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PRACTICAL SEMIGLOBAL UNIFORM EXPONENTIAL STABILITY
OF NONLINEAR NONAUTONOMOUS SYSTEMS

ITPAKTUYHA HAIIBIJIOBAJIBHA PIBHOMIPHA EKCIIOHEHIIAJIBHA
CTIAKICTh HEJITHIMHUX HEABTOHOMHHUX CUCTEM

We solve the following twofold problem: In the first part, we deduce Lyapunov sufficient conditions for practical uniform
exponential stability of nonlinear perturbed systems under different conditions for the perturbed term. The second part
presents a converse Lyapunov theorem for the notion of semiglobal uniform exponential stability for parametrized nonlinear
time-varying systems. We establish the possibility of application of a perturbed parametrized system, by using Lyapunov
theory, to the investigation of the robustness properties that may provide practical semiglobal uniform exponential stability
with respect to perturbations.

PosrstHyTO BOICTY 3azmady. Y mepuriii 4acTHHI OTPUMAaHO J0CTaTHi yMOBH JIsnyHOBa /Ul MPaKTHYHOI PIBHOMIPHOI eKc-
MOHEHIIAIBHOI CTIHKOCTI HEeNHIHHNX 30ypeHNX CHCTEM IIpH Pi3HUX YMOBax, IO HAKJIAJeHi Ha 30ypeHui wieH. Y npyrii
YacTHHI HaBelleHO o0epHeHy TeopeMy JIAmyHOoBa Uil MOHATTS HAMiBIVIOO0AIbHOI PIBHOMIPHOI €KCHOHEHIIANBHOT CTIMKOCTI
mapamMeTpPHU30BaHOI HEMHIWNHOI CHCTEMH, IO 3MIHIOETHCS 3aJISKHO Bix yacy. J{oCmiKeHO MOXKIIHBICTh 3aCTOCYBaHHs 30ype-
HOI MMapaMeTpH30BaHOI CHCTEMH 3 BUKOPUCTAHHAM Teopii JIsmyHOBa A ZOCHIIKEHHS BIaCTHBOCTEH CTIMKOCTI, SIKi MOXe
3a0e3MeYnTH IpaKTHYHA HaliBIIo0aibHa PIBHOMIpHA €KCIIOHEHIiaJIbHa CTAOLIBHICTD 10 BiHOIICHHIO 10 30ypeHb.

1. Introduction. It is well-known that the stability may be a fundamental issue and it has been a
crucial notion within the study of control systems. By a stable system, we broadly mean that little
disturbances either within the system inputs or within the initial conditions don’t result in large
changes within the overall behavior of the system. To be of practical use, a system needs to be
stable. For this reason, there are a motivating number of developments within the research of the
stability criteria of nonlinear differential systems [1, 2, 5, 7, 13, 24] and a number of other works
have presented many methods for analysing stability properties [8, 9, 14, 17, 18, 20, 21]. There
are important sorts of stability of dynamical systems [3, 4, 11, 22]. In this work, we are interesting
on the practical exponential stability and practical semiglobal exponential stability. In the case of
exponential stability, it is required that each one solution starting near an equilibrium point not only
stay nearby, but tend to the equilibrium point in no time with decline rate. For practical exponential
stability (see [15]), one only has to stabilize a system in a very region of space, namely the system
may oscillate near the state, within which the performance remains acceptable. In other word, the
asymptotic behavior is studied in a sense that the trajectories converge to a small ball centred at the
origin. This notion has been investigated by using Lyapunov-like functions and integral inequalities
in [8]. In the case of semiglobal exponential stability, there exist several different versions in the
literature for nonlinear time-varying systems [6, 10, 12, 19, 23]. For example, in [23], the authors
derived sufficient conditions for uniform semiglobal exponential stability of parametrized nonlinear
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systems and they studied robustness properties of perturbed systems. The usual technique to study
the stability of a perturbed system is the Lyapunov function associated to the nominal system as a
Lyapunov candidate for the perturbed system. This method has been used extensively for stability
analysis of nonlinear time-varying systems [9, 16, 21]. The concept utilized in [1] is to add within
the Lyapunov function associated to the nominal system a special function which is chosen such
the derivative along the trajectories of the system in presence of perturbations is negative. In [8],
the authors provided some sufficient conditions for the exponential stability of a class of perturbed
systems based on Lyapunov’s technique and a new nonlinear inequality, and under some restrictions
on the perturbed term, they proved that all state trajectories are bounded and converge to a small ball
centred at the origin. The novelty of this work is to investigate the global practical uniform exponential
stability of certain nonlinear perturbed systems under different upper bounds on the perturbed term
using Lyapunov’s theory. Furthermore, we established a new converse Lyapunov theorem in the
case of semiglobal exponential stability of a parametrized system and use it to study the robustness
properties with respect to nonvanishing perturbations.

