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A WEIGHTED WEAK-TYPE INEQUALITY
FOR THE ONE-SIDED MAXIMAL OPERATORS

3BA’KEHA HEPIBHICTb CJIABKOI'O THUITY
JJIs1 OJHOCTOPOHHIX MAKCUMAJIBHUX OIIEPATOPIB

We obtain some necessary and sufficient conditions for a weighted weak-type inequality of the form
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to be true, which generalize some known results.

Haseneno nmesiki HeoOXifHI i JOCTaTHI YMOBH UISl TOTO, II00 BUKOHYBAJIACh 3BaJKe€Ha HEPIBHICTH CITAOKOTO THITY
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Pesyneratn, oTpuMaHi B poOOTi, Y3araibHIOIOTh JIESKI BiIOMI pe3yJIbTaTy.

1. Introduction. In the past half century, the modern harmonic analysis theory has made a lot of
great progress, the expansion of the two-sided operator theory and the demand of ergodic theory
have greatly promoted the study of one-sided operator, among which the research on the weighted
inequalities of one-sided operators has aroused the interest of many scholars (see [1, 2, 4, 5, 7-15]).
Hardy - Littlewood maximal operators, one-sided maximal operators and their transformations have
always been one of the main research objects in harmonic analysis, there are different technical
requirements to deal with these operators, and seeking the correspondences between them is the core
content in the study of one-sided maximal operators.
In 1994, A. Gogatishvili and V. Kokilashvili [6] studied the following weighted inequality:
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where M f is a Hardy — Littlewood maximal operator in homogeneous space. Its four-weight genera-
lization form was studied in [16]. The main aim of this paper is to give the corresponding form of the
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multiweight inequality (1.1) for the one-sided maximal operators. A weighted weak-type inequalities

of the form
400

will be considered, and some necessary and sufficient conditions for it are obtained. Our work
generalize some known results.

2. Preliminaries. This section mainly introduces some concepts, symbols and related knowledge
which we will use.

In what follows the symbol ® will be used to denote the set of all functions ¢ : R! — R! which
are nonnegative, even, and increasing on (0, c0) such that lim;_,o+ ¢(t) = 0, lim_, o ¢(t) = 0.

A function w is called a Young function if w € ® and it is not identically zero or co on (0, c0);
at some point ¢ > 0 it may have a jump up to oo but in that case it must be left continuous at ¢.

A function ¢(¢) is called quasiconvex if there exists a Young function w and a constant C' > 1
such that w(t) < ¢(t) < w(Ct), t > 0. The function ¢(¢) is said to be quasiincrease if there exists
a constant C' > 0 such that

p(t1) < Cp(Cty)

for each t; and to, 0 < t1 < t9. For more information, one can refer to [3].
We can associate every quasiconvex function ¢ with its complementary function ¢ defined by

¢(t) = sup(st — ¢(s)).
s>0
The subadditivity of the supremum readily implies that ¢ is a Young function. We recall the
Young inequality
st < p(s)+ (1), s,t>0.

Given a positive and locally integrable function g on the real line, the one-sided maximal function
L.
M is defined by
z+h

M 5@ =sp s [ oty

z+h
for f € Lyjoc(RY), where g(x, x4+ h) = 9(y) dy.

The one-sided g-mean of f is defined as

,U,;_(f) = l’[';_(f7 a,b, C) =

b
For an interval (a,b) and a measurable function h, we denote / h(z)dz by h(a,b). As usual,

{M;f > A} will stand for {x € R: M f(x) > A}.
Let ¢ € ® be a quasiconvex function, it was proved in [6] that there exists a constant § > 0 such
that, for an arbitrary ¢ > 0, we have
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and

For a quasiconvex function ¢, we obtain
ep(t) < p(Cet), t>0, e>1,
and
p(yt) <ye(Ct), t>0, y<1,

where the constants C' do not depend on ¢, €, and ~ (see [6]).

2.1)

2.2)

(2.3)

(2.4)

Throughout this paper, C' and C; are used to denote positive constants, which may be different

from one line to another.

3. Main result and proof. The main result of this paper is the following theorem.

Theorem 3.1. Let ¢ € ® be a quasiconvex function and w;, i = 1,2,3,4, be a weight. Then

the following statements are equivalent:

(i) there exists a constant Cy > 0 such that

{Mg(H)>r} -0

holds for all f and X\ > 0;
(1) there exists a constant Cy > 0 such that

b c
() (o @I\
/¢<w3<5)w4(x)>w4($) dﬂié@/ <C2w1(x)w2(:r)> 2(z)d

a b

S

holds for all f and a < b < ¢;
(iil) there exist constants Cs > 0 and € > 0 such that

[l s /b o) 5 o) |t

< [ o

a

holds for all A > 0 and a < b < c.

