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ON LOCAL PROPERTIES OF SINGULAR INTEGRAL
ITPO JIOKAJIBHI BJACTUBOCTI CUHI'YJIAPHOI'O IHTEI'PAJIA

Let 4 be a regular curve. We study the local properties of singular integrals in the HS+? (to,7y) class of functions. We
obtain a strengthening of the Plemelj— Privalov theorem for functions from the class HS 4 (to, ). It is proved that, at the
point to, of increased smoothness for  + 3 < 1, there is only a logarithmic loss.

Hexait v — perymsapra kpusa. JI0CIiKYIOThCS TOKaIbHi BIACTHBOCT] CUHIY/IAPHHX iHTerpaiiB y kiaci ymxuiit HE VA (tg, 7).
OtpumaHno nocwieHHs TeopeMu [Inemens — [Ipusanosa mis GyHkuiit 3 kitacy H, g*ﬁ (to,~y). doBemeHo, mo B TOHLI to Mia-
BHIIEHOT TtagkocTi 11t o + B < 1 € nuie norapudMiyHi BTpaTH.

1. Introduction and main results. Let v be a closed rectifiable Jordan curve in the complex plane
C. We denote by LP(v), 1 < p < oo, the Lebesgue space of all measurable functions on + for which
the norm

1/p

1l = /uwmm < .
Y

We use ¢, c1,c,... to denote constants (which may, in general, differ in different relations)
depending only on numbers that are not important for the question of interest. We also will use the
relation f = O(g) which means that f < cg for a constant ¢ independent of f and g. We also write
a=bifa<ch a=xbifa=<b,and b < a at the same time. If a < b then we will say that ¢ and b
are equivalent.

Definition 1.1. Let f be a function defined on ~. We denote by H,(v), 0 < o < 1, the class of
functions (Hélder class of functions) satisfying the condition

[£(€) = F(t)] = c(a)l€ —1°
forall £t € .
Definition 1.2 [39]. We denote by H§‘+B (to,7) the class of functions belonging to H,(7),
0 < a < 1, and satisfying the condition
f(to) = F®) = Ot —to|**), 5>0, ten.

Let B be a simply-connected domain in the complex plane C, bounded by a rectifiable Jordan
curve -y, and let B~ := ext y. Further, let

T:={weC:|w =1}, D :=intT, and D™ :=extT,

where by int 7' we understand the finite domain whose boundary coincides with 7" and ext 7' = C\
intT'.
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ON LOCAL PROPERTIES OF SINGULAR INTEGRAL 615

Let w = ¢(t) be the conformal mapping of B~ onto D~ normalized by

p(00) = 00, lim goit) >0

t—00
and ¢ stands for the inverse of ¢.

Let w = 1(t) indicate a function that maps the domain B conformally onto the disk |w| < 1.
The inverse mapping of ¢; will be shown by ;. Let 7, be the image of the circle |p1(t)] = 7,
0 < r < 1, under the mapping z = ¥ (w).

Definition 1.3. Let us denote by E,(B), where p > 0, the class of all functions f(t) # 0 that
are analytic in B and have the property that the integral

/ F@Pd
Yr

is bounded for 0 < r < 1.

We shall call the E,(B) class the Smirnov class.

If the function f(t) belongs to E,,, then f(¢) has definite limiting values f(t') almost everywhere
(a.e.) on =, over all nontangential paths; |f(¢')| is summable on ~, and

ti [ IoPlae] = [ 172710t
Yr v

For p > 1, E,(B) is a Banach space with respect to the norm

1z, = 1fl,0 == / FPa | -
Yy

It is known that ¢’ € E1(B~) and ¢’ € E1(D~). Note that the general information about Smirnov
classes can be found in the books [9, p. 168 —185; 11, p. 438 —-453].
Let f € L1(y). Then the functions f* and f~ defined by

() = le./g(_otdg teB,
Y

and

PN I (S _
f(t)_Qﬂ'i/—tdC’ te B,

Y

are analytic in B and B~ respectively, and f~(oo) = 0. Thus, the limit

f(t)

R e B
YN¢ = [C—t[<e}

exists and is finite for almost all ¢ € ~.

The limit S, (f)(¢) is called the Cauchy singular integral of f at t € ~.