This paper is organized as follows. In the next section, we present the concept of practical
exponential stability and some technical lemmas used to proof the main results. Also, we consider a
class of nonlinear nonautonomous systems with perturbation. We derive stability conditions, which
are formulated in terms of the stability of the nominal system with some restrictions on the perturbed
term. Our approach is based on a combined usage of the Lyapunov equations, new bounds on
the perturbations and estimates on some scalar functions. In Subsection 2.3, practical semiglobal
exponential stability is defined on the parametrized nonlinear system. A converse Lyapunov theorem
is established by construction a differential Lyapunov function which satisfies certain properties and
the robustness properties that practical semiglobal exponential stability may provide with respect to
nonvanishing perturbations are examined. The conclusion is drawn in Section 3.

2. Basic results. 2.1. Preliminaries and systems description. Throughout this paper, we adopt
the following notations:

RY = ]0, 400,

R4+ = [0, 4+o0[ is the set of all nonnegative real numbers,

R™ is the real n-dimensional Euclidean space with the norm || - ||,

C(Ry x R™ R™) denotes the space of all continuous functions from R, x R™ to R,

for r > 0, B, is the closed ball of R™ centred at zero, i.e., B, = {x € R": ||z| < r}.

Consider the nonlinear time-varying system described by

T = f(t,x), x(to) = xo, t>1t9 >0, (D

where x € R” is the state and f € C(Ry x R™ R") is locally Lipschitz in x, uniformly in ¢.

Let x(t,tg, x0) = x(t) be denoted by the unique solution of system (1) passing through =y € R,
where t = tg.

Firstly, we present the definition of global practical exponential stability of system (1), which is
recently introduced in [3].

Definition 1. B, is called globally uniformly exponentially stable, if there exist positive numbers
A1 and Ao such that, for all tg € Ry and all zq € R",

()] < Mlzofle 2 71) 4 @)
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The system (1) is said to be globally practically uniformly exponentially stable if there exists a ball
B, C R"™ such that B, is globally uniformly exponentially stable.

Remark 1. The inequality (2) implies that ||z(¢)|| will be bounded by a small bound r > 0, that
is, ||z (t)|| will be small for sufficiently large ¢. In particular, Definition 1 generalizes the notion of
uniform exponential stability when r = 0, see [17].

We use also the following lemmas to prove our results.

Lemma 1 (see [9]). Let a,b,d € RY and w: Ry — R" be continuously differentiable function
such that

o) < — (a - b9(t)>w(t) +dy(t).
Forallt> 0 and x € R",
0(t) <

Then, for all t > tg > 0, we have

w(t) < w(to)enge—a(t—to) + debM9 L;’Y?
a
00

where My = / 0(s)ds and M, = / s)ds.
Lemma 2 (see [9]). Let a € RY and b € RY,, then
1
a"+b" < E(a—k b)" Vn€]0,1].

Lemma 3 (see [24], generalized Gronwall — Bellman inequality). Let 6,1 : Ry — R be conti-
nuous functions and ¢ : Ry — Ry is a function such that

B(t) < (1)t + (1) ¥t = to.
Then, for any t > tg > 0, we have the following inequality:

o(t) < plto)elo /1” s s)
Note that the derivative of a function V' (¢, z) along the solution of system (1) is given by
. ov. oV
V(t,x):= v —f(t x).

2.2. Global practical exponential stability of perturbed systems. The uniform exponential stabi-
lity of an equilibrium point of a system can be established by requiring the existence of a Lyapunov
function that satisfies certain conditions. In as follows, we shall be interested in the relation between
the solution of the unperturbed system (1) and the solution of the perturbed system

&= f(t,x) +(t,x) Vt>to, (3)

where ¢ € C(R; x R™ R"™) is locally Lipschitz in z, uniformly in ¢. Precisely, we will give sufficient
conditions to show that if the nominal system (1) is globally uniformly exponentially stable then the
perturbed system (3) is globally practically uniformly exponentially stable under different assumptions
on the perturbed term using Lyapunov’s direct method.