3.1)

(3.2)

(3.3)
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Proof. The implication (i) = (ii) is an easy consequence of the estimate

M F(2) > pd (F)X(ap) (@),

which is valid for all f, x and a < b < c.
1
(ii) = (iii). For k € N, we set By = {x € (bye): — <wi(x)g(z) < k} and

k

b -1

Al = (g(al, ¢) a/ SE(cug(y)szx(yQ MA(y) e (x)g(m)>
b
e <g<§, 3/ #Gam) S dy“’“m)g(”) o
where x g, denotes the characteristic function of the set By, and € will be specified later. Then

b

I'= /80 (g(;, c) /¢<w3(y))\w4(y)> Miy) dywr (x) g(x)) wa () da

By,

- / Ay (@)n(2)g(z) d /b oo i@
b

a

Ir- (al’ 5 /b " A(2)wn (2)wa(2)g(x) dz < A, then we have
< jﬁ(W)“’“W‘”
it (ai 5 /b " A(2)wr (2)ws(2)g(x) dz > A, then by (2.3) we get
- /b s /;A(y:f)ﬁgg(y) S e
Consequently,
= o s [ s e i v

It follows from (3.2) that
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b c

</ @(W)mm dr + Cs b/ HCCo A(x)Jwnla) do,

a

2 2012
CCzE<1andC§28

where C' is the constant in (2.3). Then choose ¢ so small that < 1, where

J is from (2.1). By the definition of A(x), (2.4) and (2.1), we obtain

+02E{¢ C?Che g(i‘gc) /ab¢<w3(y;\w4(y)>w4)(\y dyor (2)g() ws () dx
b
: / )
025226 / p| Co @(gé{, c) /?)b¢<w3(y)/\w4(y)> w4)(‘y) dyWI(x)g($)> wo(z) dz

that is,

I< /5(@)%(@ dx + 02535 1.

Since [ is finite, it follows from the above inequality that

/¢ <g<§, ) /b o) A e "”“”) w(w) do

Bk a

a

< —cucg: | )@
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Now let £ — oo, so that (iii) is valid.
(iii)) = (i). For a fixed A > 0, it is known that

o0

8
{Mg*(f) > 6)\} = LJl(ai,bi),
where
8 o
As / FBlg(t)dt Vo € (ai,b). (3.4)

Now using the “cutting method” introduced by F. J. Martin-Reyes [5], we assume that (a, b) is
one of the intervals (a;, b;), and set 2o = a and xy, x; b such that the equality

b b
[lr@ls@rdr =2 [ 17@)lg(e) ds (35)
holds for any k£ € N. From (3.4) and (3.5), we obtain
p 1 v
T / F@lg(o) dz,
from which we have
Ty N N
| #(ammg )@
€ 7 - A i
o e [ (o )i / £ @)lg() do
T ol el Cs|f ()]
< 5C; / / <,0< 4(y)> 3 dy wi(x)g(x) wo(x) dx.

9(Tk—1, Tk11) w3 (y)w w1 (z)wa(z)

T Tp—1

By the Young inequality, we get

x,!l 95<cug,(a:)Aw4(ac))“’4(:6) da
S 2(23 x{ (p ka/j ¢<w3(y))\w4(y)> W4>(\y) dywi(z)g(x) |wa(z) do
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oy / @(m)wm in.

It follows from (3.3) that

m/l @(W)M(@dmﬁé}l ¢(m>w2(x)dx.

By summing up k, we have

b b
[ (G e = [ oGt )

a a

Consequently, we obtain

amram 214~ 2 | i Jao

{MS(5)>Er} ag

=)/ w1 (2)wa ()
400
_( Culf(x)|
- 04_4 G R

From the above estimates, we conclude that (i) is valid.
Theorem 3.1 is proved.
Remark3.1. 1f we interchange ¢ and ¢ in Theorem 3.1, then the conclusions still hold.
If we put w; = w3 =1, wo = wy = w in Theorem 3.1, then we have the following corollary.
Corollary3.1. Let ¢ € ® be a quasiconvex function and w be a weight. Then the following
Statements are equivalent:
(1) there exists a constant C > 0 such that

[ ol )i za [ ofc ot

{MS(H)>2} —00

holds for all f and X\ > 0;
(1) there exists a constant Cy > 0 such that

/io(“fé"?)w(x) dr < Cz/csl?(Cz 2ol )t do

a b

holds for all f and a < b < ¢;
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(iii) there exist constants Cs > 0 and € > 0 such that

C

Ik g(ci@/b () 3 vt “(x)dmfc?’/b ()t
b a

a

holds for all A > 0 and a < b < c.

1
If we put w; = w3 = —, w2 = wy = w in Theorem 3.1, then we have the following corollary.
w

Corollary3.2. Let ¢ € ® be a quasiconvex function and w be a weight. Then the following
Statements are equivalent:
(i) there exists a constant Cy > 0 such that

+o00o
o) / w(z)de < O / (| (@) () d (3.6)
(M=) s

holds for all f and X\ > 0;
(i) there exists a constant Cy > 0 such that

b c

/ (i () w(z) de < C / (Ol (@) () dx

a b

holds for all f and a < b < ¢;
(iil) there exist constants C3 and € > 0 such that

c b b

£ e(Nw(y) . g(x)
b/gp e C)a/ S dy w(z)dr < Cg(p()\)a/w(x) dx

holds for all A > 0 and a < b < c.
We should point out that the weighted inequality (3.6) has been studied by P. Ortega Salvador in
[9]. Here we obtain its new characterizations by Theorem 3.1.

The present work was supported by the National Natural Science Foundation of China (Grant
No. 11871195 and No. 12101193).
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