According to the Privalov theorem [11, p. 431], if one of the functions f*(¢) and f~ () has
a nontangential limit on 7 a.e., then Cauchy singular integral S, (f)(t) exists a.e. on v and also
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616 J. . MAMEDKHANOV, S. Z. JAFAROV

the other one of the functions f*(¢) and f~(¢) has a nontangential limit on ~y a.e. Conversely, if
S, (f)(t) exists a.e. on ~, then the functions f*(¢) and f~(¢) have nontangential limits a.e. on ~. In
both cases, the formulae

Fr0 = S0+ 3 f0, F (0= S,(0)0) - 3f0)
hold a.e. on ~. From this it follows that
OEFMOES N0

a.e. on 7.
Let v be a closed rectifiable Jordan curve in the complex plane C and D(z, ) be an open disk with

radius r and center at z. We define by [ length of curve v. Let t = ¢(s), 0 < s < [, be the equation

of the curve 7 in arcual coordinates.Also we define by d diameter of curve v (d = sup, , [t — 7).

Definition 1.4. ~ Is called a regular curve (or Carleson curve) if there exists a constant c¢(vy) > 0
depending on only v such that, for every v > 0, 0(r) = sup{|y N D(z,r)|: z € v} < ¢(v)r, where
|7 N D(z,r)| is the length of the set v N D(z, 7).

We denote by S the set of all regular Jordan curves in the complex plane. Note that the class
of all regular curves is very wide. G. David proved [8] that ~ is a regular curve if and only
if, for every f € Ly,(v), Sy(f) exists and belongs to L,(y) and the singular operator S, (f):
Ly(y) = Lp(7y) is bounded, that is, there exists a constant C'(p,y) such that

1S5 (A, 0y < COANS L, ()

for all f € Ly(v). In [14], V. Havin proved that if the singular operator S, (f): L,(y) — Lp(7) is
bounded, for every f € Ly(v), the functions f* and f~ belong to Smirnov’s classes E,(B) and
E,(B™), respectively. For instance, convex curves, Ljapunov curves, chord arcs, smooth curves and
Lipschitz curves are all regular. Note that boundedness of the Cauchy singular integral in the different
spaces were investigated by several authors (see, for example, [8, 1723, 45]).

We denote by @ a class of functions w = w(d), § € (0,d], such that w(J) does not decrease,
w(d) — 0 when 6 — 0, w(6)6~! does not increase.

According to classical Plemelj—Privalov’s theorem [34, 35] if v is a circle, then, for 0 < a < 1,
there is an inclusion

[ € Ha(y) = Sy(f) € Ha(7).

Later this theorem was proved by I. I. Privalov [35] for piecewise smooth curve without cusps,
N. L. Muskhelishvili [29] for the whole class of piecewise smooth curves, N. A. Davydov [7] for
K -curves (quasismooth curves).

In this paper, if v € S the local properties of the singular integral in the H§ +8 (to,7y) class of
functions are studied. We obtain a strengthening of Plemelj— Privalov’s theorem for functions from
the class HS (to,7). It is proved that at the point ¢, of increased smoothness for o + § < 1 there
is only a logarithmic loss. We note that similar results for different curves in the complex plane and
different function classes have been obtained by several authors (see, for example, [1-7, 1015,
24 -44)).

The main result of this paper is the following theorem.
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ON LOCAL PROPERTIES OF SINGULAR INTEGRAL 617

Theorem 1.1. Lety € S, tg €, f € HSJrﬁ(to), 0 <a<1and B >0. Then, for the singular

integral f(t), the following inequalities hold:
(1) fora+p <1,

70 = J(to)| < exlf. 7,00 B)lt = to]**1n
2) fora+p5>1,

2d
[t — to]’

7)) = Fito)| < ealf, v, Bt — tol.
2. Auxiliary results. In the proof of the main result we need the following lemmas.
Lemma 2.1 [28]. Let v € S, w e ® and 0 < 2 < n < d. Then the inequlities

n

T (O\7e(t)
n
w(l€ — 1)) w()
| e e [ g
Y (E)\ e (t) ¢

hold, where v, (t) :={§ € v: | —t| <n} and () :={{ €v: | —t] < e}
Lemma 2.2 [28]. Let v € S. Then, for any 0 < € < n, the inequality

/ —5
Y\7e(t) §—t
hOldS.