Now, we suppose the following assumptions:
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(H1) The nominal system (1) is globally uniformly exponentially stable and there exists a
continuous differentiable function V' (-,-): Ry x R™ — R such that, for all ¢ € R and all z € R,
we have

@ cllz]* <V(t,2) < el

(i) V(t,2) < —csz]?,

(iii) oV
i) ||—=—
ox
where ¢y, co, c3, and ¢4 are positive constants.

(H2) The perturbed term (¢, x) satisfies ¢)(¢,0) = 0 for all ¢ € R and there exists a nonnegati-
ve constant 0 < a < 1 such that

< callz]),

[o(t,2) =&yl < v (Ollz = yl|* + (@l -yl Ve=>0 v,y eR",

where v: Ry — R and £: Ry — R are continuous nonnegative functions with

+oo
/ g(s)ds < M, < 400,
0

+oo
/ Y2 (s)ds < M, < 400
0

and the assumption

C3C1
e(t) < =— Vit >t
C2C4
Remark?2. The assumption (#;) is first formulated in [18] as a criteria to show the exponential
asymptotic behavior of solutions of system (3) under another condition on the perturbed term.
Now, the first theorem about global practical uniform exponential stability behavior of the
perturbed system (3) is as follows.
Theorem 1. Under assumptions (H1) and (Hs), the perturbed system (3) is globally practically
uniformly exponentially stable.
Proof. Let z(t) be the solution of system (3). Then the derivative of V' along the trajectories of
system (3) is given by

: ov. oV ov

V(f,ﬂ?) = a + %f(ta .T) + %d}(ta :E)

IN

oV
~alel? + | 5 [t

IN

~esllall® + eallzll ((O)llall® + <o) el

= —callz||* + cay (@) l|** + cac(®) 2]

~(e3 = cac(®) | 2]* + car(B) || *

ISSN 1027-3190. Ykp. mam. oscypn., 2023, m. 75, Ne 5



600 A. KICHA, M. A. HAMMAM], L.-E. ABBES

< (& - Lo V) + a0V (0 0)
Cc2 C1 2
G
Let
1—a . 1— . _atl
Z(t) = V()" = 2(t) = — VLoV (o)
Then
. l—afc3 ca l—a ¢
Z(t) < — = ——<(t) ) Z(t) + Lﬂfy(t).
2 co 2 5
S
Hence, using Lemma 1 with
azl—aci, bzl—aci dzl—a 1CfO¢7
2 Co 2 C1 2 2
51

we obtain, for all ¢ > 2,

l1—a CAME _l-«a ﬁ(t—to) 11—« Cy FJ?AMS M'YCZ
Z(t) < Z(tg)e * aMeem 2 a0 4 e 2 oM |2
®) (to) 2 Cll% (1—a)es

Therefore,
feli=e < o580 | (@) pppone i gew Lo e [ Mo
x e 4 T e
< c1 0 2 cl"%l (1—a)es

Thus, since 0 < 1 — a < 1, using Lemma 2, we get, for all ¢ > ¢ and all zg € R", the solution of
the system is given by

1 11—«
1 T—a cd4p Co ~ 53 (1) l—a ¢ M. co
t < _— c2 [— 2co
ool < (125) e 2 gl |7 e

This yield the global uniform exponential stability of B, with

11—«

= Cy4 M702 e%ME
AL\ (1 —a)e
2 3
2¢y

Hence, the system (3) is globally practically uniformly exponentially stable.

Theorem 1 is proved.

To investigate the global practical uniform exponential stability of the perturbed system (3) we
shall suppose some assumptions more than considered in Theorem 1. This result of stability can be
stated as follows.

Proposition 1. Assume that there exist a continuous differentiable function V (-,-): Ry x R" —
Ry and positive constants c;, v+ = 1,2,3, such that, for all t € Ry and all x € R", the next
properties are satisfied:
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(1) conditions (i) and (ii) in assumption (H1) hold,
(2) there exists a continuous integrable function o : Ry — R such that

g‘gjzp(t,m) <o(t)|z]|*tt VzeR" VteRy, O0<a<l.

