1
q1 - 1 (t) dt

\right)  
q1 - 1

q1q2 - 1

\right)    
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\times 

\left(    
\left(  T\int 

0

t
 - \alpha q2
q2 - 1 h

 - 1
q2 - 1 (t) dt

\right)  
q1(q2 - 1)
q1q2 - 1

+

n\sum 
i=1

\left(  T\int 
0

t
 - \alpha iq2
q2 - 1 h

 - 1
q2 - 1 (t) dt

\right)  
q1(q2 - 1)
q1q2 - 1

\right)    
\leq M1 T

 - q1 - 1
q1q2 - 1

\Biggl( 
T

\lambda (q1 - 1)
q1q2 - 1 +

n\sum 
i=1

T
\lambda i(q1 - 1)

q1q2 - 1

\Biggr) \Biggl( 
T

\eta q1(q2 - 1)
q1q2 - 1 +

n\sum 
i=1

T
\eta iq1(q2 - 1)

q1q2 - 1

\Biggr) 

\leq M1

\Biggl( 
T

\lambda (q1 - 1)+\eta q1(q2 - 1) - q1 - 1
q1q2 - 1 +

n\sum 
i=1

T
\lambda (q1 - 1)+\lambda i(q1 - 1) - q1 - 1

q1q2 - 1

+
n\sum 

i=1

T
\eta q1(q2 - 1)+\lambda i(q1 - 1) - q1 - 1

q1q2 - 1 +

n\sum 
i=1

n\sum 
j=1

T
\lambda i(q1 - 1)+\eta jq1(q2 - 1) - q1 - 1

q1q2 - 1

\right)  
and

0 \leq T
 - q2 - 1
q1q2 - 1

\left(    \biggl( t - \alpha q2
q2 - 1 h

 - 1
q2 - 1 (t) dt

\biggr) q2 - 1
q1q2 - 1

+
n\sum 

i=1

\left(  T\int 
0

t
 - \alpha iq2
q2 - 1 h

 - 1
q2 - 1 (t) dt

\right)  
q2 - 1

q1q2 - 1

\right)    

\times 

\left(    
\left(  T\int 

0

t
 - \beta q1
q1 - 1 k

 - 1
q1 - 1 (t) dt

\right)  
q2(q1 - 1)
q1q2 - 1

+
n\sum 

i=1

\left(  T\int 
0

t
 - \beta iq1
q1 - 1 k

 - 1
q1 - 1 (t) dt

\right)  
q2(q1 - 1)
q1q2 - 1

\right)    
\leq M2

\Biggl( 
T

\eta (q2 - 1)+\lambda q2(q1 - 1) - q2 - 1
q1q2 - 1 +

n\sum 
i=1

T
\eta (q2 - 1)+\lambda iq2(q1 - 1) - q2 - 1

q1q2 - 1

+
n\sum 

i=1

T
\lambda q2(q1 - 1)+\eta i(q2 - 1) - q2 - 1

q1q2 - 1 +
n\sum 

i=1

n\sum 
j=1

T
\eta i(q2 - 1)+\lambda jq2(q1 - 1) - q2 - 1

q1q2 - 1

\right)  ,

where

M1 = \mathrm{m}\mathrm{a}\mathrm{x}

\Biggl\{ 
c
q1(q2 - 1)
q1q2 - 1 , c

q1(q2 - 1)
q1q2 - 1

i , e
q1 - 1

q1q2 - 1 , e
q1 - 1

q1q2 - 1

i

\Biggr\} 
,

M2 = \mathrm{m}\mathrm{a}\mathrm{x}

\Biggl\{ 
c

q2 - 1
q1q2 - 1 , c

q2 - 1
q1q2 - 1

i , e
q2(q1 - 1)
q1q2 - 1 , e

q2(q1 - 1)
q1q2 - 1

i

\Biggr\} 
, i = 1, 2, . . . , n.

Therefore, the hypothesis (H2) of Theorem 1, follows from (14).
Theorem 2 is proved.
Similarly, the following special case of Theorem 1 can be easily proved by just verifying the

condition (H2). Also, it can be considered as a special case of Theorem 2.
Corollary 1. Let 0 \leq \alpha j < \alpha < 1, 0 \leq \beta i < \beta < 1, \gamma 1 > 1  - q1(1  - \beta ), \gamma 2 > 1  - q2(1  - \alpha )

and q1, q2 > 1. Suppose that k(t) \geq r1t
 - \gamma 1 , h(t) \geq r2t

 - \gamma 2 , t > 0, for some constants r1, r2 > 0,
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and
\gamma 1 + q1\gamma 2 < q1(\beta i + (\alpha j  - 1)q2) + q1 + 2

or
\gamma 2 + q2\gamma 1 < q2(\alpha j + (\beta i  - 1)q1) + q2 + 2

for each i = 1, 2, . . . , n and j = 1, 2, . . . , n. Then problem (1) does not admit any nontrivial global
solution when u0 \geq 0 and v0 \geq 0.
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