We give necessary and sufficient conditions for a function f to belong to the class HYP (to).
Lemma 2.3. Let v € S and ty € y. Then f € H3+’6(t0), O<a<l,and >0+

(D) (&) = F)] < es(N)IE =t for € € v_yyprrara(t), (6 = 2d1+/3>

) ‘f(g) - f(t)‘ < Cﬁ(f)‘t - t0|a+6 Jor £ € 7%|t_t0|(to)\75|t_t0|l+ﬂ/a(t)7

(3) ‘f(f) - f(t)‘ < C?(f)‘f - t|a+6 Jor § € ’Y\Vg\t_to\(to)-
Proof. Sufficiency. Let us assume that conditions (1)—(3) are satisfied. We prove that f €
HYHP (to). For this, it should be shown that f € H,(v) and for ¢y € 7 the inequality

|£(t) — F(to)] < es(f)|t — to[*+? (2.1)

<27

holds.
First of all we shown that the inequality (2.1) holds. Let ¢ € . We set £ = ty. For such £ the
case (2) is satisfied. Then the inequality

£(t) = f(to)| = £ () — F(E)] < co(f)]t — to]*T7

holds. That is the estimation (2.1) is proved.
Now let us shown that f € H,(v). That is, we shown that, for all ¢;,t, € =, the following
inequality holds:

|f(t1) = f(t2)] < cro(f)ltr — t2*. (22)

We set t; = t, ty = €. Then the following cases are possible:
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618 J. . MAMEDKHANOV, S. Z. JAFAROV

(a) Let § € v p_yypts/a (t). According to the case (1) the estimation

|£() = f(B)] < en(f)l€ — ¢

holds. That is, in this case the estimation (2.2) is valid.
(b) Let & € 7%|t—to|(to)\WE\t*tolH'ﬁ/"‘(t)' Then by the case (2) we obtain

|£(&) = f(B)] < caa(f)[t — to]*7. (2.3)

Since | — t| > et — to|*#/* we have |t — to|*T# < e7|¢ — t|*. Then, using (2.3), we find the
estimation (2.2).
(c) Let & € ’Y\'Y§|t—t0|(t0)- In this case we have
2

€~ 11 Je — tol — |t ol = S|t — to] — |t — to] = gt~ to
and
€=t <€ —t[+ [t —to| <3| —t.
Therefore, we obtain
€ — |7 < 3¢ —t]*HF < 30l — ¢

Using the last inequality, according to the case (3), we obtain estimation (2.2). So, it is proved that

f € Huo(7).

Necessity. Let f € HSJFﬂ(to), 0<a<l1, >0, and &t € v. We consider all possible cases
given in the right-hand side of the estimation of the lemma.

1. Let £ € v j4_yy1+8/a(t). Since f € Hq we get

[F(&) = f()] < cis(H)IE -1,

that is, we have the relation required in the lemma.
2. Let{ e ’y§|t_t0|(to)\’y€|t_t0|l+5/a (to). Since f € Hgﬂg(to), then in this case we obtain
2

1£(€) — fto)| < cra(f)]€ — to]*TP.

. 3
But, since § € 73, ((to) then [ — to < 5\t — to|. We get
2

3 o+
1O - sl < e (3) -1l @4

In the other hand, since f € HS ™ (to) the estimation

|£(t) = f(to)] < cr6(f)[t — to|*° (2.5)

holds. Taking into account the relations (2.4) and (2.5), we have
|F(&) = f(B)] < 1F(€) — fto)] + |f(to) — £(1)]
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3\
<ar(3) -l +as(Dle -t

= cio(f)|t — to]**7,

that is, we obtain the estimation in Lemma 2.3.
3. Let€ € fy\’yg‘t_to‘(to). In this case since f € Hg+6(t0) the inequality
2

|£(©) = F@)] < 1F(&) — f(to)| + | f(ta) — f(1)]
< ea0()IE = tol*M + o (f)|t — to|*F7 (2.6)

. 3 3 .
holds. Taking account of |§ — to| > 5]15 —to| or |t —tp] < §|§ — to|, we obtain

2 OH—,B
|t — to|*T < <3> € — to]*TP.

The last inequality and (2.6) gives us

a+p
£6) - 0] < cn(Dle— * +en)(3) 6~ 0l = can e — 1ol

Therefore, we obtain the last estimation in Lemma 2.3.

Lemma 2.3 is proved.

Now let us give another lemma expressing the necessary and sufficient condition for f €
HS (tg, ).

Lemma 2.4. Let v € S and tg € . Then

feHS P (to) & | f(z1) — f(z2)]

< const min{(max[[zl —tol, |22 —to])*TP, |21 — zz]“}.

Proof. We denote by A(z1, z2) the right-hand side of the estimate of the lemma. It follows from
Lemma 2.3 that for the proof the lemma it is sufficient to show that A(z1, z2) is equivalent to the
right-hand sides of cases (1)—(3) of Lemma 2.3.

We investigate the following cases:

1
1. Lett € yand z € Ve|za—to|L+8/ (t) (5 = —33 ) Then we obtain
2d2

|Zl - 22| < 6|ZQ - to‘.
The last inequality yields
|Zl — 2’2|a S €a|22 — t0|a+ﬂ.