Then the system (3) is globally practically uniformly exponentially stable.
Proof. Let z(t) be the solution of system (3). Then the derivative of V' along the trajectories of

system (3) is as follows:
. av. oV oV
V(t,z) = F %f(t,x) + 87#’(@30)

—esllz)|* + o (t)]|2] >

IN

C=

1
SV (t, ) + —o (VT (L, z).
2

IN

C c1 2

Put
Z2(t) =V 2 (t,2) = Z(t) = TaV(t,x)V*T(t, z),

which implies that

Applying Lemma 3, we get, for all ¢ > %,

_loasg gy 1 —a

Z(t) < Z(to)e 2 = 6_1_70%3”_5)0(5)615

_(A—a)cg (t—t()) 1— «

<Z(tg)e 2 —am Mo,
2¢,?
400
where M, = / o(s)ds. Then
0
1—a 1
C 2 1-ac3 iy —
ol < (2) 7 flaolt-e 5 4 Lo,
c1 2.2

Using Lemma 2, we have, for all ¢ > ¢y and all g € R", the solution is given by

1

et

1
I\ Je — 53 (4t M
Hl’(t)” S <1a> ;||$0‘|e 202( 0) + é
1 2012

Consequently, the global practical uniform exponential stability of system (3) is fulfilled.
Proposition 1 is proved.
We make another assumption for the perturbed term (¢, ) as follows:
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(Hs3) There exist a continuous integrable function p: Ry — R, and nonnegative continuous
functions ¢ and ¢ such that

[t 2)[| < p(®)O(l2l]) +6() VE>to Vo eR"

with

I(||z)) < K|z and /52(5)d8 = Mj < +o0.
0

We are now in position to present the next result.
Theorem 2. Under the assumptions (H1), (Hs) and the condition

C3C1

t
p(t) < Py

the system (3) is globally practically uniformly exponentially stable.

Proof. Let z(t) be the solution of system (3). Then the derivative of V' along the trajectories of
system (3) is given by

V(t,0) = S+ S0 + St
< —ealle? + eallz| (oD (l2) + 5(2))

< —csllz)|* + cakp(t)l|z ] + cad(t) ]|

< _<C3 _ mp(t))V(t,a:) + S50V ).

(&) C1 \/a
Let
Zt)=\V(t,x) = Z(t) = =V (t,z)\/V(t,z).
Then we get

Using Lemma 1, we get, for all ¢ > tg,

cqk c

M, —53(t—to) cy by [ Msco
Z t < Z t 2c P 2c c P
e
o0
where M, = p(s)ds. Therefore, for all ¢ >ty and all zy € R™, the solution of the system is as
follows:

cqk _ 83 (4 cqk M
o0 < [Z ol &2 o [He
€1 261 cs

Consequently, the system (3) is globally practically uniformly exponentially stable.
Theorem 2 is proved.

The following example is an illustrative of the applicability of the previous result.
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Example 1. We consider the following nonlinear system:

. 2 o) 1
Tl =xi{T2 — —T1 + + )
AT T 40402142 Vit "

T a3 To + 12 + !
2 = - - 42 )
AT T a2 Vit B

where x = (x1,22)7 € R? and ¢t € R,. This system has the same form of (3) with

9 1 ) n 1
Tixe — — X1 2 2
4 41 +8)2/1+23 V1i+t
f(t,l‘) = 1 y ¢(t>33) = x;/ 2 1
3 4
Ty A1+02/T+22  VI+i
—f—Y
— ==X, |
10 15 20 25 t

Fig. 1. Time evolution of the state x(¢) of system (4).

1 . . o .
We set V (¢, ) = = (23 +23) as a Lyapunov function for the nominal system witch is continuously

1
differentiable. It is clear that assumption () is satisfied with ¢; = ¢y = o ¢y =2and c3 = 35 The
1 1 1
function (¢, x) verifies the assumption (H3), just take 9(||z||) = —=||z||, k = —=, p(t) =
Y(t,x) ption (H3), ] () ﬂll | 7 p(t) e

and §(t) = *12—1- = are nonnegative and continuous functions with
00
/p(t)dt =1:=M, < +o0,
0
oo
/52(t)dt =21 := M;s < +00
0
and
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C3C1

pl) < cocsk
Therefore, from Theorem 2 we deduce that the system (4) can be globally practically uniformly
exponentially stable. In Fig. 1, it can be seen that the trajectories of system (4) practically converge
to zero where the initial state is (1(0), 22(0)) = (1,3).

To obtain more general results, we shall introduce the following assumptions:

(H4) Assume that the nominal system (1) is globally uniformly exponentially stable and there
exists a continuous differentiable function V'(-,-) : Ry x R™ — R such that, for all £ € Ry and all
x € R™, we have

() cifll” < V(t,z) < eal]|’;

(i) V(t,z) < —es3z|®,
where c;, co, c3 are positive constants and b > 1.

(Hs) There exists an integrable continuous function ¢ : Ry — R such that

ov

Sy V(6w) <O() Vo ER™ VLER,.
X

Now, under the above assumptions we are ready to present the next theorem.

Theorem 3. [f the assumptions (H4) and (Hs) are hold, then system (3) is globally practically
uniformly exponentially stable.

Proof. Let x(t) be the solution of system (3). Then, the derivative of V' along the trajectories of
the system is as follows:

Vb ) < —esllall +3(t) < =2V (t,2) +0(2).
2
For all ¢ > tg, we get

V(t, 37) S V(to, l'o)eizig(tit()) + M(;,

(e}

where Ms = d(s)ds. Then, for all t > ty and all zp € R™, the solution of the system is as

0
_ 3 (4 M,
@ < /2 laolle™ =27 4 /=2,
c1 C1
Theorem 3 is proved.

2.3. Practical semiglobal uniform exponential stability of perturbed systems. In this section, we
consider the parametrized nonlinear time-varying system

follows:

&= f(t,x,e), x(ty) = xo, ®)

where t € Ry, z € R", e € © C R™ is a constant parameter and f(t,x,¢€) is locally Lipschitz in x
and piecewise continuous in ¢ for all € € ©. The origin is an equilibrium point of system (5).

A definition of semiglobal uniform exponential stability for nonlinear time-varying systems has
been presented in [19]. In order to explicitly show the impact that system parameters may have on
the semiglobal uniform exponential stability property. Here, we will use the following definition. This
explicitly shows the parameter dependency that practical semiglobal uniform exponential stability may
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involve and is thus in line with the definition of uniform semiglobal practical asymptotic stability
in [6]. In as follows, we present a definition of practical semiglobal uniform exponential stability of
system (5) given in [12] (with § = 0).

First, we define the closed ball B as follows: Be = {x € R": ||z|| < &}

Definition 2. Let © C R™ be a set of parameters. System (5) is said to be practically semi-
globally uniformly exponentially stable on O, if, for all £ > 0, there exist a parameter €*(§) € ©
and positive constants A\ ¢ and Ay ¢, independent of to, such that, for all xo € B¢, we have

x(t, to, xg, €7)|| < Aigllxo e_AQ,E)(t—tO) +& Vt>tg>0.
7§

Remark 3. In other words, system (5) is practically semiglobally uniformly exponentially stable
if we can choose a parameter value €* and find the overshoot and convergence parameters \; ¢ and
A2,¢, such that the region of attraction in which the system has practical exponential convergence, B¢
can be made arbitrarily large.

Remark 4. We could have given a stronger definition of practical semiglobal uniform exponential
stability by requiring that the overshoot and convergence parameters A\; and Ay should be uniform in
&, i.e., should not be allowed to depend on the size of the region of attraction. Since both overshoot
and convergence in practice typically depend on the tuning of the system, we have chosen the
more relaxed definition allowing a dependence on &, which is in line with the definition of uniform
semiglobal practical asymptotic stability in [6].

The next definition is introduced in [12] to define semiglobal uniform exponential stability of the
parametrized system (5).

Definition 3. Let © C R™ be a set of parameters. System (5) is said to be semiglobally uniformly
exponentially stable on ©, if, for all £ > 0, there exist a parameter €*(§) € © and positive constants
A,¢ and Ay ¢, independent of to, such that, for all xo € B¢, we have

|z (t, to, 2o, €*)|| < Argllwolle A2E0) Wt > 45 > 0.

We define the derivative of a function Vg(¢, ) along the solution of system (5) by

Ve(t,z) = B + Ef(t,x,e ).

2.3.1. A converse semiglobal exponential stability theorem. In this subsection, we establish
a new converse Lyapunov theorem when the system (5) is semiglobally uniformly exponentially
stable by requiring the existence of a Lyapunov function depending on a parameter satisfies certain
conditions.

The use of Lyapunov functions provides criteria for concluding the asymptotic stability of an
equilibrium point without the integration of equations of the considered system being necessary. The
next theorem spells out some sufficient conditions to obtain semiglobal uniform exponential stability
of system (5) by employing a Lyapunov function.

Theorem 4 (see [23]). Assume that, for any £ > 0, there exist a parameter €*(§) € ©, a
continuously differentiable function V¢(-,-): Ry x B¢ — R and positive constants ci¢, Ca¢, C3¢
such that the next properties are hold:

(1) crellz|” < Ve(t, z) < coell]?,

() Ve(t z) < —caell|?
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Jorall t € Ry and all x € B¢ with p > 1. Then the origin of system (5) is semiglobally uniformly
exponentially stable on ©.