Taking account of o < 1 and using the inequality

Q=
v
N

|21 — to| > |22 — to] — |21 — 22| > |22 — to] — €22 — to!1+ |22 — tol,
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we obtain
21 — 29|* < g%z — ZO\O‘JFB < 2a+55a|21 — t0|a+5.
Then we have
Alz1,22) = min{max(|z1 = 1|7, 25 — to] 7, |21 — 2" }
> min{max(ra—ﬁeayzl ~ 20]®, 6%z — 2%, |21 — ZW}
= |21 — 22|°‘min{max (2_0‘_55_0‘), 1} = c(a, B)]z1 — 22|*.
In the other hand, it is clear that the inequality
A(z1, 22) < |z1 — 22]®
holds. Eventually we obtain
A(z1, 22) < |21 — 22|
2. Let z; € ’V%Izrtol(to)\’yﬂzz—twﬁﬁ/a (t). It is clear that
A(z1,22) < max{]zl —tg|%*P, |z — to\’”ﬁ}.
Since
21— tol < Sz — tol,
2
we obtain
A(z1, 22) < maX{ <;)|22 - t0|a+ﬂ>, |22 — t0|a+ﬁ} = c(a, B,)]z2 — to|**7.

In the other hand, the inequality

A(z1, 22) > min{ (|22 - t0|°‘+ﬁ>, |z1 — 22|°‘}
holds. Since
21— z9|* > (5]22 — t0]1+ﬂ/°‘>a =%z — to\‘”ﬁ,
we have
Az, 22) 2 min{ (|22 = t0]**7), &%z — 10l } = cler Bz — to]**7,
that is, in this case
‘a+5.

A(Zl, 22) = |ZQ — 1o
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ON LOCAL PROPERTIES OF SINGULAR INTEGRAL 621
3. Let 21 € 7\7%|22_t0|(t0). Then we obtain
A(z1,22) < max{|z1 — t0|°‘+5, |29 — t0]a+5}
atp 2 atp
Smax ]zl—t()] ,§|Zl—t0‘

= ca6(a, B)|21 — to|* 7.
In the other hand, the inequality
A(z1, 22) > min{|21 —to|*P, |21 — 22|°‘} (2.7
holds. Also, we have
2 1
|Zl — ZQ| Z |Zl — t0| — ’22 — t0| Z |Zl — t0| — §|21 — t0| = §|Zl — t0|. (28)

From the relations of (2.7) and (2.8), we finally conclude that

1
A(z1,22) > min{|zl — to|*FP, g\zl - tola}

—|Z —t |a+’3min 1 1 a#
== |<1 0 ) 3 ‘Zl - to\ﬂ
1 «
> |21 — to|*HF min{17 <3> 'dﬁ} = cor(e, B)|21 — to|**7.

Lemma 2.4 is proved.
1«
3. Proof of the main result. Proof of Theorem 1.1. Lett € v, t # tg, and € = id_%ﬁ. The
following expression holds:

e et f(&) — f(to)
fo-fe == [ LEL

i
7\7% lt—to) (t0)

N f(to) = f(1) / d

iy

dg

E—t

v\v%‘t_tm(to)

NER A SV

i E—t

75|t—t0\1+ﬁ/(’ (t)
1 [ —f)
i E—t de

V%M—to\(tO)\'Va\tfth-/i/a (t)
S B

g E—t
31001 (%)

d§ + (f(t) = f(to))
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:A1+A2+...—|—A6.
We estimate the quantity

_t—to £ (§) — f(to)]
h= / (€ —1)(&—to)

’7\7% [t—to] (to)

de.

. . . 3
Using the inequality | — to| > 5“ — to| for & € Y\vz )y, (to), we have
2

2 1
€=t =& —to] — [t —to| = |§—t0|—§|§—fo\ = §|5—t0’-
In the other hand, since f € HY +h (to) the inequality

1£(€) = f(to)] < cas(f)|€ — to]*TF
holds. Consideration of (3.2), (3.3) and (3.4) gives us

1 7(6) — £(to)
N N = =

RARE TR
< eo9(f)[t — tol / |§_1t0‘|d§\_
QARETRINICTY)
If a + B < 2, the last inequality and Lemma 2.1 imply that
d
[Ar] < eso(f, )]t — tol / ¥ B2y
3lt—tol
d
<en(fit=tol [ e+le=ta) 2y
3lt=tol
d
<en(£)lt = tol [+l ta) ™2y
0

|t — to|oth, if a+p<1,
2d .
§C33(f>77a76) |t—t0“nm, if 04+/8:17
— 0
|t — tol, if 1<a+p<2.