This result deserves the following question: if system (5) is semiglobally uniformly exponentially
stable, is there a function V; which satisfies the hypothesis of the earlier theorem? We will show that
under some conditions there is a function V¢ that satisfies properties similar but not the same to those
of Theorem 4.

We prove first the following lemma which will be used later.

Lemma 4. For any § > 0, there exists a parameter €*(§) € © and let ¢(7;t,x,€*) be a solution
of the system (5) that starts at (t,x,€") € Ry x Be x ©. Suppose that || f(t,x,€)|| < Lel|x||, where
L¢ is a positive constant. Then

lo(rst,,)]| = [l T,

Proof. Let ¢(T;t,x,€*) be the solution of the equation

() = f(r (5, ), ), Gltsta ) =

We have

9 T . * . *
Ha7_¢ (T7t,l’,6 )¢(77 tax76 )H

= [t @) otz ) + 6T (rita, ) fr ot ), )

- HaaT<¢T(T;t,l‘»e*)>¢(7'§tal‘a€*) 0T (rit ) S0,

<2/ f(r, o(rst 2, €7), €)|l|o(T3 8, 2, €7) |
< 2Lgl|p(rst, , €)%
Therefore,
—2L¢||p(rst, 2, )| < (;Ilsb(ﬂt,ﬂz NP < 2Lello(rst, a, ¢)|[
Integrating the above inequality from ¢ to 7, we get

T

T a * T
87H¢(S;tax7€ )H2
/—2L§ds S/ S ds < /2L5ds.
t t

t 9053 t,2, P

Thus,
~2Le(r — ) < log (ll6(rst,,)?) = log (Ilo(t:t,, €)|2) < 2Le(r — 1)
Since that ||¢(¢; ¢, x, €")|| = ||=||, then
lo(rit,, )| > [fafle=b0,

Lemma 4 is proved.
Now, we can establish the following theorem.
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Theorem 5. Let in the nonlinear system (5) f is continuously differentiable. For any £ > 0, there

0
exists a parameter €*(§) € O such that the Jacobian matrix f] is bounded on B¢, uniformly in t.

ox
If the system is semiglobally uniformly exponentially stable on ©, then there exists a function Ve(-, ) :
Ry x Be — R, continuously differentiable, that satisfies the following inequalities:
(1) erellell” < Velt.2) < callall, (ta) € Ry x Be,
@) Velt,2) < —eellall, (t.2) € Ry x Be,

oV
3) HE ‘ <ecgellzllPTY, (tx) € Ry x B,

ox

Jfor some positive constants ci¢, Ca¢, C3¢, Ca¢ and p > 2.
Proof. Let ¢(7;t,x,€*) denotes the solution of the system that starts at (¢,z,€), that is,

¢(t;t,x,€") = x, and let L¢ denotes the bound of [Gf] Let

ox

t+T
P
2

Ve(t,z) = / ((f)T(T;t,x,6*)(Z)(T;t,$,6*)) dr,

t

where T is a positive constant to be chosen. Due to the exponentially decaying bound on the
trajectories, on one side, we have
t+T
Vet.) = [ lotritz,e)lPdr
t

t+T )\p
[ e Vel = ZLE (1 el o]
/ ’ PA2 ¢

)

IN

Therefore,

Ve(t, x) < coelf]”

p
with ¢g ¢ = Ale 1 — e Pl

0
On the other side, the Jacobian matrix {a‘f] is bounded on B¢. Then, from Lemma 4, we get
x

t+T 1
Vet.) = [ e Ndrafl? = (1 PR o]
t pLe

Thus,
Ve(t,z) = coell)l”

1 — e PLleT . .
with ¢1 ¢ = — I Hence, the first inequality of the theorem is hold.
Dlg
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We define now the functions ¢¢(7;t,x, €*) and ¢, (7;t, x, €*) as follows:

¢t(7—7t7x76 ) - a¢<7—7t7$76 )7 (bI(Tatax?e ) - am¢(77 tax76 )

Then

oVe

oV,

t+T
+p / 6T (rst, 2, )P Gy(rst, 3, € )dr
t

t+T

+p / qu(T; t, x, 6*)p_1¢9;(7'; t,x, € )dr f(t,x,€")

t
=|lo"(t+T;t,z, )| — =7

t+T

t

By the composition rule of flow, we have

¢(T; ta ¢(t7 T, U, 6*)) = u.

We consider the identity ¢(¢; 7, x, €*) = & V7 > t. Differentiating both sides of the previous identity
with respect to ¢ gives

Gi(Tit,x, €) + p(Tit, 2, € )P(t; T, 2, ") =0 V7T >t

Then
Oe(Tit,x, €°) + du (T3t 2, €9) f(t, (T, 2,€"),€") =0 VT >t
Hence,
Or(Tit, 2, €°) + P (T3t 2, €9) f(t, 2, €) =0 V7 >t
Therefore,

Velt,2) = 167 (¢ + Tit, 2, )P = all? < — (1= M e 726 ) o]

log(pA{ ¢)

By choosing T' =
PA2¢

, we get

Ve(t, x) < —csellz|,

-1 . . . .
where ¢3¢ = i Thus, the second inequality of Theorem 5 is satisfied.
p

To show the last property, We note that ¢, (7,t, x, €*) satisfies the equation

ISSN 1027-3190. Ykp. mam. scypn., 2023, m. 75, Ne 5



PRACTICAL SEMIGLOBAL UNIFORM EXPONENTIAL STABILITY ... 609

0 , ) L *
a¢x(7—;t’x76 ) - aii(T’gZ)(T,t’ll’e )76 )¢I7 ¢$(t;t7x76 ) = I.
Now, since
af .
Hax<t7x76 ) ‘ < L{,
then
I62(7; 1,2, )| < e, 6)

The proof of inequality (6) is just the same of proof Lemma 4. Hence,

Ve
ox

T
= p/qu(T;t,a:,e*)p_1¢x(7;t,x,e*)d7
t

t+T

<p / lo(rst, 2, )P Igu(Tst, 2, ) |ldr

t

t+T
< p}\;lzl / e—(p—1)>\2’£(T—t)eLg(T—t)dTHpr—l
t

—1
_ PN ¢
(p—1DAae — Le¢

Thus, the last inequality of Theorem 5 is satisfied with

(1= (oDt ) gt

p—1
645 _ p)\l,f (1 _ e—((p—l)kg,g—LE)T>'
o (p—DAge — L

Theorem 5 is proved.
2.3.2. Robustness to nonvanishing perturbations. In this subsection, we will apply the converse
theorem to perturbed nonlinear parametrized systems. We consider the following system:

&= f(t,z,€) + h(t,ze), @)

where t € Ry, x € R", e € © C R™ is a constant parameter, f(¢,x,€) and h(t,x,€) are locally
Lipschitz in « and piecewise continuous in ¢ for all ¢ € ©. The system (7) is the perturbed system
of the nonlinear parametrized system (5).

In as follows, we will study the practical semiglobal uniform exponential stability of system (7)
under different conditions on the perturbed term.

Firstly, we state the following assumption:

(He) For any & > 0, there exist a parameter €*(£) € ©, a and ~y are nonnegative continuous
functions on R such that the perturbation h(t, z, €*) verifies:

|h(t, z, )| < alt,€)||z|| +v(t, ) Vee B VteRy
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with
+oo
/ a(s,€")ds < My < +o0,
0
+o00
/ 72 (s, €*)ds < M, < +00
0

and

C3.602
alt,e’) < =525yt > ¢
CleChe

Now, we are ready to present the fundamental result of this subsection.
Theorem 6. Let in the perturbed system (7) f is continuously differentiable and, for any £ > 0,

0
there exists a parameter €*(£) € © such that the Jacobian matrix [f} is bounded on Bg, uniformly

ox
in t. Assume that the system (5) is semiglobally uniformly exponentially stable and the perturbation h

satisfies the assumption (Hg). Then the system (7) is practically semiglobally uniformly exponentially
stable on ©.
Proof. By Theorem 5, there exists a Lyapunov function Vg (¢, x) having the three properties (1)-
(3). The derivative along the trajectory of system (7) is given by
_ 9V

: Vv o, OV .
Velt,a) = 5+ (b €) 4 5 thit o, e)

IN

—eacllell + evglell™ (att, el +1(t,))

= —czgllz]|” + cagalt, ) al” + cagy(t, )l P~

C C
S - (3’§ - 477505@7 6*)> va(ta $) + C4,§§p717(t7 6*)'
C26  Cig

Then, by using Lemma 1, we get, for all £ > ¢,

64,5 Ma 763’5 L—t 04’5 Ma M c
Velt, z) < Ve(to,mo)eme e e T gy er-teme e [T002E

Consequently, for all ¢ > ?y and all xy € Bg, the solution of the system verifies the following
estimation:

1 1 1

Coe AEML\P — 38 (4 c 48 Mo\ P [ Moyco e \2p

|x(t, to, xo, €")]| < (2’5661,5 a> [EMIE pc2,§( 0) + < 47§€p71691’§ a> < v 2,5) p'
C1e Cie 20375

Therefore, the system (7) is practically semiglobally uniformly exponentially stable on ©.
Theorem 6 is proved.
We also make the following assumption:
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(H7) For any & > 0, there exist a parameter €*(£) € © and an integrable continuous function -y
such that

|h(t,z, €)|| < ~(t,€") VeeBe VteR,.