Let o + 8 > 2. Then we obtain

|A1| < caa(fo )|t — to|d* P2 mes~y = ca5(f, )|t — tol.

(3.1)

(3.2)

(3.3)

(3.4)
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Thus, we finally get

|t — to|**7, if a+pB<1,
2d
‘A1| §C36(f7/7) |t—t0’ln‘t7t|, lf Oé+/8:1, (35)
— 1o
|t — tol, if a+p>1
Now we estimate the quantity
to) — J (¢ d
Ay = M / 75 (3.6)
g E—t

It is clear that

KLY G [ & e

7\7%|t7t0‘(t0) 7\7\t—2t0| (t) ’Y%|t7t0\(to)\’y%\tft(ﬂ(t)\

According to Lemma 2.1, for the first integral on the right-hand side in the above equality, we obtain

dg
/ £ < 2. (3.9)

’Y\’Y\t—2t0| (t)

Now, we estimate the second integral on the right-hand side of equality (3.7). Since |§ — | >

t—t
g we have

d 2
/ f—fz = [t — to] e 7%|t—to|(t()) < es7(7)- (3.9)

’Y% lt—tg| (to)\’Y%|t—t0\ (t)\

Use of (3.7), (3.8) and (3.9) gives us

Then, for any « and S, the last inequality and (3.6) imply that

| Az| < eso()|f (to) — F(£)] < cao(f )|t — to]*HP. (3.10)

Now we estimate the the integral

_ 1 f(§) = f(t)
A= — / ?dg. (3.11)

Vs‘t7t0|1+5/a(t)
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According to property (1) of Lemma 2.3, we obtain

|£(6) = f@)] < car(f)I€ —tl.
Use of (3.11) and (3.12) gives us
A <ea(r) [ et dgl
’Ys‘t,t0|1+ﬁ/a(t)

Then, for any « and S, the last inequality and Lemma 2.1 imply that
elt—to| A/

|As] < cas(f,7) / y*ldy
0

1 a
= ca(f,7) (5!t—to\1+ﬁ/a) = ca5(f, )|t — to| 7.

(0%

Now we estimate the quantity

1 — f(t
g E—t
’y%ﬁ—to\(to)\’ys\t—to\1+ﬁ/a (t)
According to property (2) of Lemma 2.3, we have
d
|Aa| < cag(f)[t — to]**” / |£| _£|td5
V8 11101 BN,y _g 148/ (D)
d
< exr(f)lt = to]*” / e
'Y%‘t_t0|(t)\’75|t7t0‘1+ﬁ/a (t)
Then from the last inequality and Lemma 2.1 we conclude that
Slt—tol
d 2d
N e R e i
elt—to|1 B/

for any « and /3.
Now we estimate the expression

As i / Mdﬁ

’Y%\i—to\(to)

Since f € HY ™ (t) the inequality

() — F(t0)] < esn(f)I€ — to]**

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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ON LOCAL PROPERTIES OF SINGULAR INTEGRAL 625

holds. Use of (3.15) and (3.16) gives us
A <enn) [ e tol gl
7%It—i0\(t0)
If o+ 8 —1 <0 from the last inequality and Lemma 2.1 we obtain

3t—to|

| 45| < esa(f,7) / y Py = cs3(f, )|t — to]* . (3.17)
0

: 3 o
Let a+ 5 — 1> 0. Since |§ —tp| < §|t — to|, this gives

3 a+pB-1
Al <en()(3) l= ol mesay ()

2
_ a+pB—1 3
= ¢55(f)[t — tol Ot §|75*750\ :
Noticing that ,(5) < 6(d) < ¢(y)d from the last inequality we conclude that
| As| < es6(f, V)|t — to|*“FF. (3.18)
It is clear that the inequality
|Ag| = | £(t) — f(t0)| < esv(f)]t — tol*™” (3.19)

holds for any « and (5.
Taking into account the relations (3.1), (3.5), (3.10), (3.13), (3.14), (3.17)—(3.19), we have

~ ~ 2d
) = Fiao)] < an(Fon) [ = 0047 4 = ol 20
|t — to|*Th, if a+p8<1,
2
+ ess(f, )9 |t — to| In d , if a+p=1,
|t — to]
1t to, it ot > 1
Thus, we finally obtain that, for a 4+ 8 < 1,
‘f(t)—f(to)’ < eso(f, )|t — o] In It — to|

and, for a4+ 8 > 1,

|F(8) = Fito)| < ool £, )t = to.

Theorem 1.1 is proved. N
Remark. The validity of the proposition f € H, () was proved in [40].
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