We are now in position to present the following result.
Theorem 7. Let in the perturbed system (7) f is continuously differentiable and, for any & >

0, there exists a parameter €*(§) € © such that the Jacobian matrix | 5= | is bounded on B,

ox
uniformly in t. Assume that the system (5) is semiglobally uniformly exponentially stable on ©

and the perturbation h(t,x,€*) satisfies the assumption (Hz). Then, the system (7) is practically
semiglobally uniformly exponentially stable on ©.
Proof. By Theorem 5, there exists a Lyapunov function Vg (¢, x) having the three properties (1)—
(3). The derivative along the trajectory of system (7) is as follows:
Ve

<
Vg(t,x) v + . f(t,xz, €) + 0 h(t,z,€")

< cellzllP + caellzlP ()

C
< —gjvg(t, )+ ca el (L, €).

)

Using Lemma 3, we get, for all ¢ < ¢,

3,6, 3,
Ve(t, ) < Ve(to,wo)e e tO)+C4,§§p_1/6 e S)’Y(S,E*)ds

to

— B4y
S V(to,l’o)e CQ’S( 0)

+ C4,§€p_1M’ya

o
where M, = / v(s,€")ds. Hence, for all ¢ > ¢y and all g € Be, the solution of the system is
0
given by

£

7 _ o L
la(t, to, 20, ) < 25)" Jaolle 72T 4 ((EhEertag, )",
€1 Cl¢

)

Theorem 7 is proved.

Next, we establish another assumption to investigate the practical semiglobal uniform exponential
stability of system (7).

Proposition 2. Let in the perturbed system (7) f is continuously differentiable and, for any

0
€ > 0, there exists a parameter €*(£) € O such that the Jacobian matrix [Of] is bounded on B,
x

uniformly in t. Assume that the system (5) is semiglobally uniformly exponentially stable and the
perturbation h(t,x,€*) satisfies the following assumption:

(A) for any € > 0, there exist a parameter ¢*(£§) € © and a nonnegative continuous integrable
function o such that

oVe
"t @, ) < oft,e)||z]|*T Vo eBe VteRy, 0<a<l,
X
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Then the system (7) is practically semiglobally uniformly exponentially stable on ©.
Proof. By Theorem 5, there exists a Lyapunov function V¢ (¢, x) satisfying the properties (1) and
(2) with p = 2. Then the derivative of V¢(¢, x) along the trajectories of system (7) is as follows:

' ove | 9V Ve
e(t, ) BN +axf(,x,e)+ax (t,z,€")
— —ecgellel2 + o(t, ) 2]
€3, o(t,€") atl
:_Cig‘/g(t,:ll)—l— 2 Vet 7).
2,6 s
1,£
Let
a . 1 _ A N
Delt) = Velt.2) T = dglt) = —Velt Vit )"
Hence,
. 1_ 1 B t «
de(t) < Lo OBy 4y Lot )
2 CQ’E 2 otl
1 ;

Applying Lemma 3, we get, for all ¢ > %,

1o By
195(75) < 195(750)6 2 co¢ (t—to)

t
1-— 1 _loa Bl
+—° /e T s)a(s)ds

2 a+1

2
C1e o

_1-a By 1— 1
<vgo)e * w4 S

2
“1e

e.)
where M, = / o(s,€")ds. Therefore, for all t > to and all zg € B, the solution of the system
0

1 ) )

1 e — B (1t 1-— ia i

"m(t,t07x076*)” <(—— C2¢ HxOHe c275( 0) X o 7/\40 |
L-a c1e 2 C1,¢

Proposition 2 is proved.

satisfies

3. Conclusion. In this paper, we considered the problem of stability of nonlinear systems with
perturbations and we studied the asymptotic behavior in a sense that the trajectories converge to
a small ball centred at the origin. Practical semiglobal exponential stability is studied using a new
converse stability theorem for time-varying perturbed parametrized systems. In addition, sufficient
conditions for the global practical uniform exponential stability of perturbed systems are obtained
under various assumptions on the perturbed term by using Lyapunov techniques and the integral
inequalities approach.
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